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Abstract

In this paper we consider the optimal scaling of high-dimensional random walk Metropolis
algorithms for densities differentiable in the L” mean but which may be irregular at some
points (such as the Laplace density, for example) and/or supported on an interval. Our
main result is the weak convergence of the Markov chain (appropriately rescaled in
time and space) to a Langevin diffusion process as the dimension d goes to co. As the
log-density might be nondifferentiable, the limiting diffusion could be singular. The
scaling limit is established under assumptions which are much weaker than the one used
in the original derivation of Roberts et al. (1997). This result has important practical
implications for the use of random walk Metropolis algorithms in Bayesian frameworks
based on sparsity inducing priors.

Keywords: Random walk Metropolis; Markov chain Monte Carlo; optimal scaling; L”
mean differentiability

2010 Mathematics Subject Classification: Primary 65C05
Secondary 60F05

1. Introduction

A wealth of contributions has been devoted to the study of the behaviour of high-dimensional
Markov chains. One of the most powerful approaches for that purpose is the scaling analysis,
introduced by Roberts et al. [15]. Assume that the target distribution has a density with respect
to the d-dimensional Lebesgue measure given by

d
) =T [rad). )

i=1
The random walk Metropolis—Hastings (RWM) updating scheme was first applied in [11]
and proceeds as follows. Given the current state X?, a new value Y121+1 = (Y,flJrlJ.)§’l:1 is
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obtained by moving independently each coordinate, i.e. Y,f i = X,‘f ; +td -1/ ZZf +1» Where
£ > 0 is a scaling factor and (Z)r>1 is a sequence of independent and identically distributed
(i.i.d.) Gaussian random variables. Here ¢ governs the overall size of the proposed jump
and plays a crucial role in determining the efficiency of the algorithm. The proposal is then
accepted or rejected according to the acceptance probability a(X,‘f, Y,f 1), Where ax?, yd) =
1 A x¢(y?)/m?(x4). If the proposed value is accepted it becomes the next current value,

otherwise the current value is left unchanged:

Xip = X{ + e 2Z{,, Lag, )
d d ~1/27d
(X, +4d Zi)
Al = {Uk+1 <[]—*—; ! } 3)
i=1 7 (X )

where (Uy)r>1 is asequence of i.i.d. uniform random variables on [0, 1] independent of (Zj)i>1.

Under some regularity assumptions on 7, it has been proved in [15] that if X g is distributed
according to the stationary distribution 77¢, then each component of (X,f)kzo appropriately
rescaled in time converges weakly to a Langevin diffusion process with invariant distribution
as d — 4o0.

This result allows us to compute the asymptotic mean acceptance rate and to derive a practical
rule to tune the factor £. It was shown in [ 15] that the speed of the limiting diffusion as a function
of £ has a unique maximum. The corresponding mean acceptance rate in stationarity is equal
to 0.234.

These results have been derived for target distributions of the form (1), where m(x)
exp(—V (x)) and where V is three-times continuously differentiable. Therefore, they do not
cover the cases where the target density is continuous but not smooth, for example the Laplace
distribution which plays a key role as a sparsity-inducing prior in high-dimensional Bayesian
inference.

The aim of this paper is to extend the scaling results for the RWM algorithm introduced in the
seminal paper [15, Theorem 3] to absolutely continuous densities differentiable in the L” mean
(DLM) for some p > 2 but which can be either nondifferentiable at some points or supported
on an interval. As shown in [10, Section 17.3], differentiability of the square root of the density
in the L? norm implies a quadratic approximation property for the log-likelihood known as
the local asymptotic normality. As shown below, the DLM permits the quadratic expansion of
the log-likelihood without paying the twice-differentiability price usually demanded by such a
Taylor expansion (such an expansion of the log-likelihood plays a key role in [15]).

The paper is organised as follows. In Section 2 the target density 7 is assumed to be positive
on R. In Theorem 2 we prove that under the DLM assumption of this paper, the average
acceptance rate and the expected squared jump distance are the same as in [15]. In Theorem 3
we show that, under the same assumptions, the rescaled in time Markov chain produced by the
RWM algorithm converges weakly to a Langevin diffusion. We show that these results may be
applied to a density of the form 7 (x) o exp(—A|x| + U(x)), where A > 0 and U is a smooth
function. In Section 3 we focus on the case where 7 is supported only on an open interval
of R. Under appropriate assumptions, in Theorem 4 and Theorem 5 we show that the same
asymptotic results (limiting average acceptance rate and limiting Langevin diffusion associated
with 77) hold. We apply our results to gamma and beta distributions. The proofs are postponed
to Section 4 and Section 5.
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2. Positive target density on R

The key of the proof of our main result is to show that the acceptance ratio and the expected
squared jump distance converge to a finite and nontrivial limit. In the original proof of [15],
the density of the product form (1) with

7(x) o< exp(=V(x)) “)

is three-times continuously differentiable and the acceptance ratio is expanded using the usual
pointwise Taylor formula. More precisely, the log-ratio of the density evaluated at the proposed
value and at the current state is given by Z?:] A V[.d, where

AVE = V(X)) — V(X 4 ed™ 2z, (5)

with X distributed according to 7¢ and Z¢ a d-dimensional standard Gaussian random variable
independent of X. The two leading terms are

d 2 -1 d (7 d dy2
. 0=d § - V(XH(Z
ed=1? E V(X;l)Zfl and ! 12 ( l)( ’) ,

i=1

where V and V are the first and second derivatives of V, respectively. By the central limit
theorem, the first term converges in distribution to a zero-mean Gaussian random variable with
variance ¢21 , where

1=/ V2(x)7 (x) dx. (6)
R

Note that I is the Fisher information associated with the translation model 6 — 7 (x + 6)
evaluated at & = 0. Under appropriate technical conditions, and using the dual representation
of the Fisher information:

~E[V(X)] = E[(V(X)*] =1, (7)

the second term converges almost surely to —¢21/2. Assuming that these limits exist, the
acceptance ratio in the RWM algorithm converges to E[1 A exp(Z)], where Z is a Gaussian
random variable with mean —¢21/2 and variance ¢>1; elementary computations show that
E[l A exp(Z2)] = 2@(—2/2\/7 ), where @ denotes the cumulative distribution function of a
standard normal distribution.

For ¢t > 0, denote by Y,d the linear interpolation of the Markov chain (X ,‘f )ik>0 after time
rescaling:

Y = (1dr] = dDX{yy + (@t = A1) Xy = Xy + @1 = de)ea™ P21, . ®)

where |-] and [-] denote the lower and the upper integer part functions. Note that, for all
k>0, Y,f/ 4= X,‘j. Denote by (B;, t > 0) the standard Brownian motion.

Theorem 1. (See [15].) Suppose that the target 7% and the proposal distribution are given by
(1)—(4) and (2), respectively. Assume that

(1) V is twice continuously differentiable and Vis Lipschitz continuous;

(i) E[(V(X))8] < oo and E[(V (X))*] < oo, where X is distributed according to .
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Then (Yt[.ll’ t > 0), where Yt‘fl is the first component of the vector Y,d defined in (8), converges
weakly in the Wiener space (equipped with the uniform topology) to the Langevin diffusion

dY, = Vh(€)dB; — Sh(O)V (Yy) dt, 9)

where Y is distributed according to 7, h(£) is given by
2 ’e
h(t) =26 —5«/7 , (10)

and 1 is defined in (6).

Whereas V is assumed to be twice continuously differentiable, the dual representation of
the Fisher information (7) allows us to remove, in the statement of the theorem, all mention of
the second derivative of V, which hints that two derivatives might not really be required. For

all 9, x € R, define
§o(x) = /m(x +0). (11)

For p > 1, denote ||f||,’;,p = f | f(x)|Pm(x) dx. Consider the following assumptions.
Assumption 1. There exists a measurable function V: R — R such that

(i) there exist p > 4,C > 0, and B > 1 such that, for all 6 € R,
IV(C+6)= V() —0VOlxp < ClOF:

(ii) the function 1% satisfies ||V||,,,6 < 400.

