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Abstract  We define and study equivariant periodic cyclic homology for locally compact groups. This
can be viewed as a non-commutative generalization of equivariant de Rham cohomology. Although
the construction resembles the Cuntz—Quillen approach to ordinary cyclic homology, a completely new
feature in the equivariant setting is the fact that the basic ingredient in the theory is not a complex in the
usual sense. As a consequence, in the equivariant context only the periodic cyclic theory can be defined
in complete generality. Our definition recovers particular cases studied previously by various authors.
We prove that bivariant equivariant periodic cyclic homology is homotopy invariant, stable and satisfies
excision in both variables. Moreover, we construct the exterior product which generalizes the obvious
composition product. Finally, we prove a Green—Julg theorem in cyclic homology for compact groups
and the dual result for discrete groups.
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1. Introduction

In the general framework of non-commutative geometry cyclic homology plays the role
of de Rham cohomology [13]. It was introduced by Connes [12] as the target of the
non-commutative Chern character. Besides cyclic cohomology itself Connes also defined
periodic cyclic cohomology. The latter is particularly important because it is the periodic
theory that gives de Rham cohomology in the commutative case.

In this paper we develop a general framework in which cyclic homology can be extended
to the equivariant context. Special cases of our theory have been defined and studied by
various authors [4-8, 29, 30]. However, all these approaches are limited to actions of
compact Lie groups or even finite groups. Hence a substantial open problem was how
to treat non-compact groups. Even for compact Lie groups an important open question
was how to give a correct definition of equivariant cyclic cohomology (in contrast to
homology) apart from the case of finite groups.

In this paper we define and study bivariant equivariant periodic cyclic homology
HPS (A, B) for locally compact groups G. Throughout we work in the setting of bornolog-
ical vector spaces and use the theory of smooth representations of locally compact groups
on bornological vector spaces developed by Meyer [32]. In this way we can treat many
interesting examples of group actions on algebras in a unified fashion. In particular we
obtain a theory which applies to discrete groups and totally disconnected groups as well
as to Lie groups.

The construction of the theory follows the Cuntz—Quillen approach to cyclic homology
based on the X-complex [15-18]. In fact a certain part of the Cuntz—Quillen machin-
ery can be carried over to the equivariant situation without change. However, a new
feature in the equivariant theory is the fact that the basic objects are not complexes
in the sense of homological algebra. More precisely, we define an equivariant version
X¢ of the X-complex but the differential 0 in Xg does not satisfy 02> = 0 in gen-
eral. To describe this behaviour we introduce the notion of a paracomplex. It turns
out that in order to obtain ordinary complexes it is crucial to work in the bivariant
setting from the very beginning. Although many tools from homological algebra are
not available for paracomplexes, the resulting theory is computable to some extent. We
point out that the occurrence of paracomplexes is the reason why we only define and
study the periodic theory HPS. It seems to be unclear how ordinary equivariant cyclic
homology HCS can be defined correctly in general apart from the case of compact
groups.

An important ingredient in the definition of HPY is the algebra K which can be
viewed as a certain subalgebra of the algebra of compact operators on the regular rep-
resentation L?(G). For instance, if G is discrete the elements of K are simply finite
matrices indexed by G. The ordinary Hochschild homology and cyclic homology of this
algebra are rather trivial. However, in the equivariant setting g carries homological
information of the group G if it is viewed as a G-algebra equipped with the action
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induced from the regular representation. This resembles the properties of the total space
EG of the universal principal bundle over the classifying space BG. As a topological
space EG is contractible, but its equivariant cohomology is the group cohomology of G.
Moreover, in the classical theory an arbitrary action of G on a space X can be turned
into a free action by replacing X with the G-space EG x X. In our theory tensoring with
the algebra K¢ is used to associate to an arbitrary G-algebra another G-algebra which
is projective as a G-module.

Let us now explain how the text is organized. In §2 we review basic definitions and
results from the theory of bornological vector spaces and the theory of smooth repre-
sentations of locally compact groups. After this we introduce the category of covariant
modules in §3 and discuss the natural symmetry operator on this category. Covariant
modules constitute the appropriate framework for studying equivariant cyclic homology.
In §4 we review some facts about pro-categories. Since the work of Cuntz and Quillen [18]
it is known that periodic cyclic homology is most naturally defined for pro-algebras. The
same holds true in the equivariant situation where one has to consider pro-G-algebras.
We introduce the pro-categories needed in our framework and fix some notation. In §5
we define paracomplexes and paramixed complexes. As explained above, paracomplexes
play an important role in our theory.

