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Abstract. We prove the existence of a Sinai—Ruelle-Bowen (SRB) measure and the
exponential decay of correlations for smooth observables for mixing Anosov C!'+¢
diffeormorphisms on a d-dimensional (d > 2) Riemannian manifold. The novelty lies
in the very simple method of proof. We construct explicitly a coupling between two initial
densities so that under the action of the diffeomorphism, both components get closer and
closer. The speed of this convergence can be explicitly estimated and is directly related to
the speed of decay of the correlations. The existence of the SRB measure and its properties
readily follow.

1. Introduction

The study of convergence to equilibrium in dynamical systems has witnessed an exciting
revival in recent years. This is due to the introduction of new approaches that have
supplemented the original one based on Markov partitions [2]. In particular, the approach
based on quasi-compactness of the Perron—Frobenius operator has shed a new light on
expanding maps [1]; the use of projective metrics has provided a general constructive tool
that can be applied to a large variety of situations [12, 13, 17, 20, 21]; a specialized type of
tower construction has introduced a new, more flexible, way of coding dynamical systems
[22]; new insights into the properties and structure of the transfer operator for flows have
finally allowed results for a vast class of Anosov flows to be obtained [5, 6, 7]; the use
of random perturbations has proven an easy tool to obtain rough estimates on the rate of
convergence to equilibrium [9, 14, 15].

In this paper we explore yet another approach. An approach well known in other fields
but only recently introduced in this context by [3, 4, 23]—coupling. This is a technique
used to compare stochastic processes that has yielded very important results in probability
[11], statistical mechanics [10] and abstract ergodic theory [18], to mention just a few.
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In this paper we apply it to Anosov diffeomorphisms. The result that we obtain is the
exponential decay of correlations for a large (as far as we know larger than usual) class of
functions. Of course, this result is far from new, nevertheless it should be emphasized that
the method yields explicit estimates on the rate of convergence to equilibrium (unlike other
methods)t. The main difference from the Lai-Sang Young approach is that the technique
is applied directly to the system without the need to code it beforehand into an expanding
tower.

The aim is twofold. On the one hand, we want to introduce the coupling method as a
general tool to study the decay of correlations. On the other hand, we have tried to simplify
as much as possible the method in order to understand exactly the technical conditions
needed to make it work. This is essential preliminary work if one wants to apply coupling
techniques to situations with polynomial decay of correlations which is certainly the next
challenge in the field.

1.1. Coupling. Let X and Y be two random variables valued in M distributed according
to smooth densities with respect to the natural measure on M. The task is to construct a
coupling ()N( , )7) of these random variables such that, in the mean, the distance between
T"X and T"Y decays to zero. Since the dynamic is deterministic, the only possibility is to
couple the initial distributions.

A coupling of two random variables is a joint distribution, that is a distribution on
M x M with the marginals given by the two random variables. The simpler example is
independent coupling (simply take the product distribution). If the random variables have
the same law, another simple coupling is the diagonal coupling (X = Y with probability
one). Intermediate cases present some ‘correlation’ between the two random variables.

Let us think of discrete random variables for one moment. A coupling is a way of
filling an array with a constraint on the sums of the lines and of the columns. Given two
distributions (u;)i=1,...» and (v;)i=1,...,.n, it is an array (p; ;)i j=1,..,» With non-negative
entries satisfying Zj pi,j = ui and )", pi j = v;. Let us see how to construct a coupling
with a strong correlated part. We can fill first the diagonal of the array in an arbitrary
way imposing only that the value of each entry is less than the constrained values of the
associated row and column (this will be the ‘correlated part’). For example, choose a third
distribution (7;);=1,...» and an ¢ > 0 small enough so that for all i, en; < min{u;, v;} and
put the values en; on the diagionalf. The total amount of mass ‘used’ is €. The remainder
can (among other possibilities) be coupled ‘independently’,

pij = xii=jeni + (1 — &)~ (i — eni) (v — en)).

Such an array is indeed a coupling of i and v. One can realize this coupling as follows.
Drop a Bernoulli coin (e, 1 — ¢). If you get heads, then choose the two random variables
according to the distribution 1 (in this case they take the same value). If you get

+ As mentioned earlier, the only other technique that provides explicit bounds is the one based on Hilbert metrics
[21]. Such an approach seems to yield convergence in a stronger sense but the present approach could prove more
flexible.

# To be optimal, one could choose 7 so that en; = min{y;, v;}.
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tails, then choose both random variables independently according to the ‘remaining’ joint
distribution, (1 — &) ~2(u; — en;)(v; — &n;).

This last point of view easily generalizes to the case of continuous random variables
with densities. Consider two density functions, g and %, bounded away from 0. Let f
be a third density function and ¢ > 0 such that ef(x) < min{g(x), 2(x)}. Now, drop a
Bernoulli coin (e, 1 —¢). If you get heads, then choose the two random variables according
to the distribution with density f. If you get tails, then choose both random variables
independently according to the ‘remaining’ joint distribution, whose density on the square
is given by F(x,y) = (1 — &) 2(g(x) — ef (X)) (h(y) — f (V).

Back to our case, the general idea is to try to make points match whenever possible.
Yet, since the map is a diffeomorphism, two points which do not match will never match.
Nonetheless, two points that are on the same stable manifold will come closer and closer
under the action of the diffeomorphism. Thus, it should suffice to couple points lying in
the same stable manifold. A first obstacle stems from the highly non-local nature of the
stable manifold which makes it hard to control the speed at which points get closer. To
overcome this we will consider only local stable manifolds and proceed inductively.

Fix some 6 > 0. First, we decide to couple points that are in the same local stable
manifold of size §. Then, we couple points that will be in the same local stable manifold
after one iteration of the diffeomorphism, and so on. What happens is that, at each step,
we can couple a certain fraction of the mass that was not yet coupled. Finally, every
point is coupled with points that will be in the same local stable manifold after some time
(and hence that were in the same stable manifold since the beginning). Technically, the
procedure consists in a sequence of couplings ()7,1, )7,,) of T"X and of T"Y, constructed
inductively, keeping track of the mass coupled at each step. In the limit all the mass
is coupled. More precisely, for the coupling at step n the probability that the two
components are in different parts of stable leaves of size § is bounded by (1 —¢)", decaying
exponentially fast with n.