In Example 1 we detail how these assumptions might be checked for the Bayesian Lasso
with V of the form V: x — U(x) 4+ A|x|, where U is twice continuously differentiable with
bounded second derivative.

Lemma 1. Assume that Assumption 1 holds. Then, the family of densities ¢ — (- + 0) is
differentiable in quadratic mean at 0 = 0 with derivative V, i.e. there exists C > 0 such that,

forall 6 € R,
. ) 12
(A(Ee(x)—éo(x)+w> dx >§C|9|f‘,

where &g is given by (11).
Proof. The proof is postponed to Section 4.1. (]

The first step in the proof is to show that both the expected squared jump distance
E[(Zf)z{l A exp(Zfl:l AVl.d)}], and the acceptance ratio ]P’(Af) =E1A exp{Zfl:1 AVid})
converge to a finite value.

Theorem 2. Assume that Assumption I holds. Then limg_s oo ]P’[:A»‘li] = a(¥), where a(f) =

20(—10)2).
Proof. The proof is postponed to Section 4.2. (|

The next step consists in proving that the sequence {(Ytd,l),zo, d € N*} defined by (8)
converges weakly to a Langevin diffusion. Denote by (i14)4>1 the sequence of distributions
of {(Y,‘ill)zzo, d € N*}. Following the proof of [9], it is shown in Lemma 6 (see Section 4.3)
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that this sequence is tight in the Wiener space W. By the Prohorov theorem, the tightness of
(ma)a=1 implies that this sequence has a weak limit point.

The equivalence between the weak formulation of stochastic differential equations and
martingale problems is used to prove that any limit point is the law of a solution to (9). The
generator L of the Langevin diffusion (9) is given by, for all ¢ € CZ(R, R),

h(€)
2
where, for k € N and I an open subset of R, Cf (I, R) is the space of k-times differentiable
functions with compact support, endowed with the topology of uniform convergence of all
derivatives up to order k. We set C°(I,R) = ﬂ/?io Cf([, R) and W = C(R4,R). The
canonical process is denoted by (W;);>0 and (8B;);>¢ is the associated filtration. For any
probability measure . on W, the expectation with respect to u is denoted by [E#. A probability

measure u on W is said to solve the martingale problem associated with (9) if the pushforward
of u by Wy is 7 and if, for all ¢ € C°(R, R), the process

Lp(x) = (=V (X)) + ¢(x)), (12)

t
(¢(Wt> — (W) — /0 L¢<Wu)du)
t>0

is a martingale with respect to p and the filtration (8B;);>0, i.e. if, for all s, € Ry ,s < ¢
(almost surely w),

t
E“[¢(Wt)—¢(Wo) _/o Lé(W,) du

éBs] = ¢ (W) — o (Wo) —/0 L (W,)ds.

Assumption 2. The function V is continuous on R except on a Lebesgue-negligible set Dy
and is bounded on all compact sets of R.

Under Assumption 2, Proposition 2 (see Section 4.4) proves that every limit point of the
sequence of probability measures (jtg)a>1 on W is a solution to the martingale problem
associated with (9). In addition, under Assumption 2, in [16, Chapter 5, Lemma 1.9 and
Theorem 20.1] it was shown that any solution to the martingale problem associated with (9)
coincides with the law of a solution to the stochastic differential equation (SDE) (9), and
conversely. Therefore, uniqueness in law of weak solutions to (9) implies uniqueness of the
solution to the martingale problem.

Theorem 3. Assume that Assumptions 1 and 2 hold. Assume also that (9) has a unique weak
solution. Then {(Yfl)tzm d € N*} converges weakly to the solution (Y;);>0 of the Langevin
equation defined by (9). Furthermore, h(£) is maximized at the unique value of £ for which
a(f) = 0.234, where a is defined in Theorem 2.

Proof. The proof is postponed to Section 4.5. O

Remark 1. The idea of scaling random walk Metropolis algorithms by maximizing the speed
measure h(£) was discussed, for instance, in [1]-[6], [12], [14], [15], and [17]. For random
walk Metropolis proposals of the form Ylirl,i = X,C(”l. + x/ﬁd*f"Z,fH, this choice is closely
related to maximizing the expected squared jump distance (ESJD):

ESIDY (¢, 9) = B[ X{ — X§ 1%, (13)

where X(‘)I ~ 4. Note that for one-dimensional distributions, as ESID'(¢,9) = 2(1 —
po1) Var[X(l)] with p; the first-order autocorrelation, maximizing ESID!(¢, 9) is equivalent to
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ESJID
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FIGURE 1: Expected squared jump distance for V (x) = (x — )2+ |x| as a function of the mean acceptance
rate for d = 10, 20, 50.

minimizing p;. It is shown in Theorem 2 and Theorem 3 (see also Theorem 4 and Theorem 5)
that
lim ESID?(¢) = ESID?(¢, 1) = h(€) = £2a(t).

d—+o00

Therefore, in the case where ¥ = 1, the optimal value of £ obtained in the paper is the value
maximizing the limit of the ESJD? as d — oc.

Example 1. (Bayesian Lasso.) We apply the results obtained above to a target density 7 on R
given by x — e V®/ [, e7V() dy, where V is given by

Vix— U)+ Alx],

and where A > 0 and U is twice continuously differentiable with bounded second derivative.
Furthermore, fR |x|6e_V(x) dx < +00. Define V: x — U’(x)+ Asign(x), with sign(x) = —1
if x < 0 and sign(x) = 1 otherwise. We first check that Assumption 1(i) holds. Note that, for
all x,y e R,

llx + y| = |x] = sign(x)y| < 2[y[1r, (Iy| = Ix]),

which implies that, for any p > 1, there exists C, such that

IVE+60)= V() —0VOllrp
SNUC+60)=UE) —0U Ollxp + Al + 6] — || — Osign( 1.
< NU" oo 0 + 21012 { ([—0, 0D}'/7
< Clo|Ptr v g

Assumptions 1(ii) and 2 are easy to check. The uniqueness in law of (9) was established in [7,
Theorem 4.5(i)]. Therefore, Theorem 3 can be applied. To numerically illustrate this result, we
consider the density m associated with U (x) = (x — D2andr=1.In Figure 1 we present an
empirical estimation of the ESID? defined by (13) for dimensions d = 10, 20, 50 as a function
of the empirical mean acceptance rate. We can observe that, as expected (see Remark 1), the
ESID? converges to some limit function as d goes oo, and this function has a maximum for a
mean acceptance probability around 0.23.

https://doi.org/10.1017/jpr.2017.61 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2017.61

Optimal scaling under LP mean differentiability 1239

3. Target density supported on an interval of R
We now extend our results to densities supported by a open interval I C R:
7(x) ocexp(—=V(x)) 1z (x),

where V: I — R _is a measurable function. Note that, by convention, V (x) = —oo for all
x ¢ 1. Denote by I the closure of T in R. The results of Section 2 cannot be directly used in
such a case as 7 is no longer positive on R. Consider the following assumption.

Assumption 3. There exists a measurable function V:1I— Randr > 1 such that

(1) there exist p > 4,C > 0, and B > 1 such that, for all 6 € R,
HV(C+0) = VO +10) 17( + (1 =1)8) — V()| p < CIOIF,

with the convention Q0 x oo = 0;
(i) the function 1% satisfies ||V||,,,6 < 400,

(iii) there exist y > 6 and C > 0 such that, for all 0 € R,
/ 1re(x +0)(x)dx < C|0)7.
R

As an important consequence of Assumption 3(iii), if X is distributed according to 7 and is
independent of the standard random variable Z, there exists a constant C such that

P(X +¢d~Y?7Z € 16 < cd™V/>.