After these preparations we define and study quasifree pro-G-algebras in § 6. This dis-
cussion extends in a straightforward way the theory of quasifree algebras introduced by
Cuntz and Quillen. Next we define equivariant differential forms for pro-G-algebras in § 7
and show that one obtains paramixed complexes in this way. Equivariant differential
forms are used to construct the equivariant X-complex X (A) for a pro-G-algebra A
in §8. As mentioned before this leads to a paracomplex. We show that the paracom-
plexes obtained from the equivariant X-complex and from the Hodge tower associated
to equivariant differential forms are homotopy equivalent. In this way we generalize one
of the main results of Cuntz and Quillen to the equivariant setting. The proof from the
non-equivariant situation has to be modified because there is no spectral decomposition
of the Karoubi operator available in the equivariant context. In §9 we give the defini-
tion of bivariant equivariant periodic cyclic homology H P& (A, B) for pro-G-algebras A
and B. We show that HPS is homotopy invariant with respect to smooth equivariant
homotopies and stable in a natural sense in both variables in the subsequent sections.
Moreover, we prove that H P satisfies excision in both variables. This shows on a formal
level that H PS shares important properties with equivariant K K-theory [26,27]. In § 13
we construct the exterior product for equivariant periodic cyclic homology. Again, the
properties of this product are parallel to the situation in K K-theory.

After these general considerations we explain in § 14 how our definition is related to
previous constructions in the literature. In particular we discuss the example of a compact
Lie group G acting smoothly on a compact manifold M. In this case the equivariant
cyclic homology of C*°(M) has been computed by Block and Getzler [4]. This example
is illuminating since it exhibits the relations between equivariant cyclic homology and
the classical Cartan model of equivariant cohomology [10,11]. In fact, one may think of
equivariant cyclic homology as a non-commutative version of the Cartan model.
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Finally, we prove a homological version of the Green-Julg theorem HPZ(C,A)
HP,(A x G) for compact groups in § 15 and the dual result HPEF(A,C) = HP*(A x G)
for discrete groups in § 16. Again this is analogous to the situation in K K-theory.

We do not treat the construction of a Chern character from equivariant K-theory into
equivariant cyclic homology in this paper. Let us remark that for compact Lie groups
and finite groups partial Chern characters have been defined before [4,29].

This paper is based on the main part of my thesis [37] which was written under the
direction of Professor J. Cuntz.

2. Bornological vector spaces and smooth representations

In this section we recall some basic results of the theory of bornological vector spaces
and smooth representations of locally compact groups. For more information we refer
to [23,24,32-34)].

A convex bornology on a complex vector space V is a collection of subsets &(V) of
V satisfying some axioms. The elements S € &(V) are called the small subsets of the
bornology. The motivating example of a bornology is given by the collection of bounded
subsets in a locally convex vector space. A bornological vector space is a vector space
V together with a convex bornology &(V) on V. A linear map f : V — W between
bornological vector spaces is called bounded if it maps small sets to small sets. The space
of bounded linear maps from V to W is denoted by Hom(V, W). Recall that a subset S
of a complex vector space is called a disk if it is circled and convex. The disked hull S¢
is the circled convex hull of S. If S is a small subset in a bornological vector space then
S¢ is again small. To a disk S C V one associates the semi-normed space (S) which is
defined as the linear span of S endowed with the semi-norm ||-||s given by the Minkowski
functional. The disk S is called norming if (S) is a normed space and completant if (S)
is a Banach space. A bornological vector space is called separated if all disks S € & are
norming. It is called complete if each S € & is contained in a completant small disk
T € 6. A complete bornological vector space is always separated.

We will usually only work with complete bornological vector spaces. To any bornolog-
ical vector space V one can associate a complete bornological vector space V° and a
bounded linear map f : V' — V° such that composition with § induces a bijective corre-
spondence between bounded linear maps V¢ — W with complete target W and bounded
linear maps V' — W. In the category of complete bornological vector spaces direct sums,
direct products, projective limits and inductive limits exist. In all these cases one has
characterizations by universal properties. Moreover, there exists a natural tensor product
which is universal for bounded bilinear maps.

