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Abstract

We obtain some improved results for the exponential sum 3, _,<,, A(n)e(akn®) with 6 € (0, 5/12), where
A(n) is the von Mangoldt function. Such exponential sums have relations with the so-called quasi-Riemann
hypothesis and were considered by Murty and Srinivas [‘On the uniform distribution of certain sequences’,
Ramanujan J. 7 (2003), 185-192].
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1. Introduction

We are interested in the exponential sum
Stx,0) = > A(wetkan’),
x<n<2x

where x > 2 and k € Z* are the main parameters, @ # 0 and 0 < 6 < 1 are fixed, A(n)
is the von Mangoldt function and e(z) = ¢*™=. In [4], Iwaniec et al. showed that such
exponential sums are connected to the quasi-Riemann hypothesis (or the existence of a
zero-free region) for L(s, f), where f is any holomorphic cusp form of integral weight
for SL(2,7Z).

We refer to S(k, x, ) as Vinogradov’s exponential sum, since it was first considered
by Vinogradov [8] in the special case 6 = 1/2. He proved in [8] that, for k < x'/10,

S(k,x,1/2) < k'4x7/8+e,

where £ > 0, and the implied constant may depend on « and &. Iwaniec and Kowalski
(see [3, formula (13.55)]) remarked that the stronger inequality

S(1,x,1/2) < x'®log* x
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follows from an application of Vaughan’s identity. For general 6§ and k, Murty and
Srinivas [5] proved that
Sk, x,0) < k'BxT+08 10g(xk?),
where the implied constant may depend on @ and 6. In 2006, Ren [6] proved that
Sk, x,0) < (k21012 4 )35 4 125120121094,

for arbitrary A > 0, and that for § < 1/2 and k < x'/27,

S(k, x,0) < (k'10x3/4+0N0 4 g =1/2) 1262y 150 11 (1.1)

We prove the following result, which is new for 6 € (0,5/12).

THEOREM 1.1. For0< 6 <5/12, &> 0and 1 < k < x/279°%_there exists an absolute
constant cy > 0 such that

S(k, x,0) < k2792 exp(—co(log x)'/*7%),
where the implied constant may depend on «, 0 and &.

Obviously, when 6 < 5/12 and k < x*/127%=% Theorem 1.1 improves (1.1). Some
much sharper estimates can be obtained if one assumes the zero-density hypothesis,

N(o,T) < T*" "D 1ogB T, forallo > 1/2, (1.2)

where N(o, T) is the number of zeros of £(s) in the region {o- < Rs < 1,]¢| < T} and B
is some positive constant. Under (1.2), it is proved in [6] that

Sk, x,0) < (k"X 4 7 12102) Jog B2 x, (13)

where the implied constant may depend on @, 8 and B. Our idea can also be used to
improve (1.3).

THEOREM 1.2. Under (1.2), for 0 <0 < 1/2, & >0 and 1 < k < x'/?>7%¢_ there exists
an absolute constant cy such that

S(k,x,60) < k26! ~72 exp(—co(log )'1*79),
where the implied constant may depend on «, & and 6.

It is worth pointing out that, compared with Theorem 1.1, the ranges of 6 and k have
been extended in Theorem 1.2.

2. Proof of Theorem 1.1

To prove Theorem 1.1, we will borrow the idea in [6] and use results related to
zeros of the Riemann zeta function. The following lemma will be used in the proofs of
Theorems 1.1 and 1.2.

LEMMA 2.1 [7, page 71]. Let F(u) and G(u) be real functions on [a, b], such that G(u)
and 1/F’(u) are monotone and |G(u)| < M.
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(1) IfFF(u)=m>0o0rF(u) <-m<0, then

b
f G(uw)e(F(u))du < %

2) IfF’'(uy=r>0o0rF"(u) < -r<0, then
b
M
Gwe(F(u)du < —.
fa (We(F(u)) V=
PROOF OF THEOREM 1.1. Denote the zeros of {(s) in the critical strip by p = 8 + iy,

where 0 <8 < 1, |y|] < T. Using partial summation and the explicit formula in [3,
formula (5.53)],

