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We study the linear stability of a vortex sheet in a limit case that corresponds to a
transition between a weakly stable regime and a violently unstable regime. We prove
an energy estimate that reflects the high degeneracy of the uniform
Kreiss—Lopatinskii condition.

1. Introduction

The existence of compressible vortex sheets is a nonlinear hyperbolic free-boundary
problem. In three space dimensions, all constant vortex sheets are violently unstable
(see, for example, [3]). In two space dimensions, a constant vortex sheet is violently
unstable if and only if

ue — w < 2v2¢,

where u, and wu; are the fluid velocities on either side of the interface and c is the
sound speed (which is constant on either side of the interface). In a recent work [2],
we have studied the stability of vortex sheets that satisfy

e — w]| > 2v/2¢,

and we have shown that the solutions to the linearized problem obey an a priori
energy estimate. In this paper, we study the limit case

|y — wi|| = 2V 2.

We shall show that the linearized problem about such a constant vortex sheet still
obeys an a priori estimate. However, the energy estimate is very weak, due to the
unusual fact that the so-called Lopatinskii determinant has a triple root.

To avoid overloading the paper, we shall often refer to [2], where the reader will
find detailed calculations and a wider list of references on the subject. As was done
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in [2], we consider the compressible Euler equations in the whole space R

O(pu) + V- (pu®@u) + Vp =0, (1.1)

Bip+V - (pu) = 0,}
where p = p(p) is the pressure law. It is assumed to be C* and increasing. As
in [2], the sound speed is denoted by c. We also decompose the velocity u as follows:
u = (v,u) € R%

In this paper, we consider a piecewise constant solution of (1.1) that takes the
following form:

(o) = § Pr0m ) 2 >0, (1.2)
(p,v1,0) if 29 < 0.

We are interested in the linear stability of this piecewise constant solution. We
assume that the vortex sheet defined by (1.2) satisfies

vw+u=0 and v, =+v2¢>0. (1.3)

2. The linearized equations

Because we deal with a free-boundary problem, it is convenient to fix the (unknown)
interface by a change of variables. Then we linearize the nonlinear equations about
the particular solution given by (1.2). The linearized equations read (see [2] for
details)

LW = AgO:W + A10, W + A20,,W = f  if x5 >0,

ew) (2.1)

BW™, ) = MW"™[,,_o+b (amz; —g if 2y — 0,

where 1 is the unknown perturbed front and W is the following vector,

.. P+ | U4 p—  U— Py UL P U
W = L, — —_—, — —_— — _— = — —_—

<U+7v 20 2¢72p  2¢’2p  2¢7 2p 20> ’
where p, (respectively, p_) denotes the perturbed density on the right (respectively,
on the left) of the interface, and so on. In (2.1), the vector W™ is obtained by
retaining only the four last components of W. Furthermore, we recall that the

matrices A; are given by the following formulae,

10 0 0 0 0
01 0 0 0 0
A.:oozc2o 0 0
1o o 0o 22 0o o0 |’
00 0 0 22 0
00 0 0 0 22
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while M and b are defined as follows:
0 v, —v 0 2v, —-c ¢ —-c ¢
b:=1[1 Up =11 v |, Mi=—-c 0 —-c 0]. (2.2)
0 0 0 O -1 -1 1 1

Before stating our energy estimate for (2.1), we introduce some notation. First
define the half-space

Q2 = {(t,x1,72) € R? such that x5 > 0} = R?x]0, +o0l.
The boundary 042 is identified to R2. For all real number s and all ¥ > 1, we define
the following norm on the Sobolev space H*(R?),

1 N
Il = gz [, 0F + Il

where 4 is the Fourier transform of any function u defined on R2. The space
L?(RT; H*(R?)) is equipped with the norm

—+00
all2 o= [ Jusza) 2, o
0

In the sequel, the variable in R? is (¢, x1), while 3 is the variable in R*.
Introducing W := exp(—¢)W and v := exp(—7t)1), we find that (2.1) is equiv-
alent to

LW =AW + LW = exp(—~t)f if x9 >0,
- - - ) ) 2.3
B’Y(WHC’ 'I/J) = MWnc|x2:O +Q ( ’Y¢a‘|‘ gtw) — eXp(—’Yt)g if Ty = 0. ( )

The main result of this paper is the following theorem.