Theorem 4. Assume that Assumption 3 holds. Then limg_, 4o ]P’[:Aﬁi] = a({), where a(f) =

20 (—+/10/2).
Proof. The proof is similar to the proof of Theorem 2 and can be found in the supplementary
material; see [8]. O

We now establish the weak convergence of the sequence {(Y’ t”fl )i>0, d € N*}, following the
same steps as for the proof of Theorem 3. For all d > 1, let iy be the law of the process
(Ytd’I) r>0. Under Assumption 3, Lemma S5 of the supplementary material [8] establishes that
the sequence ((g)q>1 is tight in W (the proof is similar to the proof of Lemma 6).

Contrary to the case where 7 is positive on R, we do not assume that V is bounded on all
compact sets of R. Therefore, we consider the local martingale problem associated with (9):
with the notation of Section 2, a probability measure . on W is said to solve the local martingale
problem associated with (9) if the pushforward of © by Wy is 7 and if, for all ¥ € C*° (R, R),
the process

t
(W(Wz)—W(Wo)—/O LW(Wu)du) ; (14)
t>0

where L is given by (12), is a local martingale with respect to u and the filtration (8B;);>0. By
[7, Theorem 1.27], any solution to the local martingale problem defined by (14) coincides with
the law of a solution to SDE (9) and conversely. If (9) admits a unique solution in law, this
law is the unique solution to the local martingale problem defined by (14). We consider the
following assumption on V.
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Assumption 4. The function V is continuous on I except on a null-set Dy, with respect to the
Lebesgue measure, and is bounded on all compact sets of I.

Note that this condition does not preclude that V is unbounded at the boundary of I.
In Proposition 4 (see Section 5.2), we prove that any limit point © of ((g)g>1 is a solution to
the local martingale problem defined by (14). The key step of the proof is Lemma 2.

Lemma 2. Assume that Assumptions 3 and 4 hold. Let p be a limit point of the sequence
(adaz1- If, for all ¢ € C°(Z,R), the process (W) — $(Wo) — [ L$(W,) du)=q is a
martingale with respect to p and the filtration (8;);>0, then u solves the local martingale
problem associated with (9).

Proof. The proof is postponed to Section 5.1. O

Theorem 5. Assume that Assumptions 3 and 4 hold. Assume also that (9) has a unique weak
solution. Then {(Y[‘fl),zo, d € N*} converges weakly to the solution (Y;);>0 of the Langevin
equation defined by (9). Furthermore, h(£) is maximized at the unique value of £ for which
a(l) = 0.234, where a is defined in Theorem 2.

Proof. The proof follows the same lines as the proof of Theorem 3 and can be found in the
supplementary material [8]. (|

The conditions for uniqueness in law of singular one-dimensional SDEs are given in [7].
These conditions are rather involved and difficult to summarize in full generality. Rather, we
illustrate Theorem 5 by two examples.

Example 2. (Application to the gamma distribution.) Define the class of the generalized
gamma distributions as the family of densities on R given by

x4~ exp(—x™) Tgs (x)

Ty X — 5
Y Jre Y1~ exp(=y2) dy

with two parameters a; > 6 and a > 0. Note that in this case, I = R; forall x € T,
Vyix = x2—(aj—1)logx,and V, : x apx®@~1—(a; —1)/x. We check that Assumption 3
holds withr = % First, we show that Assumption 3(i) holds with p = 5. Write, forall § € R
andx € 1,

(V,(x +0) =V, )} 1z(x + (1 = r)0) 17(x + 1) — OV, (x) = & + & + &,

& =0V, 1 0 1 30 1

ot )u3) -1}

E:z:(l—al){log(lﬂ)—?}1I<x—9)11(x+ﬁ>,
X X 2 2

0 360
& = ((x +0)2 —x™ —a0x2" N1, (’“ B 5) 11(’“ + 7)'

where

It is enough to prove that there exists g > 5 such that, for alli € {1, 2, 3}, fI |&; |5ny (x)dx <
C|61]4. It follows from tedious but straightforward calculations (see the supplementary mate-
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FIGURE 2: The ESJD for the beta distribution with parameters a; = 10 and a» = 10 as a function of the
mean acceptance rate for d = 10, 50, 100.

rial [8] for detailed computations) that

[ g, war < cqor + o,

R}

/ 1600, (x) dx < (81 +101'°),
R;

/ 18Py (1) dx < CAOP=T 4 10]10).

R}

The proof of Assumption 3(ii) follows from

/ V) (x) (%7 (x) dx < c(f
R* R

.
+ +

xa1—l+6(az—l)e—x32 dx +f xa1—7e—x32 dx) < 00,
R}

and Assumption 3(iii) follows from fR l7¢(x +0)m, (x)dx < C|6]|*". Now consider the
Langevin equation associated with m,, given by dY; = —Vy(Y,) dr + 2 dB; with initial
distribution m,,. This SDE has 0 as a singular point, which has right type 3 according to the
terminology of [7]. On the other hand, co has type A and the existence and uniqueness in
law for the SDE follows from [7, Theorem 4.6(viii)]. Since Assumption 4 is straightforward,
Theorem 5 can be applied.

Example 3. (Application to the beta distribution.) Consider now the case of the beta distribu-
tions 775 with density x > x“~!1(1—x)27119 1)(x) withay, a» > 6. Here I = (0, 1) and the
log-density Vg and its derivative on I are defined by Vg(x) = —(a1—1) logx — (a2 —1) log(1—
x) and V,g(x) = —(a1 — 1)/x — (a2 — 1)/(1 — x). Along the same lines as above, 74 satisfies
Assumptions 3 and 4. Hence, Theorem 4 can be applied if we establish the uniqueness in law for
the Langevin equation associated with 7 defined by dY; = — V,g (Y;) dt + +/2 dB; with initial
distribution 4. In the terminology of [7], 0 has right type 3 and 1 has left type 3. Therefore, by
[7, Theorem 2.16(i) and 2.16(ii)], the SDE has a global unique weak solution. To illustrate our
findings, we consider the beta distribution with parameters a; = 10 and a; = 10. In Figure 2 we
present an empirical estimation of the ESID? defined by (13) for dimensions d = 10, 50, 100
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as a function of the empirical mean acceptance rate. We can observe that, as expected (see
Remark 1), the ESJD? converges to some limit function as d goes to oo, and this function has
a maximum for a mean acceptance probability around 0.23.

4. Proofs of Section 2

We first prove differentiability in quadratic mean (Lemma 1) and then the convergence of the
acceptance ratio (Theorem 2) in Sections 4.1 and 4.2. Then the proof of Theorem 3 is detailed
in the remainder of the section in three main steps. First, Section 4.3 is devoted to the proof of
Lemma 6 which establishes the tightness of the sequence (14)s>1 in W which ensures that this
sequence has a weak limit point. Then it is proved in Section 4.4 (Proposition 2) that if (29)
holds, every limit point of the sequence (tt4)s>1 on W is a solution to the martingale problem
associated with (9) and, therefore, is the law of a solution to SDE (9). The fact that (29) holds
is a consequence of Proposition 3.

For any real random variable Y and any p > 1, let | Y], := E[|Y|P]V/P.