1.2.  Plan of the paper. In §2 we state precisely the result and introduce some basic
notation. Section 3 is devoted to the precise definition of the space of densities that will
be used in the rest of the paper. In §4 we define special averages that will be used to
actually construct the wanted coupling. In addition, some standard and less standard, but
essential, parts of the theory of Anosov diffeomorphisms are recalled and stated. Section 5
investigates the properties of the densities when iterated via the dynamics. Such properties
based on the results of §4 are the reason why the approach ultimately works. §6 introduces
the coupling and details its properties. In §7 we have the proof of the main theorem and its
corollary.

Finally, Appendix A contains the proof of some technical facts that are used in the paper
and is added for completeness.

2. Statement of the result
Let M be a d-dimensional (d > 2) Riemannian manifold endowed with the Riemannian
volume m. We consider a transitive (and hence mixing) Anosov CU+*) (M, M)
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diffeomorphism 7 on M by which we mean that 7 is a diffeomorphism of M whose
differential D, T at point x € M depends a-Holder continuously on x and is such that
there exists an invariant splitting of the tangent bundle 7, M = E*(x) @ E"(x) into a
stable and an unstable direction, that is with | DT |gs|lec < 1 and |DT g |leo < 1. We
denote by d; and d,, the dimensions of the stable and unstable subspaces, respectively.

We denote by D the distortion constant,

o~ Dd(x, )" < |det(DxT)| < eDd(x,y)“, (2.1
|det(D,T)|
where d(-, -) is the Riemannian distance. We set
IDT|gslloo =A=' IDT|gulloo = s
o0 [e¢) + (2.2)

IDT gslloo = Ats  IDTpulloo = nZ'.

2.1. Stable and unstable foliations. For all x € M, we denote by W¥(x) and W"(x)
the global stable and unstable manifolds (such manifolds are C'*®), e.g. [8]). For all
x € M and all y € W¥(x), we denote by d*(x, y) the distance measured along the leaves
W9 (x) induced by the Riemannian metric on the leaf considered as a submanifold in M.
In addition, for each x, y € M define d*(x, y) = oo if they do not belong to the same
stable manifold. The corresponding distance for the unstable manifolds will be denoted
by d*. In the same spirit, m* will denote the restriction of the Riemannian volume to the
stable manifolds. For all § > 0 and all x € M, we will denote by WSS (x) the ball of radius
8 centered at x in W* (x),

Ws(x) ={y e M |d*(x,y) <8}

2.2. Observables. Fix § > 0 and By € (0, 1). For all real functions f : M — R, we

set
flo=  sup [f(x) = fODI
* d(xyy<s dS(x,y)Ps
and

A lls =M1 lloo + 1 f1s- (2.3)
We consider the following subset of the Borel measurable functions B(M, R),

Co={f € BIM,R) | [ flls <+o0}.

2.3. Statement. We are interested in the convergence to equilibrium, that is in the speed
with which an initial measure, absolutely continuous with respect to the Riemannian
measure, converges toward the SRB measure. As is well known, only reasonably smooth
initial measures yield fast convergence. To state the result we must then introduce, for the
densities of the initial measure, Holder norms || - ||, defined in analogy with (2.3) by using
the unstable distance instead of the stable one,

Iflle =1fllt+ sup 0 = Jl, 2.4)

dv(x,yy<s  dU(x, y)¥

Note the L'-norm instead of the L°°-norm to take advantage of the obvious duality.
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THEOREM 2.1. There exists a 0 < 1, computable, and a constant C such that, for each
Bs € (0,11, forall f € Cy and g, h € C(M,R) with [ hdm = [\, gdm =1,

‘/ foT"gdm—/ foT"hdm
M M

From this result it is easy to deduce the existence of an SRB measure for the system as
well as the exponential decay of the correlations for this measure. This is the content of
the following corollary.

< CIIf s max{ligllu, 2]l }6™. 2.5

COROLLARY 2.1. There is a unique T -invariant measure p such that

. 1 n—1
Jim ;5“ =pu, m-a.s., (2.6)

where 8y denotes the Dirac mass at point x. In addition, there is a 0 < 1 and a constant C

such that, for all f € Cs and all h € C'® (M, R),

‘/MfoT"hdu—/Mfdu/Mhdu

In fact, the other standard properties of the SRB measure can also be easily obtained;
we do not insist on them since the present method does not seem to add any particular
insight on such issues.

< Cllflslnll.6". 2.7

3. Densities
To prove these theorems we find it necessary to specify more precisely the regularity
requirements for the smoothness of the densities along the unstable manifold. It turns
out that in two dimensions or, more generally, when the foliations are smooth, this can
be done in a rather naive way by defining smoothness with respect to the metric d* as
already done in (2.4)F. Nonetheless, in the more general situation in which the foliations
are only Holder it is not immediately obvious how to proceed. As we will see later the
problem arises because if d“(x, y) < ¢, then the maximal distance of the associated local
stable manifolds Wj (x) and W (y) can be of order ¥ which is not enough for our needs.
To overcome this we introduce a different notion of ‘distance’ between points, which, in
fact, is not a distance (it does not satisfy the triangle inequality and it is degenerate) but is
nevertheless well suited to satisfy our needs.

Let ¢ : RT — [0, 1] be a smooth positive monotone function such that, for some § > 0,

p(x)=0Vx €[0,8] and ¢(x)=1Vx > 26.

Definition 3.1. Fix v > 1. Given two points x, y € M we define their separation s(x, y)
by

s(x,y) =Y v "ed(T"x, T"Y)). (3.1)
n=0

+ To pursue this point of view it is also necessary to impose an a priori bound on the measure of small balls in
the stable manifold; this is a natural condition since the invariant measure is typically singular when restricted to
the stable manifold and it is characterized by some Hausdorff dimension.
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A direct computation shows that if u_ < v this separation is a Lipschitz one, while if
H— > v, it is a Holder one of exponent log v/log ;«_. The relation between the separation
and the usual distance as well as some useful properties of the separation are clarified by
the next lemma.

LEMMA 3.1. There exists co = co(8, v) € RT such that for each two points x, y € M, if
d(x,y) <6, then
s(Tx,Ty) =vs(x, y).

If x € W§(y), then
co " (x, y)** < s(x,y) < cod(x, y)*",

witha_ =Inv/Inpuy and ey =Inv/Inp_. In addition, if y € Bsja(x),

cgls(e,y) < sup  s(zw) < cos(x, y).
2€Wj ), (x)
weW§/4(y)

The proof of the lemma is by direct computation. The idea is that s is essentially
a continuous version of the usual discrete separation. For completeness we provide the
details in Appendix A.