THEOREM 2.1. Assume that (1.3) holds. Then there erists a positive constant C
such that, for all v > 1 and for all (W,v) € H*(£2) x H*(R?), the following esti-
mate holds:

T F/nc 7 1 T 1 jnc 7
AW+ [T o241, < 0(77|||£7W|||§,W+76|BW<W ,w>|§,7). (2.4)
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Recall that, under the assumption v, > v/2¢, the main energy estimate we have
proved in [2] involves the loss of only one derivative on the boundary and one
derivative in the interior domain, that is,

1

T Trnc " T 1 Trnc 7
WG+ W |ep=oll§ + 19113, < 0(73|||UW|||?,~, + ¥||BV(W ﬂ/})||§,7>~

At the opposite, when v, < v/2¢, the linearized equations (2.1) are violently ill-
posed in any Sobolev or Hélder space (see [3]). In the limit case v, = v/2¢ that we
are considering here, the Lopatinskii determinant associated with (2.1) has a triple
root, which yields a very poor energy estimate. The transition case is thus really
different from the one considered in [4]. As a matter of fact, it was shown in [1] that
a situation where the Lopatinskii determinant has a multiple root corresponds to a
transition between weak stability (here, the region v, > v/2¢) and violent instability
(here, the region v, < v/2¢). However, we note that the result of [1] is derived when
the root is double, and not triple as in our case.

3. Proof of the main result

We drop the tilde for convenience. Using the same argument as in [2, paragraph 4.1],
we claim that it is sufficient to prove theorem 2.1 in the special case LYW = 0.
Performing a Fourier transform in (¢,2;) and eliminating the unknown front in the
boundary conditions, we are led to consider the following boundary-value problem,

. . dw .
(tAp + inA)W +A2d—x2 =0 ifzs >0, (3.1)

Blr,mW™(0) = h,
where £ is a source term related to BY(W™e 4)) and S is defined by

-1 -1 1 1

B(r,n) = <c(7+ivm) c(t +ivm)  —c(t +ivm) ot +ivm)

) Y(r,n) € X.

The definition of the hemisphere X' is the one we adopted in [2],
¥ :={(r,n) € C x R such that Re7 > 0 and |7|* 4+ v2n? = 1}.

Moreover, [ is homogeneous of degree 0 with respect to (7, 7).

We emphasize that it is still possible to eliminate the front in the limit case
v, = v2¢. Lemma 1 of [2] also applies in this case.

Using the two first scalar equations in (3.1), we obtain the following system of
ordinary differential equations,

dWIlC N
— Wnc f O
dﬁCQ A(Ta 77) Lz >0, (32)
B(r,n)W(0) = h if o =0,
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where A(7,7) is defined by

A(r,n) == me 0 —pm 0 |
0O m O —H
with
(1/e)(T +ivean)? + %0772 %ch
Mr] = T ) mey) i = ————.
T +ivein T+ 101

If we denote by w, (respectively, w)) the roots of the negative real part of the
equation

2

1 .
w? = C—Q(T +ivm)? + n?

1
<respectively, w? = 07(7 +ivm)? + 772)»

then the stable subspace of A(7,n) has dimension 2 and is spanned by the two
vectors

T
1
Bu(rin) = (e, 0.+ io)? + e — (7 + uen, 0)

T
1
E(7,m) := (0, 30,0, = (7 +ivm)® + yen’ = (7 + ivm)wl) :
The Lopatinskii determinant is defined in the classical way,

A(r,n) = det[B(7,n) (Ex(1,m), EA(T,1))]- (3-3)

It is continuous on the whole closed hemisphere X' (while the symbol A has some
poles on the boundary of ). The following result describes the failure of the uniform
Lopatinskii condition.

PROPOSITION 3.1. Assume that (1.3) holds. Then one has A(T,n) = 0 if and only
if 7 = 0. Furthermore, there exists a neighbourhood V of (0,1/v,) in X and a C*
function h defined on V such that

A(r,n) = 3h(r,n) and h(0,1/v,) #0 Y(r,n) € V.
A similar result holds near (0, —1/v,).
Proof. We first compute
A(T,n) = = (1 + iven — cwr) (T + v — cwn) (wr + W) (wrwy — 7).

The first two factors (7 4 ivyn — cw,) and (7 + iv;n — cw)) do not vanish on X'. The
sum w;, +w; does not vanish when 7 has positive real part, since both numbers w;
have negative real part. When 7 is purely imaginary, one extends w;, by continuity.
Using the formulae given in [2, paragraph 5.1], one shows that w, +w; = 0 if and
only if 7 = 0. Moreover, there exists a neighbourhood V of (0,1/v,) and a C*
function Ay defined on V such that

wr +w =7hi(1,n) and hy(0,1/v.) #0 VY(1,n) € V.
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If the last term (w,w;—n?) vanishes, then  # 0, and we compute that V := 7/(in)
satisfies
V3(V? —6¢%) = 0.
Here we have used the relation v, = v/2¢. When V = \/6‘0, we use the formulae
given in [2, paragraph 5.1], and compute

wy = —in\/ 7 + 4V/3, wp = —in\/ 7 — 4V/3.

