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A dynamically consistent scaling of mean skin friction in zero-pressure-gradient turbulent
boundary layers and fully developed pipe and channel flows, is derived. Theoretical
arguments are based on transfer of kinetic energy from mean flow to large eddies of
turbulence. A single new velocity scale M/ν is shown to be dynamically relevant for
scaling skin friction in all flows; M is the planar kinematic momentum rate of the shear
flow and ν is fluid kinematic viscosity. An asymptotic −1/2 power scaling law (in M–ν

scaling) is shown to be universally applicable. It is observed that the semi-empirical
finite-Re skin friction model, resulting from the asymptotic scaling law, applies well to
individual flows, but fails to describe all flows in a universal fashion. This non-universality
could be due to the differences in flow boundary conditions at finite Reynolds numbers
and flow geometry, that affect the outer-layer structures in these flows. It is argued that
these differences may be simply absorbed by considering differences in the shapes of
mean velocity profiles amongst these flows. An empirical correction to M–ν scaling
is proposed based on Clauser’s shape factor G. It is demonstrated that data from all
flows in this new, semi-empirical M–ν–G scaling collapse remarkably well onto a single
universal curve. The corresponding universal finite-Re model in M–ν–G scaling is shown
to describe this curve to an excellent accuracy. These results underscore the importance of
a dynamically consistent approach towards revealing universality of skin friction scaling
in wall turbulence.
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1. Introduction

Ever since the historical pipe flow resistance measurements and formula by Weisbach in
the 1840s and Darcy in the 1850s (Brown 2002), and the explanations of their results
provided by the celebrated work of Osborne Reynolds in the early 1880s (Reynolds 1883),
the problem of resistance to turbulent flow past solid surfaces has continued to attract
research to date. Internal flows through pipes (and to a lesser extent, channels) have
widespread engineering and industrial applications such as carrying steam from boilers
to turbines in thermal and nuclear power plants, and transporting oil and natural gas
through transcontinental pipe lines etc. External flows such as boundary layers are of great
importance as well; the applications include flow over the wings of micro-air vehicles,
steam or gas flows over blades of turbines, flow of air over the wings and fuselage of an
aircraft, flow of water around submarines etc.

1.1. Skin friction in internal and external flows: scaling laws and structural contributions
While the interest in turbulent drag (or skin friction) of internal flows (pipes and channels)
has a long history, the corresponding development on the front of external flows is
relatively recent. Subsequent to the breakthrough work of Prandtl (Prandtl 1904; Tani
1977) and his students (see Blasius (1950) for the English translation of the original 1908
work), the relationship between drag and Reynolds number (Re) in boundary layers found
a theoretically sound footing. For zero-pressure-gradient (ZPG) turbulent boundary layers
(TBLs), this relationship was established using the universal log law for the mean velocity
distribution in viscous (inner) and defect (outer) coordinates (Coles 1955, 1956; Fernholz
& Finley 1996); the Clauser chart method (Clauser 1954), which uses only the mean
velocity log law in inner coordinates, is an offshoot of this approach (Dixit & Ramesh
2009). Recently, Dixit et al. (2020) proposed a novel scaling of skin friction in ZPG TBLs
using the kinematic momentum rate through the boundary layer and kinematic viscosity
of the fluid as the scaling variables (see Appendix A for details).

Exclusive facilities have been designed over the past three decades to probe into
unprecedented high-Re regimes in pipes (Zagarola & Smits 1998) as well as TBLs (Nickels
et al. 2005; Vallikivi, Hultmark & Smits 2015). Also, the increase in the computational
resources has enabled the probing of increasingly high Reynolds numbers in numerical
simulations (Lee & Moser 2015; Chan, Schlatter & Chin 2021; Pirozzoli et al. 2021).
The main objective of the former is to better understand the asymptotic behaviour of
turbulence in these flows while that of the latter is to better understand their structural
aspects. These studies have shown that the log-law-based models for the variation of
friction factor with Reynolds number in pipe flows require adjustment of coefficient values
at higher Reynolds numbers (McKeon, Zagarola & Smits 2005); the same is true for the
power-law-based models (Anbarlooei, Cruz & Ramos 2020). It is customary to use the
friction factor λ ∝ Uτ

2/Ub
2 in pipe flows, where Ub is the bulk velocity, Uτ := √

τw/ρ

(:= stands for ‘defined as’) is the friction velocity wherein τw is the wall shear stress and
ρ is the density of the fluid. Note that the friction factor λ in pipes is equivalent to the
skin friction coefficient Cf ∝ Uτ

2/U∞2 in TBLs (U∞ is the free-stream velocity), both
being dimensionless measures of the drag force per unit area of the surface. In the recent
times, the focus, however, has gradually shifted from devising drag models to a detailed
evaluation of the contributions of various structural components or eddies to the drag.
Towards this, Fukagata, Iwamoto & Kasagi (2002) have derived an integral equation (the
so-called FIK identity) that could be used to assess the contribution of the distribution
of turbulent shear stress across the thickness of the flow towards the mean skin friction
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in internal as well as external flows. Subsequently, Deck et al. (2014) have assessed the
contributions of the large-scale structures to the mean skin friction in TBLs within
the framework of FIK identity using data from numerical simulations. They show
that the large-scale motions with wavelengths longer than twice the boundary layer
thickness (these include ‘superstructures’ in the log region of ZPG TBLs according to
Hutchins & Marusic 2007a,b; Mathis, Hutchins & Marusic 2009) contribute more than
45 % of the mean wall shear stress through the footprinting and amplitude modulation
effects in the near-wall region. Recently, De Giovanetti, Hwang & Choi (2016) and Cho,
Hwang & Choi (2018) conclude that the contribution to the mean skin friction of the
attached coherent motions in the log region of a channel flow continually increases with
Reynolds number until eventually most of the skin friction is contributed by such motions.
An important connection between the turbulence spectrum and drag in pipe flows has
been established by Gioia & Chakraborty (2006). They show that the power-law-type λ–Re
relationship is closely related to the sizes of the eddies that cause substantial momentum
transfer between the flow and the wall. Further, it is shown that the Blasius’ −1/4
power-law scaling is a consequence of the dissipative (Kolmogorov-scale) eddies of the
cascade effecting most of the momentum transfer between the wall and the fluid layer
right next to it. Building upon this approach, recently Anbarlooei et al. (2020) have argued
that a new power-law scaling regime emerges at high Reynolds numbers in pipe flows
where the momentum transfer is affected by eddies having sizes of the order of the height
of the mesolayer – region of the flow around the Reynolds shear stress maximum in the
near-wall region. The drawbacks of power-law- and log-law-type models for skin friction
in pipe flows have been overcome in a recent work by Dixit et al. (2021). A new universal
model for the λ–Re relationship in smooth pipes has been presented that combines the
attached-eddy-type contributions (typical of log-law models) with the high-wavenumber
contributions (typical of power-law models) that are missed out in the attached-eddy
framework due to its inviscid character. This new universal model is shown to explain
the variation of λ over the complete range of pipe flow Reynolds numbers at once, without
any regime-wise adjustment of coefficients as required by the earlier log-law (McKeon
et al. 2005) and power-law (Anbarlooei et al. 2020) models.

1.2. Scaling of skin friction: the present approach
Two points are to be noted in the context of scaling of mean skin friction in wall turbulence.
First, the scaling of mean skin friction is largely considered as the by-product of mean
velocity scaling laws. For this reason, skin friction laws in the literature typically have
the same functional form as the mean velocity overlap layer (Fernholz & Finley 1996;
George & Castillo 1997; McKeon et al. 2005; Zanoun, Nagib & Durst 2009). However,
it is important to note that the mean velocity scaling laws are themselves empirical
expectations as to what the correct choice of scales in a certain part of the flow could be.
For example, defect scaling for the outer layer and viscous scaling for the inner layer are
essentially empirical i.e. they do not follow from the governing equations. Therefore, the
overlap layer mean velocity scaling and the corresponding skin friction law, both inherit
this unavoidable empiricism. There appear to be no studies that investigate the scaling
of skin friction, in its own right and in a dynamically consistent manner (i.e. from the
governing equations), without subscribing to scaling descriptions for the mean velocity
field. Second, the studies from the past have focussed separately on ZPG TBLs (Fernholz
& Finley 1996; Afzal 2001), pipes and channels (Afzal & Yajnik 1973; McKeon et al. 2005;
Zanoun et al. 2007, 2009). There have been no attempts to explore the universality of mean
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skin friction scaling across different types of wall-bounded turbulent flows. This could
perhaps be so because the boundary conditions (BCs) and the outer-layer structural details
are very different in internal and external flows. Therefore, a step in this direction would
present a significant advance in our understanding of the scaling of drag and behaviour of
turbulence in different types of flows.