To define the smoothness of a function along the unstable directions we can then define

|fle = sup M (3.2)

d"(x,y)<$ s(x,y)

The relation with the previously mentioned more conventional definitions of

smoothness
Slse sp OO
P di(xyy<s  dU(x, y)P

(which characterizes Holder continuous functions) is explicitly stated in the following
immediate consequence of Lemma 3.1.

COROLLARY 3.1. Letv < u_, thena—_, a4 € (0, 1] and

| fluae = 1flo = 1f luay-
We can finally define the class of densities we are interested in

hx) _
h(y) —

where C®(M, R) is the space of continuous functions.

Cu(a) = {h e CO(M, R) ‘ h>0; eV Vx y i dh(x, y) < 5}, (3.3)

4. Mean on the stable leaves

4.1. Holonomy map. Given two manifolds U, V transversal to the stable foliation, with
a distance less than §, we define the (stable) holonomy map ¢ = q)f]", :U — Vby
¢(2) = Wi (z) N V. We define the unstable holonomies symmetrically.

T Of course, the domain of ¢ is given exactly by the z € U for which Wg )NV #0.
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Given z € U, let Ey(z) = 7,U. Since Ey(z) is transversal to Ef(z) we can define
the map Lg, ;) : E*(z) — E°(z) by asking that L g, (;)v be the unique vector w € E¥(z)
such that v +w € Ey(z). Letyy : U — R be

yu(@) = IILey s

clearly this quantity measures the ‘angle’ between Ey (z) and E¥(z). Similar definitions
can be given for manifolds transversal to the unstable distribution.

PROPOSITION 4.1. There exists T € (0, «] such that the stable and unstable distributions
are t-Holder continuous. In addition, the holonomy maps are t-Holder continuous and
absolutely continuous as well. Finally, calling J¢y v the Jacobian of the holonomy, the
Jacobian is also T-Holder continuous; more precisely,

M <e—const.d(z,&')r
Jouv(E) —

and it is close to the identity, namely

ifz,§ e U;

e~ const.{d (2,6 () +yu () +yv ()} < Jouy(z) < econst{d (z,¢(2) " +yu (2)+yv ()}

Proof. These are classical results. See, for example, [8] for the Holder continuity of the
distributions and of the holonomies and [16] for the bounds on the Jacobian. O

4.2. The local product structure. Given x9 € M, we want to introduce local
coordinates, adapted to the hyperbolic structure, in a neighborhood of xg. Given §g > 0
small enough, we start by considering the manifolds W(;O (x0) and W(g‘o (xp) endowed with
the restriction of the Riemannian metric on M. Since they are C (I+e) e can introduce
two CU+®) systems of coordinates 1//;0 ‘R%E Wg0 (x0) and Yy R — Wé‘o (x0)T. We
can then define the map ¥y, : Ré x R — Bs, (x0) by

Vo (6. 1) = WE (U3, () N W3, (W2 ().

Note that in the coordinates 7, £ the stable and unstable foliations consist of the
linear parallel subspaces {§& = a} and {n = b} respectively. In addition, note that,
by Proposition 4.1, v, is a Holder, and hence continuous, change of coordinates. We
consider the Lebesgue measure my (d&, dn) = d& dn. It is also natural to consider that the
Riemannian volume m induces the measure m = wi)l*m in R% x R%_ It turns out that
m is absolutely continuous with respect to the Lebesgue measure and that the Jacobian is
a rather nice function as the next proposition more precisely states.

PROPOSITION 4.2. There exist ¢, M,8y > O such that, for each xo € M, one can
construct a measurable function py, : R? — Rt for which, given any function f €
L'(M, R) supported in Bs, (x0),

/ f(y)m(dy)=/ [ o (&, mMpx(E,n)dEdn
M Rd

1 If the manifold were C2, one could use the standard exponential mappings, identifying, isometrically, E% (x()
with R% and E (xg) with R% .
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holds. This function has the following properties:

e—cn—n'l < M < ec\ﬂ—ﬂ/lf’ VE € R% n,n e R,
pxo (&, 1)

and

1
MEPXO<M'

This result is more or less known to experts in the field, yet we were not able to locate
a clear cut reference to it. Due to this sorry state of affairs we provide a complete proof in
Appendix A.

4.3. Stable averages. We introduce an average on the local stable manifolds Wy (x),
namely As : C°(M, R) — C%(M, R) defined by

Asf(x) = Za(X)/ f(@m’ (dz)
W5 (x)

where
Zs0o) ! = / m* (dz) = m® (W} (x).
W3 (x)

The following lemma is the key fact we will use in studying the conditional expectation
we will define shortly.

LEMMA 4.1. For all § > 0, sufficiently small, there exists e9 = €9(8,a) > 0 such that,
forallh € Cy(a),
1
80/ h <Ash < — h. “.1
M €0 J M

Proof. If § < §p, then we can write Ash in some local coordinates and use regularity of the
observable to compare it to the integral on an open set of positive volume. In partlcular
we can choose any C1® coordinate systems ¥ : R% x R% — M such that ¥/ (0) = x,
VAE 0D = Wi (03 FUO, mh = Wi () and [DYlloc + DYoo = My for

some M; independent of xf. Let w(WS(x)) = A(x) and w(Wg‘(x)) := B(x), then
const.”1§% < f B(x) dn < const. 8% for some constant independent of x, and

/ h=/ h0%(S,O)ldet(Dsl/;)(S,O)ldé
WS (x) Ax)

eM| (d+ds)€a605"+

/ h o ¥ (&, mIdet(DV) &, )] dn de
A(x)XB(x)

const. C§4u

< const.f h
Y (A(x)xB(x))

< const./ h. 4.2)
M

7 If in doubt about existence, see the footnote on p. 147 in Appendix A for the explicit construction of such a
coordinate systems.
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For further reference note that the same type of reasoning shows that there exists ¢; > 1,
independent of x € M, such that

Bys(x)

/ h(z)m®(dz) > const./ h, (4.3)
Wes(0)

where, as usual, Bs(x) is the ball of radius § centered at x.

The proof of the opposite inequality is slightly more sophisticated.

It is well known that there exists Ny such that, for each ¢ > 0, one can cover M with
balls of radius ¢ in such way that each ball overlaps with less than Ny other balls of the
cover. From now on we will only consider covers with such a property.

