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FACTORIALS OF INFINITE CARDINALS IN ZF PART II:
CONSISTENCY RESULTS

GUOZHEN SHEN AND JIACHEN YUAN

Abstract. For a set x, let S(x) be the set of all permutations of x. We prove by the method of

permutation models that the following statements are consistent with ZF:

(1) There is an infinite set x such that |p(x)| < | S(x)| < |seq'(x)| < | seq(x)|. where p(x) is the
power set of x, seq(x) is the set of all finite sequences of elements of x, and seq'™ (x) is the set of
all finite sequences of elements of x without repetition.

(2) There is a Dedekind infinite set x such that | S(x)| < |[x]?| and such that there exists a surjection
from x onto S(x).

(3) There is an infinite set x such that there is a finite-to-one function from S(x) into x.

§1. Introduction. Let x be an arbitrary set and let a = |x|. Let S(x) denote the
set of all permutations of x and let a! denote the cardinality of S(x). In this second
part of our work, we continue to investigate the properties of a! for infinite cardinals
a. We prove several consistency results concerning this notion by the method of
permutation models.

We mainly consider four permutation models. The first one is the basic Fraenkel
model in which several cardinals are shown to be incomparable with a! where a is
the cardinality of the set of atoms. The second one is the ordered Mostowski model
in which we have 2% < a! < seq'"!(a) < seq(a). where a is the cardinality of the
set of atoms, seq(a) is the cardinality of the set of all finite sequences of atoms,
and seq'"!(a) is the cardinality of the set of all finite sequences of atoms without
repetition.

The third one is a Shelah-type permutation model. In this model, | S(4)| < [[4]*|
and there exists a surjection from 4 onto S(A). where A is the set of atoms. Since
it follows from Cantor’s theorem that there are no surjections from 4 onto g(A4),
we get that there are no surjections from S(4) onto g(A). This answers the Open
problem (8) of [17, Section 4].

The last one is a new permutation model. The atoms of this permutation model
form an infinite lattice 4 with a least element such that every initial segment deter-
mined by an element of A is finite and such that every permutation of 4 moves only
finitely many elements. Hence the function that maps each permutation u of 4 to
the least upper bound of the elements moved by u is a finite-to-one function from
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S(A4) into A. Thus we establish the relative consistency of the existence of an infinite
set x such that there is a finite-to-one function from S(x) into x. This answers the
Open problem (7) of [17. Section 4].

These consistency results show that most of the ZF results proved in Part I are,
in a certain sense, optimal, which will be explained in more detail later. All the
preliminaries required in this part can be found in the Section 2 of Part I. However,
in order to make this part self-contained, we list some of them in the next section.

§2. Preliminaries. For a set x, we use |x| to denote the cardinality of x. We shall
use lower case German letters a, b, ¢, 0 for cardinals. For a function /', we shall use
dom( /') for the domain of f, ran(f) for the range of f, f[x] for the image of x
under £, f~![x] for the inverse image of x under f, and f [x for the restriction of
f to x. For functlons f.g.weuse go f for the composition of g and f. We use id,,
to denote the identity permutation of x.

DEerFINITION 2.1. Let x, y be arbitrary sets, let a = |x|, and let b = |y|.

(1) x < y means that there exists an injection from x into y; a < b means that
X -4 y.

(2) x <* y means that there exists a surjection from a subset of y onto x; a <* b
means that x <* y.

(3) a &£ b denotes the negation of a < b: a £* b denotes the negation of a <* b

(4) a < bmeans thata < band b £ a: a || b means thata £ band b £ a.

Clearly, if a < b and b < ¢ then a < c. It is the same case when we replace < by
<*. It is also clear that if a < b then a <* b, and that if a <* b then 2% < 2°. It
follows from the Cantor-Bernstein Theorem that if a < band b < a then a = b.

DEFINITION 2.2. Let x be an arbitrary set and let a = |x|.
(1) x is Dedekind infinite if w < x: otherwise x is Dedekind finite.

(2) xis power Dedekind infiniteif w < p(x); otherwise x is power Dedekind finite.
(3) ais Dedekind infinite if x is Dedekind infinite; otherwise a is Dedekind finite.
(4) a is power Dedekind infinite if x is power Dedekind infinite; otherwise a is

power Dedekind finite.

DErNITION 2.3. Let f be a function.

(1) f is finite-to-one if for all z € ran(f), £ ~'[{z}]is finite.
(2) f is Dedekind finite-to-oneif for all z € ran( ), £ ~'[{z}]is Dedekind finite.

DErFINITION 2.4. Let x, y be arbitrary sets, let a = |x|, and let b = |y|.

(1) x <o y means that there is a finite-to-one function from x into y; a <go b
means that x <g, ».

(2) x <dfo y means that there exists a Dedekind finite-to-one function from x
into y; a <gpo b means that x <4po V.
a %o b denotes the negation of a <go b: a Lo b denotes the negation of
a <dfro b.

Clearly, if a <po band b <g, ¢ then a <g, ¢
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2.1. Some special cardinals. For a permutation f of x, we write mov( /') for the
set {z € x | f(z) # z} (i.e., the elements of x moved by f).

DEFINITION 2.5. Let x be an arbitrary set and let a = |x]|.

(1) S(x) ={f| f is a permutation of x}: a! = | S(x)|.

(2) Sparin(x) = {f € S(x) | mov(f) is power Dedekind finite}: Spdsn(a) =
|Spdﬁn(x)|'

(3) San(x) = {f € S(x) | mov(f) is finite}; Sin(a) = | Shn(x)|.

(4) pdfin(x) = {y C x | y is power Dedekind finite}: pdfin(a) = | pdfin(x)].

(5) fin(x) = {y C x | y is finite}; fin(a) = | fin(x)].

(6)

(7)

seq(x) = {f | f is a function from an n € w into x}; seq(a) = | seq(x)|.
seq"!(x) = {f | fis an injection from an n € w into x}; seq'!(a) =
|seq"! (x)].

(S)X":{yCXHyl—n} =

|[x]"].
9) s X)—{féS()IImOV()< n}: Sa(a) = | Sn(x)].

The following five facts are Facts 2.16-2.19 and Lemma 2.21 of [14], respectively.
Fact 2.6. For all power Dedekind finite cardinals a. a! is Dedekind finite.

Fact 2.7. For all cardinals a, Sy (a) <go fin(a).

FAct 2.8. For all cardinals a, Spafin(a) <dno pdfin(a).

FacT 2.9. For all nonzero cardinals a. seq(a) is Dedekind infinite.

Fact 2.10. For all nonzero cardinals a, seq(seq(a)) = seq(a).

For t € seq''(x). we use (£(0):...:¢(n — 1)),. where n = dom(¢). to denote the
permutation of x which moves #(0) to #(1), (1) to £(2), .... t(n — 2) to t(n — 1),
and ¢t(n — 1) to ¢(0), and fixes all other elements of x. In particular, for two distinct
elements z,v of x, (z:v), is the transposition that interchanges z and v. The
following lemma is Lemma 2.26 of [14].

LemmA 2.11. For all nonzero cardinals a, if there are x,r such that |x| = a and r
is an ordering of x. then Sg,(a) < seq'"'(a) < seq(a) = Ny - San(a). Moreover., if in
addition a is Dedekind finite, then Sz, (a) < seq'™'(a) < seq(a) = N - Sgn(a).

§3. Permutation models. We refer the readers to [5, Chapter 8] or [10, Chapter 4]
for an introduction to the theory of permutation models. Permutation models are
not models of ZF; they are models of ZFA (i.e., the Zermelo-Fraenkel set theory
with atoms). Let 4 be the set of atoms and let G be a group of permutations of A.
We shall write symg(x) for the set {x € G | z(x) = x}. For any subset B of 4, we
shall write fixg(B) for the set {m € G | Va € B(n(a) = a)}. Let Z C p(A4) be a
normal ideal. Then x belongs to the permutation model V determined by G and Z
if and only if x C V and there exists a B € Z such that fixg(B) C symg(x); such a
B € T is called a support of x. Notice that Z € V.

Although permutation models are not models of ZF, they indirectly give, via the
Jech-Sochor theorem (cf. [5, Theorem 17.2] or [10, Theorem 6.1]). models of ZF.
The Jech-Sochor theorem provides embeddings of arbitrarily large initial segments
of permutation models into ZF models. All statements whose consistency we prove
in the present article depend only on a very small initial segment of the permutation
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model, so they are preserved by the embedding and we thus obtain their consistency
with ZF.

3.1. The basic Fraenkel model. Let the set 4 of atoms be denumerable, let G =
S(A), and let T = fin(A4). The permutation model determined by G and Z is called
the basic Fraenkel model (cf. [5. pp. 195-196] or [10, Section 4.3]), and is denoted by
Vr (F for Fraenkel). In Vg, A4 is amorphous (cf. [5. Lemma 8.2]); that is, A4 is infinite
but every infinite subset of A is co-finite. Since it is obvious that all amorphous sets
are power Dedekind finite, it follows that 4 is power Dedekind finite, and hence, by
Fact 2.6, S(A) is Dedekind finite.

LeEmMA 3.1. Let A be the set of atoms of Vg and let a = |A|. In Vy,

(i) [a]* Zno seq(a);

(i) seq!!(a) £ al:

(iii) S3(a) £ 2%FN;

(iv) [a Zho (a+Ro)l:

(v) ([a])* £ (a+Ro)!.

PrOOF. (i) Assume towards a contradiction that there exists a finite-to-one func-
tion f € Vg from [A4]? into seq(A4). Let B € fin(4) be a support of f. Let us
fix two distinct elements a,b of A \ B and consider the sequence ¢ = f({a.b}).
If there is an n € dom(¢) such that t(n) € 4\ (B U {a,b}), take an arbitrary
ce A\ (BU{a,b,t(n)})andlet = = (¢(n);c)4. Notice that = € fixg(B U {a,b})
but # moves ¢, contradicting the assumption that B is a support of f. Thus
t € seq(B U {a,b}). If there is an m € dom(¢) such that z(m) € {a.b}, then
o = (a:b)4 is a member of fixg(B) such that o({a,b}) = {a.b} and o (1) # .
which is also a contradiction. Therefore we have

Va,b € A\ B (a #b — f({a.b}) € seq(B)). (1)

Now, for any p,g € [4\ BJ?, since it is easy to see that there is a permutation
7 € fixg(B) such that z(p) = ¢, it follows from (1) that f(p) = f (q). Therefore, f
maps all elements of [4 \ B]? to the same element of seq(B). contradicting the fact
that [4 \ B is infinite and £ is finite-to-one.