In this work, we approach this problem of a dynamically consistent, universal scaling of
skin friction in the context of three canonical flow types, namely the ZPG TBL (external
flow) and fully developed pipe and channel flows (internal flows). Henceforth, we shall
omit the qualification ‘fully developed’ for brevity. The outline of the present paper is as
follows. Section 2 introduces a set of new theoretical arguments that are more generally
applicable to ZPG TBLs as well as pipes and channels. These arguments are based on the
transfer of mean-flow kinetic energy to turbulence, and show that the planar kinematic
momentum rate M of the shear flow (henceforth, simply the momentum rate) and the
kinematic viscosity ν of the fluid emerge as the dynamically relevant scaling parameters
for skin friction. This M–ν scaling takes the form of an asymptotic, universal (valid for
all flows) −1/2-power scaling law for skin friction in the limit Re → ∞. Dixit et al.
(2020) have earlier arrived at the same result using the integral momentum equation
but those theoretical arguments hold only for ZPG TBLs (see Appendix A for more
details). The present approach is more general and covers ZPG TBLs, pipes as well as
channels. The finite-Re model, based on the asymptotic −1/2-power law, and proposed
earlier by Dixit et al. (2020), is now seen to be valid individually for all three flow
types. Section 3 presents preliminary analysis of scaling of skin friction data in the
traditional (Re, Cf ) space. This is followed in § 4 by a detailed scrutiny of the M–ν scaling
(and the finite-Re model) for individual flows in the space of dimensionless variables
(̃L, Ũτ ). Here, L̃ := LM/ν2 and Ũτ := Uτ ν/M, where L is the thickness of the shear
flow (TBL height or pipe radius or channel half-height) under consideration. The M–ν

scaling (asymptotic scaling law and finite-Re model) is seen to hold very well for each
individual flow type. However, it is observed to degrade while attempting a universal
description of skin friction for all flows. Section 5 gives the rationale and details of the
new, universal scaling (and the corresponding finite-Re model) for all flows. First, the
connection between the BCs and flow geometry, and the large-scale structures in the outer
layer of a flow, is discussed. Since the outer-layer structures are known to contribute to
mean skin friction, it is proposed that the BCs and flow geometry could possibly have an
effect on the scaling of mean skin friction. It is argued that this effect may be accounted
for using the shape of the mean velocity profile which is different in each type of flow;
note that M alone cannot be a complete measure of the shape of the mean velocity
profile. An empirical correction to the M–ν scaling is therefore proposed to account for
these differences in the profile shapes. The correction utilises the ratio G/Gref – G is the
Clauser shape factor and Gref = 6.8 is its reference value for ZPG TBLs – and transforms
the original (̃L, Ũτ ) space to a new shape-factor-corrected space (̃L′, Ũ′

τ ); L̃′ and Ũ′
τ are

defined later in § 5.2. Remarkable universal scaling behaviour is observed across all flows
in this new space. We refer to this new universal scaling as the M–ν–G scaling. The
universal finite-Re model in M–ν–G scaling is seen to describe the data from all flows to
an excellent accuracy. A three-dimensional interpretation of the universal M–ν–G scaling
in terms of the (̃L, G/Gref , Ũτ ) space is also discussed. Conclusions are presented in
§ 6.
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2. The M–ν scaling of skin friction in ZPG TBLs, pipes and channels

We seek to derive a scaling for skin friction from the governing equations. As mentioned
before, our focus is on ZPG TBLs, pipes and channels, since these three flow types
constitute the canonical flow archetypes of wall turbulence and are the most extensively
studied in the literature. Before proceeding further, however, two fundamental differences
amongst these three flow types merit some discussion.

First, the outer mean velocity BCs (henceforth, simply BCs) are different. ZPG TBLs
are external flows and have a (generally non-turbulent) free stream. Pipes and channels
being internal flows, do not possess a free stream, but instead have a fully turbulent core
around the pipe centreline or channel half-height. Due to this, the thickness (or height) of
a ZPG TBL continues to grow with the distance downstream; the mean vertical velocity
V at the TBL height is non-zero and positive. Therefore, the BCs for a ZPG TBL become
U( y = L) = U∞ and V( y = L) > 0. For pipes and channels, the flow thickness (equal to
pipe radius or channel half-height) does not change in the streamwise (x) direction and
V is zero there. Therefore, the BCs for a pipe or channel become U( y = L) = U∞ and
V( y = L) = 0; U∞ here, is the centreline mean velocity. Interestingly, however, the mean
flow inside a ZPG TBL asymptotically becomes parallel to the wall as Re → ∞ (Dixit
& Ramesh 2018). Concomitantly, the rate of growth of boundary layer thickness goes to
zero and so does V at the TBL edge. Therefore, asymptotically, the BCs for all three types
of flows become identical to U( y = L) = U∞ and V( y = L) = 0. This suggests that one
may look for an asymptotic scaling of skin friction that could have the same functional
form for all of the flows. For finite Reynolds numbers, however, these differences in the
BCs could manifest and become important if a universal (across all the flows) scaling of
skin friction is desired (see § 5.2).

Second, the flow geometry is different. ZPG TBLs and channel flows naturally conform
to the Cartesian coordinates whereas cylindrical coordinates are apt for pipe flows.
However, under the assumption of spanwise homogeneity for ZPG TBLs and channels,
and azimuthal homogeneity for pipes, the mean-flow governing equations for all of them
become identical and effectively two-dimensional in the streamwise–wall-normal (i.e.
x–y) plane (Schlichting 1968; Kundu & Cohen 2008; Davidson 2015). Indeed, these
assumptions hold quite well for the archetypical flows under consideration here, and
therefore, differences in the flow geometry pose no hurdles for the present asymptotic
analysis based on the governing equations. Another aspect of the flow geometry is that
the domains of a ZPG TBL and a channel are not constrained in the spanwise direction
for nominally two-dimensional mean flow. Pipe flow, on the other hand, is constrained
in the azimuthal direction. The implication is that the azimuthal relief between the
streamwise–wall-normal planes in a pipe depends on the distance from the wall and
decreases towards the centreline. This aspect does not affect the asymptotic analysis, but
could become important in the universal scaling skin friction applicable to all the flows
over a range of Reynolds numbers (see § 5.2).

To begin our analysis, we first need to identify a signature process or mechanism of
shear-flow turbulence that is embodied in the governing equations and common to all the
flows. The mechanism of the transfer of kinetic energy from mean flow to turbulence by
the large eddies of the flow is a universal feature of turbulent wall-bounded shear flows,
and readily fits into this requirement. Therefore, with the streamwise mean-flow kinetic
energy (SMFKE) equation as a starting point, we propose a new energy transfer argument
predicated on the following three key facts:
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(i) The source term in the governing equation for turbulence kinetic energy (TKE) is the
sink term in the governing equation for the SMFKE – a well-known mechanism by
which shear-flow turbulence extracts energy from the mean flow through the work
done by turbulent shear stresses on the mean velocity gradient (Tennekes & Lumley
1972; Davidson 2015).

(ii) For ZPG TBLs, pipes and channels, the average rate of TKE production over the
characteristic thickness L of the shear flow may be shown to asymptote to Uτ

3/L in
the limit Re → ∞.

(iii) The eddies that are most efficient in converting the SMFKE to the TKE have their
sizes scaling on the thickness L of the shear flow (Davidson 2015). The velocity scale
of these eddies is the characteristic velocity of turbulent fluctuations which in turn
scales on Uτ (Tennekes & Lumley 1972).

2.1. Integral SMFKE equation and the loss of SMFKE to TKE
Consider a wall-bounded turbulent shear flow with characteristic thickness L in the
wall-normal direction. Due to the presence of the wall, the problem involves two length
scales, namely the viscous length scale ν/Uτ governing the near-wall (viscous) dynamics
of turbulence and the outer length scale L dictating the sizes of the largest (inertial) eddies
of turbulence. The ratio of these two length scales is the friction Reynolds number Reτ :=
LUτ /ν. The streamwise mean momentum equation for a nominally two-dimensional and
statistically stationary flow (under the boundary layer approximation for external flows),
reads

U
∂U
∂x

+ V
∂U
∂y

= − 1
ρ

dp
dx

+ ν
∂2U
∂y2 + ∂〈−u′v′〉

∂y
. (2.1)

Here, U and V are the mean velocities in the streamwise (x) and wall-normal (y) directions,
respectively, dp/dx is the mean streamwise pressure gradient, u′ is streamwise velocity
fluctuation, v′ is the wall-normal velocity fluctuation and 〈−u′v′〉 is the Reynolds shear
stress (pointed brackets denote time average). Note that (2.1) applies to ZPG TBLs and
channel flows with the assumption of spanwise homogeneous mean flow. For pipe flows,
(2.1) holds under the assumption of azimuthally homogeneous mean flow. For pipes and
channels, the left side of (2.1) goes to zero due to the fully developed nature of the flow.
For ZPG TBLs, the first term on the right side of (2.1) is zero. However, we shall retain all
the terms to preserve generality and discuss the implications of some of them being zero
in pipes, channels and ZPG TBLs after the general integral SMFKE has been derived.
Multiplying (2.1) throughout by U and rearrangement yields the SMFKE[

U
∂

∂x
+ V

∂

∂y

](
U2

2

)
= − 1

ρ
U

dp
dx

+ ∂

∂y

[
U
(

ν
∂U
∂y

+ 〈−u′v′〉
)]

−
(

〈−u′v′〉∂U
∂y

)
− ν

(
∂U
∂y

)2

. (2.2)

The left side of (2.2) is the advection of SMFKE i.e. the rate of increase of SMFKE due
to movement along a mean streamline of the flow. The first term on the right side (denoted
henceforth by PG) is the rate of work done by the pressure-gradient force. The second
term (henceforth T) is the rate of transport of SMFKE by the viscous and turbulent shear
stresses. The third term (henceforth P) is the rate of loss of SMFKE due to the work done
by the turbulent shear stress against the mean velocity gradient; this term is the gain for the
TKE and is hence called the TKE production rate term (or simply production, Tennekes
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Mean flow

TKE

production

Figure 1. Schematic showing turbulence deriving its energy from the mean flow.