A complete bornological algebra is a complete bornological vector space A with an
associative multiplication given as a bounded linear map m : A® A — A. A homomor-
phism between complete bornological algebras is a bounded linear map f : A — B which
is compatible with multiplication. Remark that complete bornological algebras are not
assumed to have a unit. Even if A and B are unital a homomorphisms f : A — B need
not preserve the unit of A. A homomorphism f : A — B between unital bornological
algebras satisfying f(1) = 1 will be called a unital homomorphism.
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We denote the unitarization of a complete bornological algebra A by AT. It is the
complete bornological algebra with underlying vector space A @ C and multiplication
defined by (a, @) - (b, 8) = (ab+ ab+ Ba,af). If f: A — B is a homomorphism between
complete bornological algebras there exists a unique extension to a unital homomorphism
fr: AT - BT,

Let us discuss briefly the definition of a module over a complete bornological algebra
A. A left A-module is a complete bornological vector space M together with a bounded
linear map A : A® M — M satisfying the axiom A\(id ® \) = \(m ®id) for an action. A
homomorphisms f : M — N of A-modules is a bounded linear map commuting with the
action of A. We denote by Hom 4 (M, N) the space of all A-module homomorphisms. Let
V be any complete bornological vector space. An A-module of the form M = ATQV
with action given by left multiplication is called the free A-module over V. If an A-module
P is a direct summand in a free A-module it is called projective. Projective modules are
characterized by the following property. If P is projective and f : M — N a surjective
A-module homomorphism with a bounded linear splitting s : N — M then any A-module
homomorphism g : P — N can be lifted to an A-module homomorphism h : P — M
such that fh =g.

In a similar way one can define and study right A-modules and A-bimodules. We can
also work in the unital category starting with a unital complete bornological algebra A.
A unitary module M over a unital complete bornological algebra A is an A-module such
that A(1®@m) = m for all m € M. In the category of unitary modules the modules of the
form A® V where V is a complete bornological vector space are free. Projective modules
are again direct summands of free modules and can be characterized by a lifting property
as before.

Let us briefly discuss the most relevant examples of bornological vector spaces.

Fine spaces

Let V be an arbitrary complex vector space. The fine bornology Fine(V') is the smallest
possible bornology on V. This means that S C V is contained in §ine(V) if and only
if it is a bounded subset of a finite-dimensional subspace of V. It follows immediately
from the definitions that all linear maps f : V — W from a fine space V into any
bornological space W are bounded. In particular we obtain a fully faithful functor §ine
from the category of complex vector spaces into the category of complete bornological
vector spaces. This embedding is compatible with tensor products. If V; and V5 are
fine spaces the completed bornological tensor product Vi @ V; is the algebraic tensor
product Vi ® V5 equipped with the fine bornology. In particular every algebra A over
the complex numbers can be viewed as a complete bornological algebra with the fine
bornology.

Since the completed bornological tensor product is compatible with direct sums we see
that V; ® V5 is as a vector space simply the algebraic tensor product Vi @ Vs provided
V1 or Vs is a fine space. However, the bornology on the tensor product is in general not
the fine bornology.
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Locally convex spaces

The most important examples of bornological vector spaces are obtained from locally
convex vector spaces. If V' is any locally convex vector space one can associate two natural
bornologies Bound (V') and Comp(V') to V which are called the bounded bornology and
the precompact bornology, respectively.

The elements in Bound(V) are by definition the bounded subsets of V. Equipped
with the bornology Bound(V') the space V is separated if its topology is Hausdorfl and
complete if the topology of V is sequentially complete.

The bornology Comp(V') consists of all precompact subsets of V. This means that
S € Comp(V) if and only if for all neighbourhoods U of the origin there is a finite subset
F C Vsuchthat S € F+U. If V is complete then S C V is precompact if and only if its
closure is compact. Equipped with the bornology €omp(V') the space V is separated if
the topology of V' is Hausdorff and complete if V' is a complete topological vector space.

Fréchet spaces

In the case of Fréchet spaces the properties of the bounded bornology and the pre-
compact bornology can be described more in detail. Let V' and W be Fréchet spaces
both of which are endowed with the bounded bornology or both of which are endowed
with the precompact bornology. A linear map f : V' — W is bounded if and only if it
is continuous. This is due to the fact that a linear map between metrizable topological
spaces is continuous if and only if it is sequentially continuous. Hence the functors Bound
and Comp from the category of Fréchet spaces into the category of complete bornological
vector spaces are fully faithful.