(i) Assume towards a contradiction that there exists an injection ¢ € Vg from
seq!"!(4) into S(A4). Let C € fin(A4) be a support of g. Without loss of generality,
assume C # (). Let us fix an arbitrary ¢ € seq'"!(C) and consider the permutation
u = g(r). If there is a ¢ € mov(u) \ C, take an arbitraryd € 4\ (C U {c.u(c)})
and let # = (c¢:d)4. Notice that n € fixg(C U {u(c)}) but = moves u, which is
a contradiction. Therefore, for all ¢ € seq!"'(C). we have mov(g(¢)) € C. Thus
the function f defined on seq'"!(C) given by f(¢) = g(¢)[C is an injection from
seq'"!(C) into S(C). Hence, if we take n = |C|, then n # 0 and seq'"!(n) < n!,
which is absurd.

(iii) Assume towards a contradiction that there exists an injection & € Vg from
S3(A4) into p(AUw). Let D € fin(A) be a support of 4. Take three distinct elements
a,b,cof A\ D,letn = (a;b;c)y, andletg = (b;a;c)4. Then n,0 € fixg(D), and
hence n(h) = o(h) = h. Since n(n) = 6(n) = n, we get n(h(n)) = o(h(x)) = h(n).
Hence, if a € h(n) then b = n(a) € h(x), and if b € h(rn) then a = o(b) € h(n);
thatis, @ € h(n) <+ b € h(n). Thus, if wesett = (a:b) 4. thent(h(n)) = h(x). Since
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t € fixg(D). it follows that (k) = h, and hence h(n) = t(h(x)) = h(z(n)) = h(o).
contradicting that /4 is injective.

(iv) Assume towards a contradiction that there exists a finite-to-one function
f € Vg from [4]} into S(A U ). Let B € fin(A4) be a support of f. Let us fix three
distinct elements a,b, ¢ of 4\ B and consider the permutation u = f({a.b.c}).
If there is a d € mov(u) \ (BU w U {a.b,c}), take an arbitrary e € 4\ (B U
{a,b,c.d,u(d)})andletn = (d:e),. Notice that z € fixg(BU{a,b,c}).n(d) #d.
and n(u(d)) = u(d). Hence = moves u, contradicting the assumption that B is a
support of . Therefore, we have that mov(u) C BUw U {a,b,c}. If thereisav €
mov(u)N{a.b, c},then,since {a. b, c}\{v,u(v)} # 0.takeaw € {a.b.c}\{v.u(v)}
andleto = (v;w)4. Notice thato € fixg(B),a({a.b,c}) = {a.b.c},and o (u) # u.
which is also a contradiction. Therefore mov(u) € B U w. Thus we have

Vi €[4\ B (mov(f(¢)) € BUw). (2)

Now, for any p.q € [4\ B, since it is easy to see that there is a permutation
t € fixg(B) such that t(p) = ¢, it follows from (2) that /' (p) = f(q). Therefore, f
maps all elements of [4 \ B]’ to the same element of S(4 U w), contradicting the
fact that [4 \ B]® is infinite and f is finite-to-one.

(v) Assume towards a contradiction that there is an injection g € Vr from
[A]* x [A]? into S(4 U ). Let C € fin(A4) be a support of g. Take four distinct
ap,ay,bo,by € A\ C., and let u = g({ao. a1}, {bo.b1}). If there is a ¢ € mov(u) \
(C UwU{ag,ar.by,bi}), take an arbitrary d € A\ (C U {ag. a1, bo. b1, c,u(c)})
and let 7 = (c:d)4. Then we have n € fixg(C U {ag.a1.bo.b1}), n(c) # ¢, and
n(u(c)) = u(c). Thus = moves u, contradicting the assumption that C is a support
of g. Therefore we have

mov(u) C C Uw U {ag.ay.bo. b1} (3)

We claim that
Vi < 1(u(a;) = ar—; and u(b;) = bi_;). (4)

In fact, if u(a;) ¢ {ao. a1}, then (ap:a;)4 € fixg(C) fixes ({ao. a1 }.{bo.b1}) but
moves u, contradicting that C is a support of g. Thus u(a;) € {ao. a;}. Moreover,
u(a;) # a;. since otherwise, if we take an arbitrary e € 4 \ (C U {ao. a1. by, b1}).
then, by (3). u(e) = e, and therefore (a;:e)4 € fixg(C) fixes u but moves
({ao, a1}, {bo.b1}), contradicting that g is injective. Thus u(a;) = a;—;. Simi-
larly u(b;) = b;_;. and therefore (4) is proved. Hence, if we set ¢ = (ag;bg)4 ©
(a1:b1) 4, then it follows from (4) that a(u) = u, but a({ap.a1}.{bo.b1}) =
({bo. b1}, {ao. a1}) # ({ao. a1}, {bo.b1}). contradicting again the assumption that
g is injective. -

Now we derive some consistency results from Lemma 3.1.

PrOPOSITION 3.2. The following statements are consistent with ZF:

(i) There is an infinite cardinal a such that a! || seq'"(a) and a! || seq(a).
(ii) There is a Dedekind infinite cardinal b such that b! || 2° b! || [b]}. and

[6]° %o bL.
(iii) There is a Dedekind infinite cardinal ¢ such that ([c]*)* &£ .

(iv) There is a Dedekind infinite cardinal d such that [[[0]*] 2} ? £ ol.
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Proor. By the Jech-Sochor theorem, it suffices to show that there are such
cardinals in V. Let 4 be the set of atoms of Vg and let a = |4].

(i) Notice that seq'! (a) < seq(a) and [a]2 < al. By Lemma 3.1(i a]2 ;{ seq
which implies that a! £ seq(a) and a! £ seq'!(a). By Lemma 3. 1(11 ). seq'!(a) £ a'
and hence seq(a) £ al. wh1ch completes the proof of (i).

(ii) Let b = a + No. Notice that b is Dedekind infinite, [b]® < 2°, and S3(b) < b!.
By Lemma 3.1(iii), S3(b) ;{ 2%, and thus b! £ 2° and b! £ [b]*. By Lemma 3.1(iv).
I* %o b!. and hence [b]* £ b! and 2° % b!, which completes the proof of (ii).

(111) Let ¢ = a + No. By Lemma 3.1(v), ([c]*)* £ ¢!.

(iv) Let @ = a -+ Ny. For every set x, since all elements of x2 are 2-element subsets
of 2 x x. it follows that x> C [2 x x]?. Since it is easy to verify that 2 x y < [y]* for
any infinite set y, we have

(oF)” < [2- 0P < [[1o7]°]"
Now [[[0]2]2}2 £ 9! follows from (iii). .

REMARK 3.3. It is provable in ZF that for all infinite cardinals a and all n € w,
a” < seq!"'(a) (cf. [11, Lemma 2.5]). Proposition 3.2(i) shows that, in Corollary 3.29
of [14]. we cannot replace a” by seq'"!(a). Proposition 3.2(ii)—(iv) show that, in
Corollary 3.26 of [14], we cannot replace [[a]?] > by [al. ([a?)?. or [[[a]?] 2} ? even for
Dedekind infinite cardinals a. Proposition 3.2(iii) also shows that, in Theorem 3.14
of [14], we cannot conclude that seq(Spasn(a)) < al. since ([a]*)? < seq(Spann(a)).

ProposITION 3.4. The following statement is conszstent with ZF: There exists a
Dedekind infinite cardinal b such that seq(b) < [b]* and [b]* g0 seq(b).

PRrROOF. Let A4 be the set of atoms of Vg, let a = |A4], and let b = seq(a). Then
by Fact 2.9, b is Dedekind inﬁnite, and by Fact 2.10, seq(b) = b. By Lemma 3.1(i).
[a]* £po b, which implies that [b]> £go b and thus b < [b]*. Therefore, we get that
seq(b) = b < [b]*> and [b iﬁo b = seq(b). .

3.2. The ordered Mostowski model. Let the set 4 of atoms be denumerable, and
let < be an ordering of 4 with order type that of the rational numbers. Let G be the
group of all automorphisms of (A4, <y) and let Z = fin(A). The permutation model
determined by G and Z is called the ordered Mostowski model (cf. [5, pp. 198-202]
or [10, Section 4.5]). and is denoted by YV (M for Mostowski). Clearly, the relation
<wm belongs to the model Vy (cf. [5, Lemma 8.10]). In Vy;, 4 is infinite but power
Dedekind finite (cf. [5, Lemma 8.13]). and therefore, by Fact 2.6, S(A4) is Dedekind
finite.

Fact 3.5. Let A be the set of atoms of V. In V., San(A) = S(A).

PrROOF. Let f € Vy be a permutation of 4, and let B € fin(4) be a support of
f . If there exists an @ € mov(f') \ B. then take a 7 € fixg(B U {f (a)}) such that
n(a) # a. Thus = moves f, contradicting the assumption that B is a support of 1.
Therefore mov(f) C B, and hence f € Sg,(A). 4

ProPOSITION 3.6. The following statement is consistent with ZF: There exists an
infinite cardinal a such that 2° < a! < seq'"!(a) < seq(a) = Np - al.

ProoF. Let 4 be the set of atoms of Vi and let a = |4|. In Vi, <m is an ordering
of A. Since A is Dedekind finite, by Lemma 2.11, S, (a) < seq'!(a) < seq(a) =
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Rg - Sin(a). By Fact 3.5, we have Sg,(a) = a!. which implies that a! < seq'!(a) <
seq(a) = Ny - al. Finally, 2 < a! was proved in [2]. =

ReEmARK 3.7. Fact 3.5 shows that, in Corollary 3.21 of [14], the requirement
Sin(x) # S(x) cannot be replaced by the requirement that x is infinite. Proposi-
tion 3.6 shows that, in Corollary 3.16 of [14], the requirement that a! is Dedekind
infinite cannot be replaced by the requirement that a is infinite. Propositions 3.2(i)
and 3.6 show that, for an arbitrary infinite cardinal a, we cannot conclude any
relationship between a! and seq(a) except for Corollary 3.17 of [14].