& Lumley 1972; Davidson 2015). The last term (henceforth D) is the rate of direct viscous
dissipation of the SMFKE; for a turbulent flow, this term is negligibly small compared
with all the other terms (Tennekes & Lumley 1972; Davidson 2015) and may therefore be
neglected. Noting that, U∂/∂x + V∂/∂y = D/Dt i.e. the material derivative operator, we
divide (2.2) throughout by Uτ

4/ν to obtain the SMFKE in viscous scaling

D
Dt+

(
U2+
2

)
≈ PG+ + T+ − P+, (2.3)

where t+ = tUτ
2/ν is the dimensionless time coordinate and U+ = U/Uτ ; subscript +

denotes viscous or wall scaling using Uτ and ν for non-dimensionalisation.
Next, we integrate (2.3) in the wall-normal direction over the thickness L of the shear

flow i.e. from y+ = 0 to Reτ ; y+ = yUτ /ν is the distance from the wall in viscous units.
The term T+, being a divergence term, integrates to zero i.e.

∫ Reτ

0 T+ dy+ = 0. Therefore,
we have ∫ Reτ

0

D
Dt+

(
U2+
2

)
dy+ ≈

∫ Reτ

0
PG+ dy+ −

∫ Reτ

0
P+ dy+. (2.4)

It is well known that turbulence derives its energy from the mean flow through the
production term (Tennekes & Lumley 1972; Davidson 2015), as shown schematically in
figure 1. Therefore, (2.4) implies that the integral material derivative term (mean-flow
term) on the left side must scale as the integral production term on the right side. For
ZPG TBLs, PG+ = 0, so that this scaling is trivial as the first integral on the right side of
(2.4) vanishes identically. For pipes and channels, the scaling is more subtle since the fully
developed character of these flows makes the left side of (2.4) mathematically zero. That
is, the overall rate of pressure-gradient work balances the overall rate of TKE production.
However, the TKE production can come only from the mean flow (figure 1). This implies
that, in pipes and channels, the pressure-gradient work increases the kinetic energy of
mean flow and this increase is immediately lost from mean flow to TKE production, this
process being continuous in time. Hence, for ZPG TBLs as well as pipes and channels,
one may write ∫ Reτ

0

D
Dt+

(
U2+
2

)
dy+ ∼

∫ Reτ

0
P+ dy+, (2.5)

where ∼ stands for ‘scales as’. In order to proceed further, it is required to determine the
asymptotic value of the integral on the right side of (2.5).
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2.2. Asymptotic average TKE production rate over the thickness L of the shear flow
The TKE production term P := 〈−u′v′〉∂U/∂y in the viscous (wall) scaling is P+ =
Pν/Uτ

4. The average value of P+ across the thickness of the shear flow (in the x–y plane)
is

P+avg = 1
L

∫ L

0
P+ dy = 1

Reτ

∫ Reτ

0
P+ dy+. (2.6)

It is a well-known observation that, although P+ reaches peak value in the buffer layer
at y+ ≈ 12, the contribution of the inertial overlap layer (log region) to the overall
production (i.e. the integral in (2.6)) increases with Reynolds number and dominates over
the contribution of the buffer-layer region at high Reynolds numbers (Smits, McKeon
& Marusic 2011). Physically, this happens because, with increasing Reynolds number,
the lower end of the log region is seen to move closer to the wall in the outer scaling
(η := y/L). Due to this, the buffer-layer region is sandwiched between an increasingly
thinner fraction of the flow thickness located adjacent to the wall; the outer end of the log
region is seen to remain located at η ≈ 0.15 independent of the flow Reynolds number
(Marusic et al. 2013). In view of this, one may split the integral in (2.6) into contributions
from the buffer-layer, log layer and wake layer regions, and retain only the log and wake
contributions in the limit Re → ∞

P+avg → 1
Reτ

[∫ 0.15Reτ

3
√

Reτ

P+log dy+ +
∫ Reτ

0.15Reτ

P+wake dy+

]
. (2.7)

Here, the log region in ZPG TBLs, pipes and channels is taken to begin at a Re-dependent
wall-normal location y+ = 3

√
Reτ (Wei et al. 2005; Marusic et al. 2013) beyond the

mesolayer and extend up to the Re-independent location η = 0.15 or y+ = 0.15Reτ .
The wake region occupies the remaining portion of the flow beyond the log region
i.e. 0.15Reτ ≤ y+ ≤ Reτ . For the wake part, TKE production is governed only by the outer
length scale L (as in free shear flows, see Tennekes & Lumley 1972; Townsend 1976) so
that, Pwake ∼ Uτ

3/L or P+wake = C2/Reτ , where C2 is a dimensionless constant. For the
log region, the production term depends on the distance from the wall i.e. Plog ∼ Uτ

3/y
or P+log = C1/y+ (Tennekes & Lumley 1972; Townsend 1976; Davidson 2015), C1 being
a dimensionless constant. Substituting the expressions for P+wake and P+log into (2.7) and
simplifying yields

P+avg → 1
Reτ

[
C3 + C1 ln

√
Reτ

]
, (2.8)

where C3 = −2.9957C1 + 0.85C2. In order to obtain the correct asymptotic limiting form
of (2.8), one needs to consider the Re-dependence of the fractional change dP+avg/P+avg.
This may be easily done by differentiating (2.8) with respect to Reτ and dividing the result
by (2.8). With some simplifications, this exercise yields

dP+avg

P+avg
→
[
−1 + C1

2(C3 + C1 ln
√

Reτ )

]
dReτ

Reτ

, (2.9)

where the square bracket tends to −1 in the limit Reτ → ∞ (or Re → ∞). Therefore,
(2.9) asymptotically becomes

dP+avg

P+avg
→ −dReτ

Reτ

. (2.10)
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Universal scaling of mean skin friction in turbulent boundary

This shows that

P+avg → 1
Reτ

or Pavg → Uτ
3

L
. (2.11)

Thus, the rate of TKE production averaged over the thickness of the shear flow asymptotes
to Uτ

3/L in the limit Re → ∞ (or Reτ → ∞). Notice that the asymptotic value of Pavg
effectively scales as Pwake, implying that the functional form of the mean velocity profile
in the inertial overlap layer (assumed to be logarithmic in this derivation) appears to be
irrelevant in the asymptotic sense.

Substituting (2.6) and (2.11) in (2.5) shows that∫ Reτ

0

DU2+
Dt+

dy+ → const., (2.12)

in the limit Re → ∞ (or Reτ → ∞). Furthermore, we note that the limits of integration
on the left side of (2.12) are independent of time (or movement along a streamline) in the
limit Re → ∞ (or Reτ → ∞). This is so because, for pipes and channels, the mean-flow
streamlines are parallel to the wall and coincident with the iso-y+ lines. Therefore, the
limits of integration on the left side of (2.5) do not change if one moves along a mean
streamline. For ZPG TBLs, this condition is satisfied only at high Reynolds numbers, as
shown by Dixit & Ramesh (2018). Therefore, in the limit Re → ∞ (or Reτ → ∞), the
operators D/Dt+ and

∫
in (2.12) commute for all flows. Note that the use of asymptotic

BCs U( y = L) = U∞ and V( y = L) = 0 – common to all flows in the limit Re → ∞ – is
implicit in the commutation of operators. With this, (2.12) asymptotically becomes

D
Dt+

∫ Reτ

0
U2

+ dy+ → const. (2.13)

Kinematic momentum rate of the shear flow in the x–y plane (per unit width for ZPG TBLs
and channels, and per unit circumference for pipes) is given by

M :=
∫ L

0
U2 dy = νUτ

∫ Reτ

0
U2

+ dy+. (2.14)

Here, U = U( y) is the mean velocity profile at the streamwise location x. Also, the
quantities Uτ , M and L are functions of the streamwise coordinate x. However, we omit
explicit mention of x with an understanding that the quantities being considered are
localised in the streamwise direction unless specified otherwise. Substituting (2.14) in
(2.13) yields

D
Dt+

(
M

νUτ

)
→ const. (2.15)

Equation (2.15) now needs to be integrated with respect to time.

2.3. Most efficient energy extracting eddies and the asymptotic universal skin friction
scaling law

It is well known that the largest eddies of a wall-bounded turbulent shear flow have sizes
of order L and their velocity scale is Uτ . These eddies are the most efficient towards
extracting the SMFKE and transferring it to the low-wavenumber end of the turbulence
cascade (Tennekes & Lumley 1972; Davidson 2015). The lifetime of these large eddies –
the so-called ‘large-eddy’ turnover time – can be estimated as the ratio of their kinetic
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energy content (∼ Uτ
2) and dissipation rate (∼ Uτ

3/L). The lifetime of large eddies is
therefore of the order of L/Uτ (Tennekes & Lumley 1972; Lozano-Durán & Jiménez 2014;
Rouhi, Piomelli & Geurts 2016; Kwon & Jiménez 2021). Note that, the time scale of
advection of large eddies past a fixed probe in experiments is L/U∞ and is commonly
referred to as the ‘boundary layer’ turnover time (Hutchins et al. 2009; Mathis et al. 2009).
This is distinct from the lifetime or turnover time L/Uτ of the large eddies. In viscous
units, the large-eddy turnover time is simply equal to the friction Reynolds number i.e.
(L/Uτ )Uτ

2/ν = Reτ . This is expected because the Reynolds number may be interpreted
as the ratio of the largest to smallest (viscous) time scales in the flow (Tennekes & Lumley
1972). We now integrate (2.15) over one large-eddy turnover time (t+ from 0 to Reτ ) to
obtain the SMFKE lost by the mean flow (or the TKE input at the largest flow scales of the
cascade), over its complete wall-normal extent, during the lifetime of a typical large eddy.
This yields

M
νUτ

∼ Reτ . (2.16)

Writing Uτ and L in (2.16) in dimensionless form using M and ν leads to the asymptotic,
universal skin friction scaling law

Ũτ ∼ L̃−1/2, (2.17)

where L̃ := LM/ν2 and Ũτ := Uτ ν/M. Note that L̃ is in fact Reynolds number and Ũτ is
dimensionless skin friction, both based on a new velocity scale M/ν obtained from the
governing dynamics. Also note that the present asymptotic, universal −1/2-power scaling
law (2.17) is identical to the asymptotic −1/2-power scaling law derived earlier by Dixit
et al. (2020) only for ZPG TBLs (see (A1) of Appendix A). It is re-emphasised, that the
present derivation is more general, covers ZPG TBLs, pipes as well as channels at once
and the scaling law (2.17) is therefore deemed universal.