4.1. Proof of differentiability in quadratic mean (Lemma 1)

Let AgV(x) = V(x) — V(x + 0). By definition of & and r,

A% 2
(t09 =500+ LN a4 o
where
2 o
Ap(x) = <exp<A9\2/(x)> o Ae\zf(x)) ’ Bo(x) — (AgV(x)IQV(x)) '

By Assumption 1(1), || B llz,p < C|6|P. For Ay, note that, for all x € R, (exp(x) — 1 — x)2 <
2x*(exp(2x) + 1). Then

/Ag(x)n(x) dx < c/ AV () + 2V (x) dx
R R

< C/(AgV(x)4 + A_pV(x)Hm(x) dx.
R

The proof is completed by writing (the same inequality holds for A_yV):

/ ApV () (x)dx < CU (AgV (x) — OV (x)) 7 (x) dx +94[ V4(x)n(x)dxi|
R R R

and using Assumption 1(i) and 1(ii).
4.2. Proof of asymptotic acceptance rate (Theorem 2)
Define

d
1A exp(Z AV;i) —1A exp(vd)

i=1

E(q) = E[(Zi’)‘f

]
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where AVl.d is given by (5),

—td~ l/zde(Xd)Jerd(xd zdh, (15)
=2
d Z d d E d
b (x,2) = —ﬁV(x)HE[Z{ (X1, Zj )]— V (x), b%(x, 2) (16)

V(x)—V(x+£d ?z) } B an

() = exp{ 5

The key result to prove Theorem 2 is stated in Proposition 1 which shows that it is enough
to consider v? to analyse the asymptotic behaviour of the acceptance ratio and the expected
squared jump distance as d — +00.

Proposition 1. Assume that Assumption 1 holds. Let X? be a random variable distributed
according to ¢ and Z% be a zero-mean standard Gaussian random variable, independent
of X?. Then, for any g > 0, limg_, 100 E¢(¢) = 0.

Proof. By the central limit theorem, the term —¢ Z?:Z(Z;l / «/E)V(Xf ) in (15) converges
in distribution to a zero-mean Gaussian random variable with variance €21, where I is deﬁned
in (6). By Lemma 5 (stated and proved below), the second term, which is dE[2¢ dixd 7
—dE[(¢?(x{, Z’f))z], converges to —¢>1 /4. The last term converges in probability to 651/4
Therefore, the two last terms play a similar role in the expansion of the acceptance ratio as the
second derivative of V in the regular case. We now present the detailed arguments.

Letg > Oand A = —Ed‘l/ZZf V(Xf) + Zflzz AVl.d. By the triangle inequality, B (q) <
E‘f (@) + Eg (g), where

Since t — 1 A€’ is 1-Lipschitz, by the Cauchy—Schwarz inequality, we obtain

El(q) = [(z )

1A exp{z Avd} —1A exp{Ad}
i=1

Ed(¢) = ELZ{)7|1 A exp{A?} — 1 A expluv?}]].

E () < 12015, 1AV + ed= 2 Z{V (X)]l2.

By Lemma 3(ii) (stated and proved below) ]Ed (g) goes to 0 as d goes to +o0o. Consider now
Ed (¢). Using again the fact that# — 1 Ae’ is 1 -Lipschitz and Lemma 4, E2 (g) goesto 0. [

We have now all the necessary ingredients to establish Theorem 2.

Proof of Theorem 2. By the definition of Al see 3),

d
P[AY] = E[l A exp{z Av,.d”,

i=1

where AVd V(X )= V(Xd + Ld~ 1/ZZd ;) and where Xd is distributed according to ¢
and 1ndependent of the standard d dlmensmnal Gaussian random variable Zd Following the
same steps as in the proof of Proposition 1 yields

dlnf IP[A?] — E[1 A exp{©9}]] = 0, (18)
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where
d . d V(Xg ')2
O = —td 'Y "z VX - ) T” +2(d — DE[¢Y(X¢ . Z{ D).
i=1 i=2

Conditional on Xg , ®4 is a one-dimensional Gaussian random variable with mean g and
variance 0‘% defined by

2 d V(Xg ')2 d yd d 2 2 1 d d \2
51 — y
g = —¢ 22: —  T2@=DEEXG, Z{ ), of =6 Z]: V(Xg )2
1= 1=
Therefore, since, forany G ~ N (u, o2),E[1 nexp(G)] = @ (u/o) +exp(u+02/2)d>(—6 —

w/o), taking the expectation conditional on X, g , we have

2
E[1 A exp{®}] = E[cb(ﬂ) + exP(l/«d + G—d)cb(—ad - ﬂ)} — E[[(6], —21a)],
(oF/] 2 o4

where the function I' is defined in (23). By Lemma 5 and the law of large numbers, almost surely,
limg— 400 Ug = —621/2 and limg— 400 03 = ¢%]. Thus, as I' is bounded, by Lebesgue’s
dominated convergence theorem,

lim E[1 A exp{®}] =20 (—M)
d—+o0 2

The proof is then completed by (18). ]

We conclude this section by establishing the technical lemmas which are used in the proofs
above. Define

x 2
(x —u)
R(x) = ———du, 19
@) T (19)
where R is the remainder term of the Taylor expansion of x +— log(1 + x):
)
log(1+x)=x— ?+R(x). (20)

Lemma 3. Assume that Assumption 1 holds. Then, if X is a random variable distributed
according to w and Z is a standard Gaussian random variable independent of X,

(i) limys 400 dIIC4 (X, Z) +£ZV(X)/ VD) |} = 0;
(ii) limg— oo Vd[|V(X) = V(X +£Z//d) + LZV (X)//d]| , = 0
(i) limg— 00 dIIRZY(X, Z) 1 =0,
where ¢% is given by (17).
Proof. Using the definitions (11) and (17) of {d and &g,

5@1—'/2 (x) _

d _
Clea="0 0

21
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(i) The proof follows from Lemma 1 using the fact that 8 > 1:

(i) Using Assumption 1(i), we obtain

HV(X) — V(X + E—Z) + —ZZV(X) ’
i)t v |,

and the proof follows since 8 > 1.

ZV(X)|?

< c*Pa—PE[1Z)*].
Wi =< [1Z]77]

2

Cgﬁpd—ﬁP/ZE[|Z|ﬁP]

(iii) Note that, for all x > 0,u € [0, x], |(x — u)(1 + u)~'| < |x|, and the same inequality
holds for x € (—1,0] and u € [x, 0]. Then, by (19) and (20), for all x > —1, |R(x)| <
x?|log(1 +x)|.

Then, by (21), setting W (x, z) = R(%(x, 2)):

Epeg12(xX)/E0(x) — D2V (x + €zd~1/?) — V (x)]
> .
Since, for all x € R, | exp(x) — 1| < |x|(exp(x) + 1), this yields

|Wa(x, 2)| <

(W (x,2)] <47V (x +£2d72) — VO Plexp(V(x) — V(x4 €zd ™)) + 1),
which implies that

/|\Ifd(x,z)|n(x)dx§4_1f [V (x+Lzd 2 — v ()P {r(x) + 7 (x +€zd %)} dx.
R R

By Holder’s inequality and using Assumption 1(i),

3/4
/|lI/d(x,z)|7T(x)dx§C<|sz_1/2|3</ |V(x)|47r(x)dx> +|ézd—1/2|3ﬁ>.
R R

The proof follows from Assumption 1(ii) since 8 > 1. ]

For all d > 1, let X9 be distributed according to 7%, and Z9 be a d-dimensional Gaussian
random variable independent of X, set

d
v —vixd, z¢

where AVl.d and b? are defined in (5) and (16), respectively.
Lemma 4. We have limg_, 1o, J¢ = 0.
Proof. Define

)+ i v<xd) —ER¢4(x¢, z¢

Jd

’

d
=2| Y REx{, zh) 1
i=2

Z; x{, z{)* - v2<xd>

1
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where R is defined by (19). As AVid =2log(1l + g“d(Xf, Zf)) and using (20), we obtain
J9< gt + a4+ 0
By the Cauchy—Schwarz inequality and as the (X ld, Zid )2<i<q are independent,
Jd < Var[Xd:ng(X zdy + =L ez V(Xd)]l/2 < «/3”2;“"(}(‘1 zdy + ﬁ
S e v - ’ Vd