For more cardinal relations that hold in V. see [8, p. 249].

3.3. A Shelah-type permutation model. In [7, Section 1], Shelah constructed a
permutation model in which there is an infinite cardinal a such that seq(a) < fin(a).
Later, in [8, Section 7.3], a similar model was constructed in order to show that the
existence of an infinite cardinal a such that a> < [a]? is consistent with ZF. Recently,
in [6], Halbeisen generalized these two results by proving that the existence of an
infinite cardinal a such that seq(a) < [a]* and [a]* g, seq(a) is consistent with
ZF. These permutation models are called Shelah type permutation models (cf. [5.
pp. 209-211]). The atoms of Shelah-type permutation models are always con-
structed by recursion, where every atom encodes certain sets of atoms on a lower
level.

Here we construct a Shelah-type permutation model in which there exists a
Dedekind infinite cardinal a such that a! < [a]*, [a]® Zaro a!. and a! <* a. Propo-
sition 3.4 shows that, in the basic Fraenkel model, there already exists a Dedekind
infinite cardinal b such that seq(b) < [b]* and [b]* %o seq(b). Hence, in such
a case, we do not really need to construct new models. However, for our purpose
here, the proof of Proposition 3.4 does not work, because, unlike the case for seq(a),
(a!)! = a! does not hold; in fact, a! < (a!)! for any infinite cardinal a.

In this subsection, we shall work in ZFA 4+ AC. For a set x, let Sipi(x) be the set
of all permutations of x which move only countably many elements. The atoms of
this Shelah-type permutation model are constructed as follows:

(i) Ao is an arbitrary uncountable set of atoms.
(i) Go = S(4o).
(iii) Ayp1 = A, U{(n,u.i)|u € Sewi(A4,) and i < 3}.
(iv) Gn41 is the subgroup of S(A4,,1) such that for all h € S(A4,41). h € G,pq if
and only if there exists a g € G, such that
e g ="hl4d,
o for all u € Sewi(4,), there is a permutation p of {0,1,2} such that
h(n,u.i)= (n.gouog=" p(i)) foranyi < 3.
Let A = (U, ¢, 4. For each triple (n.u.i) € A we assign a new atom a,,,; and
define the set of atoms by stipulating 4 = 4o U {a,.,.; | (n.u.i) € A}. However, for
the sake of simplicity, we shall work with A4 as the set of atoms rather than with 4.
Now, let
G={neS(4)|Vnew(rld, €G)}.

and let
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Z={B C A4|3necw(Bisacountable subset of 4,) }.

Clearly, G is a group of permutations of 4 and 7 is a normal ideal. The permutation
model determined by G and Z is denoted by Vs (S for Shelah).

We say that a subset C of A4 is closed if for all triples (n,u,i) € C, mov(u) C C
and {(n,u.j) | j < 3} C C. The closure of B C A is the least closed set that
includes B. Since we are working in ZFA + AC, it is easy to verify that the closure
of a countable subset of 4 is also countable, and therefore for all B € Z, the closure
of B belongs to Z.

LemMma 3.8. For all closed subsets C of A and all m € w, every g € G, fixing
C N A,y pointwise extends to a permutation n € fixg(C).

Proor. Define £, € G4, by recursion on n as follows: iy = g: h,1 is the permu-
tation of A,,,,+1 such that s, = h,41[ A4, and such that for all u € Sei(Aprn).
we have A, 1 (m +n,u,i) = (m+n, hyouoh, i) foranyi < 3. Now we prove by
induction on # that &, fixes C N A,,,, pointwise. By the assumption, A fixes C N 4,,
pointwise. Assume, as an induction hypothesis, that 4, fixes C N A,,,, pointwise.
Then h,,1 fixes CNA,,, pointwise, since A, extends A,,. Forany (m+n,u.i) € C,
since C is closed, we have mov(u) C C N A,.,. and therefore i, ocu o h,! = u,
which implies that 4,1 (m + n,u,i) = (m + n,u.i). Hence h, | fixes C N Ayyni1
pointwise. Let 7 = __ h,. Then 7 € G extends g and fixes C pointwise. -

new

LemMmA 3.9. For all closed subsets C of A and all n € w, if a, b are two distinct
elements of A such thata € Ay1 \ (A, U C)andb € A, U C, then there exists a
permutation nt € fixg(C U A, U {b}) such that n(a) # a.

PrOOF. Let a = (n,t, j), where t € Sepi(A4,) and j < 3. Let / < 3 be the least
natural number such that (n,7,1) ¢ {a.b} and let p = (j:;1);. Since a ¢ C and
C is closed. (n,2.1) ¢ C. Let g be the permutation of 4, such that g fixes 4,
pointwise and forallu € Sy (4,) andalli < 3.g(n,u.i) = (n.u, p(i)).ifu = t.and
g(n,u,i) = (n,u.i), otherwise. Then g € G, fixes 4,41 \ {a. (n.2,1)} pointwise.
By Lemma 3.8, g extends to some z € fixg(C). Then = € fixg(C U 4, U {b}) and
n(a) = (n.1,1) # a. =

LemMA 3.10. In Vs, S(A) = {u € S(A) | mov(u) € Z}.

PrOOF. Let u € Vs be a permutation of 4, and let B € Z be a support of u. Let
C be the closure of B. Then we have C € Z. Assume towards a contradiction that
there exists an a € mov(u) \ C. Let b = u(a) # a.

If a € Ag and b € Ay U C. take an arbitrary ¢ € Ay \ (C U {a.b}) and let
g = (a:¢)4,. By Lemma 3.8, g extends to some 7 € fixg(C). Then n(a) = ¢ # a
and n(b) = b. Hence = moves u, contradicting the assumption that B is a support
of u.

Ifthereisann € wsuchthata € 4,1\ A4, andb € 4,1 UC, then by Lemma 3.9,
there is a permutation o € fixg(C U {b}) such that g(a) # a. Therefore ¢ moves u,
contradicting the assumption that B is a support of u.

Thus, b ¢ C and there exists an m € w such thatb € 4,11 \ Ay, and a € A,.
Again by Lemma 3.9, there is a permutation 7 € fixg(C U {a}) such that 7(b) # b.
Hence T moves u, which is also a contradiction.

Therefore, we have mov(u) C C. and hence mov(u) € 7. -
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For all n € w, since n[4,] = A4, for any = € G, it follows that 4, € Vs, and
therefore the function that maps each n € w to 4, belongs to Vs. For every B € Z,
let kp be the least n € w such that B C A4,,. Since kp = kyp) for all B € 7 and all
7 € G, it follows that the function that maps each B € 7 to kp belongs to Vs.

LemMa 3.11. Let A be the set of atoms of Vs and let a = |A|. In Vs,
(i) ais Dedekind infinite;
(ii) a! <[a]® and a! <* a:
(i) [a]® Zano al-
ProoF. (i) Let ¢ be an injection from w into 4. Then ran(g) € Z. and therefore

g € Vs. Hence, in Vs, 4 is Dedekind infinite.
(ii) Let @ be the function defined on {u € S(A4) | mov(u) € Z} given by

(D(u) = {(kmov(u)#fAka), l) | i< 3}

Then @ is an injection from {u € S(4) | mov(u) € T} into [4]® and the sets in
the range of @ are pairwise disjoint. It is easy to verify that ® € Vs. In Vs, by
Lemma 3.10, S(4) = {u € S(4) | mov(u) € Z}, and hence @ is an injection from
S(A) into [4]°, which implies that a! < [a]®. Since the sets in the range of ® are
pairwise disjoint, it follows that a! <* a.

(iii) Assume towards a contradiction that there is a function f € Vs from [A4]
into S(A4) such thatin Vs,

3

£ is a Dedekind finite-to-one function. (5)

Let B € 7 be a support of f, and let C be the closure of B. Then C € 7.
Let us now fix three distinct elements a. b, ¢ of 4\ C and consider the permutation
u= f({a. b, c}). We claim that

mov(u) C C U Ay. (6)

Assume towards a contradiction that there exists a d € mov(u) \ (C U 4).

If there is an n € ® such that d € A4, \ 4, and u(d) € A, U C, then
by Lemma 3.9, there exists a permutation 7y € fixg(C U 4¢ U {u(d)}) such that
no(d) # d. Hence my fixes {a. b, ¢} but moves u, contradicting the assumption that
B is a support of 1.

Thus, u(d) ¢ C and there exists an m € w such that u(d) € A1 \ 4n and
d € A,. By Lemma 3.9, there is a permutation 7; € fixg(C U 49 U {d}) such
that 7t (u(d)) # u(d). Thus 7 fixes {a. b, ¢} but moves u, contradicting again the
assumption that B is a support of /. Hence (6) is proved.

If there exists an e € mov(u) \ (C U{a.b,c}). then u(e) € mov(u), and therefore
it follows from (6) that e € A4y \ (C U {a.b,c}) and u(e) € C U A,. Take an
arbitrary v € Ao \ (C U{a,b,c,e,u(e)}) and let go = (e;v) 4,. By Lemma 3.8, go
extends to some gy € fixg(C). Then gy € fixg(C U{a.b,c}), oo(e) = v # e, and
ao(u(e)) = u(e). Hence oy fixes {a, b, c} but moves u, contradicting that B is a
support of . Therefore mov(u) C C U {a.b,c}.