2.4. Dynamically consistent velocity scale M/ν

Conceptual implications of the present derivation of the asymptotic, universal −1/2 power
scaling law for skin friction (2.17) are quite revealing. First, the derivation shows that the
scaling law is universal and holds for ZPG TBLs, pipes as well as channels. Secondly, for
the dimensionless representation of the behaviour of skin friction with Reynolds number,
M/ν emerges as a new velocity scale that is consistent with the governing dynamical
equations. This is very significant because, traditionally, the skin friction data in ZPG
TBLs are ‘scaled’ using the free-stream velocity U∞ (Fernholz & Finley 1996; Dixit et al.
2020). For pipes and channels, the bulk or the mass-averaged velocity Ub is used (McKeon
et al. 2005; Dixit et al. 2021). These velocity scales have been in wide use perhaps because
of their role either as the outer velocity BC (U∞ in TBLs) or as a practical convenience
(Ub is proportional to flow rate through the pipe). Given the velocity scale, dimensionless
skin friction (Cf in TBLs and channels, or λ in pipes), and Reynolds number (Reθ in
ZPG TBLs or ReL in channels and pipes, both to be defined shortly), in their traditional
from, are simply a consequence of the dimensional analysis following Buckingham’s Pi
theorem. It is important to realise that these traditional velocity scales are not intrinsic to
the governing dynamics but more akin to BCs. The preceding sections, for the first time
and to the best of our knowledge, provide a single, dynamically consistent velocity scale
M/ν for scaling skin friction in ZPG TBLs, pipes as well as channels. This provides a
basis for exploring universality of skin friction scaling amongst these flows.
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2.5. Finite-Re model for skin friction
Dixit et al. (2020) have derived a finite-Re model (A2) for skin friction in ZPG TBLs from
the asymptotic −1/2 power scaling law (A1) as may be seen in Appendix A. The present
asymptotic, universal −1/2 power scaling law (2.17) is identical to (A1). Therefore, the
finite-Re model (A2) readily applies individually to all the flows of the present interest. In
view of this, the finite-Re model for each individual flow type reads

Ũτ = A1

ln L̃
L̃
[
−1/2+B1/

√
ln L̃

]
. (2.18)

Equation (2.18) implies that Ũτ is an explicit function of L̃ with the general form

Ũτ = F1(̃L), (2.19)

where the functional form of F1 is given by the right side of (2.18). Note that the functional
forms of (2.17) and (2.18) remain identical in the case of ZPG TBLs, pipes and channels.
However, the values of the finite-Re model coefficients in (2.18) may be expected to vary
from one flow to the other. This is because, at finite Reynolds numbers, the BCs of different
flows are not identical. Also, there are geometry-related differences amongst different
flows and these could become important, as noted towards the beginning of this section.

As interim summary, we note that the M–ν scaling of skin friction (i.e. the (̃L, Ũτ )

space) is a dynamically consistent framework. It contains an asymptotic, universal
−1/2-power scaling law (2.17) that holds for all flows. There is also a finite-Re model
(2.18) which is expected to hold well for individual flows, but may or may not hold well if
one attempts a universal description across all types of flows.

3. Preliminary analysis of the data: the traditional (Re, Cf ) space

We now assess the skin friction data from experimental and direct numerical simulation
(DNS) studies of ZPG TBLs, pipes and channels available in the literature. These data have
been chosen to cover the complete range of (finite) Reynolds numbers accessed to date in
laboratory and simulation studies, and are listed in tables 1, 2 and 3. First, we examine
scaling behaviour in the traditional space of skin friction coefficient (Cf ) and Reynolds
number (Re).

Figure 2 shows the skin friction data of tables 1 and 2 in the traditional space of Re
and Cf variables. Note that U∞ is the free-stream velocity for ZPG TBLs and centreline
velocity for pipes and channels. Two Reynolds numbers ReL (ReL := LU∞/ν, figure 2a)
and Reθ (Reθ := θU∞/ν where θ is the momentum thickness, figure 2b) are used. In
this space, the data from different types of flows do not scale and collapse to a universal
curve. In fact, the data appear to cluster around three distinct curves corresponding to the
three types of flows under consideration. A fundamental reason for this lack of scaling
appears to be the use of velocity scale U∞, which is not a dynamically consistent velocity
scale (see § 2.4). Another reason could be the difference in the BCs at finite Reynolds
numbers and geometry of these flows (see § 2). Data in the (Reθ , Cf ) space (figure 2b)
show better clustering and reduced differences in the trends compared with the (ReL, Cf )

space (figure 2a). Even so, figure 2(b) shows that the pipe flow data show a consistent
shift of approximately +7 % with respect to the ZPG TBL data at high Reynolds numbers.
The typical skin friction measurement uncertainty for ZPG TBLs is ±2.5 % in Uτ (Dixit
et al. 2020) and that for pipe flows is ±0.5 % in Uτ (Dixit et al. 2021); significantly lower
uncertainty in pipe flows is due to accurate measurements of pressure drop along length
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Figure 2. Skin friction data of tables 1 and 2 plotted in the traditional (Re, Cf ) space. Note that√
Cf /2 := Uτ /U∞ and is plotted against (a) ReL := LU∞/ν and (b) Reθ := θU∞/ν. Symbol sizes are not

indicative of the uncertainty in the data.

of the pipe that are used to infer skin friction (Dixit et al. 2021). Thus, the differences
in the trends and the lack of scaling seen in figure 2 are well outside the measurement
uncertainties and are, therefore, genuine. Although channel flow data are not available
at high Reynolds numbers, noticeable differences exist between channel and pipe flow
data even at lower Reynolds numbers. These observations underscore the fact that the
traditional (Re, Cf ) space is not very useful towards universal scaling of skin friction in
wall turbulence.

4. Further analysis of the data: the (L̃, Ũτ ) space

We now examine the scaling behaviour of the data in the M–ν scaling, first for individual
flows and then for all of them taken together.

4.1. The M–ν scaling for individual flows in the (̃L, Ũτ ) space
Figure 3(a) shows the channel flow data of table 1 plotted in the space of L̃ and Ũτ

variables. Clearly, the data appear to line up along a single curve exhibiting scaling in
this space as expected from the theory presented in § 2. The equation of this curve is
mathematically given by the finite-Re model (2.18). A least-squares fit (using MATLAB
function nlinfit) of this model to the data is shown in figure 3(a). The values of model
constants A1 and B1 are also shown along with the respective 95 % confidence intervals
given parenthetically. Departure of the data from the fitted model is quantified by the
root-mean-squared error (RMSE) and is displayed in figure 3(a). Here, RMSE is the square
root of the mean squared error, a measure of the spread of the residuals, returned by the
MATLAB nlinfit function. To visualise how well the data ‘scale’ in figure 3(a), we compute
the percentage deviation of the actual values of Uτ with respect to those obtained from the
fit of the model. These deviations are shown in figure 3(b). It is clear that almost all the
percentage deviations are within ±1 % which is on par with the measurement uncertainty
of skin friction in channel flows (Schultz & Flack 2013). The root-mean-squared (RMS)
value of these percentage deviations is 0.64 %; percentage deviations are squared, averaged
and then the square root is taken. Figure 3(c) shows the probability histogram of percentage
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Data set code Uτ (m s−1) U∞(m s−1) L(m) M(m3 s−2) Ũτ L̃ H G/Gref

Channel:Exp 0.0750 1.687 0.0127 0.0292 2.4120 × 10−6 4.1857 × 108 1.356 0.869
0.1453 3.481 0.0127 0.1267 1.0778 × 10−6 1.8152 × 109 1.309 0.832
0.2996 7.734 0.0127 0.6278 4.4681 × 10−7 9.0598 × 109 1.278 0.826
0.4400 11.861 0.0127 1.5167 2.7393 × 10−7 2.1519 × 1010 1.269 0.840

Channel:DNS1 0.0544 1.000 0.0504 0.0390 2.0933 × 10−5 8.7420 × 106 1.617 1.030
0.0481 1.000 0.1714 0.1356 5.3253 × 10−6 1.0328 × 108 1.402 0.877
0.0446 1.000 0.3358 0.2682 2.4955 × 10−6 4.0033 × 108 1.350 0.855
0.0415 1.000 0.7310 0.5945 1.0469 × 10−6 1.9314 × 109 1.305 0.828
0.0385 1.000 1.5880 1.3152 4.3942 × 10−7 9.2826 × 109 1.271 0.815

Channel:DNS2 0.0415 1.103 1.0000 1.0127 3.2772 × 10−7 1.5825 × 10 1.259 0.803
0.0459 1.119 1.0001 1.0172 1.0373 × 10−6 1.9232 × 109 1.307 0.842
0.0500 1.130 0.9995 1.0205 2.4511 × 10−6 4.0798 × 108 1.349 0.860