The following theorem describes the completed bornological tensor product of Fréchet
spaces with the precompact bornology and is proved in [33].

Theorem 2.1. Let V and W be Fréchet spaces and let V &, W be their completed
projective tensor product. Then there is a natural isomorphism

(V, €omp) @ (W, Comp) = (V @, W, Comp)

of complete bornological vector spaces.

LF-spaces

More generally we can consider LF-spaces. A locally convex vector space V is an LF-
space if there exists an increasing sequence of subspaces V,, C V with union equal to
V such that each V,, is a Fréchet space in the subspace topology and V carries the
corresponding inductive limit topology. A linear map V' — W from the LF-space V into
an arbitrary locally convex space W is continuous if and only if its restriction to the
subspaces V,, is continuous for all n. From the definition of the inductive limit topology
it follows that a bounded subset of an LF-space V' is contained in a Fréchet subspace V,.
If V; and V5 are LF-spaces endowed with the bounded or the precompact bornology a
bilinear map b : V7 x Vo — W is bounded if and only if it is separately continuous. This
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implies that an LF-space equipped with a separately continuous multiplication becomes a
complete bornological algebra with respect to the bounded or the precompact bornology.
The following description of tensor products of LF-spaces can also be found in [33].

Theorem 2.2. Let V and W be nuclear LF-spaces endowed with the bounded bornology.
Then V & W is isomorphic to the inductive tensor product V &, W endowed with the
bounded bornology.

Next we review the basic theory of smooth representations of locally compact groups
on bornological vector spaces [32]. In the sequel integration of functions on a locally
compact group is always understood with respect to a fixed left Haar measure.

A representation of a locally compact group G on a complete bornological vector
space V is a group homomorphism 7 : G — Aut(V) where Aut(V) denotes the group
of bounded linear automorphisms of V. Let F(G, V') be the vector space of all functions
from G to V. The space F(G,V) is simply the direct product of copies of the space V
taken over the set G. To a representation 7 : G — Aut(V') we associate the linear map
[7] : V = F(G,V) defined by [7](v)(t) = 7 (t)(v).

Definition 2.3. Let G be a locally compact group and let V' be a complete bornological
vector space. A representation 7 of G on V' is smooth if [7] defines a bounded linear map
from V into £(G,V). A smooth representation is also called a G-module. A bounded
linear map f : V — W between G-modules is called equivariant if f(s-v) =s- f(v) for
allv eV and s € G.

Here £(G, V') denotes the space of smooth functions on G with values in V. Smoothness
has its usual meaning if G is a Lie group and V is a Banach space. If G is discrete any
function from G to V is smooth. It follows that every representation of a discrete group
is smooth. If G is totally disconnected and V is a fine space then a function from G to
V' is smooth if and only if it is locally constant. Hence for totally disconnected groups
and fine spaces one recovers the ordinary theory of smooth representations on complex
vector spaces. For the general definition of the space £(G, V) and more information we
refer to [32].

We denote by G-Mod the category of G-modules and equivariant linear maps. The
direct sum of a family of G-modules is again a G-module. The tensor product V & W of
two G-modules becomes a G-module using the diagonal action s- (v@w) =s-v®@s-w
for v € V and w € W. For every group the trivial one-dimensional G-module C is a unit
with respect to the tensor product. In this way G -Mod becomes an additive monoidal
category.

Let D(G) be the space of smooth functions with compact support on G. For a Lie
group G this is the space of smooth functions with compact support on G in the usual
sense. If GG is totally disconnected we obtain the space of locally constant functions on G
with compact support. The group G acts on D(G) by left translations

(s- f)(&) = f(s™'t)

and D(G) becomes a G-module in this way.

https://doi.org/10.1017/51474748007000102 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000102

696 C. Voigt

A G-module is called projective if it has the lifting property with respect to equivariant
surjections M — N of G-modules with bounded linear splitting N — M.

Lemma 2.4. Let V be any G-module. Then the G-module D(G) &V is projective.

Proof. We use a standard argument [2]. Let 7 : M — N be a surjective equivariant map
with a bounded linear splitting 0. Moreover let ¢ : D(G) ®V — N be any equivariant
linear map. Choose a function x € D(G) such that

/Gx(s) ds=1

fo(t) = F(t)x(t™"s)
for every f € D(G) and s € G. Then one computes

and define

/ fu(t)ds = f(1)
G

and t - (fi-1,) = (t- f)s for all f € D(G) and s,t € G. We set

B(f @ v) = /G Leoa(t) - (f @) dt.