By Lemma 3(i), this term goes to 0 as d goes to +o00. Consider now Jf . We use the following
decomposition forall 2 <i < d:

cd(xd, z4)r - j v2i(xd) = (; (x4, Zd)+LfoV(Xd)>2
- %Z?V(Xf)(;d(X?, z4) + %Z?V(Xf))
+ %{(Zﬁﬂ — 1JV2(x9).
Then
stdﬁ%X<Z>+ jgzd 2(XHUZE? 1%
+eva<x VALl (Xd,Zd)+%Zd

Using Assumption 1(ii), Lemma 3(i), and the Cauchy—Schwarz 1nequa11ty, we see that the first
and the last term converge to 0. For the second term, note that I}E[(Zl.”l)2 — 1] = 0 so that

72(xhHizi? lw<d”%mV@H@W—mm%Q
=2

Finally, limd_>Oo J3d = 0 by (20) and Lemma 3(iii). O

Following [9], we introduce the function § defined on Ry x R by

exp(#) (2[ f) ifa € (0, +00),
G(a,b) = {0 if a = +o0, (22)

b
eXp(-g) 1p-0 ifa=0,

where ® is the cumulative distribution function of a standard normal variable, and I" is defined

by
b -b
¢(—2ﬁ)+exp<a2 > (2«/_ f) ifa € (0, +00),
[(a,b)= 1= if a = +o0, (23)

2 b
exp(—%) ifa=0.

Note that § and I" are bounded on Ry x R. We use § and I" throughout Section 4.
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Lemma 5. Assume that Assumption 1 holds. For all d € N*, let X% be a random variable
distributed according to w? and Z¢ be a standard Gaussian random variable in R?, independent
of X. Then

EZ
lim dE[2¢4(X4, zH) = —=1,
d—+00 4

where I is defined in (6) and cin(17).
Proof. By (17),

dE[2¢ (Xd,Zd]—ZdIE[/ Jr e+ ed 1228 ) dx—l]

- —dIE[/ <\/n(x +0d-1274) — ‘/n(x)) dxi|
R

= —dE[{?(x{, z8))"

The proof is then completed by Lemma 3(i). (]

4.3. Proof of tightness (Lemma 6)
Lemma 6. Assume that Assumption 1 holds. Then the sequence (iLq)aq>1 is tight in W.

Proof. The proof is adapted from [9]. By Kolmogorov’s criterion, it is enough to prove that
there exists a nondecreasing function y : Ry — R, such that, foralld > 1 and all0 < s <7,

E[(Ytd,l - Y;{1)4] <yt — ).

The inequality is straightforward for all 0 < s < ¢ such that |ds] = |dt]. Forall0 <s <t
such that [ds] < |dt],

dr — |dt] [dsT —

d d
Y =Y = X0 — X1 + i CZ{y1 1, Al Tt Nz ez[dﬂlle/\,rl”

Then, by the Jensen inequality,
E[(Y) — Y& DM < C((t — > + BLUX Ty, — X0 DD,

where we have used

(dt — |dt)?*  ([ds]—ds)®>  (dt —ds)* + ([ds] — |dt])?
2 T g = 2 =

The proof is completed using Lemma 7. ]

2(r — ).

Lemma 7. Assume that Assumption 1 holds. Then, there exists C > 0 such that, for all
0 <k <k,

4
(ko — kp)?
B, - X =y B

Proof. For all 0 < k1 < kp,

ko 4
]E[(ngl Xk. 1) 1= [( Z Zkl Z ZI?,II(AZ)") ]

k=k1+1 k=ki+1

https://doi.org/10.1017/jpr.2017.61 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2017.61

1248 A. DURMUS ET AL.

Therefore, by the Holder inequality,

d 44y 248 2
E[(Xy, 1 — X, )71 = 7(’% —k1)* + —E

Z z¢, 1Md)c) ] (24)

k=k1+1

The second term can be written as

k2 4 4
d d
E[( > Zk,ll(AZ)() } — Z]E[H ze I(A%i)f},
i=1

k=k1+1
where the sum is over all the quadruplets (mi)?:l satisfyingm; € {k1+1,...,k2}, i =1,...,4.
The expectation on the right-hand side can be upper bounded depending on the cardinality of
{m1,...,myq}. Forall 1 < j <4, define

Ij={(m1,....mq) e{kr +1,... ka}; #{m1, ..., ms} = j}.
Let (my,my, m3,my) € k1 +1, ..., k2}4 and (f(,‘f)kzo be defined as
- ~ ~ V4
d d d d d
Xo =Xo and Xi = Xp+ Ligpm—1mo—1Lma—1,ma—1) ﬁzml,@gﬂ’

with AL | = {Upp < exp(XL, AVE)), where, forall k > Oand all 1 < i < d, AV is
defined by

. - ~ £
d d d d
AVii = V(X)) — V<Xk,i + ﬁzk+l,i)'
Note that, on the event ﬂ - {Ad m; }¢, the two processes (X )x>0 and (Xk)k>0 are equal. Let &
be the o -field generated by (X )k>0-

(i) We have #{my,...,mq} = 4, as the {(Umj,
conditionally to ¥,

d .
SARTRIRY ij’d)}lsjgél are independent

where ¢(x) = (1 — e¥) . Since the function ¢ is 1-Lipschitz, we have

L . ~
’ (ZA mj—1 z) _¢<_ﬁv(xfln./l,l)z ,1 +ZA m; —11)’

~d 5 owd d
= ‘Avmj—1,1+ VX, —1.0Zm; 1

£
Vd
Then
4

{1t ]

j=1

4

<E[H{A§” +B,‘,’,j}},

j=1

https://doi.org/10.1017/jpr.2017.61 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2017.61

Optimal scaling under LP mean differentiability 1249
where
AV Ly x4 z4d N F
mi—1,1 7T Ja X, —1.0Zm ;0 ;
L . -
d _ d _ _ d .
ij = ‘E[ijJ(l exp{ —\/3 V(ijfl,l)z a1t E AV ol _1,})+ ‘ fjH

By the inequality of arithmetic and geometric means and convex inequalities,

' []‘[ zm 2l )L} <8]E[Z(Ad )4+(Bd ) }

Jj=1 Jj=1

d d

By Lemma 3(ii) and the Holder inequality, there exists C > 0 such that E[(Ad )4] < Cd2.
On the other hand, by [9, Lemma 6] since Z N is independent of ¥,

d

€ . i

Bl = ‘E[—V(Xd L 1)9( VX )7 =2 AV ,.) )?] :
/ \/g ’ > i=h

where the function § is defined in (22). By Assumption 1(ii) and since § is bounded, we have
E[(Bj )*] < Cd 2. Therefore, |]E[1T]‘.=1 z;;j 1 Lad yell < €d2, yielding
El m]

4
C (ky — ki
> E[l—[Zﬁli,ll(A%i)c}‘fd—z( A > (25)

(my,my,m3,mq)€ly i=l

(i) We have #{m, ..., m4} = 3, as the {(Umj,z;'f, -
conditionally to ¥
d

d .
+ Zyn,.a)h1=<j<3 are independent

<El(Z}, )

j’l l(ditrilj)c |$]‘

3
d 2 d
‘E[(Zml,l) 1<‘A’ﬁzl)c l—[ ij’l I(Afnf)c
j=2 '

]"[E[zm Loy, |5f1‘
j=2

Then, following the same steps as above, and using Holder’s inequality yields

0]

< C]E[Z(A )4+ (Bd ) } <ca!

and .
C (ky — Kk C
> [Tzt ]| = 5(05) = S-mr oo
(my,my,m3,mg)€l3 i=1 !
(iii) If #{m, ..., myg} = 2, two cases have to be considered:

BU(Zn, 0 g e (Zy, 1) g e ] = BUZ,, DIELZ;,, 1))

ELZp, 10 Liag, e Zmot Lag, el = BUZp, G PIENZE, (1T <
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This yields

4
d
El:l_[ Zm,-,l I(EA’;{"’_)C]

i=1

2

(my,mz,m3,mg)elr

4
< (3+4- ;)(kz k) — Ky — 1)
< C(kr — k1)>. (27)

(v) If #{m1, ..., ma} = 1: E[(ZZ 1(0%%[)5)4] <E[(Z4 )* <3, then

4
> ]E[H z;‘f,ivll(t,%)c} < 3(ky — k). (28)

(my,mp,m3,mq)€l] i=1 '
The proof is completed by combining (24) with (25)—(28). O

4.4. Proof of reduction to the martingale problem (Proposition 2)

We preface the proof by a preliminary lemma.