If there exists a z € mov(u) N {a.b.c}, then u(z) € mov(u), and hence, by (6),
u(z) € C U Ag. Take a w € {a.b,c} \ {z.u(z)} and let g1 = (z:w)4,. Again
by Lemma 3.8, g; extends to some o; € fixg(C). Then o/(z) = w # z and
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a1(u(z)) = u(z). Hence o1({a.b.c}) = {a.b,c} but a1(u) # u, which is also a
contradiction. Therefore mov(u) C C. Thus we have

Vi €[4\ CT (mov(f(2)) € C). (7)

For any f9.¢; € [4p \ C]’. itis easy to see that there is an & € Gy such that 4 fixes
C N Ay pointwise and A[ty] = t;. By Lemma 3.8, /1 extends to some 7 € fixg(C).
Thent(f) = f and t(ty) = t,. and hence, by (7). f (t0) = f(#1). Therefore, f maps
all elements of [4y \ C]? to the same element of S(A). Since 4, is uncountable and
C is countable, there is an injection p from w into 4o \ C. Then ran(p) € Z, which
implies that p € Vs. Thus. in Vs, 4 \ C is Dedekind infinite, and hence [4, \ C]*
is Dedekind infinite, contradicting (5). -

THEOREM 3.12. The following statement is consistent with ZF: There exists a
Dedekind infinite cardinal a such that a! < [a]’. [a]? Ldfto !, and al <* a.

PRrROOF. Let A4 be the set of atoms of Vs and let a = |4|. Then by Lemma 3.11, a
is Dedekind infinite, a! < [a]®. a! <* a. and [a]® Lo a!. Since [a]® Lano al. we have
that [a]® £ a!, and therefore a! < [a]’. =

§4. A new permutation model. In this section, we construct a new permutation
model in which there exists an infinite cardinal a such that a! <g, a. The strategy
of our construction is as follows:

We construct step-by-step an infinite lattice 4 with a least element such that
every initial segment determined by an element of A4 is finite. The permutation
model will then be determined by the group of all automorphisms of 4 and the
normal ideal fin(A4). The lattice A4 is constructed in a way such that it has enough
automorphisms (but not too much) to guarantee that every permutation of 4 which
has a finite support moves only finitely many elements. Since the function that maps
each finite subset of A to its least upper bound is a finite-to-one function from
fin(A) into A, it follows from Fact 2.7 that in the permutation model we have
S(A) = Sﬁn(A) <fto ﬁn(A) <fto 4.

This section is arranged as follows: In 4.1 and 4.2, we study two purely lattice-
theoretic notions. In 4.1, we define a covering condition for partially ordered sets
and prove some basic properties of it. In 4.2, we impose an additional quantitative
condition on a nonvoid finite lattice satisfying this covering condition and obtain
the notion of a building block. Then we prove a key property of building blocks
that allows us to extend automorphisms of building blocks. In 4.3, we define by
recursion a certain sequence of building blocks and then define the set of atoms
of the permutation model to be the union of this sequence. The key property of
building blocks guarantees that every permutation of the set of atoms which has a
finite support moves only finitely many elements.

4.1. A covering condition. Let (P, <) be a partially ordered set. For all a,b € P,
a <bmeansthata <bora =>b;a ;{ b denotes the negation of a < b.
DErFINITION 4.1. Leta,b € P.

(1) The (closed) interval from a to b is the set [a,b] = {c € P | a < ¢ < b}.
(2) a is covered by b (or b covers a), denoted by a < b,ifa <bbuta <c <b
fornoc € P.
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(3) cov(b) istheset {c € P | ¢ <b} (ie. the elements of P covered by b).

(4) A saturated chain in [a, b] is a sequence ¢ € seq(P) of length (i.e., the domain
of t) n > 0 such that 1(0) = a, t(n — 1) = b, and (i) < t(i + 1) for any
i<n-—1.

(5) (P.<)is locally finite if for all a,b € P, [a, b] is finite.

For all subsets M of P, the least upper bound and the greatest lower bound of
M. if they exist, are denoted by sup M and inf M, respectively. Note that if (P, <)
has a least element, then the least upper bound of ) exists and is the least element
of (P, <). We say that (P, <) is a lattice if any two elements of P have a least upper
bound and a greatest lower bound. Notice that if (P, <) is a lattice, then any nonvoid
finite subset M of P has a least upper bound and a greatest lower bound.

Fact4.2. Let (P, <) be alocally finite lattice with a least element and let a = |P|.
Then fin(a) <fo a.

ProoF. The function that maps each M € fin(P) to sup M is a finite-to-one
function from fin(P) into P, and hence fin(a) <g, a. 4

DEFINITION 4.3. A partially ordered set (P, <) satisfies the finitary lower covering
condition if for all M ¢ fin(P) containing at least two elements,

(3b € PVYa € M (a <b)) — (3c € PVa € M (c < a)). (8)

REMARK 4.4. Let (P, <) be a lattice. Then the statement that (8) holds for all
M € [P]? is equivalent to the condition (/) of [1, p. 14], which is in turn equivalent
to the usual lower covering condition (cf. [4, p. 213]) if (P, <) is locally finite. Locally
finite lattices satisfying the lower covering condition are often called Birkhoff lattices.

LemMmA 4.5. Let (P, <) be a locally finite partially ordered set with a least element.
If (P, <) satisfies the finitary lower covering condition, then the Jordan-Dedekind chain
condition holds in (P, <); that is, for any a,b € P such that a < b, all saturated chains
in [a, b] have the same length.

Proor. Cf.[1, p. 40, Theorem 14]. -

DEerINITION 4.6. Let (P, <) be a locally finite partially ordered set with a least
element o, and assume that (P, <) satisfies the finitary lower covering condition. By
Lemma 4.5, for any » € P, all saturated chains in [0, ] have the same length n > 0;
the height of b, denoted by ht(b), is defined to be n — 1. Notice that forall a. b € P,
a < bifand only if a < b and ht(a) + 1 = ht(b). If (P, <) has a greatest element e,
the height of e is also called the height of (P, <).

DEerNITION 4.7. Let (P, <) be a locally finite lattice with a least element, and
assume that (P, <) satisfies the finitary lower covering condition. For any b € P,
the reflection point of b, denoted by b*, is defined to be inf cov(b). It follows from
(8) that for all b € P covering at least two elements, we have

Ya < b (b* <a). )

LEMMA 4.8. Let (P, <) be a locally finite lattice with a least element. If (P, <)
satisfies the finitary lower covering condition, then for all a,b € P such that a < b

and a £ b*,
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(i) there exists a ¢ < b* such that ¢ < a and for all d < b*,ifd < a thend < c;
(i) a* < b*:

(iil) there exists a unique saturated chain in [a. D).

Proor. (i) Fix an arbitrary 5 € P. We prove by induction on n < ht(b) that for
alla € P such thata < b and a & b*, if ht(a) = ht(b) — n — 1, then there exists
ac <b*suchthatc <a andforalld < b*,ifd < athend < c.If n = 0, then
a < b and, by (9), it suffices to take ¢ = b*. Now, let ht(a) = ht(h) — n — 2, where
n+1 < ht(b). Letv € P be such that v < b and @ <v. By the induction hypothesis,
there exists a w < b* such that w < v and foralld < b*,if d < v thend < w. Take
¢ =inf{a, w}. Then ¢ < w < b* and, since a, w < v, it follows from (8) that ¢ < a.
Moreover, for all d < b*, if d < a, then, since d < a < v, we have d < w, and
hence d < ¢, which completes the proof of (i).

(ii) By (i), there exists a ¢ < b* such that ¢ < a. and therefore a* < ¢ < b*.

(iii) Assume towards a contradiction that there are two distinct saturated chains
t,u in [a, b]. Then it follows from Lemma 4.5 that ¢ and u have the same length
n>0. Letm =max{i < n | t(i) # u(i)}. Since b = t(n — 1) = u(n — 1), it
follows that m < n — 1. Let ¢ = t(m + 1) = u(m + 1). Then ¢ covers both #(m)
and u(m). By (9), ¢* is covered by #(m) and u(m). Thus ¢* = inf{¢(m), u(m)}, and
hence a < ¢*. If ¢ = b or ¢ < b*, then a < b*, which is a contradiction. Otherwise,
¢ < band ¢ £ b*, and thus it follows from (ii) that ¢ < ¢* < b*, which is also a
contradiction. -

4.2. Building blocks. We define the notion of a building block as follows:

DErFINITION 4.9. A building block is a nonvoid finite lattice (P, <) satisfying the
finitary lower covering condition and such that for all » € P, if ht(b) = 2 then
|cov(b)| = 4. and if ht(b) > 2 then

Vc<b*(‘{a€cov(b) |a*:c}|:4). (10)

Now we investigate what does a building block look like. Let (P, <) be a building
block, o the least element of (P, <), and e the greatest element of (P, <). We do not,
in general, know how to draw the Hasse diagram of (P, <), but if we already have
the Hasse diagram of (Q, <) at hand, where Q = {¢ € P | ¢ < ¢*} is a building
block of lower height than (P, <), then we can draw the Hasse diagram of (P, <) in
the following way:

(i) Draw the Hasse diagram of (Q, <) and add a point e above it (cf. Fig-
ure 1(a)).

(ii) For each d < e*, add four points covered by e such that they all cover e*
and associate d with them as their future reflection point (cf. Figure 1(b)).
By letting d range over elements of cov(e*), we obtain all points of height
ht(e) — 1'in (P, <).

(iii) For each b of height ht(e) — 1 in (P, <), if d is the associated reflection point
of b, then for each ¢ < d, if ¢ is not the reflection point of ¢*, then add four
points covered by b such that they all cover d and associate ¢ with them as
their future reflection point, and for e** (i.e., the reflection point of e*), only
add three points covered by b such that they all cover d and associate ¢**
with them as their future reflection point (cf. Figure 1(c)). For ¢** we only
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¢
e!*
(0.<) (0.<) (0.<)
. - <
(a) (b) (c)

FiGure 1. Drawing the Hasse diagram of a building block.

add three points since e* is already a point covered by b such that it covers
d and its reflection point is e**. By letting b range over elements of height
ht(e) — 1, we obtain all points of height ht(e) — 2 in (P, <).

Let a be an element of P\ Q of height ht(e) —2 in (P, <), let b be the unique
point covering a, let d be the reflection point of b, and let ¢ be the associated
reflection point of a. For each y < c. if y is not the reflection point of d.
then add four points covered by « such that they all cover ¢ and associate y
with them as their future reflection point, and for d*, only add three points
covered by « such that they all cover ¢ and associate ¢* with them as their
future reflection point (cf. Figure 1(d)). For d* we only add three points
since d is already a point covered by « such that it covers ¢ and its reflection
point is d*. By letting a range over elements of P\ Q of height ht(e) — 2, we
obtain all points of height ht(e) — 3 in (P, <).