Let {B:(x;)} be one such cover. For each function 2 > 0 there exists i such that

1
S h> NO”/ h.
m(Bg (xi)) Jm(B.(x;)) M

To see this, just suppose the opposite, then

h < / h <Nt m(B(x~))/ hg/h
/M Xj: m(Bg(x;)) 0 Xj: o M M

which is a contradiction. Let us fix & such that cje < 89 and {B.(x;)} a cover with the
earlier property.

It is a standard consequence of topological mixing (or transitiveness) and the Anosov
property that there is a L, such that any piece of stable manifold of (inner) diameter L, is
at a distance less than ¢ from any point of M. Let us fix n such that A" § > 2L.. We write

/ hZ/ hoT"|det(DT"|Es)|
W5 (x) T="Wy (x)

> 3" / hoT".
T="W§ (x)

Since h o T" is positive, we can choose B (x;) in the cover such that
1 1
- hoT"z—/ hoT". 4.4)
m(Be(xi)) JB.(x) No Jm

Since the inner diameter of 7" W (x) is larger than 2L,, there exists a part W (@) C
T7"Wj (x), of inner diameter c;¢, centered on a point z € W} (x;). Remember that our
choice of c¢; is such that wz_l(Bzg(z)) C Cee(2) = wz_l(WC“]S(z)) X wz_l(ngs(z)).
Accordingly, remembering (4.3) and (4.4),

/ th;”dS/ hoT"zA;""S/ hoT"
WS (x) U/NE) Bae(2)

ce

> const./ hoT"
Be(x;)

> const./ h.
M

Both estimates hold in particular for # = 1 and hence for Zs. So the ratios defining Ash
are uniformly bounded. a
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Remark 4.1. Note that the only dynamical property used in Lemma 4.1 (apart from the
existence and regularity of the stable and unstable manifolds) is the transitiveness.

For the purposes of the next section it is necessary to define an averaging operator that
preserves regularity along the unstable manifold. This is the case for the operator As only
if the difference between A_ and A is sufficiently small{. To deal with the general case it
is necessary to define a different (more local) average. The definition of such an operator
and its properties are the focus of the rest of the section.

Pick any x € M and consider

R=|J W, (4.5)
zeWy(X)

where const.”!§ < 8(z) < const.§, for some constant independent of x, and

fl[/_l(WS ( dé = (Sds.
x 5(2) 2))

By construction R is foliated by stable manifolds and, provided § is small enough, there
exists cx € (0, 1) such that

Be,5(X) C R C B_15(X) C By, (%).

Next, consider the o -algebra F associated to the partition {{Wg(z) (2)} ZEWH (%) R¢}.
Finally, choose a smooth function & such that

(o} 20;/ ® =1;supp® C B.s(x).
M

Define
Ao f(x) = P)E®S | F)(x), (4.6)
where E(- | F) denotes the conditional expectation given F, with respect to the probability

measure m. Note that, using the local coordinates around x introduced in §4.2, we can write
a nice version of this conditional expectation:

pe' )
Pz (5, )84
In the following, we shall omit the y5 if no confusion arises. Clearly, if f has support

disjoint from R, then Ag f = 0. Other instrumental properties of Ag are summarized by
the following lemma.

Ag f(Yz(€, m) = ®(Yz (5. 7)) /{IE’I 6}(<I>f) o yx((E',m) dg'. 4.7

LEMMA 4.2. Assume v < u', so that t > o, then the following statements hold:
o [E(gAof) =E(fAgg);
° there exists €1 = €1(a, 8) € R such that, for all f, g € C,(a),

||A¢f||0058;1/ f and /gAq>fzslf ff .
M M M M

+ There are two sources of trouble. On the one hand, if the foliation is only Holder, then the image, under the
holonomy, of a ball, in the unstable manifold, is no longer a ball. We know how to handle this mismatch only if
the difference between A4 and A_ is small enough. On the other hand, if y € Wg (x), then the stable distance,

measured along the holonomy, between Wé‘ (x) and Wé‘ (y) can be of order d(x, y)ﬂ, where B also depends on

)L_)L_T_l and can be <1.
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° there exists k1 = k1(a, 8) > 0 such that, for all f € C,(a),

Ao fly < mf f
M

Proof. The first statement follows directly by the properties of the conditional expectation.
The second assertion follows from Lemma 4.1. In fact, formula (4.7) shows that Ag is
constructed via stable averages; thus the same arguments as in Lemma 4.1 can be used to
obtain upper and lower bounds for such averages (formulae (4.2) and (4.3)).

For the last part of the lemma we must compute

PE@f | F)(x) — POMERS | F)(y).

This is most easily done by using in R the coordinates introduced just before
Proposition 4.2. Let (§1, n1) be the coordinates of x and (&, 12) the coordinates of y.
Thus we have

[P OE@f | F)(x) — POHE@S | F)(y)l
< const.s(x, )P (WEDS | F)(y)

+ @ (x) /{Isl 8}|<1>(€,m)f(§, n)px(E, 1) — @&, n2) f(&, n2)pz(€, n2)|ds.

But, if z = ¥ (&, n1) and w = ¥ (§, m2),
|®fpz(z) — @fpz(w)| < [|P[loo const.(as(z, w) + cd(z, w)") fpz(2)
+ fpz(w)|®los(z, w)
< const.(fpz(z) + foz(w))s(z, w).

We can now conclude since, by the third statement of Lemma 3.1, we can control the
distance of the two stable manifolds. The integral | S appears by Lemma 4.1. a

Remark 4.2. Concerning possible attempts to generalize the present scheme: note that the
last two points of Lemma 4.2 are the only points in our construction where the properties
of the holonomies (and their Jacobians) play a role.

5. Regularity properties of the densities
5.1. Losing regularity. The following lemma gives an estimate on the regularity of
g(1 — eAgh) given that g and £ are in Cy, (a) and ¢ is small enough.

LEMMA 5.1. Choose a real number ag. For all g and h in C,(a), with fM h=1,
g(1 —eAoh) € Cy(a + aop) (5.1
provided ¢ < min{eq, (l()Kl_l(l — 881_1)}.