Lemma 8. Assume that Assumption 1 holds. Let u be a limit point of the sequence of laws
(Ua)a=1 of{(Yff]),Zo, d € N*}. Then, for all t > 0, the pushforward measure of by Wy is 7.

Proof. By (8),
lim E[Y/, — X{, ,11=0.

d—+o00

Since (iq)q>1 converges weakly to u, for all bounded Lipschitz functions ¥ : R — R,
EL [y (W] = limgs oo BIY (Y D] = limgs 4o E[x/f(xfdw)]. The proof is completed
upon noting that, for all d € N* and all ¢ > 0, X ‘fdt IR is distributed according to 7 . |

Proposition 2. Assume that Assumptions I and 2 hold. Assume also that, forall¢ € C° (R, R),
m € N*, g: R" — R bounded and continuous, and0 < t; < --- <t, <s <t,

t
lim E“"[(MWr) — ¢ (Ws) —/ Ld)(Wu)du)g(Wm th)i| =0. (29)

d——+o0

Then every limit point of the sequence of probability measures (jLg)a>1 on W is a solution to
the martingale problem associated with (9).

Proof. Let p be a limit point of the sequence of laws (u4)4>1 of {(Y;,i1)t20’ d € N*}. Itis
straightforward to show that u is a solution to the martingale problem associated with L if, for
all ¢ € C(R, R), m € N*, g: R" — R bounded and continuous, and 0 < #; < --- <t <
s <t,

t
E’L[<¢(Wr) —p(Wy) — / Lo(W,) du>g(Wt1, cees W,m)] =0. (30)
s
Letp € C(R,R),m € N*, g: R" — R continuous and bounded, 0 < #; < --- < t,, <

s <t,and Wy, = {w € W|w, & Dy, for almost every u € [s, ¢t]}. Note first that w € W¢, if
and only if fs "1 Dy (wy) du > 0. Therefore, by Assumption 2, Lemma 8, and Fubini’s theorem,

t t
o [ 1o, 00 0u] = [ Er110, 100 =0,
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showing that ,u(W\‘;) = 0. We now prove that on Wy,,

t
W rtw = {cb(wz) — ¢ (wy) —/ qu(wu)du}g(wzl, Ces Wy,) €Y

is continuous. Itis clear that it is enough to show that w — f ; L (wy) du is continuous on Wy,.
Soletw € Wy, and (w"), >0 be a sequence in W which converges to w in the uniform topology
on compact sets. Then, by Assumption 2, for any u such that w, ¢ Dy, L¢(w];) converges
to L¢(w,) when n goes to oo and L¢ is bounded. Therefore, by Lebesgue’s dominated
convergence theorem, fst L¢(w}}) du converges to f; L¢(w,)du. Hence, the map defined
by (31) is continuous on Wy,. Since (i4)q>1 converges weakly to u, by (29),

w(¥ ) = lim pd(¥,) =0,
d—+o00

which is precisely (30). (|
4.5. Proof of Theorem 3

By Proposition 2, it is enough to check (29) to prove that u is a solution to the martingale
problem. The core of the proof of Theorem 3 is Proposition 3, for which we need two technical
lemmata.

Lemma9. Let X, Y, and U be R-valued random variables and € > 0. Assume that U is
nonnegative and bounded by 1. Let g: R — R be a bounded function on R such that, for all
(x,y) € (=00, —€]* U[e, +00)%, |g(x) — g(»)| < Cglx — yl.

(i) Foralla > 0,

E[Ulg(X) — g()]]
< CgE[UIX — Y]

+ osc(@){P[|X] < €] +a '"E[U|X — Y|] + Ple < |X| < € +al},

where osc(g) = sup(g) — inf(g).

(1) If there exist u € R and o, Cx, € Ry such that

P[ng]—oD(x_“)
o

< Cx,

sup
xeR

then
E[U|g(X) — g(¥)I]
< CE[UIX - Y]]

+20s¢(g){Cx + V2E[U|X — Y|I2n62)~1/2 + eRna?) ™12,

Proof. (1) Consider the following decomposition:

E[U|g(X) — g(PI]
= BLUI((X) — (PN L, yye(—o0,—e PYUi(X. Yele. +00)%) ]
+ E[UIg(X) — g(P I ixe[—e,eny T L((X<—e}n{Y=—)U((X>eIN[Y<e))) -
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In addition, for all a > O,

(X < —e)N{Y > —ehH U (X > e} N{Y <€)
Cle<|X|<e+alUu({|X]|>e+a}n{|X —Y|>a)).

Then using the fact that U € [0, 1), we obtain
E[U|g(X) — (Y]] < CoEIUIX — Y] 4 0sc(g)(P[|X| < € +al +a "E[UIX — Y[]).

(ii) The result is straightforward if E[U|X — Y|] = 0. Assume that E[U|X — Y|] > 0.
Combining the additional assumption and the previous result,

E[U]|g(X) — g(Pl]
< CLE[UIX — Y[] + 0sc(){2Cx + 2(e + a)2na?) ™V + a 'E[UIX — Y1)

As this result holds for all @ > 0, the proof is concluded by setting

O

. \/JE[wx _yY|2rod)l2
_ . .

Lemma 10. Assume that Assumption I holds. Let X¢ be distributed according to w¢ and Z¢ be
a d-dimensional standard Gaussian random variable, independent of X*. Thenlimg_, 1o, /=

0, where
d 5 yd o ‘ d G 4 d
E :]EHV(XQ{Q,(EV(XQ 2 A, ) —Q(EV(XI) ,22@)} ]
i=2 i=2
where AVid and bid are given by (5) and (16), respectively.
Proof. Set, foralld > 1,Y; =Y, AV and X; = Y%, b%. By (22), 39 (a,b) =
—G(a, b)/2 + exp(—b*/8a)/(2+/2ma). As G is bounded and x — x exp(—x) is bounded

on Ry, sup,er; p=al/4 0§ (a, b) < +oo. Therefore, there exists C > 0 such that, for all
a € Riand (b1, by) € (—o0, —a'/*)? U (al/*, +00)?,

|9(a, b1) — G(a, br)| < Clby — by|. (32)
By the definition of bfl in (16), X4 may be expressed as Xs=048;+ d, where

2d -1

5 xd)2
17 E[V(XP)],

pwa =2(d = DE[g/(X{, 2)] -
¢ _ d
0 = CEVXD’ )+ T —BIVXD? —EVXD?D?L, - Sa=Vdon™ B,
i=2
. . .
d d d d\2 d\2
pi = —tZ;V(X;) — W(V(Xi) —E[V(X)7D.