Continue this process to get elements of P\ Q of lower and lower height.
Suppose that all elements of P \ Q of height > 2 are obtained. For each
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z € P\ Q of height 2 in (P, <), add three points covered by z such that they
all cover o (cf. Figure 1(e)). We only add three points since there must be
a unique point in Q covered by z such that it covers o. By letting z range
over elements of P\ Q of height 2, we obtain all points of height 1 in (P, <).
Since o is the unique element of P of height 0, we finish drawing the Hasse
diagram of (P, <).

Next we want to prove a key property which allows us to extend automorphisms
of building blocks. Let (P, <) be a building block, o the least element of (P, <),
and e the greatest element of (P, <). Notice that for all » € P such that ht(b) > 2,
|cov(h)| > 4. and hence it follows from (9) that b* < a for any a < b. We first
formalize some of the ideas embodied in the above process.

LetQ ={ce€ P|c<e*}.Leta e P\(QU{e}). By Lemma 4.8(iii), there exists
a unique saturated chain in [a, e], and therefore there exists a unique ¢ € P such
that @ < ¢; we use succ(a) to denote the unique ¢ € P such that a < c. Clearly,

succ(a) € P\ Q Aa <succ(a) AVb € P (a<b + succ(a) <b). (11)

Let pred(a) = (succ(a))*. We claim that
pred(a) € Q Apred(a) <a AVd € Q (d < a +» d < pred(a)). (12)
In fact, by Lemma 4.8(ii), pred(a) € Q. Since a ¢ Q. we have a # o. and thus
ht(a) > 1 and ht(succ(a)) > 2, which implies that pred(a) < a. On the other hand,
by Lemma 4.8(i), there is a ¢ € Q such that ¢ < a and for alld € Q. if d < a then
d < c. Since pred(a) € Q and pred(a) < a, it follows that pred(a) = ¢, and hence
foralld € Q.d < aifand onlyif d < pred(a). Thus (12) is proved. Hence pred(a)
is the unique ¢ € Q such that ¢ < a. Notice that if ht(a) > 2 then a* < pred(a), and
hence if ht(a) > 2 then (pred(a))* < a*. For example, in Figure 1(d). succ(b) = e,
pred(h) = e*, succ(a) = b, and pred(a) = d.
Let C ={b € P\ Q| ht(h) =2}, and let
D = {(b.c) € (P\ Q) x P |ht(b) >2and ¢ < b*}.

Forany b € C, let k;, = |cov(h) \ Q|. and for any (b,c) € D. let

Ipe = |{a € cov(b) | a* = ¢} \ Q‘.
Then it is easy to verify that for allb € C,

3, ifb#e;
I 13
b {4, ifh=e. (13)

and that for all (b,¢) € D,
3, ifb # eand (pred(h))* =c;
Ihe =14, ifb+# eand (pred(h))* # c; (14)
4, ifb=e.
For example, in Figure 1(c), (e.d). (b,¢),(b,e™) € D, l,4 = Iy, = 4, and [, . = 3.
Now, let f be an automorphism of (Q. <). Our purpose here is to show that f

can be extended to an automorphism of (P, <) in a very flexible way. The key point
is that, for any (b.c) € D, we have at least three elements of P \ Q covered by b
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such that ¢ is their common reflection point and hence (P, <) cannot distinguish
between them, and similarly, for any b € C, we have at least three elements of P\ Q
covered by b such that they all cover o and again (P, <) cannot distinguish between
them.

We use the following parameters to define an automorphism g of (P, <)
extending f:

e The building block (P, <), which determines Q. C. D, and the functions succ,
pred, b — kp, and (b, c) — Ip..

e A function ¢ on C such that forall b € C, a(b) is a bijection from cov(h) \ Q
onto k. and a function 7 on D such that forall (b, ¢) € D, z(b, ¢) is a bijection
from {a € cov(b) | a* = ¢} \ Q onto /, .. Such functions ¢ and 7 exist since P
is finite.

e A function p on C such thatforall b € C, p(b) is a permutation of k,. and a
function ¢ on D such that for all (b, ¢) € D, g(b, ¢) is a permutation of ;..

e The automorphism f of (Q, <).

Functions g, 7, p, ¢ will be used to prescribe, at each stage, how we move the elements
between which (P, <) cannot distinguish. For better readability, we write 7, for
7(b.c), py for p(b), and so on. The automorphism g is defined as follows:

For each d € Q, take g(d) = f(d). We define g(a) for a € P\ Q by recursion
on ht(e) — ht(a) as follows. Take g(e) = e. Now, let a € P\ (Q U {e}) and assume
that for all 5 € P\ Q such that ht(b) = ht(a) + 1. g(b) is already defined and we

have:
g(b) € P\ Q Aht(g(h)) = ht(h): (15)
(g(b))* = f(b"): (16)
b # e — pred(g(b)) = f(pred(b)). (17)

Take b = succ(a). Then, by (11), a <b € P\ Q, and thus ht(h) = ht(a) + 1
which implies that g(b) is defined and ( 5)—(17) hold. We consider the following
two cases:

Casi 1. ht(a) = 1. Then ht(b) = 2 and hence b € C. By (15), g(b) € P\ Q and
ht(g(b)) = ht(h) = 2, which implies that g(b) € C. Since g(b) = e if and only if
b = e, it follows from (13) that kq(p) = kp. Now we define

g(a) = (ou) " (polos(a))

oo
Then g(a) € cov(g(h)) \ Q. and hence ht(g(a ))

cov(g(a)) = cov(a) = {o} and pred(g(a))
hold with b replaced by a. Notice that

succ(g(a)) = g(succ(a)). (19)

CasE 2. ht(a) > 1. Then ht(b) > 2. Let ¢ = a*. Then ¢ < pred(a) € Q. which
implies that ¢ € Q and (b.¢) € D. By (15), g(b) € P\ Q and ht(g(b)) = ht(b) > 2
Since f is an automorphism of (Q, <), we have f(¢) < f(b*), and thus, by (16).
f(c) < (g(b))*. which implies that (g(b). f(c)) € D. Since ht(g(b)) = ht(b). it
follows that g(b) = e if and only if » = e. By (17) and the assumption that f
is an automorphism of (Q, <), if b # e, then (pred(g(b)))* = f(c) if and only

(18)

).
g(b)) —1=1=ht(a). Since
) =

ht(
ed(a) = o, we get that (15)—(17)
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if f((pred( ))*) = f(c) if and only if (pred(h))* = c. Hence, by (14), we have
lev).£(c) = Ib.c. Now we define

(@) = (tg).r(0) " (@ne(mela))). (20)

Then g(a) € {v € cov(g(h)) | v* = ( )}\ O: thatis. g(a) € P\ Q. g(a) <g(b).
and (g(a))* = f(a*). Hence ht(g ( )) ht(g(h)) — 1 = ht(b) — 1 = ht(a) and

succ(g(a)) = g(succ(a)). (21)

Thus, by (16), pred(g(a)) = (succ(g(a)))* = (g(b))* = f(b*) = f (pred(a)). and
therefore we get that (15)—(17) hold with b replaced by a.

Therefore, for allb € P\ Q, g(b) is defined and (15)-(17) hold. Also it follows
from (19) and (21) that foralla € P\ (Q U {e}) we have

succ(g(a)) = g(succ(a)). (22)

We still have to prove that g is an automorphism of (P, <). For this, we first prove
that g isinjective. Since g | Q = f isinjective, by (15), it suffices to show that g [(P\ Q)
is injective. We prove by induction on n < ht(e) that for all ap,a; € P\ Q such
that ht(ag) = ht(e) — n, if g(ag) = g(a1) then ap = a;. The case n = 0 is obvious.
Now, let n < ht(e) — 1 and let ag, a; € P\ Q be such that ht(ag) = ht(e) —n — 1
and g(ag) = g(a1). By (15). ht(a1) = ht(g(a1)) = ht(g(ag)) = ht(ap) < ht(e),
and hence ag,a; € P\ (Q U {e}). Let by = succ(ag) and let by = succ(ay).
Then, by (11), we have byg,b; € P\ Q and ht(hy) = ht(ap) + 1 = ht(e) — n,
and thus, by the induction hypothesis, if g(hy) = g(b;) then by = b;. By (22),
g(by) = succ(g(ag)) = succ(g(a;)) = g(by), which implies that by = b;. We
consider the following two cases:

CasEt 1. ht(ap) = 1. Then ht(a;) = 1. Since g(ag) = g(a;) and by = b;. by (18),
Phy (0'1,0 (ao)) = Dp, (O‘bl (al)), and thus O, (Cl()) = 0Op, (al), which implies that ay = a;.

Casg2. ht(ag) > 1. Then we have ht(a;) > 1. Let ¢y = af andlet ¢; = af. By (16),
f(eo) = (glao))* = (g(a1))* = f(c1). and therefore ¢y = ¢;. Since g(a) = g(ay).
by = by, and ¢y = cy, it follows from (20) that qbo,(,o(rbo,(,o(ao)) = qb.c, (Tblu (Cll)),
and therefore 4, ,(a0) = 5, ¢, (@1). which implies that ag = a;.

Hence g is injective, which implies that g is a permutation of P since P is finite.
It remains to show that forall a, b € P,

a<b gla) <glb). (23)

Leta,b € P.If b € Q U {e}, then obviously (23) holds. Suppose thatb € P\ (Q U
{e}). Then, by (15), we have g(b) € P\ (QU{e}).Ifa € Q.theng(a) = f(a) € O,
and therefore, by (12) and (17),

a<b < a<pred(b) < g(a) < pred(g(h)) < gla) < g(b).