Since we have t=1 - (f;) = (t~1 - f). the integral is well defined. It is easy to check that
1 extends to an equivariant linear map D(G) @V — M. Finally, we have

mi(f@u) = [ tmoott - (fov)it= [ s(fieud=o(fev)

using that m and ¢ are equivariant. This yields the assertion. ([l

Next we specify the class of G-algebras we are going to work with. Expressed in the
language of category theory our definition amounts to saying that a G-algebra is an
algebra in the monoidal category G'-Mod.

Definition 2.5. Let G be a locally compact group. A G-algebra is a complete bornologi-
cal algebra A which is at the same time a G-module such that the multiplication satisfies

s (zy) = (s-2)(s-y)

for all z,y € A and s € G. An equivariant homomorphism f : A — B between G-algebras
is an algebra homomorphism which is equivariant.

If A is unital we say that A is a unital G-algebra if s-1 =1 for all s € G. The unita-
rization AT of a G-algebra A is a unital G-algebra in a natural way. We will occasionally
also speak of an action of G on A to express that A is a G-algebra.

There is a natural way to enlarge any G-algebra to a G-algebra where all group elements
act by inner automorphisms. This is the crossed product construction which we study
next.
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Definition 2.6. Let G be a locally compact group and let A be a G-algebra. The crossed
product A x G of A by G is A® D(G) = D(G, A) with multiplication given by

(f *g)(t) = /G F(s)s - g(s 1) ds

for f,g € D(G, A).

It is easy to check that A x G is a complete bornological algebra. If we consider the
case A = C with the trivial action we obtain by definition the smooth group algebra
D(G) of G. If G is discrete this is simply the complex group ring CG endowed with the
fine bornology.

In general the crossed product does not posses a unit, the algebra A x G is unital if A
has a unit and G is discrete. We want to show that the crossed product A x G still has an
approximate identity whenever A has one. Let us first recall from [32] the concept of an
approximate identity. A complete bornological algebra A is said to have an approximate
identity if for any bornologically compact subset S C A there exists a sequence (un)nen
in A such that u, -a —a and a - u,, — a converge to zero uniformly for a € S. A subset of
a bornological vector space V' is bornologically compact if it is a compact subset of the
Banach space (T') for some completant small disk 7" C V. Uniform convergence means
that there exists a completant small disk T C A such that the sequences u,, - a — a and
a - u, — a converge uniformly to zero in the Banach space (T').

An A-module M over a bornological algebra A with approximate identity is called
non-degenerate if the module action A® M — M is a bornological quotient map. This
is equivalent to saying that the natural map A&®4 M — M is a bornological isomor-
phism [32].

Given a smooth representation 7 of G on V one defines a D(G)-module structure on
V by setting

f-v:/Gf(t)t~vdt.

It is shown in [32] that the smooth group algebra D(G) has an approximate identity and
that the previous construction defines an isomorphism between the category of smooth
representations of G and the category of non-degenerate D(G)-modules for every locally
compact group G.

We have the following extension of Proposition 4.3 in [32].

Proposition 2.7. Let G be a locally compact group and let A be a G-algebra with
approximate identity. Then the crossed product A x G has an approximate identity.

Proof. The idea is to combine the approximate identity of A with an approximate
identity for D(G), the latter being constructed in [32]. In the sequel we will view elements
of A and D(G) as left and right multipliers of the crossed product A x G in the obvious
way. Let S C A x G be a bornologically compact subset. Right multiplication of D(G)
on A x G does not involve A. Let us consider left multiplication. Since A is a smooth
representation, the left action of G on AXG is smooth. Hence there exists a bounded linear
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splitting 0 : A x G — D(G) @ (A x G) for the left action of D(G) on the crossed product.
Clearly, the image o(S) of S is again bornologically compact. Using Grothendieck’s result
about compact subsets of the projective tensor product of Fréchet spaces [22] we see that
S is contained in the completant disked hull of R; ® C; for bornologically compact subsets
R; C A and C; C D(G). Similarly, o(S) is contained in the completant disked hull of
C® R, for bornologically compact subsets C;,. C D(G) and R, C AxG. Hence we obtain
a sequence (hy)nen in D(G) such that f - h, — f and h,, - o(f) — o(f) converge to zero
uniformly for f € S. After applying the multiplication map D(G)® (A x G) = A x G
we see that h, - f — f converges uniformly to zero in A x G.