Pipe:Exp 0.2089† 4.822 0.0647 1.1649 2.8470 × 10−6 2.9890 × 108 1.366 0.910
0.2683† 6.347 0.0647 2.0311 2.1012 × 10−6 5.1902 × 108 1.353 0.907
0.3455† 8.413 0.0647 3.5870 1.5047 × 10−6 9.5054 × 108 1.340 0.908
0.4320 10.721 0.0644 5.9031 1.1206 × 10−6 1.6225 × 109 1.330 0.906
0.7919 20.740 0.0646 22.2844 5.4696 × 10−7 6.0712 × 109 1.301 0.892
0.4183 11.414 0.0639 6.7548 3.2803 × 10−7 1.5396 × 1010 1.283 0.884
0.5437 15.058 0.0645 11.9454 2.4188 × 10−7 2.7264 × 1010 1.271 0.869
0.7035 19.946 0.0645 21.0737 1.7792 × 10−7 4.7821 × 1010 1.264 0.871
0.9003 25.967 0.0645 35.8917 1.3382 × 10−7 8.1286 × 1010 1.256 0.864
0.2423 7.177 0.0645 2.7571 9.2777 × 10−8 1.5952 × 1011 1.249 0.870
0.3230 9.785 0.0645 5.1447 6.6329 × 10−8 2.9714 × 1011 1.241 0.866
0.4136 12.776 0.0644 8.7703 4.9918 × 10−8 5.0414 × 1011 1.235 0.864
0.5411 17.092 0.0646 15.8127 3.6435 × 10−8 9.0123 × 1011 1.231 0.872
0.4721 15.457 0.0645 12.9921 2.0345 × 10−8 2.6718 × 1012 1.222 0.876
0.1759 5.884 0.0646 1.8924 1.3824 × 10−8 5.5271 × 1012 1.216 0.872
0.2358 8.075 0.0646 3.5686 9.8598 × 10−9 1.0356 × 1013 1.213 0.885
0.2147 7.480 0.0644 3.0613 7.6111 × 10−9 1.6736 × 1013 1.211 0.891
0.2782 9.879 0.0645 5.3496 5.6476 × 10−9 2.9267 × 1013 1.206 0.890
0.3652 13.150 0.0644 9.4836 4.1915 × 10−9 5.1578 × 1013 1.203 0.894
0.4821 17.626 0.0644 17.1143 3.0905 × 10−9 9.1645 × 1013 1.199 0.894
0.9127 34.590 0.0645 66.9222 1.5189 × 10−9 3.4819 × 1014 1.193 0.901

Pipe:DNS1 0.0523 1.000 0.0520 0.0396 1.9812 × 10−5 9.1387 × 106 1.628 1.085
0.0485 1.000 0.1116 0.0857 8.4897 × 10−6 4.2548 × 107 1.469 0.967
0.0459 1.000 0.1798 0.1383 4.9774 × 10−6 1.1051 × 108 1.416 0.942
0.0427 1.000 0.3511 0.2737 2.3389 × 10−6 4.2714 × 108 1.367 0.926

Pipe:DNS2 0.5295 10.000 0.0049 0.3706 2.1435 × 10−5 7.9988 × 106 1.652 1.096
0.4663 10.000 0.0161 1.2404 5.6394 × 10−6 8.8707 × 107 1.431 0.942
0.4243 10.000 0.0354 2.7427 2.3204 × 10−6 4.3178 × 108 1.373 0.942
0.4006 10.000 0.0750 6.0390 9.9511 × 10−7 2.0131 × 109 1.323 0.897

Table 1. Experimental and DNS data of fully developed channel and pipe flows from the literature. See
table 3 for the references and data sources.

deviations of figure 3(b). The histogram is narrow and without any noticeable skew. This
confirms that the channel flow data scale quite well in the M–ν scaling framework, and the
finite-Re model (2.18) accurately describes the variation in the data. Figures 4 and 5 show
results of the same processing carried out on the pipe and ZPG TBL data, respectively.
The conclusions are largely the same. Somewhat increased scatter in the percentage Uτ

deviations for ZPG TBLs (figure 5b) and a weak skew in the corresponding probability
histogram (figure 5c) are attributed to the inherent larger measurement uncertainty of Uτ

(±2.5 %) in ZPG TBLs. For pipes and channels, this uncertainty is approximately ±1 %,
since there is privilege to infer Uτ from accurate pressure drop measurements in fully
developed internal flows.
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Data set code Uτ (m s−1) U∞(m s−1) L(m) M(m3 s−2) Ũτ L̃ H G/Gref

ZPG TBL:Exp1 0.4575 12.500 0.0853 9.7116 7.1579 × 10−7 3.5878 × 109 1.350 1.042
ZPG TBL:Exp2 0.7068 20.239 0.0838 25.2919 4.2274 × 10−7 9.2575 × 109 1.329 1.042

0.6824 20.497 0.1473 46.1912 2.2576 × 10−7 2.9126 × 1010 1.309 1.044
0.6607 19.968 0.1833 55.0135 1.8353 × 10−7 4.3183 × 1010 1.295 1.013
0.6379 19.910 0.2564 77.1017 1.2589 × 10−7 8.5372 × 1010 1.291 1.035

ZPG TBL:Exp3 0.6073 19.000 0.2677 72.8688 1.2584 × 10−7 8.5568 × 1010 1.286 1.023
ZPG TBL:Exp4 0.3286 9.083 0.0272 1.6341 6.8558 × 10−7 3.7774 × 109 1.348 1.049

0.3165 9.215 0.0273 1.7191 3.4310 × 10−7 1.3451 × 1010 1.315 1.024
0.3042 9.294 0.0284 1.8582 1.7105 × 10−7 4.8188 × 1010 1.289 1.007
0.2921 9.328 0.0270 1.8222 8.5846 × 10−8 1.6930 × 1011 1.262 0.974
0.2842 9.461 0.0257 1.8126 4.5766 × 10−8 5.4762 × 1011 1.247 0.969
0.2751 9.505 0.0258 1.8369 2.6531 × 10−8 1.5097 × 1012 1.238 0.978
0.2655 9.550 0.0291 2.1345 1.3259 × 10−8 5.4702 × 1012 1.230 0.990

ZPG TBL:Exp5 0.2690 6.025 0.0343 0.9164 4.5640 × 10−6 1.3020 × 108 1.433 0.995
0.4030 9.838 0.0418 2.9777 2.1043 × 10−6 5.1505 × 108 1.385 0.999
0.7270 18.950 0.0364 9.4896 1.1911 × 10−6 1.4275 × 109 1.364 1.024
0.5120 14.330 0.0347 5.3547 3.9018 × 10−7 1.1143 × 1010 1.311 0.976
0.5730 17.164 0.0418 9.8128 1.1878 × 10−7 9.9160 × 1010 1.274 0.947

ZPG TBL:Exp6 0.6735 17.129 0.0258 5.3334 1.9064 × 10−6 6.0272 × 108 1.395 1.059
0.6575 16.676 0.0258 5.0580 1.9624 × 10−6 5.7277 × 108 1.397 1.061
0.4946 12.047 0.0258 2.6506 2.8168 × 10−6 3.0034 × 108 1.409 1.040
0.7718 19.944 0.0274 7.7779 1.4979 × 10−6 9.3461 × 108 1.377 1.040
0.9479 24.991 0.0273 12.2712 1.1661 × 10−6 1.4707 × 109 1.364 1.035
0.9978 26.414 0.0274 13.7507 1.0954 × 10−6 1.6505 × 109 1.361 1.032
1.1212 29.922 0.0271 17.5895 9.6226 × 10−7 2.0951 × 109 1.354 1.025
0.4767 11.528 0.0250 2.3581 3.0515 × 10−6 2.5889 × 108 1.410 1.034
0.4961 12.074 0.0252 2.6051 2.8747 × 10−6 2.8803 × 108 1.407 1.035
0.6618 16.777 0.0254 5.0423 1.9813 × 10−6 5.6125 × 108 1.394 1.054
0.6837 17.413 0.0255 5.4661 1.8882 × 10−6 6.1063 × 108 1.392 1.055
0.7761 20.062 0.0248 7.0926 1.6520 × 10−6 7.7242 × 108 1.385 1.058
1.0565 28.084 0.0238 13.3735 1.1926 × 10−6 1.3970 × 109 1.374 1.064
1.1228 29.967 0.0239 15.3402 1.1049 × 10−6 1.6119 × 109 1.370 1.060

ZPG TBL:DNS1 0.0462∗ 1.001 2.7714 1.9994 6.6087 × 10−6 6.7406 × 107 1.437 0.970
0.0438∗ 1.000 3.7976 2.7017 4.6366 × 10−6 1.2461 × 108 1.424 0.999
0.0422∗ 0.999 4.6719 3.3136 3.6424 × 10−6 1.8955 × 108 1.418 1.026
0.0390 1.002 9.5137 6.9184 1.6122 × 10−6 8.1064 × 108 1.381 1.042
0.0384 1.003 10.6300 7.7192 1.4227 × 10−6 1.0101 × 109 1.379 1.055
0.0379 1.003 11.7809 8.5434 1.2687 × 10−6 1.2384 × 109 1.376 1.064
0.0374 1.001 12.9939 9.3818 1.1401 × 10−6 1.4994 × 109 1.373 1.070
0.0371 1.001 14.1632 10.2361 1.0366 × 10−6 1.7824 × 109 1.370 1.071
0.0368 1.000 15.3795 11.1037 9.4786 × 10−7 2.0989 × 109 1.366 1.071

ZPG TBL:DNS2 0.0385 1.000 0.4949 0.3509 1.6477 × 10−6 7.7169 × 108 1.392 1.074
0.0386 1.000 0.4831 0.3424 1.6928 × 10−6 7.3532 × 108 1.393 1.073
0.0391 1.000 0.4395 0.3109 1.8856 × 10−6 6.0732 × 108 1.397 1.069

Table 2. Experimental and DNS data of ZPG TBLs from the literature. See table 3 for the references and
data sources.