Thusif a € Q then (23) holds. Also, if a = e, then (23) holds trivially. Assume that
a € P\ (QU{e}) and that for all ¢ € P\ Q such that ht(c) = ht(a) + 1. ¢ < b if
and only if g(¢) < g(b). Then, by (11) and the injectivity of g, succ(a) < b if and
only if g(succ(a)) < g(b). By (15), we have g(a) € P\ (Q U {e}). and hence, by
(11) and (22).

a < b < succ(a) < b <> succ(g(a)) < g(b) « gla) < g(b).
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Thus (23) is proved. We use ®(P, <.0.7. p.q. /) to denote the function g. Hence
we have proved that

®(P.<,0,7, p,q. f) is an automorphism of (P, <) extending f . (24)

Now, let p’ be the function defined on C such that for all b € C, p’(b) = idy,.
and let ¢’ be the function defined on D such that for all (b.¢) € D, ¢'(b.¢) =1id,,_.
Let ¥(P.<,0.7. /) = ®(P.<.0.7.p'.q", ). Then, by (24), we have that

Y(P,<.0.7, f) is an automorphism of (P, <) extending f . (25)

LeMMA 4.10. Let (P, <) be a building block, let e be the greatest element of (P, <),
andlet Q = {c € P|c < e*}. Foralla € P\ (QU{e})andalld € P\ {a} such
that either ht(d) > ht(a) or d € Q. there exists an automorphism g of (P, <) fixing
Q U {d} pointwise and such that g(a) # a.

PRrOOF. Let ¢ and 7 be functions as above. Let by = succ(a). We consider the
following two cases:

Cast 1. ht(a) = 1. Then, let i = g,(a) < kp,. and let j < kj, be the least natural
number such that (a5,) 7' (j) ¢ {a.d}. Let p be the function defined on C such that

forallb € C,
2 J)k,. £ b = bg:
idg, . otherwise,

and let ¢ be the function defined on D such that for all (b.¢) € D, ¢(b.c) = id,,,.
Letg = ®(P.<.0.7, p.q.idg). Then, by (24), g is an automorphism of (P, <) fixing
Q pointwise. By (20) and a routine induction, for allv € P\ Q such that ht(v) > 1,
we have g(v) = v. Therefore, by (18), g(a) = (o,) "' (j) # a and forallw € P\ Q
such that ht(w) = 1. if w ¢ {a, (a,)~'(j)}. then g(w) = w. Hence g(d) = d.

Cast 2. ht(a) > 1. Then, let ¢ = a*, let i = 1,0, (a) < lpy,- and let j < I, ¢,
be the least natural number such that (z,,.,) "' (j) & {a.d}. Let p be the function
defined on C such thatforallb € C, p(b) = id,. and let ¢ be the function defined
on D such that for all (b.c) € D,

(is7)y,,. ifb=byandc = cp:
qlb.c)=q. """ :
id,, .. otherwise.

Letg = ®(P.<.0.7, p.q.idp). Then it follows from (24) that g is an automorphism
of (P, <) fixing Q pointwise. By (20) and a routine induction, forallv € P\ Q such
that ht(v) > ht(a), we have g(v) = v. Hence, again by (20), g(a) = (tp,.¢,) "' (j) #
a and for all w € P\ Q such that ht(w) = ht(a). if w ¢ {a, (tp,.,) "' (j)}. then
g(w) = w. Since d ¢ {a, (tp,,) ' (j)} and either ht(d) > ht(a) or d € Q, we have
g(d) = d. which completes the proof. -

4.3. Construction of the permutation model. For any quintuple (xo, x1, X2, X3, X4)
and for any j < 5, let pr; (x0, X1, X2, X3, X4) = x;. Let o be an arbitrary atom.
The atoms of the permutation model are quintuples or o, which are constructed by
recursion as follows:

(i) eo =0, Ag = {0}, and <o = 0.
(ii) e; = (0,0,0,0,3), 41 = {0, e1},and <1 = {(0. e1)}.
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(iii) Foranyn > 1, e,41 = (n.n.0.e,_1.3) and 4, = A4, U Ui<n Bni. where
B, ; 1s defined by recursion on i < n as follows:
L4 Bn,O = {en+l};
® B, ={(n,0,b,0,j) | b€ Bppn_1Nj<3}:
e By; ={(n.n—ib.c.j)| b€ Byi_1 Nc <, pryb A j < Lp.}. where
0<i<nand

3, ifb # e,y and pryprypry b = c:
4, if b # e,41 and pry pry pry b # c:
3, ifb=-¢,.1andc = e,_3;
4, ifb=e,11andc # e,_».

lec =

(iv) Foranyn > 1, <, is defined as follows:

Kl = < U {(enaen+l)}
U {(pl‘3 pT, a.a) | a€ Apir\ (4, U {en+l})}
U{(a.prya) | a € Aps1 \ (4, U {es1})}.

(v) Foranyn € w. <, is the transitive closure of <,,; thatis, forall a, b, a <, b
if and only if there exists a sequence ¢ of length m > 1 such that 7(0) = a,
tm —1)=b,and 1(j) <, t(j + 1) forany j < m — 1. Such a ¢ is called a
<,-chain from a to b.

Let 4 = U,c,, 4n and let < = {J, ¢, <n. For the sake of simplicity we shall work
with A4 as the set of atoms. Let G be the group of all automorphisms of (4, <) and
let Z = fin(A). The permutation model determined by G and Z is denoted by Vs (S
for the operator S).

The main idea of the construction is as follows. For each n € w, we use A4,, to
encode a building block of height n, and for each quintuple @ in A, we use pry(a)
to encode the unique n € w such that a € 4,41 \ 4y, pry(a) + 1 the height of a.
pr,(a) the successor of @ in A,41 \ A, (0 if @ has no successors in A1 \ 4,).
pr;(a) the reflection point of a, and pry(a) < 4 the position of @ in the elements
between which (4, <) cannot distinguish. Hence, for all n,i € w such thatn > 1
and i < n, B, is the set of elements of 4,1 \ 4, of height n — i + 1. Notice that
A1 18 constructed from A4, in the same way as described after Definition 4.9, but
there is a slight difference: In (i) of the process described after Definition 4.9, we
add a point e which is two level higher than the greatest element of (Q, <), but the
greatest element e, of 4,1 is only one level higher than the greatest element ¢,
of A4,,. So the process from A4, to A, is just (iii)—(v) of the process described after
Definition 4.9, where in (iii) we only consider one b, namely e, |, and the associated
reflection point d of b is e,_;. We draw the Hasse diagram of (44, <4) in Figure 2
(with some points of height 1 omitted), which illustrates the construction.

We still need to give a formal proof that (4,, <,) is a building block for every
n € w. We first note that, for all # € w, we have ¢, € A, and foralla € A, \ 4,,
proa =nandifn > 1 then n — pr; a is the unique i < » such that a € B, ;. Thus,
foralln > 1, 4, and Uign B,; are disjoint, and the sets B,,; (i < n) are pairwise
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€4

S

ISH

o

FIGURE 2. The Hasse diagram of (44, <4).

disjoint. Notice that foralln > 1 and alla € 4,1 \ (4, U {e,1}).

prya € Ayy1 \ Ay Apr,prya =pria+1: (26)
prya >0 — prya <, pry pr,a. (27)
LemMMA 4.11. For every n € w, (A,,<,) is a building block, <, is the covering

relation of <, o is the least element of (A,, <n). e, is the greatest element of (A, <n),
and for alla € A, \ {0}, we have ht(a) = prya + 1 and a* = pry a.

ProoF. We prove this lemma by induction on n. The cases #» = 0 and n = 1 are
obvious. Next, for the inductive step, let n» > 1 and assume that the assertion holds
for n. The proof that the assertion holds for n + 1 proceeds in the following eight
steps.

STEP 1. We prove some results about the relation <, 1:

a<,4y1bANbEA, vacA,Na<,b:; (28)
a<pm1bNae Ay \ A, = pria<prb; (29)
a<uy1bNae Ay \ A, — 3e(is a <,1-chain from a to b); (30)
a<upi1bNabe Ay \ (4, U{ens1}) = pryprya <, pry pr, b; (31)
a<ppibNa€ A, Nbe Ay \ (A U{ep1}) = a <, prypryb. (32)

Let a <,41 b and let t be a <, |-chain of length m > 1 from «a to b. By (26) and
the definition of <41, if b € A4, thenran(¢) C A4, and ¢ is a <,-chain from a to b.
Thus (28) isproved. If a € 4,1\ A4y, thent[m—1] C A, 11\ (4,U{eps1}).1(m—1) €
Apy1\Ay, andforall j < m—1,¢(j+1) = pry ¢(j) and thuspr, z(j+1) = pr; 1(j)+1
by (26), which implies that m = pr; b — pr; a + 1 and thus 7 is uniquely determined
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by a and b. Therefore (29) and (30) are proved. If a.b € 4,11 \ (4, U{es11}). then
we have thatran(z) C 4,1\ (4,U{es11})and¢(j+1) = pr, ¢(j) forany j < m—1,
and hence, by (26) and (27). pry pr, #(j) <, pry pr, #(j + 1) forany j < m — 1. Thus
(31) is proved. Finally, suppose that a € 4, and that b € 4,1 \ (4, U {e,1}).
Let i be the least j < m such that #(j) € A,y \ 4,. Clearly, i > 0, t[i] C A4,.
tm \i] € Aup1 \ (4, U{en1}). a <, t(i — 1), t(i — 1) = prypr,y2(i). and
t(i) <u41 b, which implies that, by (31), pr; pr, 7(i) <, pr; pr, b. Therefore we have
a <, t(i — 1) = prypr,y t(i) <, prypry b. Thus (32) is proved.

STEP 2. Now we prove that (4,41, <,11) is a partially ordered set. Since <, is
the transitive closure of <, 1, it suffices to prove that <, is irreflexive. Assume
towards a contradiction that thereisa b € 4,,.; suchthatbh <,.; b.Ifb € A4, then,
by (28). b <, b. contradicting the assumption that <, is irreflexive. Otherwise, by
(29), pry b < pry b, which is also a contradiction.

STEP 3. Now we prove that o and e, are the least and greatest elements of
(An+1, <n+1)-Since o is the least element of (4,,, <,), it follows that o <, e, <ni1€n41
and foralla € 4,41 \ (4, U {es11}) we have o <, pry prya <41 a. which implies
that o is also the least element of (4,1, <,+1). Since ¢, is the greatest element of
(Ay. <n), wehaved <, e,<p1€441 foranyd € A,.Foralla € A,1\(4,U{e,1}).
the sequence 7 of length n — pr, a + 1 such that 7(0) = a and ¢(j + 1) = pr, ¢(j) for
any j < n —pr, a is a <,i-chain from a to e, ., and therefore a <, e,;, which
implies that e, is the greatest element of (4,1, <p41).