Therefore, wywy = —n? # n? and 7 = iv6en is not a root of the Lopatinskii
determinant. Similar calculations show that 7 = —iv/6¢n is not a root either. When
7 =0, we have

wy = —in and w; =in,
so we have w,w; = n?. If we define (2, := w,/(in), then the function

f(V) =020 +1

is holomorphic near V' = 0. Using the relations
1
‘Qrz,l = 072(‘/ + vr,l)z - ]-7
one shows that 0 is a double root of f, so we have

FV) =V2g(V),

for a suitable holomorphic function g that does not vanish at 0. This shows that
there exists a neighbourhood V of (0,1/v,) and a C* function hy defined on V such
that

wrw —n? = 12ho(1,m) and  hy(0,1/v,) #0 Y(r,n) € V.

This completes the proof. O

In order to construct a degenerate symmetrizer near the roots of the Lopatinskii
determinant, we need to precise the behaviour of the matrix G(r,n) restricted to
the stable subspace of A(7,n). This is summarized in the following lemma.

LEMMA 3.2. There exists a neighbourhood V of (0,1/v,) in X and a constant kg > 0
such that the following estimate holds for all (1,m) € V:

1B(r. ) (Ee(r,n), Ba(r,m) 2™ * > 607°1 277 VZ~ e C%. (3.4)
A similar result holds near (0,—1/v,).

Proof. We have

_ | i) +ivm) —w) (7 +iom) (e H T+ iom) — w)
BB Br) = (—cwr(ﬂrivm)(cwr = (t+ivm))  ew (T + ivn)(cwr — (T+i”1"))>

for all (7,7) € X. Consequently, the upper left-hand corner coefficient of G(F,E)
does not vanish near the point (0,1/v,). Writing
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we easily obtain the equality

(L o w5 &)= 4)

In particular, we obtain the estimate
B(E: E)Z P > wmin(1,|A)| 2%

for a suitable constant k > 0 that is independent on (7,7) in a neighbourhood
of (0,1/v;). One uses the factorization given in proposition 3.1 to conclude the
proof. O

We are now able to construct a degenerate Kreiss symmetrizer near the points
where the Lopatinskii determinant vanishes. Following [2], we already know that
there exists a neighbourhood V of (0,1/v,) in X and a C* mapping T on V such

that
wy 0 0 0
T AT =0 9 O 0 g e,
’ ’ ’ 0 0 —wr 0 ’

0 O 0 —w

The first two columns of T'(7,7)~! are the vectors E,(7,n) and Ej(7,n). We define
our symmetrizer r in the following way,

-5 0 0 0
o =5 0 o0
T(T7 77) T 0 0 K 0 V(Tv 77) € V?
0 0 0 K
with K > 1 to be fixed large enough. The matrix r(7,7n) is hermitian and we have
¥ 0 00
-1 0 4% 0 0
Re(r(r,mT(r.m)Ar,)T(rm)™) 2 mv | o o | o YEmev, (35
0 0 01

for a suitable k > 0. We have used the standard notation
Re M = %M + M*.

Now we let )
B(r,n) = B, )T (r,n)~".
Recall that the first two columns of T'(7,7)~! are E, and Ej. Let

Z=(Z",Z%)eC,

with Z=, Z% € C2. Writing

sz =i (4)) + 5 (41 ).
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and using (3.4), we obtain
k07°1 2717 < Co(1B(,m) 21 + |1 Z7F)%),

for some appropriate kg > 0 and Cy > 0. In the definition of the symmetrizer r, we
choose K := 2Cy /Ko + 1. This choice yields the inequality

2Cy , _
r(r:m)2, Z)es + -1, MZ* 21127 +1Z7] 2% 2P,

that is, ~ ~
r(r,m) + C(B(1,n))*B(r,m) =~+°T Y(r,1) € V. (3.6)

The construction of the symmetrizer near the other points of Y is the same as
what was done in [2], so we shall not detail it. To derive the energy estimate, we
proceed as in [2, paragraph 4.9], using a finite covering of X and a partition of unity
(xi)1<i<i- In particular, when the support of x; is a neighbourhood of a point where
the Lopatinskii condition fails, we use (3.5) and (3.6) to derive an estimate that
reads

+oo
Y (T, ?7)2/0 (W(7,m,22)|* dwa + X3 (7, 1) W™ (7,1,0)|?
C N
< $><i(ﬂ n)?h)*(|7* + vin?)?.

When the support of x; is a neighbourhood of a point where the Lopatinskii con-
dition is satisfied, we obtain the following energy estimate (see [2] for details):

+oo R
xi(rn)? / W (g, 2) 2 s + X ()27 (0, 02 < Cxa(rs )2 2.

Integrating with respect to the frequencies, and using Plancherel’s theorem, we
obtain (2.4). This completes the proof.
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