Proof. It follows directly by Lemma 4.2. We have

g — eAgh(y)) < g(x)e“ T (1 — eAph(x)) (1 4 phehl) — Ashly ))

1 — eAoph(x)

, Agh
< g(xX)(1 — eAgh(x))e® ™) (1 + S&S(x, y))
1 —elAghlloo
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< 81 — Aph()e™ ™ (14 e s(x. )
— 881

< g(0)(1 — eAoh(x)) exp a+sTfL: s,y |. O
— &€
1

5.2. Recovering regularity. The diffeomorphism 7' has regular derivatives. Recall that
D is the distortion constant (cf. (2.1)).
The Perron—Frobenius operator is given by

Lg(x) = |det(D T~ g o T7 (x).
It satisfies the following lemma.
LEMMA 5.2. Assume v < u%, so that o > a, then

L(Cy(a)) C Cu(v~a + cyD). (5.2)

Proof. Clearly, forall g € C,(a), Lg > 0. Forx € M andy € W"(x), d(x,y) <4, by

Lemma 3.1,
Lg(x) = |det(DxT~")g(T~'x)
E |det(DyT71)|eDd(x’y)ag(T71 y)eas(T’lx,T’ly)
< Eg(y)e(av’lJrcoD)s(x,y). 0
6. Coupling

We fix a § > 0 small enough and v < u’, where 7 is given by Proposition 4.1. We
choose ag and set a = (vlag + coD)/(1 — v~ Let g and h be in Cy(a) with
llgllh = llklli = 1. We consider two independent random variables X and Y, on some
probability space (2, F, IP), valued in M and distributed according to, respectively, g dm
and hdm. Thatis, P(X € A) = [, g(x)dm(x) and P(Y € A) = [, h(x)dm(x).

We seti
2
_ ape
6 > max )\71,1—8%,1—71
ap + k1€1

Our key estimate consists in the following statement.

T Remember that if the measure ; on M is absolutely continuous with respect to the Riemannian volume m with
density g, then the evolved measure Ty, defined as usual by Ty (f) = u(f o T), is absolutely continuous with
respect to m as well and its density is given by Lg.

# Since the choice of ag is arbitrary, the last term is not harmful. It should also be remarked that the second term
can be improved. To do so consider n disjoint sets R; in which to couple (rather than just one set R). To each set
will be associated its operator Ag,. Define Ag = ); Ag,. Clearly [ Aphg > ney [ g while Aph < ar] S h.
Following the proof of Proposition 6.1 yields the fact that 1 — s% can be substituted with 1 — ns%. We did not
pursue this possibility because, most likely, the estimate we obtain is anyhow not optimal and if one wants to
improve the bounds realistically, then more work is certainly needed.
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PROPOSITION 6.1. There exists a constant C such that, for all n > 0, one can construct
a coupling (X, Yyn) of T"X and T"Y such that

E[d§(Xn, Ya)] < CO",
where dg (x, y) = min{d®(x, y), 8}.

Proof. Given two density functions &, g € C,(a) the basic idea to construct a coupling
between the corresponding two random variables (measures) is to introduce the auxiliary
random variable T on © with values in {0, 1}, independent of X and Y, having the
distributiont

P(r =0) =g,

where e = 1 — 6. We set

S xagho(hyxp)
Jpmghoh

Song(A x B) = 6.1)

We can then define the coupling X, V) by

PX € A;Y € B|1=0) =08¢44(AXB)
PXeA;YeBlt=)=1—-e) [PXecA) —cPXeA|Tt=0)]
x [P(Y € B) —¢P(Y € B| 7 =0)].

Note that the distribution of ()A( , I}), conditioned to the absence of coupling (that is
to {t = 1}), is a product measure absolutely continuous with respect to the Riemannian
volume. A direct computation shows that this is indeed a coupling (i.e. IP’()A( e A =
P(X € A) and IP’()A’ € B) = P(Y € B)). Itis now natural to define

io:X; ?OZY; %1:7")?; ?1:7"?.
An obvious computation shows that
P(?leA;?leBu:l):/gdm/Edm,
A B

where

G = (1 —g) ! ___ &
-0 elo {1 )

= NS _ &
T ( ()

This is consistent since, according to Lemma 4.2,

/hqugZ/ gAq>h281,
M M

+ Intuitively if t(w) is zero then the two points X (w) and Y (w) will be coupled and if it is one then they are left
independent. For example, one can imagine that a coin (loaded accordingly to the distribution {e, 1 —¢}) is tossed
in order to decide whether to couple the points or not.

and
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and Ak
l—g—or > —Aq>h>1——81_1 > 0.
fM gquh €1
Lemmas 5.1 and 5.2 together with our choice of a and & guarantee that g, h e Cu(a).
Obviously, [Iglli = A1 = 1.

The result of what we have just stated is that ()?1, )71) is a coupling of (T X, TY). In
addition, IE()? 1| T =1) and E(f’] | © = 1) are independent random variables with
absolutely continuous distributions in C, (a). This is exactly the original situation for the
variables (X, Y). It is then clear that one can perform the same coupling again. This leads
to the following inductive procedure. We start with the independent coupling of the original
random variables. Then, given a coupling (X P Y )of T"X and T"Y, we construct a new
coupling (X P Yn). If t,—1 was equal to zero, meaning that the points were coupled, we
keep them coupled, while if t,_; was equal to one, we use a random variable t,, defined
independently of what has been constructed up to this stage, to define the law of X, Yo);
then we obtain ()?n+1, )7n+1) by applying T':

T_1=1; go:X; ?ozY;
PR, ATy eB o =1)= Ahﬂx)m(dx)/ggn(x)m(dx);
Pty =0 151 =0) = I;
Pty =0|th-1 =1)=¢;
P(X,cA; ¥V, €B |11 =0)=P(X, € A; Y, € B| 101 = 0):
P(X, € A; Yy € B| 1 =0; Ty 1 = 1) = 80.1,.4,(A X B);
PXp€A; Yy eBlt,=1)
=(1—e)[PXy €Al tuo1 = 1) —eP(Xp € A| 7y = 0; 5oy = )]
X [P(Yy € B|tym1 = 1) —eP(¥, € B | 1y = 0; ty—y = D);
§n+l =TXy; 17n+1 =TY,.