STEP 4. We prove that <, is the covering relation of <, ;; that s, for all a, b,

a<u1 b a<, 1 bN-3c (a <p+1 € <p+1 b) (33)

Clearly, if a <,11 b buta <,;1 ¢ <,41 b fornoc € 4,1, then a <, b. For the
other direction, assume towards a contradiction that a <, ;b and a <, | ¢ <,41 b
for some ¢ € A,,1. We consider the following four cases:

Casel.a <, b. Then b € A, and hence a <, ¢ <, b by (28), contradicting the
assumption that <, is the covering relation of <,,.

CasE2.a = e, and b = ¢,,1. Then we have ¢ € 4,11 \ (4, U {e,11}) and the
sequence 7 of length n — pr, ¢ + 1 such that 7(0) = ¢ and ¢(j + 1) = pr, ¢(j) for
any j < n — pry ¢ is a <,41-chain from ¢ to e,;1. and hence it follows from (32)
and (31) that e, <, prypr, ¢ <, prypryt(n — pry ¢ — 1) = pry e,41 = e,—1. which
is absurd.

CASE3. b € Api1 \ (4, U {en1}) and @ = prypr, b. If ¢ € A,, then, by (32),
¢ <, prypry b = a, contradicting that a <,y ¢. Therefore ¢ € 4,1\ (4,U{en11}).
and hence it follows from (32) and (31) that @ <, pr; pr, ¢ <, pr; pr, b = a, which
is absurd.

Case4.a € Ay \ (4, U{ey1}) and b = pr, a. Then it follows from (29) and
(26) that pry a < pr, ¢ < pr; b = pr, a + 1, which is also a contradiction. Thus (33)
is proved.

SteP 5. Now we prove that (4,1, <,4+1) is a finite lattice. Since A4, is finite,
it follows that A, is finite. Since A,y is finite and (A4,:, <,4+1) has a greatest
element, we only need to prove that any two elements of A4, ; have a greatest lower
bound. Let a,.b € A, 1. If a <,41 b or b <,41 a, then obviously ¢ and b have
a greatest lower bound. Suppose that ¢ and b are incomparable. If a.b € A4,,
then, by (28), the greatest lower bound of @ and b in (A, <n) is also their greatest
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lower bound in (4,1, <,41). f a € 4, and b € 4,1\ (4, U {ens1}), then,
by (28) and (32), the greatest lower bound of a and prypr, b in (4, <,) is also
the greatest lower bound of ¢ and b in (4,41, <,41). Finally, we claim that if
a,b € Ap1\ (4, U{en11}). then the greatest lower bound of pr; pr, a and pr; pr, b
in (4,,<,) is the greatest lower bound of @ and b in (4,1, <,.1). By (32), it suffices
to show that for all d € 4,1, if d <,41 a and d <, b, thend € A4,. In fact,
forall ¢ € 4,11\ (4, U {es1}). by (30). there is a unique <,;-chain from ¢ to
en+1. and thus, since a and b are incomparable, it cannot happen that ¢ <,,+; ¢ and
¢ <41 b simultaneously.

STEP 6. We prove that (4,11, <,+1) satisfies the finitary lower covering condition.
Since (A, <,) satisfies the finitary lower covering condition, by (28), it suffices to
prove that forall b € 4,1\ 4, covering at least two elements, (9) holds. Let b be an
element of 4, \ 4, covering at least two elements. Then, by the definition of <.
b covers some element of 4,1 \ (4, U {e,11}). Let a be an arbitrary element of
Ani1\ (4,U{ens1}) covered by b. Then b = pr, a and thus pry b = pr; pr, a <11 4.
Notice that if » = e, then cov(b) N 4, = {e,} and pryb = e, <, e,. and if
b € Api1 \ (4, U {ens1}) then cov(b) N A, = {pr;pr, b} and. by (26) and (27).
pryb <, prypry b. Thus pry b = b* and (9) holds. Hence (4,41. <,+1) satisfies the
finitary lower covering condition and

Vb € Ani1 \ Ay (|cov(b)| =2 — b* = pr3b). (34)

StEP 7. Now, by Lemma 4.5, in (4,11, <,+1), the height of b is well-defined for
any b € A,.1. Notice that for all d € A4, by (28), the height of d in (4,11, <,41) is
the same as its height in (4, <,,). We claim that

Va € Ay \ {0} (ht(a) = prya +1). (35)

Since in (4,, <,) we have ht(a) = pr; a + 1 forany a € 4, \ {0}, it suffices to prove
that ht(b) = pr; b + 1 forany b € Ay \ Ay. Let b € Ayy1 \ Ay If b = €41, then
ht(b) = ht(e,) + 1 =prye, +2 =n+ 1 = pr; b + 1. Otherwise, the sequence 7 of
length n — pr; b + 1 such that 7(0) = b and #(j 4+ 1) = pr,#(j) forany j < n—pr, b
is a <,,;1-chain from b to e, . which implies that ht(h) + n — pr; b = ht(e,+1) and
hence ht(h) = pr; b + 1. Thus (35) is proved.

Step 8. Finally, we prove that (4,1, <,41) is a building block and a* = pr; a for
any a € A,+1 \ {o}. Since (4, <,) is a building block in which we have a* = pry ¢
foranya € 4,\{o}.by (28).it suffices to prove thatforallb € 4,1\ A,. b* = pry b,
if ht(b) = 2 then |cov(b)| = 4, and if ht(h) > 2 then (10) holds. Let b € 4,41 \ 4,.
We consider the following three cases:

Cast 1. ht(b) = 1. Then pr; b = 0 by (35), and hence b* = 0 = pry b.

CasE 2. ht(h) = 2. Then pr; b = 1 by (35), which implies that » € B, ,—1 and
cov(b) N (Ap1 \ 4n) = {(n.0.b,0,j) | j < 3}. Since cov(h) N 4, is a singleton, it
follows that | cov(b)| = 4, which implies that b* = pr; b by (34).

Cast 3. ht(b) > 2. Then pr; b > 1 by (35). We further consider two subcases:

CASE 3A. b = e,41. Then we have n = pr; b > 1 and thus pr; b = e,_; # o. For
all c <, pryb,if c = e, then L, = 3 and hence

{a € cov(b) | prya = c}| = {es} U{(n.n —1.b.c.j) | j < Ly.}| = 4.
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and if ¢ # e,_» then L, = 4 and hence
|{a € cov(b) | prya =c}| = |[{(n.n—1.b.c.j) | j < Ly.}| = 4.

Thus we have | cov(b)| > 4, which implies that b* = pr; b by (34).

CASE3B.b € Ayy1\(A4,U{ess1}). Then, by (27), we have pry b <<, pry pry b <<, 11b,
which implies that ht(pr; ) = ht(h) — 2 > 0 and therefore pry» # o. For all
¢ <, pryb. if pry pry pry b = ¢ then L, = 3 and hence

|{a € cov(b) | prya = c}| = [{prspry b} U{(n.pr; b — 1.b.c.j) | j < Ly }| = 4.
and if pry pry pry b # c then Ly, = 4 and hence
|{a € cov(b) | prya = c}| = {(n.pryb — 1.b.c.j) | j < Ly }| = 4.

Thus we have | cov(b)| > 4, which implies that b* = pr; b by (34).

Now. since in all cases we have that b* = pr; b, we can replace pr; b by b* and
pr; a by a* in the above two subcases, and hence (10) holds in both subcases, which
completes the proof. -

COROLLARY 4.12. (A, <) is a locally finite lattice with a least element.

ProoF. By Lemma 4.11, for alln € w, (4,, <,) is a finite lattice and o is the least
element of (4,. <,). Hence it follows from (28) that (4, <) is a locally finite lattice
and o is the least element of (A4, <). =

LemMa 4.13. For all m € w, every automorphism of (A, <p) extends to an
automorphism of (A, <).

PrROOF. Let m € w and let g be an automorphism of (4,,. <,,). We define an
automorphism 7 of (4. <) extending g as follows:

We want to use the function W defined before Lemma 4.10 to extend g step by
step. For each n € w, let

Cn - {b S Am+2n+2 \ Am+2n | pry b= 1}7

let
Dn = {(bc) | b e Am+2n+2 \ Am+2n /\prl b > 1 A ¢ <m+2n pI‘3 b},

let ¢, be the function defined on C, such that for all b € C,. 5,(b) is the function
defined on {a € Api2n2 \ Amion | @ <mians2 b} given by a,(b)(a) = prya. and
let 7, be the function defined on D, such that for all (b,¢) € D,. 7,(b.c) is the
function defined on {a € A,y12042 \ Ami2n | @ <mzoni2 b Aprya = c} given by
7,(b,¢)(a) = prya. Notice that, by Lemma 4.11, for each n € w, C, and D,
correspond to the sets C and D in Section 4.2 respectively if we take (P, <) to be
(Amiont2: <mian+2), and oy, T, satisfy the corresponding conditions satisfied by o, 7
respectively. Now we define /,, by recursion on n as follows:

hy = g:
hn+1 = ‘P(Am+2n+2e <m+2n+2>Ons Tn» hn)-
Then, by Lemma 4.11 and (25), it follows from a routine induction thatforalln € w,

hy+1 18 an automorphism of (A4,424+2, <m+2n+2) extending h,. Now it suffices to
taken = ., " 4

nEw "N

Now we are ready to prove our main lemma.
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LemMmA 4.14. InVs. S(A) = Ssu(4).

PrOOF. Let u € Vs be a permutation of 4, and let B € fin(A) be a support of u.
Let k be the least natural number such that B C A;. We claim that

mov(u) C Ay.

In fact, assume towards a contradiction that there is an ¢ € mov(u) \ Ax. Let
n=pryaandleth =u(a) # a. Thena € A, \ 4, and hence k < n.

Ifb e A, orif b € 4,41\ 4, and pr; b > pr, a, then, by Lemmas 4.11 and
4.10, there exists an automorphism g of (4,12, <,12) fixing 4, U{b} pointwise and
such that g(a) # a. By Lemma 4.13, g extends to an automorphism 7z of {4, <).
Then we have 7 € fixg(BU{b}) and n(a) # a. Hence = moves u, contradicting the
assumption that B is a support of u.