By Assumption 1(ii), the Berry—Essen theorem [13, Theorem 5.7] can be applied to S;. Then
there exists a universal constant C such that, for all d > O,

d 1/2_
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It follows that
C

= ﬁ?
where 65 =(d - 1)05 /d. By this result and (32), Lemma 9 can be applied to obtain a constant
C > 0, independent of d, such that

N

247 d\2 2/ d\2
Eﬂg(_ﬁ P ,m) -9(—@ VD ,m)
qv(xd)|

-1/2 ~2\—1/2
§C<sd+d +/2e42re )12 + 2nd1/2&§)’

sup
xeR

P[Xy < x] — <1>(x — “d)
G4

where g4 = E[|Xg — Y4l Using this result, we have

E? < C{(ea +d™'* + J2e42n6 )~ VHE[V (X))
+ PRIV (X PPI@rd o573 (33)

By Lemma4, &, goes to 0 as d goes to 00, and, by Assumption 1(ii), limg—, 40 02=¢>E[V (X)?].
Combining these results with (33), it follows that E¢ goes to 0 when d goes to co. ]

For all n > 0, define £¢ = o ({X¢, k < n}) and, for all $ € CZ(R, R), let MY (¢) be the
discrete-time martingale

¢ n—1
d d d d d
My@) = = D ¢ XEZ Ly, —BLZE Ly 1)
k=0

52 n—1
+g];¢”<xz’,l){<zz+l,1>2 Ly —EUZ{L 0 e TR (Y

Proposition 3. Assume that Assumptions 1 and 2 hold. Then, for all s < t and all ¢ €
CX[R,R),

t
dgrfooEHWf,’l) — o)~ / LY dr — (Mfy (@) — My (¢>)H =0.

Proof. First, since dYr‘il1 = Z\/EZ?MJ 1"“’?«:% dr,

t
d d d ~\d

p(rd) —prd)) :E«/ﬁ/y OO 2 g, (35)
As ¢ is c3, using (8) and a Taylor expansion, for all » € [s, ¢], there exists x, € [de”’l, Y;fl]
such that

£
d d d d
¢/(Yr,1) = ¢/(XLer»1) + _\/3 (dr — LdVJ)(l’N(XLery])Z[dr],] I‘A’?dr?

ZZ
+ 57 dr = 1dr)*¢ () (Zfgn 1) 1 g

fdr]
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Substituting this expression into (35) yields
d
p(r) —o(rd) —f\/_/ ¢’ (XLer DZ1ar 1 I,A‘fm dr

+g2/ (dr — dr " (X{y, ) )(Z847 D? Lag,, 4

+ — dr — |dr])?¢® 74 31 dr.
Zﬁ/y( r = LD ) Zan, ) Al &
As ¢ is bounded,
; -1/2 ®3) _
dhrf EH f (dr — Ler) ¢ (Xr)(Z[dr] 1) I‘A’?M dr ] =0.

On the other hand. I = [{ ¢"(X{,;,) )(dr — Ldr)(Z{y,1 1)’ Lyg, dr =11 + I with

[ds1/d t
2 =/ +/L & (x| 1)<dr ldr] — -)(zrdﬂ D, dr
)

dt|/d

1 t
=3 / ¢" (X ) Zn )71 ad,, 4.
N

Note that

1 1"
L = ﬁ((dﬂ ds)(ds — |ds])¢ (XLdsj ])(Z[dg] 1) I*A?d]

1
+ ﬁ(fdﬂ —dt)(dt — Ldl‘J)¢”(XLM 1)(2(,1,1 1) lﬁ‘fm’
showing, as ¢” is bounded, that limy_, 1 » E[|I{|] = 0. Therefore,

hm Ell¢(Yy) — (X)) — L 1=0,

where

: " (X{yy ) ) Zg 1)
I, = / {E\/g(p/(xfdrj,l)zlfldr],l + L VJZ —_ }ldj"?dﬂ dr.
s

Write
t
Iy — f LY dr — (M{y () — MUy () = T + T5 + T = T + TZ,
N
where

t
d d d d
Iy = / ¢/(Xtdrj,l)(g\/zE|:Z[dﬂ,l Ly ‘ ?Ldrj:| + VX, 1)) dr

h(&)
Ty —/ ¢" (X4 ) ( [(Z[drw D’ Ly ﬁ‘fm} —T> dr,

T3 —/ (L¢(YLer/d1) Lo(Y, 1))dr

h(f) .

L([dt] — drt) X Z —F 2 3
T4 Td) ( ldt], D( [di],1 lﬁ? [ [dr],1 «Ad | L‘”JD
22 dt] —dt 1 Z
M¢ (XMIJ 1)((Z|'dﬂ 1)21 151 —E[( [del, 1)2 Ad | 3 Ldtj])

https://doi.org/10.1017/jpr.2017.61 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2017.61

Optimal scaling under LP mean differentiability 1255

and

Tsd _ £([ds] —ds) |,

d
Ja ¢’ (XLdsJ D1 IM E[Z(dﬂ 1 Ad | f[dsj])

2([ds] — ds) ) 5 4
9 Xy D (Zfaq 0 Vg, —EZ 0* L, | Flag)D-

It is now proved that, forall 1 <i <5, limy_, 4 E[|Tid| = 0. First, as ¢’ and ¢” are bounded,
ENT{ |+ 711 < Ca™'72,
Denote for all ¥ € [s,¢t]and d > 1,
AVE =v(X, ) = VX, +ed™ Pz .
4'ch[ldﬂ 1V(XLer 1

~d
a,:l/\exp{ [ thddl}

d
[drm Ldrjl)
vd ZA }

where, forall k,i > 0, b,‘ji = bd(X,‘fl, Z,‘f+1 B and, forall x, 7 € R, 4 (x, y) is given by (16).
By the triangle inequality,

¥4

T,d =1 /\exp{

t
17| < / ¢/ (X1, DIALy + Agy + A3,) dr, (36)
N

where J J J
Avr = VB Zg 1 (Lga =) | Figp 1l
Ay = WUNAB[Z{y (X7 = B | #4911,
VX, 1>h<ﬁ>‘
: .

Since t > 1 A exp(?) is 1-Lipschitz, by Lemma 3(ii), IE[|A‘11J |] goes to 0 as d goes to +oo for
almost all r. So by Fubini’s theorem, the first term in (36) goes to 0 as d goes to +oco. For
Ag’r, by [9, Lemma 6],

As, = ‘Z\/_]E[Z[dr] B Fh 1+

V(XLdrj ?

d
2ZA )
02v(x4 2
< (Ldrjl) 22%m>”

where § is defined in (22). By Lemma 10, this expectation goes to 0 when d goes to co. Then
by Fubini’s theorem and the Lebesgue dominated convergence theorem, the second term of (36)
goes to 0 as d goes to +oo. For the last term, by [9, Lemma 6] again:

d md | d
eVdB[ZY, B | 74,

IE[|A A< ]E|:

ZzV(XLer 1){9<

= _£2V(X|_drj 1 ( Z V(XLdVJ 1)2 2d Z V(X\_dVJ ,)2 - 4(d - 1)]E[§d(X’ Z)]),
(37)
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where X is distributed according to 7, and Z is a standard Gaussian random variable independent
of X. As G is continuous on R xR\ {0, 0} (see [9, Lemma 2]), by Assumption 1(ii), Lemma 5,
and the law of large numbers, almost surely,

lim ¢2 ( ZV(XL,M,)2 ZdwaLd,J,)z—Md—1>1E[;d(x, Z)])

d—+o0
=£29<£2E[V<X> ],ZZ]E[V(X) )
_ h(®)
==
where /() is defined in (10). Therefore, by Fubini’s theorem, (37), and Lebesgue’s dominated

convergence theorem, the last term of (36) goes to 0 as d goes to co. The proof for T2d follows
the same lines. By the triangle inequality,

|T2|<

f ¢"(X{y). 1)< )E[(Z(dﬂ D’ Aag, —8) | Fp 1 dr

h(e
[ oo ((5 )E[(zw 7E -t el o

By Fubini’s theorem, Lebesgue’s dominated convergence theorem, and Proposition 1, the
expectation of the first term goes to 0 when d goes to co. For the second term, by [9, Lemma 6,
Equation (A.5)],