Left multiplication of A on A x G does not involve D(G). For right multiplication
the explicit formula is (f - a)(t) = f(¢)(t - a) for f € D(G,A) and a € A. Let ¢ :
Ax G — A®D(G) = D(G, A) be the isomorphism given by ¢(f)(t) =t~ f(t). Then
the right action of A on A x G corresponds under the map ¢ to the trivial right action
(f-a)(t) = f(t)a on A®D(G). As above we choose a sequence (a,)ney in A such that
an - f— f and ¢(f) - a, — ¢(f) converge uniformly to zero for all f € S. Then f-a, — f
converges uniformly to zero in A x G for all f € S. Define u,, = a,, ® h,, € A x G. Using
the equations

Un - f—f=an (hn-f—f)+(an f—f)
and

frun—f=(fan—fhn+(f hn—f)

we see that u, - f — f and f - u, — f converge to zero uniformly for f € S. Hence A x G
has an approximate identity. [l

Definition 2.8. A covariant representation of a G-algebra A with approximate identity
is a complete bornological vector space M which is both a G-module and a non-degenerate
A-module such that

s-(a-m)=(s-a)-(a-m)
for all s € G, f € A and m € M. A bounded linear map f : M — N between covariant
representations is covariant if it is A-linear and equivariant.

Clearly, covariant representations of a G-algebra A and covariant maps form a cate-
gory. The next result shows that this category is closely relate to the crossed product
construction.

Proposition 2.9. Let A be a G-algebra with an approximate identity. Then the category
of non-degenerate A x G-modules is isomorphic to the category of covariant representa-
tions of A.

Proof. Let M = (A x G)® axeM be a non-degenerate A x G-module. Then we obtain
a representation of G and an A-module structure on M by letting act s € G and a € A
as left multipliers on A x G. Since the action of G on A x G is smooth we have natural
isomorphisms

D(G)@D(G)M = D(G)@’D(G)(A X G) ®A>4gM = (A X G) ®A>4gM = M
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for the integrated form of this representation of G and it follows that M becomes a
G-module. Moreover, we have

A@AMgAQA@A(ANG)@AxgéA@M%(AX]G)QA@Ang%JM

in a natural way using the fact that multiplication induces an isomorphism A &4 A =
A due to the existence of an approximate identity for A. It follows that M is a non-
degenerate A-module. In this way M becomes a covariant representation.

Conversely, assume that M is a covariant representation of A. Then we obtain an
A x G-module structure on M by setting

fom= [ r)e-m)
a
for f € D(G, A). The module structure u : (A x G)® M — M can be decomposed as

(AxG) &M =A&D(G)&M 221, A6 0 22, b,

where pg : D(G)®@M — M and pa : A®M — M are the given module structures.
Since M is a G-module the map ug has a bounded linear splitting. Hence the first arrow
is a bornological quotient map. Moreover, 4 is a bornological quotient map since M is
a non-degenerate A-module. It follows that M is a non-degenerate A x G-module.

The previous constructions are compatible with morphisms and it is easy to see that
they are inverse to each other. This yields the assertion. O

Let us have a look at some basic examples of G-algebras and the associated crossed
products. In particular the algebra g introduced below will play an important role in
our theory.

Trivial actions

The simplest example of a G-algebra is the algebra of complex numbers with the trivial
G-action. More generally one can equip any complete bornological algebra A with the
trivial action to obtain a G-algebra. The corresponding crossed product algebra A x G
is simply a tensor product,

AxG=2ARD(G).

This explains why one may view crossed products in general as twisted tensor products.