Therefore, b ¢ A,. and if b € A,41 \ A, then pr; b < prya. Let m = pryb.
Then b € Ap41 \ A and hence n < m, which implies that either a € A, or
a € Ams1 \ Ay and prya > pry b. Thus, by Lemmas 4.11 and 4.10, there exists an
automorphism /1 of (4,12, <+2) fixing 4,,U{a} pointwise and such that 4(b) # b.
By Lemma 4.13, & extends to an automorphism ¢ of (4, <). Then ¢ € fixg(B U
{a}) and o(b) # b. Hence o moves u, contradicting again that B is a support
of u.

Thus mov(u) C Ay. Since Ay, is finite, it follows that u € Sz, (A4). H

COROLLARY 4.15.  Let A be the set of atoms of Vs andlet a = |A|. In Vs, a! <g, a.

Proor. By Lemma 4.14, we have a! = Sg,(a), and by Fact 2.7, S, (a) <go fin(a).
Also, it follows from Corollary 4.12 and Fact 4.2 that fin(a) <g, a. Therefore, we
have a! = Sgn(a) <go fin(a) <o a. n

Now the following theorem immediately follows from Corollary 4.15 and the
Jech-Sochor theorem.

THEOREM 4.16. The following statement is consistent with ZF: There exists an
infinite cardinal a such that a! <g, a.

§5. Conclusion. In what follows, we first list some open problems which are
of interest for future work, and then summarize the relationships between a! and
some other cardinals considered in the two parts of this work. Finally, we make a
comparison of these relationships with those between 2% and some other cardinals.

5.1. Open problems. Now we propose three open problems as follows:

QUESTION 5.1. Is it consistent with ZF that there exists an infinite cardinal a such
that a! < Xy - a?

By Lemma 3.31 of [14], an affirmative answer to this question would yield a
generalization of Theorem 4.16.

QUESTION 5.2. s it consistent with ZF that there exists an infinite cardinal a < 2o
such that a! <go a?

By Theorem 3.33 of [14], an affirmative answer to this question would give an
affirmative answer to Question 5.1.

QUESTION 5.3. Is it consistent with ZF that there exists a cardinal a such that
al = [a]*?
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Note that, by Theorem 3.12. the existence of an infinite cardinal a such that
a! < [a]? is consistent with ZF.

5.2. Summary. Now we summarize the ZF results proved in Part I and the con-
sistency results obtained in this part. For all cardinals a, if a! is Dedekind infinite,
then a! cannot be too small, in the following sense:

o a! Lano seq(Spdrin(a)) (cf. [14. Theorem 3.14]):
o 2% . < 2% seqa) < 2% Spp(a) < 2% - Spapn(a) < al (cf. [14, Theorem 3.9]);
o N -a<seq(a) < Ng - Sin(a) < Rg - Spanin(a) < al (cf. [14, Corollary 3.15]).

However, if we replace the requirement that a! is Dedekind infinite by the require-
ment that a is infinite, then it may consistently happen that a! <g, a (cf. Theo-
rem 4.16) and that a! < seq'"!(a) < seq(a) (cf. Proposition 3.6). It is an open
problem whether or not it may consistently happen that a! < Xg-a (cf. Question 5.1).
Nevertheless, for all infinite cardinals a, we have:

e a! # seq'!(a) (cf. [15, Theorem 2.2]):

e a! # seq(a) (cf. [14, Corollary 3.17]);

e a!l # Ny - a(cf. [14, Corollary 3.19]);

e [a]* < [[a]]” < a! (cf. [14. Corollary 3.26]):
e a" < a! (cf. [14, Corollary 3.29]).

We also proved that for all infinite cardinals a, if there is a permutation without
fixed points on a set which is of cardinality a, then a! £, o for any n € o (cf. [14,
Corollary 3.30]). Theorem 4.16 shows that, in this result, we cannot remove the
assumption that there is a permutation without fixed points on a set which is of
cardinality a.

Even for Dedekind infinite cardinals a. it is not provable that [[[a]’] 2} *<alor
that ([a]?)? < a! (cf. Proposition 3.2), and it may consistently happen that a! < [a]?
and a! <* a (cf. Theorem 3.12). It is an open problem whether or not it may
consistently happen that a! = [a]® (cf. Question 5.3).

For infinite cardinals a, it may consistently happen that a! || seq'"!(a). a! || seq(a).
a! || [a]®, and a! || 2° (cf. Proposition 3.2). Also, it is easy to verify that a! || R - a for
any infinite but power Dedekind finite cardinal a, and therefore it may consistently
happen that a! || X - a.

Now, for infinite cardinals a, we list all the possible relationships between a! and
a, No - a. seq'(a), seq(a), [a]’, or 2% in the following table.

We should also mention that it is consistent with ZF that there exists a power
Dedekind infinite cardinal a such that a! <g, No. The sketch of the proof is as
follows: Consider the permutation model A2(3) in [9]. In this permutation model,
the set A of atoms is the union of a denumerable set B of pairwise disjoint 3-element
sets, G is the group of all permutations of 4 that leave B pointwise fixed, and Z is
the normal ideal fin(4). It is easy to verify that in N2(3), we have S(4) = S, (4)
and there is a three-to-one surjection from 4 onto w. Hence, if a = |4/, then a is
power Dedekind infinite, a <f, No. and a! = Sg,(a), which implies that, by Fact 2.7,
al = San(a) <po fina) <po fin(Ro) = No.

5.3. Comparison with powers. The relationships between 2 and some other car-
dinals are studied in [3,7.8,12,13,16, 19]. In [12, Proposition 3.13], the first author
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a Ro-a |seq'!(a)| seq(a) [a]? 20
al > v v v v v v
al = X X X X ? v
al < X ? v v v v
all | x v v v v v
al <po v v v v v v
al <* v v v v v v

proved that 2° £n, seq!"! (pdfin(a)) for any power Dedekind infinite cardinal a. In
fact, for power Dedekind infinite cardinals a, we have:

o 2% Lario seq(pdfin(a)). pdfin(seq(a)). fin(pdfin(a)), pdfin(fin(a)):

o 2% . q < 2% . fin(a) < 2% - pdfin(a) < 2% (cf. [12, Lemma 3.18]):

o No-a<Ny-fin(a) < Ny - pdfin(a) < 2° (cf. [12, Proposition 3.19]).

We shall omit the proof here. It is an open problem whether or not it is prov-
able in ZF that 2* £ pdfin(pdfin(a)) for any power Dedekind infinite cardinal a.
Hence, 2% has stronger properties than a!, in the sense that the requirement that a is
power Dedekind infinite is weaker than the requirement that a! is Dedekind infinite
(cf. Fact 2.6). and 2% £4r0 seq(pdfin(a)) is stronger than 2% 4o seq(Spdfin(a))
(cf. Fact 2.8). Also, for infinite cardinals a, we have:

2% Lo [a]” (cf. [13, Corollary 3.7]):

2% £Lgo a” (cf. [12, Proposition 3.11]);

2% Lo Vo - a:

fin(a) < 2 (cf. [7, Theorem 3]):

2% £ seq'!(a) (cf. [7, Theorem 4]);

2% £ seq(a) (cf. [7, Theorem 5]).

We also omit the proof here. Notice that, even for infinite cardinals a, 2% has
stronger properties than a!, in the sense that it may consistently happen that a! <g,
a (cf. Theorem 4.16) and that Sg,(a) = a! (cf. Fact 3.5). Nevertheless, it may
consistently happen that 2° < Sg,(a) = a! < seq!!(a) < seq(a) (cf. Fact 3.5 and
Proposition 3.6) and hence, by Fact 2.7, 2% <y, fin(a).

For the relation <*, on the one hand, it may consistently happen that a! <* a
(cf. Theorem 3.12), and on the other hand, by Cantor’s theorem, we have that
29 %* a for any cardinal a. Moreover, for all infinite cardinals a and all cardinals
b <fo a. we have that 2% ££* b (cf. [12, Theorem 5.3]). Notice that, in [7, Theorem 1],
Halbeisen and Shelah proved that the existence of an infinite cardinal a such that
2% <* fin(a) is consistent with ZF. Now we propose three open problems concerning
the relation <* as follows:

QUESTION 5.4. Is it consistent with ZF that there exists an infinite cardinal a such
that 2° <* a*?

This question is known as the dual Specker problem and is asked in [18] (cf. also
[5. p. 133] or [12, Problem 5.8]).

https://doi.org/10.1017/js1.2019.75 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.75

FACTORIALS OF INFINITE CARDINALS II 269

QUESTION 5.5. Is it consistent with ZF that there exists an infinite cardinal a such
that 2% <* [a]*?

This question is asked in [6]. Notice that an affirmative answer to this question
would give an affirmative answer to Question 5.4.

QUESTION 5.6. Is it consistent with ZF that there exists an infinite cardinal a such
that 2* <* Ny - a?

In fact, an affirmative answer to this question would yield an affirmative answer
to Question 5.5. The sketch of the proof is as follows: Notice that for all power
Dedekind infinite cardinals a we have Rg - a <* [a]>. Hence, we only need to prove
that for all infinite cardinals a, if 2% <* Ng - a, then a is power Dedekind infinite. Let
x be a set such that |x| = a, and let f be a surjection from @ x x onto p(x). Then
we can explicitly define a surjection g C f from a subset of @ x x onto p(x) such
that for all z € x, g[(w x {z}) is injective. If p(x) is Dedekind finite, then for all
z € x,dom(g) N (w x {z}) is finite, and hence there exists a finite-to-one function
from dom(g) into x, contradicting Theorem 5.3 of [12]. Therefore, we get that x is
power Dedekind infinite, and hence a is power Dedekind infinite.

Finally, for infinite cardinals a, we list all the possible relationships between 2%
and a, Ry - a. a®, fin(a), seq'!(a). or seq(a) in the following table.

a No - a a’ fin(a) |[seq''(a)| seq(a)
2% > v v v v v v
28 = X X X X X X
20 < X X X X v v
2 | X v v X v v
2% <o X X X v v v
ARG X ? ? v v v
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