An) =x-— x_p+0 f(long)2 , forl<T<ux
T

n<x lyl<T

From this formula,

2x
Z A()e(kan®) = f e(ka/ue)dZA(n)

x<n<2x X n<u
2x 2x
= f e(kau’y du — Z f w’~e(kau®) du
x T ¥
g xlog? x
; 0((1 + Hahy 2 ) 1)
Setting
T= T() =X,
the error-term is O((1 + kla|x?) log? x) = O, (kx’ log® x). Moreover,
2x 1 e
f e(kau®) du = 5 f u e(kau) du <qq k™ 'x'0. (2.2)
x x?
Making the change of variable u? = v,
2x 1 e
f w’e(kau’) du = 7 f VP e(F(v)) dv,
X x0
where
fv) = kav + == log v.
270
Trivially,
2x
f we(kau”y du < P (2.3)
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However,

min,epe 200 Y + 20mkay|

276y ’
PR 4
W=7 a5
By Lemma 2.1 and (2.3),
i for Iyl < 4(1 + 6rklal(20%)
ey — < ,
f VIO o £(v)) dv < \/1ﬂ+ Ok|a|x?
X
o for 4(1 + rklal(20)%) < Iyl < To.
1+ 1yl
Therefore,
2x
Z f W e(kau®) du
yl<T ¥ ¥
1 8 xP
« — P+ T
1+ OKlax” a1 Lomtiaizer 4(1+6klel(2x))<lyI<Ty +

Assume that, for some positive constant C,
N(o, T) < TA@OU=D 1ogC T
Then by the Riemann—von Mangoldt formula, for 2 < U < Ty,

1
Z xP = —f x7dN(o, U)
0

lyl<U
< x2Ulog U + (log U)€ log x 1/§nax pA@I-a)ye

<o<0y

where

oo =1-co(log T)_2/3(10g log ) '3

(4]

with ¢y an absolute positive constant. Here we have used the well-known zero-free

region results (for example, see [3, 7]) which state that (s) # 0 for o > o7.
Let x be sufficiently large such that rk|a|(2x)? > 1. Then

1
xB

1 + Oklax® lyl<4(1+6rklal(2x)?)

< (logx)C+1(k1/2x(1+0)/2 + max kA(o’)(1—0')—1/2x0'+9A(0')(1—0')—€/2),
1/2<0<0y

https://doi.org/10.1017/5S0004972722000430 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722000430

[5] Twists of the von Mangoldt function 429

and
xP 1
< (logx) max T, Z xP
6
ALkl o<y I<T + lyl 4(1+6klal(2x)P)<T\ <T T <o,
< (log )2 (12 + max  KA@UI-0)-1 o +0A@)1-0)-0)
1/2<0<09
Writing

glo)=0+0A()1 -0) - g

and collecting the above estimates,

2x
> f ' e(kauy du < (log ) 2k 2912 4 max  KAOI-D-12,80))
yl<T X 1/2<0<0y

By the well-known result of Ingham [2] and Huxley [1], we can choose A(o) =
12/5. Thus we have

max  KA@I-0)-1/2 g@) (log x)cl sup JA@1=-0)=1/2,0+120(1-0)/5-6/2
1/2<0<0y 1/2<0<0y

< k—1/2x1—9/2(10gx)cl sup (k12/5x126’/5—1)1—0'.
1/2<0<0y

Thus for @ < 5/12 and k < x>/1276-¢,

max  KA@1I-0)-1/2,80) k‘l/le‘e/z(log x)C sup x—Cologx) > (loglogx)~
1/2<0<09 1/2<0<09

1/2,1-6/2

1/3

<k 1/3)

exp(—co(log )3 (log xlogx)~

1/2,1-6/2

<k exp(—co(log x)' 7).

This together with (2.1) and (2.2) shows that, for 6 € (0,5/12) and 1 < k < x>/12-0-¢,
Z Am)e(an’)

x<n<2x
< kl/zx(”g)/z(logx)c + k12x 1072 exp(—co(log x)1/3_8) N A

1/2,1-6/2

< k- exp(—co(log x)/379).

This finishes the proof of Theorem 1.1. |
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