The event {t, = 1} corresponds to the points that have not yet been coupled at time #;
their measure is easily computed

P(r, =1)= (1 —¢)".
To compute the expectation it is useful to introduce the time of coupling T = Y 72 7.
Clearly the above computation shows that T is almost everywhere finite. Thus
~ ~ O ~ ~
Eldy (X, Yi)l = Y Eld}(Xy, ¥) | T = kIP(tp41 = 0; 7 = 1)
k=0

n
=Y Eldy(T"*Xi. T" Y1) | £ = kIP(ti1 = 0: 7 = 1)
k=0

(0.¢]
+ Y Bldj(X,, Ya) | T = kIP(ti1 = 0; 7 = 1)
k=n+1
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n o0
< Y AHEG KLY [T =R -of + ) s —of
k=0 k=n+1

< const. 6". O

Remark 6.1. Alternatively, it is possible to construct a coupling ()7 , 17) of X and Y such
that for alln > 0,
E[dj(T"X,T"Y)] < const.9".

The idea is to introduce a random variable T with a geometrical law of parameter 1 — & and
set
P(X € A;Y € B|T=n)=238¢p,,(T"AxT"B).

It is a coupling since

PXeAd)=) P(XeA|i=nP(=n)

n>0

= 0.5 (T"A x M)e(l — )"

n>0

= 1—e)" Agph
Z( ?) MgnAth /;‘”A Snefln

n>0

=y (- s)"(f gn—(1—¢) gn+1)
T"A Tn+1A

n>0
=/go=P(XeA),
A

and its properties follow from previous results.

7. Proofs of the main statements

7.1. Proof of Theorem 2.1. Let g and h be in Cy(a) such that [, gdm =1, [, hdm
= 1. We consider two random variables X and Y valued in M distributed according to,
respectively, g dm and h dm. Clearly,

E[ £(T"X)] :/ foT"gdm. (7.1)
M

Hence
foT”gdm—/ foT"hdm =E[f(T"X)] — E[f(T"Y)]. (7.2)
M M

For all couplings ()7,1, )7,1) of T"X and T"Y, we have
/ foT'gdm —/ foT hdm = E[f()?,,) - f(?n)]. (7.3)
M M
If f € Cy, we have

‘/ foT"gdm—/ foT"hdm| < | fIIsEldS (Xy, Ya)P]
M M

(7.4)
< IfIIsELdS (X, Yo)1P.
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This together with Proposition 6.1 concludes the proof of Theorem 2.1 in the special case
g, h € C,(a). The general case is obtained by noting that each function g with ||g]|, < oo
can be seen as the difference of two such positive functions. Then we can restrict to the
case g > 0 and, for each b > 0, we have

S +b _ g0)+ Ho @50 +b _18loSC)) | _ igstenyo
g +b "~ gy)+0b - b -
that is g + b € Cy,(a) provided we choose
b=a""lgls.
In conclusion, if > = a~ " max{|g|s, |Als} and ||g|l1 = ||k]|1 the following holds:
‘/ foT”g—/ foT"h
M
_8§to b
foTl" / fo (gl +b)
//vr gl +0 IIhII +b
< const. || f[ls max{[|2]lu. llgll.}6". o

Remark 7.1. The d-distance (associated to a distance d) between two random variables X
and Y is the infimum over all couplings ()? , )7) of these random variables of E[d ()N( , )7)].
It is a general fact that the speed of decay of correlations can be expressed in terms of the
d-distance (associated to the distance dy):

‘/MfoT”gdu—/Mfdu/Mgdu

7.2.  Proof of Corollary 2.1.  For simplicity, we write the proof for the case s = 1. We
start by proving a weak convergence result to identify .

Leth € Cy(a), ||h||1 = 1 and set dug = hdm and u, = T™* ug. We want to show that
the sequence {u,} is weakly convergent.

Let f € C, then, by Theorem 2.1, for each n, m > ny,

< flsd(T"X, T"Y)Ps. (7.5)

ln (f) = m (H)] = ‘/ LYORf o T —/ L"Mhf o T™| < const.0"| fis,
M M

since £Kh € C,(a). Noting that C; N C@ (M, R) is dense in C© (M, R), by the usual 3-¢
argument it follows that {11,,} is a weakly Cauchy sequence from which the claim follows.
In addition, an obvious modification of this argument shows that the limit measure p
does not depend on the function /. Clearly u is an invariant measure. The next step is to
prove that p satisfies (2.7).
Given h € C® (M, R), let us apply Theorem 2.1 to the two functions 4, = hL¥1 and
hy = LK1 [, hCF1 dm, then for each f € C; holds

‘/ h]foT"—/ hyfoT"
M M

but ||h2]|, < const. and ||k|, < const.(||#]l, + 1). We can then take the limit for k — oo

in (7.6) and the result follows.

< const. || flls max{[|71llu, [lh2]l.}0" (7.6)
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By a standard approximation argument (2.7) implies that p is mixing, and hence
ergodic.

Before we turn to the conclusion of the proof, it is very relevant to notice the following
stronger convergence result.

LEMMA 7.1. Ifh € CY(M, R) and duo = hdm, ju, = T"™ o, then
lim u,(g) = un(g) Vg eCs.
n—o0
Proof. We know already that the lim,_, o 1, (g) exists; what is not so obvious is that it

equals 1 (g), since g may very well not be a continuous function. To prove this the idea is
to approximate g by continuous functions in some not too weak sense, the problem is that

we need some control on the || - ||s of the approximation. This can be achieved by using
the average operator Ag, let us now see how.
For each § > 0, vs(f) = w(Asf) defines a Borel measure; moreover, if f €

CO(M, R) then Asf e COM, R). By Lusin’s theorem, for each g € C; and & > 0 there
exists g € C(M, R) and a closed set K5 C M such that glx; = 8elks, 18lloc = ll8elloo
and (m + vs)(K§) < e.
Let gs5.c = Asge, then [|gs.ells < (677 + 1)]Iglloo and
lgseoT" —goT"|l1 < I(Asge — Asg) o T"[[1 + |Asg o T" — g o T" |0
< A"[[As(ge — @Il + llgllss™
< const.(A”¢ + 8),
where A = |det(DT ~!)|. Accordingly,

l(g) = un(@)] < 1n(Asg) — ua ()l + 87 liglls
< |u(gs.e) — 1a (@) + (e + 8P) gl
< |1n(8s.6) — tn () + O™ + & + 87)liglls)
< O(A"e + 8P 4 57Psom),
Thus, by choosing first § small, then n sufficiently large and finally ¢ sufficiently small, the

result follows. |

We are now in a position to conclude the argument. Let

lnfl

Then, clearly T-'A = A and A is not empty. In fact, for f € cO (M, R), the set A ¢ for
which

A:{xe/\/l

. 1n—1 ‘ 1n—1 ;
Jim — g%‘x(f) = Jlim ; f(T'x) = u(f)

is measurable and u(Ay) = 1 by Birkhoff’s theorem. This, plus the separability of
CO(M,R), implies A measurable and ;£(A) = 1. Finally, note that if x € A then

f Indeed, if { f,} € CO(M, R) is dense, then A = (e A ;-
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WS (x) C A. Accordingly, x4 € Cs hence, by Lemma 7.1,

m(A) =m(xaoT") = Jim_ m(xa o T") = n(A) =1.