The results of figures 3–5 provide compelling evidence in favour of the theory presented
in § 2. Indeed, the M–ν scaling ((2.17) and (2.18)) is seen to scale and describe individual
data from ZPG TBLs, pipes as well as channels, to an excellent accuracy. This implies
that the functional forms of (2.17) and (2.18) do not depend on the BCs and geometry, as
expected from the theory of § 2. It is, however, important to note that the values of model
constants A1 and B1 in (2.18) do in fact vary from one flow to the other. This variation is
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Data set code Reference paper - data hyperlink/provided/digitised

Channel:Exp Schultz & Flack (2013) - Provided by the authors upon request
Channel:DNS1 Bernardini, Pirozzoli & Orlandi (2014) - http://newton.dma.uniroma1.it/channel/stat/
Channel:DNS2 Lee & Moser (2015) - https://turbulence.oden.utexas.edu/channel2015/data/
Pipe:Exp Zagarola & Smits (1998) - https://smits.princeton.edu/zagarola/
(with † in table1)
Pipe:Exp Mckeon et al. (2004) - https://smits.princeton.edu/mckeon/
(without † in table1)
Pipe:DNS1 El Khoury et al. (2013) - https://kth.app.box.com/v/straightpipestat/
Pipe:DNS2 Chin, Monty & Ooi (2014) - https://www.adelaide.edu.au/directory/rey.chin/
ZPG TBL:Exp1 Zambri et al. (2013) - Provided by the authors upon request
ZPG TBL:Exp2 Marusic et al. (2015) - Provided by the authors upon request
ZPG TBL:Exp3 Talluru et al. (2014) - Provided by the authors upon request
ZPG TBL:Exp4 Vallikivi et al. (2015)

- https://smits.princeton.edu/high-reynolds-number-boundary-layer-data/
ZPG TBL:Exp5 De Graaff & Eaton (2000) - Digitised from figure 2 of the reference
ZPG TBL:Exp6 Örlü & Schlatter (2013) - https://kth.app.box.com/v/TBL-EXP-ZPGTBL/
ZPG TBL:DNS1 Jiménez et al. (2010) - https://torroja.dmt.upm.es/turbdata/blayers/low_re/
(with ∗ in table1)
ZPG TBL:DNS1 Sillero, Jiménez & Moser (2013) - https://torroja.dmt.upm.es/turbdata/blayers/high_re/
(without ∗ in table1)
ZPG TBL:DNS2 Schlatter & Örlü (2010) - https://www.mech.kth.se/~schlatt/DATA/

Table 3. References and sources for the data listed in tables 1 and 2.

clear from the values listed in figures 3(a)–5(a), and is most likely to be due to the effects
of BCs at finite Reynolds numbers and geometry as discussed in § 2.

4.2. Does M–ν scaling in (̃L, Ũτ ) space hold for different flow types taken together?
Figure 6 shows the same processing of the data as for figures 3–5, but this time with the
data from all different flow types (tables 1 and 2) put together. Figure 6(a) shows the fit
of the finite-Re model (2.18) performed for all the data taken together. RMSE value for
the fitted curve in figure 6(a) shows a twofold increase compared with the RMSE values
seen in figures 3(a)–5(a). Figure 6(b) shows that most of the deviations remain confined
to the band of ±2.5 % in Uτ which is typical of skin friction measurement uncertainties
in ZPG TBLs. RMS percentage deviation is 1.69 which is more than twice the values for
individual flows. Differences in the percentage deviations for ZPG TBLs and pipe flow
data at high Reynolds numbers are now confined to less than 5 %. Thus, there is some
improvement over the disagreement of 7 % noted earlier for the traditional (Reθ , Cf ) space.
This suggests that the M–ν scaling enables somewhat better collapse of all the data from
different flows compared with the traditional scaling.

However, it is interesting to note that the ZPG TBL deviations in figure 6(b)
systematically drift to negative values with increasing Reynolds number. The opposite
is true for the pipe flow data. This can be readily seen in figure 6(c) as well where
the probability histograms are biased to the right side for pipes and channels, and to
the left side for ZPG TBLs. The probability histogram for all the data is therefore
rather flat. Hence, one may conclude that the data from different types of flows do
not collapse very well onto each other and hence, onto the curve of the fitted model.
Trends in figure 6(b) imply that, with increasing Reynolds number, the ZPG TBL data
in figure 6(a) progressively deviate downward with respect to the model curve while the
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106 1010 1014

(a)

(b) (c)

Figure 3. Channel flow skin friction data of table 1. (a) The M–ν scaling framework i.e. the (̃L, Ũτ ) space.
Solid line shows least-squares fit of the finite-Re model (2.18) to the data. Fitting constants are also shown
along with the RMSE for the fit.(b) Percentage deviations in the actual values of Uτ with respect to those
computed using the finite-Re model fitted in (a). Dashed lines indicate the band of [−1, 1] and dashed-dotted
lines indicate the band of [−2.5, 2.5]. RMS value of the percentage deviations is also shown. (c) Probability
histogram for the percentage deviations. Probability values for the two bands [−1, 1] (dashed lines) and [−2, 2]
(dashed-dotted lines) are also shown.

pipe (and channel) data deviate upward. Since the asymptotic dynamical framework is
universal (see § 2), the persistent discrepancies in the M–ν scaling trends must come from
aspects of different flows that are outside the scope of the theory of § 2. Therefore, these
discrepancies could well be related to the differences in the BCs at finite Reynolds numbers
and geometry amongst different flow types as discussed before in § 2. If indeed, this were
the case, absorbing these differences into the framework of M–ν scaling appears to be the
key to universal scaling of skin friction.

5. Universal M–ν–G scaling of skin friction in ZPG TBLs, pipes and channels

With the discussion in the preceding as a plausible premise, we begin by considering why
the BCs and flow geometry could become important for scaling of mean skin friction
at finite Reynolds numbers. The answer to this question lies in two facts that are now
well established in the literature on wall turbulence. First, the large-scale structures are
known to contribute significantly (and increasingly with Reynolds number) to the mean
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Figure 4. Pipe flow skin friction data of table 1. Remaining details same as the caption of figure 3.

skin friction (Hwang 2013; De Giovanetti et al. 2016; Hwang & Sung 2017; Agostini &
Leschziner 2019; Fan, Cheng & Li 2019). Second, these structures are strongly influenced
by the BCs and flow geometry as observed in the matched-Reτ experiments of ZPG
TBL, pipe and channel by Monty et al. (2009). To elaborate somewhat on this point, it
is worth quoting the following from Monty et al. ‘. . . it is clear that the conditions in
pipes/channels must permit the very large modes to persist further from the wall than in
boundary layers (in which they are largely constrained to the log region) . . . Also, far
from the wall (z/δ ≥ 0.6), the geometrical freedom of the boundary layer is highlighted
as energy ultimately decays to zero at the edge of the boundary layer, while the internal
flows remain turbulent through the core. . ..’ The ‘conditions’ and ‘geometrical freedom’
clearly relate to the effects of the BCs and geometry being discussed here. Moreover,
Monty et al. note that the profiles of streamwise TKE (figure 1(b) therein) from these
flows collapse and show no signature of these effects; this is attributed to different spectral
redistributions of the streamwise TKE. However, the mean velocity profiles clearly show
increasing degree of fullness (or decreasing strength of the wake component) in the order
ZPG TBL, pipe and channel (figures 1(a) and 2(a) in Monty et al.). Due to the confined
nature of internal flows, the wake factors are lesser (profiles are fuller) than those in ZPG
TBLs where there is no confinement in the wall-normal direction. Between channels and
pipes, the BCs are identical but the geometry is different. Specifically, the x–y planes
are parallel to each other in a channel since the flow is not constrained in the spanwise
direction. This is not the case in pipes, where, due to azimuthally constrained geometry,
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Figure 5. ZPG TBL skin friction data of table 2. Remaining details same as the caption of figure 3.

the x–y planes come increasingly closer as the centreline is approached. Therefore, due to
mass conservation, one may imagine pipe flow to have larger mean velocities (and hence
stronger wake component) near the centreline compared with the channel flow at the same
Reτ . Thus, the differences in the BCs at finite Reynolds numbers, flow geometry and the
outer-layer structures in these flows are consistent with the differences in the fullness of
their mean velocity profiles. In view of this, it seems plausible that the shape of the mean
velocity profile may be the missing link towards the universal scaling of skin friction in
ZPG TBLs, pipes and channels.

5.1. Clauser shape factor G
An objective integral measure of the fullness of the mean velocity profile is its shape
factor. As pointed out by Clauser (1956), mean velocity profiles of ZPG TBLs exhibit
self-similarity in defect coordinates. Therefore, it is appropriate to define shape factor
based on defect profiles such that it would be constant for a given self-similar (defect
scaled) TBL flow. Clauser defines this shape factor as

G :=
∫ ∞

0

(
U − U∞

Uτ

)2

d
( y
Δ

)
, (5.1)
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Figure 6. Skin friction data of all the flows listed in tables 1 and 2. Panel (c) shows probability histograms for
the percentage deviations for the individual flow types as well as for the complete data. Remaining details same
as the caption of figure 3.

where Δ is the integral thickness based on mean velocity profiles in defect scaling

Δ :=
∫ ∞

0

(
U − U∞

Uτ

)
dy. (5.2)

Further, G and Cf are related (Clauser 1956) to the conventional shape factor H (ratio of
displacement to momentum thickness) by

H =
(

1 − G
√

Cf /2
)−1

. (5.3)

Note that (5.1)–(5.3) can be readily applied to turbulent pipes and channels as well. Since
the mean velocity profile fullness increases (defect decreases) in the order ZPG TBL, pipe
and channel (see Monty et al. 2009), GZPG TBL > Gpipe > Gchannel at matched Reτ .