(€2> [( ’1 { EZ?IM IV(X ) ) ¢ } ‘j:d i|
z4 A exp + E )
rdrl,1 ldr],1 Ldr].i Ldr]
2 vd i=2

_ Bi+B,— B3
B 2

(39)

)

where

Bl =£2 ( ZV( Ldrjz)2 2dZV(XLd"Jl 4(d—l)E[§'d(X, Z)]),

a V(XLer,l)

By = p
( Z Vixd,, 2 o Z V(X 07 —4d - DE[Z(X, Z>]>,
z“V(XLer 1)2 22y IV(XLerl)2 -1/2
By = d ( d

[—(d — DE[204(X, Z)] + (&2/(4d)) 3¢ ZV(XWJ,W}

X exp{ 7
202 Zl IV(XLerl /d

where I' is defined in (23). As I' is continuous on Ry x R\ {0, 0} (see [9, Lemma 2]), by
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Assumption 1(ii), Lemma 5, and the law of large numbers, almost surely,
. 2 2 d
dgrfooe F( ZV( i) % ZV(XWJZ —4(d — DE[¢% (X, Z)])

= e2r(e2E[V(X> 1, ezE[V(X) )
= h(0). (40)

By Lemma 5, Assumption 1(ii), and the law of large numbers, almost surely,
[—(d — DE[2¢4(X, )] + (€/(4d)) Yoy V(X )T }
2¢2 Zi:l V(XLer,i)z/d

lim exp{

d—+o00
e,
= exp —gE[V(X) 1t.
Then, as § is bounded on Ry x R,

lim EH/ ¢>”(XLer (B2 — B3)dr

d—+00

} o, @1
Therefore, by Fubini’s theorem, (39)-(41), and Lebesgue’s dominated convergence theorem,

the second term of (38) goes to 0 as d goes to co. Write Td = (h(®)/ 2)(T3”f = sz), where
TS({I :[ {‘PN(XLer ) - ¢//(Yd1)}dr

Tn—f{wxwr“)«p (X ) = VEDe (v D) dr.

It is enough to show that E[|T3d 111 and E[|T3d2|] go to 0 when d goes to oo to conclude the
proof. By (8) and the mean value theorem, for all » € [s, ¢], there exists y, € [X ldr]. 10 Yd 1]
such that

L
¢ (X0 D) — ¢”(Yd1)—¢<‘><xr)<dr—Ler)( ﬁ>2‘ﬁm11

d .
Alan

Since ¢(3) is bounded, it follows that limg_, 4 o E[| T 3d1 [T = 0. On the other hand,

T32 —/ {V(XLer 1) V(Ydl)}¢ (XLdVJ 1)dr+f {¢ (XLdrj 1) ¢( 1)}V( 1)dr

Since ¢’ has a bounded support, by Assumption 2, Fubini’s theorem, and Lebesgue’s dominated
convergence theorem, the expectation of the absolute value of the first term goes to 0 as d
goes to 0o. The second term is dealt with by following the same steps as for T3‘f | and using
Assumption 1(ii). O

Proof of Theorem 3. By Lemma 6, Proposition 2, and Proposition 3, it is enough to prove
that, forall¢ € CP(R,R), p > 1,all0 <f; <-.- <1, <s <t, and g: R” — R bounded
and continuous function,

Jim EL(Mfq (9) = Migg @)Yy, Y] =0,

where, forn > 1, M,‘f (¢) is defined in (34). But this result is straightforward taking successively
the conditional expectations with respect to ¥ for k = [dt], ..., [ds]. O
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5. Proofs of Section 3
5.1. Proof of Lemma 2

Lemma 11. Assume that Assumption 3 holds. Let pu be a limit point of the sequence of laws
(ma)da=0 of{(Y[dl),zo, d € N*}. Then, for all t > 0, the pushforward measure of by Wy is 7.

Proof. The proof is the same as in Lemma 8 and is omitted. ]

ProofofLeﬁima 2. As,forallt >0andd > 1, Ytd’l e I,foralld > 1, ud(C(RJr,_T)) =1.
Since C(R4, 1) is closed in W, we have, by the Portmanteau theorem, u(C(Ry, 7)) = 1.
Therefore, we only need to prove that, for all ¢ € C®(T,R), the process (Y (W;) — ¢ (Wp) —
fot sz(Wu_) du);>0 is a local martingale with respect to p and the filtration (B;);>0. Let
Y e C*(I,R).

Suppose first that, for all @ € C?O(T, R), (w(W;) — @ (W;) — fot Lo (W,)du)>0 is a
martingale. Then consider the sequence of stopping times defined for k > 1 by ;. = inf{r >
0 | |[W;| > k} and a sequence (wy)k>0 in C° (I,R) satisfying,

() forallk > 1and all x € T N [—k, k], oy (x) = ¥ (x);
(i) limg— 400 @ = ¥ in C®(I, R).
Since, forall k > 1,

INTE
(wwmk)—w(wo)— /0 Llﬁ(W,,)du)

t>0

AT
= <ZU1<(Wsz) — o (Wp) — /(; LZUk(Wu)du)
>0

and the sequence (7x)x>1 goes to 400 as k goes to +0o almost surely, it follows that (¥ (W;) —
v (Wp) — fol Ly (W) du);>0 is a local martingale with respect to u and the filtration (8B;);>0.
It remains to show that, for all @ € CSO(T, R), (m (W;) — w (Wp) — fot Lo (W,)du)>o is
a martingale under the assumption of the proposition. We only need to prove that, for all
@ € CP*(I,R),0 <s <t,me N g: R" — R bounded and continuous, and 0 < #; <
Sty =52

t
]E/*[(mw,) — @ (Wy) —/ Lw(Wu)du)g(W,l, ...,th)} =0. (42)

Let (¢x)r=0 be a sequence of functions in C2°(Z, R) and converging to @ in C2° (T, R). First
note that, for all u € [s, t], u-almost everywhere,

lim ¢ (W,) = @ (W,). (43)
k——+o00

By Lemma 11, for all u € [s, t], the pushforward measure of ; by W, has density = with
respect to the Lebesgue measure and p-almost everywhere, limy—, 4o Lor(W,) = Lo (Wy).
On the other hand, there exists C > 0 such that, forall k > 0, |[L¢r(W,)| < C(1 + |V (W,))D.
Then

t t
E“[/ <1+|V(Wu)|>du} s(r—s>+/ EX[|V (W] du

N

< (t—s)<1+/ IV(x)IJT(x)dx).
I
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Therefore, w-almost everywhere, by Assumption 3(ii) and the Lebesgue dominated convergence
theorem, we obtain

t t
lim / Lor(W,)du = f Lo (W,)du. 44)
k—+o0 J s
Therefore, (42) follows from (43) and (44), using again the Lebesgue dominated convergence
theorem and Assumption 3(ii) O

5.2. Proof of reduction to the martingale problem (Proposition 4)

Proposition 4. We assume that Assumptions 3 and 4 hold. Assume also that, for all ¢ €
CX(I,R),m e N*, g: R" — R bounded and continuous, and 0 < t; <--- <t, <s <t,

t
lim E“d[<¢(WZ>—¢(WS)—/ qu(%)du)g(wn,...,Wz,,»}=0.

d—+o00

Then every limit point of the sequence of probability measures (jLg)a>1 on W is a solution to
the local martingale problem associated with (9).

Proof. Let u be a limit point of (t4)g>1. First, following the proof of Proposition 2, it
is straightforward to show that, for all # > 0, the pushforward measure of u by W; is .
By Lemma 2, we only need to prove that, for all ¢ € C°(I,R), the process (¢(W;) —
¢ (W) — fé L¢(W,) du);>0 is a martingale with respect to p and the filtration (8B;);>0. Then
the proof follows the same line as the proof of Proposition 2 and is omitted. |
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