A. Appendix
Proof of Lemma 3.1. The first statement is obvious:

o0
S(Tx, Ty) = ) v7"e(T" x, T y) = vs(x, y).

n=1

To prove the next statement, let us consider x € Wy (y), then
pwid(x,y) =d(T"x, T"y) > pud(x, y).
Next, let ns € N be defined as

ng =inf{n e N | d(T"x, T"y) > 6§}

and set n_ = ns and n4 = nys. Accordingly,
o0 . -
s(x,y)sn:ZLv =T
and

s(x,y) > v od(Tx, T"y)) = v "+,
On the other hand, from (A.1), if § is small enough,

s In[8/d(x, y)] and - In[28/d (x, y)]
Inpy In pu—

from which the result follows with— = Inv/Inpu4 and oy =Inv/Inpu_.

(A1)

(A2)

(A3)

To prove the third statement of the lemma, first note that the triangle inequality yields

8 8
d(T"x, T"y) = 227" 7 <d(T"2. T"w) <d(T"x, T"y) + 27" 7.

Then note that if n, = ns/2, then ny — n, is bounded. So that, since 20°"8/4 < §/2,

1)
, < o \d(T"x, T" 20" -
szw) <) v cp(( X, T"y) + 4>

n>0

)

< v " (d(T"x, T"y) + 2)»_"—)
n;* 4

)

< v "o d(T"x, T"y)) + |¢ locv " A" =
ZZ ¢ )+ 119 oo >

< s(x, y) + const. V" 7y T

< cos(x,y),

where we have used (A.3) to conclude.
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V7 W (xo0)

X0 X0

W* (x0)

FIGURE A.1. The action of W (all curves on the right are stable and unstable manifolds).

Proof of Proposition 4.2. To prove Proposition 4.2, we start by noting that % , and ¥y can
be extended to a C('+®) system of local coordinates on the manifold: ¥, : R% x Ra?u
Bs(xo) that maps Wj (xo) and W' (xo) onto straight subspaces of R4 (but does not a priori
send the foliation into a foliation in parallel subspaces)f. The image of the Riemannian
volume through this map is absolutely continuous with respect to the Lebesgue measure
on R? and its Jacobian is a-Holder. To simplify this, we shall write m again for this
measure as if it was exactly the Riemannian volume (that is we confuse m with its image
¥ ~"*m in the coordinates) and use m* and m" to denote the restrictions of m to subspaces
of dimension d; and d,. Consequently, we just need to prove absolute continuity and
regularity of the Jacobian for the map W = /! o v, : R? — R?. This means that we
(locally) identify the manifold M with R?, the stable and unstable manifold around xo
being straight subspaces. Note that W (£, 0) = (£, 0) and ¥ (0, n) = (0, n) by construction
(see Figure A.1 for a pictorical representation of the action of the map W).

Our task is then to investigate the regularity of W. That is we want to show that & —1*
is absolutely continuous with respect to the Lebesgue measure and we must compute
dV—"m/dmy.

Let us introduce two sets of families.

SrxX)={WyMHNWi @) |yeWsx);ze Wix); llx —yll <r;llx —z|| <r},
Px)={x+v+wl|veEX);weE"X); vl <r; llwll <r},

where the tangent space 7, M is isometrically identified with RY. We shall see that
it is possible to compare the measure of these sets with the measure of their images

+ Consider any chart ¢ : R — Bjs(x) C M not too far from an isometry (for example the chart provided by
the exponential map). Clearly, provided that § is chosen small enough (§ < &) independent of x(), there exists
My € R, independent of xq, such that | Dg|loo + D¢~ oo < M. Then we can define

g€ 1) == 00~ 0 Ul (&) + 07" oyl ().

Since D()l//)t0 and Dow are transversal by the Anosov property and wxo’ I//)t are C1®) it follows that D¢ I/I)LO,
Dy, I/I)LO are uniformly t_rdnsversdl provided § < §g for some &y mdependent of xQ. Thus 1//XO, is a change of
coordinates and there exists M1 € R, independent of x(, such that IIDwa lloo + HI/I)LO loo < M; (we have used
the fact that Dg 1//x0 , Dy I/I)LO are uniformly bounded; see, for example, [8]).
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W (S,(x)). The S., we will refer to as pseudo-rectangles, are constructed on parts of
stable and unstable manifolds which are close to balls (they are intersections of balls in
the ambient space and the manifolds) while the P,, parallelograms, are bounded by affine
‘approximations’ of these parts of manifolds which are real balls of radius r in R% and
R% . Let us denote Plx)y={x+v|veEWX);|vl <r}={x+E(x)}N B.(x) and
Pix)={x+w|weE"(x);wl=r}

A first lemma shows that the measure of the S, is well approximated by the measure of
the parallelograms P, which we know how to compute in terms of the measure of their
faces and the angle between them.

LEMMA A.1. There exists c € R™ such that the following properties hold:
1) Pr(licrrz (x) C Sr(x) C Pr(1+crf2)(x);
(2)  there exists a T-Holder function 0 : M — R such that

m(S,(x)) = (1 + OFT )0 )m® (PE(x))m" (P*(x)).

Proof. To investigate the shape of the sets S, (x) it is convenient to introduce normal
coordinates with respect to the base point x € R?. A stable manifold, in the neighborhood
of x, can be represented by {x + & + A(§); & € E®(x)} where A : E°(x) — E"(x)
is a smooth map. The map A associated to W*(x) clearly has the property A(0) = 0
and DpA = 0. More generally, for z € x + E“(x), the manifold W*(z) is uniquely
represented by the map A; as {z + & + A;(§); £ € E*(x)}. By construction A;(0) = 0
while Proposition 4.1 (the Holder continuity of the stable distribution) implies

IDg Al < const. [z +& + A-(©)I,

where the constant is independent on x. Proposition 4.1 also shows that to represent points
in S, (x) we need only to consider |z| < r and ||&|| < rT.
For v € E*(x), ||[v]| = 1 we define

h(t) = [|Az(vD)||.