For ZPG TBLs, G ≈ 6.8 at moderate and high Reynolds numbers (Clauser 1956). To
compare the fullness of mean velocity profiles from different flows, this asymptotic value
of G for ZPG TBLs could be taken as an arbitrary, yet useful, reference i.e. Gref = 6.8.
With this, the departure of the fullness of a mean velocity profile (in any flow) from the
reference fullness could be quantified by (G − Gref )/Gref , or simply by the ratio G/Gref .
Using (5.3), G/Gref may be expressed as

G
Gref

= U∞
Gref Uτ

(
H − 1

H

)
= Ũ∞

Gref Ũτ

(
H − 1

H

)
, (5.4)
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where Ũ∞ = U∞ν/M. Note that Ũ∞ and H are known parameters from a measured or
computed mean velocity distribution, and Gref = 6.8 is a constant. Thus, G/Gref itself is
a function of Ũτ .

5.2. Universal, semi-empirical M–ν–G scaling and finite-Re model: the (̃L′, Ũ′
τ ) space

Momentum rate M does, to some extent, capture the fullness of a mean velocity profile.
This explains why the M–ν scaling is able to reduce the disagreement in Uτ from 7 % in
figure 2 to 5 % in figure 6 (see § 4.2). However, a correct measure of the fullness needs to
view the mean velocity profile with respect to the free stream (Clauser 1956). Therefore,
comparing the definitions (2.14) and (5.1), it is clear that M cannot be a complete measure
of the fullness of the mean velocity profiles. Therefore, the M–ν scaling needs a formal
correction to account for the differences in the fullness of the mean velocity profiles.
In view of the discussion in the previous sections, such a correction should be based
on G (or G/Gref ) if one wishes to obtain a universal scaling of skin friction for all
flows.

We now attempt to introduce this empirical correction. The expectation is that this
M–ν–G scaling would lead to a much better collapse of the data from all the flows than the
M–ν scaling alone. Towards this, we propose an empirical transformation of the variables
L̃ and Ũτ using correction factors that are functions of the ratio G/Gref . Specifically, we
assume the correction factors to have a power-law functional form and define our new
shape-factor-corrected variables as

Ũ′
τ := Ũτ (G/Gref )

p, (5.5)

L̃′ := L̃(G/Gref )
q, (5.6)

where p and q (p /= q, in general) are empirical constants. Note that the original
dimensionless variables L̃ and Ũτ (of M–ν scaling) have been respectively transformed
to the new variables L̃′ and Ũ′

τ (of M–ν–G scaling). We expect data from all flows to scale
universally in the new (̃L′, Ũ′

τ ) space.
Two points related to the M–ν–G scaling need some emphasis. First, since one major

purpose of the correction is to account for differences in BCs at finite Reynolds numbers,
it makes sense to apply the correction only to the finite-Re model (2.18). That is, we only
seek to construct a universal finite-Re model, and do not attempt to derive an asymptotic
scaling law in the M–ν–G scaling. This is because, at present, we are not aware of a
theoretical approach which would include G into the asymptotic analysis of M–ν scaling
(§§ 2.1–2.3) without resorting to empirical scaling descriptions such as the defect scaling.
Second, we propose that the functional form of the (supposedly) universal finite-Re model
should be the same as that of (2.18). That is, the original variables L̃ and Ũτ in (2.18)
may simply be replaced by the new variables L̃′ and Ũ′

τ , respectively. The basis for
this proposal is that the universal model should correctly reduce to (2.18) for individual
flows.

In view of the above, the (supposedly) universal finite-Re model in M–ν–G scaling,
reads

Ũ′
τ = A′

1

ln L̃′ L̃
′
[
B′

0+B′
1/

√
ln L̃′

]
, (5.7)

where A′
1, B′

0 and B′
1 are model constants. To check the reduction of (5.7) to (2.18) for

only ZPG TBLs, note that G/Gref ≈ 1 already. Therefore, the functional form of (5.7)
reduces to that of (2.18), as expected. Also, the fitting constant B′

0 is known to be −1/2
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for ZPG TBLs from the universal asymptotic scaling law (2.17). Therefore, with A′
1 = A1,

B′
0 = −1/2 and B′

1 = B1, (5.7) readily reduces to (2.18) for ZPG TBLs. Further, note that
Gref = 6.8 is just an arbitrary reference value, chosen to be equal to the value of G in ZPG
TBLs. If one wishes to consider how (5.7) reduces for only pipes (channels), then the value
of Gref should be chosen to be equal to the asymptotic value of G in pipes (channels), so
that G/Gref ≈ 1 for pipes (channels). With this, the fitting constant B′

0 is again known to be
−1/2 from the universal asymptotic scaling law (2.17). Then, with A′

1 = A1, B′
0 = −1/2

and B′
1 = B1, (5.7) readily reduces to (2.18) applicable to pipes (channels).

The aim of (5.7) is to universally describe skin friction data in all the flows taken
together. Hence, the correction factor is chosen with a common normalisation using
Gref = 6.8. As may be seen from tables 1 and 2, G/Gref /= 1 for all the data. Hence,
the value of the fitting constant B′

0 in (5.7), in this case, cannot be specified to be −1/2;
in fact, it is expected to be different from it. This is because the asymptotic, universal
−1/2 power scaling law (2.17) formally holds only in (̃L, Ũτ ) space (i.e. M–ν scaling) and
not in the new (̃L′, Ũ′

τ ) space (i.e. M–ν–G scaling). It is re-emphasised that the proposed
corrections, although guided by the data and the physical understanding outlined before,
are purely empirical in nature. The contention is that the finite-Re model in M–ν–G scaling
(5.7), universally describes all the data from different types of flows to an approximation
significantly better than (2.18).

In order to complete the universal finite-Re model (5.7), one needs to determine
the values of five constants namely p, q, A′

1, B′
0 and B′

1. Towards this, we use the
following approach involving simple optimisation and model curve fitting. First, we
arbitrarily select the values for p and q, and compute L̃′ and Ũ′

τ for the data. Next,
we perform a nonlinear least-squares fit (using the MATLAB function nlinfit) of the
shape-factor-corrected finite-Re model (5.7) to the data, and obtain the RMSE of the data
with respect to the fitted curve. Finally, we systematically and independently vary the
values of p and q each over the (arbitrary) range −10 to 10, and for each pair of values
( p, q), we repeat the above procedure and monitor the RMSE value. The pair ( p, q)

exhibiting the minimum RMSE for the fitted model is considered as the optimised pair
( popt, qopt), and the values of A′

1, B′
0 and B′

1 corresponding to this fit of the model are
finalised for further analysis.

Figure 7(a) shows all the data plotted in the space (̃L′, Ũ′
τ ) of M–ν–G scaling. The

least-squares fit of (5.7) to all the data is shown by the solid line. Note that the optimisation
and curve-fitting process mentioned in the preceding paragraph goes back and forth
between the data and curve fit in figure 7(a). The optimum values of p and q in (5.5)
and (5.6) turn out to be popt = 1.006 and qopt = −1.489, as shown in figure 7(a). Also,
the values of the constants in (5.7) turn out to be A′

1 = 2.2058, B′
0 = −0.4716 and

B′
1 = −0.3147. A careful look at figures 6(a) and 7(a) indicates discernible improvement

in data collapse when the shape factor correction is included i.e. switching over from M–ν

scaling to M–ν–G scaling. Figures 6(b) and 7(b) quantify this improvement. The RMSE
with reference to the corresponding finite-Re model improves significantly by almost an
order of magnitude from 0.01736 (figure 6b) to 0.00665 (figure 7b). It is interesting to
note that B′

0 = −0.4716 with the inclusion of the shape factor effect (see figure 7b). As
discussed before, this value is indeed different from the asymptotic universal scaling-law
exponent of −1/2. Figure 7(b) demonstrates that the shape factor correction dramatically
reduces the differences in the trends noted earlier in figure 6(b). This is clear from the
reduction in the RMS percentage deviation in Uτ by more than a factor of two from 1.72
(figure 6b) to 0.80 (figure 7b). Figure 7(c) reflects this dramatic improvement in the data
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Channel, P[–1,1] = 0.75, P[–2,2] = 1.00
Pipe, P[–1,1] = 0.86, P[–2,2] = 1.00
ZPG TBL, P[–1,1] = 0.82, P[–2,2] = 0.93

Figure 7. Skin friction data of all the flows listed in tables 1 and 2. (a) The (̃L′, Ũ′
τ ) space. Solid line shows

least-squares fit of the universal finite-Re model (5.7) to the data. Panel (c) shows probability histograms for
the percentage deviations for the individual flow types as well as for the complete data. Remaining details same
as the caption of figure 3.

collapse in terms of clustering of the probability histograms for all types of flows around
the percentage Uτ deviation value of zero. Figure 7(c) is to be contrasted with figure 6(c).