We have

dh

an| (Az(tv), Dy Azv)
dt

= < || Dty Azl < const. ||z + vt + A (tv)|*
A, (tv)]] v :

so thatif |z| < r, h must satisfy the following differential inequality in the domain |¢| < rT:
dh
dt

h(0) = 0.

< const.(r* 4+ h(1))"

Solving this differential inequality yields
h(t) < const.tr® + O@2r~ T2,
We conclude that if |z| < r and ||v|| < rT, we have

|A;(v)|| < const. ||v||rt2. (A4)
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E*(x) EY(2) —
E"(y) "
T~
= W)

E*(x)

X r f \
r(1+0@7)) )
r(14+0@T))

FIGURE A.2. Foliation and its linear approximations (z = (r,0), y = (0, r)).

The same estimate clearly holds for unstable manifolds. The two estimates together
immediately imply that (see Figure A.2)

Pr(l—crrz) - Sr C Pr(1+ch2)-

Hence m (P 2)) = m(S) = m(P

(—ert?y) = < (1+Cr,z)). But the measure of P, can be
expressed as

m(P,(x)) = const. 0 (x)r?

where, the constant depends only on the dimensions, ds and d,,, and where Proposition 4.1
shows that, if {v;} is an orthonormal base for E(x) and {w;} for E, (x), then

0(x) = |det(vy ... vg, Wi ... wq,)|
is T-Holder. Finally,
2
m(Sy(x)) = m(Pr(x))(1 +O¢")). 0
The next lemma shows that the Lebesgue measure of the sets
Cr(x) = (S, (W (x)))

can be compared to the measure of the corresponding parallelogram P, (W (x)) and hence
to the measure of S, (¥ (x)) = V(C,(x)).

LEMMA A.2. There exists a T-Holder function py, such that

mp(Cr (¥~ (x)))

_ o~ —1 72
(S, () = P ()T (1 +OC")).
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Proof. Letx = W (&, n). The sets C,(§, ) are product sets.

Cr&,m) = CiE m) x Cl(E, ),

where CS(&, 1) = {&' € RS | W(E',n) € Sy(x)} (thatis U~ (W*(x) N S,(x)) seen as a
subset of R%) and C}(x) is similarly defined. Since W is the identity when restricted to
the coordinate axis, their measure is exactly

mp(Cr) = mL(C})mp (CY)
= m’ (W (C} x (0))m" (¥ ({0} x C).

To compare this measure to the measure of S,, we shall compare it to the measure of
the parallelogram P.. The images by W of the projection of the faces of C, on the
coordinate axes are approximately images of the faces of P, through the holonomy map
Gy {x + ES(x)} = WS(W¥ (0, n)). More precisely, the estimate (A.4) shows that, if r is
small enough,

¢u(PrS(1_cr72)) C{¥(,n),n € G} cC ¢u(PrS(1+crf2))~

The holonomy map has a Jacobian J“. This Jacobian is not exactly the one defined in
Proposition 4.1 because of the change of coordinate JXO, but together with the regularity
of IZXO, Proposition 4.1 proves that it is T-Holder. We can thus compute the measures by
doing a change of variable:

mp(CY) =m*((¥(0,n),n" € C;})

}'u

/<l>J]({‘P(0,n/),n/€Cf})
= T )m* (¢, (W0, 7). ' € CIH)(1 +O¢Y))
= T x)m* (P.(x))(1 + O¢)).

Of course, the same estimate holds for the unstable part. Hence, denoting by J* the
corresponding Jacobian,
my (G, () T )T )
m(Sy(x)) 6 (x)

(14+0¢™)). (A.5)
O
We shall now use these estimates to compare the measure m = W*m with the Lebesgue
measure.
LEMMA A.3. The measures m and m, are equivalent.

Proof. Let us start by proving that m is absolutely continuous with respect to m . This is
equivalent to saying that if, for some measurable set A, m(A) = 0 then m (A) = 0. Since,
by definition, m(A) = m(W(A)) this means that, for each ¢ > 0, it is possible to cover the
set W (A) with a collections of pseudo-rectangles S, such that

D omS) <e.
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But, by Lemma A.2, m(S,,) > ¢ 'mr(C,), where S, = W(C,). Hence,
mL(A) <Y mp(Cy) Scy m(S,) <ce
n n

which shows that my (A) = 0.

Next, let us prove that m is absolutely continuous with respect to . To prove this we
will show that if for a measurable set A, m(A) > 0, then m(A) > 0. We will argue by
contradiction.

Suppose that there exists a measurable set A such that m(A) > 0 and mp(A) = 0.
Since both m and m are Borel measures they are regular. Accordingly, for each ¢ > 0
there exists an open set U D A such that

mp(U) <,
and there exists a compact set K C A such that
m(K) > $m(A).

Since W is continuous together with its inverse, W (K) is compact and W (U) is open. It is
then easy to construct a finite disjoint collection of cubes I';, such that I';, C U and

m(U,Ty NW(K)) > 1m(K).

By Lemma A.1 it is clear that in each such cube we can fit a pseudo-rectangle S, such that
m(S;) = cym(I'y). Collecting these considerations and remembering m(S) < cmp(C)
from Lemma A.2 yields

mp(U) = mpUp W (S0)) = ¢ Y m(S) = c7leg Y m(Ty)

> n(K) > Lin(A)
2¢ ~ 4c

which leads to the announced contradiction provided ¢ has been chosen small enough. O

We are now in a position to conclude the proof of Proposition 4.2. In effect, the family
{S;(x)} is a family of nicely shrinking sets (in the sense of Rudin [19, p. 163]). So we
can use the Lebesgue differentiation theorem (see, for example, Rudin [19, p. 166]) to
conclude that the Radon-Nikodym derivative of m with respect to the Lebesgue measure
can be computed as inverse of limit of ratios y¥*m (S, (x))/m(S,(x)) as r — 0. Its value,
at all points, is given by Lemma A.2.

The result is obtained by pulling back the Jacobian to the manifold M through the
C %9 change of coordinates I;xo to obtain finally py,. This function inherits the regularity
properties of Jxo, J5, J* and Pxo- O
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