One caveat needs to be noted before closing this discussion. Percentage deviations
of the four highest Reynolds number ZPG TBL data (the last four data points of ZPG
TBL:Exp4 data set in table 2) are close to −2.5 %, as seen in figure 7(b). For the pipe flow
data, however, these deviations remain very close to +1 % even at the highest Reynolds
numbers. This discrepancy, although largely acceptable for engineering calculations,
presents a hurdle in inferring a true tendency towards asymptotic M–ν–G scaling of
the skin friction from the experimental data on ZPG TBLs and pipes. The discrepancy
is most likely to be related to the method of measuring skin friction in experiments.
Unfortunately, most skin friction measurements in high-Re ZPG TBLs (including ZPG
TBL:Exp4 data set) rely on a Clauser chart or on Fernholz’s correlation (Vallikivi et al.
2015). These methods essentially rely on the universal log law for mean velocity variation
(Dixit et al. 2020). Pipe flows, on the other hand, allow accurate direct measurement
of skin friction through pressure drop measurement. It is known that the log-law-based
friction factor models in pipe flows need adjustment of constants at extreme Reynolds
numbers (McKeon et al. 2005; Dixit et al. 2021). Whether such an adjustment is required
for Fernholz’s correlation in ZPG TBLs is an open question that can only be addressed
by direct measurements of skin friction at high Reynolds numbers using techniques such
as oil film interferometry. In view of this, there is no way to assess the inherent realistic
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uncertainty in the measured skin friction for the four highest Reynolds number ZPG TBL
data of figure 7(b). Future experiments with direct measurement of skin friction in high-Re
ZPG TBLs should be able to settle this issue and assess the true asymptotic applicability
of M–ν–G scaling in the limit Re → ∞.

Notwithstanding this, and within the uncertainties of the data, the results of figure 7
provide strong support in favour of the universal M–ν–G scaling and finite-Re model (5.7)
for skin friction in all flows at finite Reynolds numbers.

5.3. Converting from (̃L′, Ũ′
τ ) space to three-dimensional (̃L, G/Gref , Ũτ ) space

Equation (5.7) universally (for all flows) relates the variables L̃′ and Ũ′
τ in the M–ν–G

scaling according to the general functional form

Ũ′
τ = F2(̃L′), (5.8)

so that Ũ′
τ is a function of a single variable L̃′. Equation (5.8) may be converted back to the

original variables L̃ and Ũτ along with the third variable G/Gref that amounts to the shape
factor correction. Expanding (5.7) using the definitions (5.5) and (5.6), and rearranging
yields

Ũτ = A′
1

ln[̃L(G/Gref )q]
[̃L(G/Gref )

q]

[
B′

0+
B′

1√
ln[̃L(G/Gref )q]

]
(G/Gref )

−p. (5.9)

Equation (5.9) shows that Ũτ is a function of two variables, namely L̃ and G/Gref , wherein
G/Gref in turn depends on Ũτ according to (5.4). Therefore, the universal finite-Re model
(5.7) translates to an implicit (in Ũτ ) expression of the general form

Ũτ = F3(̃L, G/Gref ), (5.10)

where the functional form of F3 is given by the right side of (5.9).
Figure 8 shows all the data plotted in the three-dimensional space (̃L, G/Gref , Ũτ ). Also

plotted is the surface given by (5.9) with values of all the empirical constants the same as
those obtained in the previous section. It is clear that the data points conform very well to
the surface, implying universal scaling according to (5.7) or (5.9).

6. Conclusion

Scaling of mean skin friction in different types of turbulent wall-bounded flows has been
investigated in this work. Specifically, we explore the possibility of universal scaling of
skin friction in ZPG TBLs, pipes and channels. The main points addressed in this work
may be summarised as follows:

(i) Based on the process of conversion of the SMFKE into the kinetic energy of
turbulence by the largest eddies of the flow, a new derivation (§ 2) of the asymptotic,
universal, −1/2 power scaling law for skin friction (2.17) is presented. The scaling
framework is based on the shear flow momentum rate M and fluid kinematic
viscosity ν which emerge as new, dynamically relevant scaling parameters for
skin friction (the M–ν scaling). The governing equations and asymptotic BCs are
identical (universal) for all the three flows under consideration here. Therefore, the
asymptotic scaling law (2.17) in the M–ν scaling framework is also universal for all
the flows.
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Figure 8. Skin friction data in the three-dimensional space of L̃, G/Gref and Ũτ variables as per (5.9) and
(5.8). Shading represents the surface given by (5.9) using p = popt = 1.006, q = qopt = −1.489, A′

1 = 2.2058,
B′

0 = −0.4716 and B′
1 = −0.3147 as shown earlier in figure 7(a). Panel (b) shows an almost along-the-surface

view of the same data as in (a). This panel confirms tight collapse of the data points onto the surface given by
(5.9).

ZPG

TBLs

Identical

governing

equations

M–v scaling

framework

Asymptotic,

universal –1/2 power

scaling law (2.17)

Non-universal finite-Re
model (2.18) individually

applicable to each flow

Universal finite-Re
model (5.7) applicable

to all flows

Identical

asymptotic BCs

as Re → ∞

Different BCs at

finite Re, geometry

and structures
Empirical G/Gref

correction

Semi-empirical

M–v–G scaling

framework

Pipes Channels

Figure 9. A bird’s-eye view of the skin friction scaling approach of the present paper. Arrows are indicative of
contributions to a box from one or more of the earlier boxes. Solid arrows indicate the steps in the M–ν scaling
whereas dashed arrows indicate the steps in the M–ν–G scaling. Boxes with thick dark borders show the M–ν

or M–ν–G scaling. Shaded boxes at the bottom contain final results of the present paper.

(ii) The finite-Re model (2.18) in M–ν scaling is based on the universal asymptotic law
(2.17). This model is seen to apply well to individual flow types. However, the values
of model constants in (2.18) vary from one flow type to the other. This demonstrates
that the functional form of (2.18) remains universal but the model constants do not.
The BCs in different flows are distinct at finite Reynolds numbers. Therefore, at finite
Reynolds numbers, BCs and flow geometry both influence the outer-layer structures
differently in different types of flows. This appears to be the reason for differing
(non-universal) values of model constants in different flows. As a result, the finite-Re
model in M–ν scaling fails to describe data from all flows in a universal fashion.

(iii) It is argued that the shape (fullness) of the mean velocity profile could be a measure
of the effects, on the scaling of mean skin friction, of differing BCs at finite
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Reynolds numbers, flow geometry and outer-layer structural aspects in different
flows. Therefore, an empirical correction to the M–ν scaling is proposed based on
Clauser’s shape factor G. This leads to a new, universal M–ν–G scaling wherein data
from ZPG TBLs, pipes and channels remarkably collapse onto a single, universal
curve. This curve is described by the universal finite-Re model in M–ν–G scaling
(5.7) to an excellent accuracy. Apparently, it is not possible to derive an asymptotic,
universal scaling law within the M–ν–G framework purely from the governing
equations without appeal to the empirical defect scaling.

Finally, figure 9 presents a bird’s-eye view of the complete scaling approach studied in
this work. It would be interesting to investigate if the present M–ν–G scaling approach
extends to other non-canonical flows such as TBLs in favourable and adverse pressure
gradients, non-equilibrium TBL flows such as over aerofoils etc. However, this extension
is out of the scope of the present paper and will be the subject of further study.
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Appendix A. The M–ν scaling of skin friction in ZPG TBLs

A.1. Asymptotic −1/2 power law
Recently, Dixit et al. (2020) have considered the asymptotic form of the integral
momentum equation for ZPG TBLs where the flow is two-dimensional in the mean. They
show that an asymptotic skin friction law, previously unrecognised, may be derived in
a novel M–ν scaling; this scaling is motivated from the work of Gupta et al. (2020) on
turbulent wall jets. ZPG TBL data collapse to a universal curve when plotted in the (̃L, Ũτ )

space of M–ν scaling (see figure 2(a) of Dixit et al.). In the limit Re → ∞, the asymptotic
skin friction law for ZPG TBLs in the M–ν scaling

Ũτ ∼ L̃−1/2. (A1)

Note that, in the traditional framework, the dimensionless friction velocity is Uτ /U∞ :=√
Cf /2 and the dimensionless boundary layer thickness is the Reynolds number

ReL := LU∞/ν. Comparing these with the definitions of Ũτ = Ũτ := Uτ ν/M and L̃ =
L̃ := LM/ν2 indicates that Ũτ is akin to

√
Cf /2, and L̃ is akin to ReL when U∞ is replaced

by the velocity scale M/ν.
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A.2. Finite-Re model
The −1/2 power-law (A1) is valid only in the limit Re → ∞ and finite-Re corrections are
required to obtain the correct functional form that describes the data (in the M–ν scaling)
over the complete range of (finite) Reynolds numbers. Towards this, Dixit et al. have
proposed writing the skin friction law more generally as Ũτ = ÃLB. The dimensionless
coefficient A and exponent B have then been expanded in terms of semi-empirical
asymptotic series expansions such that A → 0 and B → −1/2 in the limit Re → ∞. The
asymptotic condition A → 0 deserves some discussion. In the limit Re → ∞, the mean
velocity profile across the thickness of the shear flow asymptotes to a plug-flow profile so
that M → LU∞2. It is also well known that the dimensionless friction velocity vanishes
in this limit i.e. λ→ 0 or Cf → 0 as Re → ∞. To prove that A → 0 asymptotically, one
may use the method of proof by negation. For this, it needs to be assumed that in the
limit Re → ∞, A → A0 where A0 /= 0. Substituting the asymptotic values M → LU∞2,
B → −1/2 and A → A0 in the skin friction law Ũτ = ÃLB, yields Cf → 2A2

0. However,
since it is assumed that A0 /= 0, Cf does not tend to zero, which contradicts the consensus
asymptotic expectation. This proves that the assumption A0 /= 0 is not correct and A0
must be zero, which further proves that A → 0 as Re → ∞. Retaining the terms in the
asymptotic expansions for A and B up to the first order, Dixit et al. obtain a semi-empirical
finite-Re model for skin friction in ZPG TBLs

Ũτ = A1

ln L̃
L̃
[
−1/2+B1/

√
ln L̃

]
, (A2)

where A1 and B1 are empirical constants to be obtained by fitting (A2) to the data. Dixit
et al. have shown that (A2) describes the variation of Ũτ over the complete range of L̃ to
an excellent accuracy; more details of the derivation of (A2) can be found in their paper.
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