Commutative algebras

Let M be a smooth manifold on which the Lie group G acts smoothly and let C° (M)
be the LF-algebra of compactly supported smooth functions on M. Then we get an action
of G on A= CS° (M) by defining

(s- (@)= f(s' )

for all s € G and f € A. This algebra is unital if M is compact and G is discrete. The
associated crossed product A x G may be described as the smooth convolution algebra
of the translation groupoid M x G associated to the action of G on M.
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Algebras associated to representations of G

Let V and W be G-modules and let b : W x V' — C be an equivariant bounded bilinear
map. Then [(b) = V @ W is a G-algebra with the multiplication

(Ul ® wl) . (1)2 ® ’LUQ) = V1 ® b(wl, ’UQ)U)Q

and the diagonal G-action.
In the case V =W we have a natural homomorphism {(b) — End(V') given by

(v @w)(u) = vb(w,u).
If we equip End(V') with the representation of G defined by the formula
(s-T)(u) =s5-T(s - u)

for s € G and u € V the homomorphism ¢ becomes equivariant.
A Dbasic example is given by the left regular representation on D(G). We set V =W =
D(@) and consider the pairing

b(f,9) = /Gf(t)g(t) dt.

The corresponding G-algebra will be denoted by K¢. Elements in g can be viewed as
kernels k € D(G x G) of integral operators acting on D(G) by

(kf)(s) = /G k(s 1) () dt.

Finally, observe that by Lemma 2.4 the tensor product V & K¢ is a projective G-module
for every G-module V.

3. Covariant modules

In this section we introduce the notion of a covariant modules which plays an important
role in equivariant cyclic homology.

Let G be a locally compact group. Then G can be viewed as a G-space using the
adjoint action. This induces an action of G on D(G) viewed as a commutative algebra
with pointwise multiplication. The resulting G-algebra will be denoted by O¢ in order to
distinguish it from the smooth group algebra of G. Explicitly we have (t- f)(s) = f(t~1st)
for f € Og and s € G. It is evident that the algebra O¢ has an approximate identity.
Remark that O¢ is unital if and only if the group G is compact.

We are interested in covariant representations of this particular G-algebra and give the
following explicit definition.

Definition 3.1. Let G be a locally compact group. A (smooth) G-covariant module is
a complete bornological vector space M which is both a non-degenerate Og-module and
a G-module such that

s (f-m)=(s-f)-(s-m)
forall s € G, f € Og and m € M. A bounded linear map ¢ : M — N between covariant
modules is called covariant if it is Og-linear and equivariant.
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We remark that covariant modules may be thought of as spaces of global sections of
equivariant sheaves over G viewed as a G-space with the adjoint action. Moreover, due
to Proposition 2.9 a covariant module is the same thing as a non-degenerate module over
the crossed product Og x G. In the sequel we will also write €ov(G) for the crossed
product Og % G.

Usually we will not mention the group explicitly in our terminology and simply speak
of covariant modules and covariant maps. The category of covariant modules and covari-
ant maps will be denoted by G-9tod and we will write Homg (M, N) for the space of
covariant maps between covariant modules M and N. In addition we let Hom(M, N) be
the collection of maps that are only Og-linear.

A basic example of a covariant module is the algebra O¢ itself. More generally, let V'
be a G-module. We obtain an associated covariant module by considering Og ® V' with
the diagonal G-action and the obvious Og-module structure given by multiplication. In
the case V' = D(G) we obtain just Cov(G) viewed as a left module over itself. If V' is any
G-module then €ov(G) ® V becomes a covariant module by the diagonal action of G' and
left multiplication of O¢.

Let us consider the covariant module €ov(G). We can view elements in Cou(G) as
smooth functions with compact support on G x G where the first variable corresponds
to Og and the second variable corresponds to D(G). The multiplication in the crossed
product becomes

(F-a)e) = [ fsrigrsnr ) ar
in this picture.
Lemma 3.2. The bounded linear map T : €ov(G) — €ov(G) defined by
T(f)(s,t) = f(s,st)
is an isomorphism of Cov(G)-bimodules.

Proof. It is clear that T is a bounded linear isomorphism with inverse given by
T=X(f)(s,t) = f(s,s~'t). We compute

(f - T()(s,t) = | fls,n)T(g)(r™ sr,r™ t)dr

G
= | f(s,r)g(r~ sryr™ sty dr = T(f - g)(s,1)
G
= [ f(s,sr)g(r~ srr= ) dr = (T(f) - 9)(s,1)
G
for f,g € Cov(G). This proves the assertion. O

Now consider an arbitrary covariant module M. Since €ov(G) has an approximate
identity we have a natural isomorphism M = €ov(G) ® cov(c)yM. Let us define T': M —
M by

T(feom)=T(f)®m
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for f@m € €ov(G) @gou(q) M. It follows from Lemma 3.2 that this definition makes
sense. The operator T' has the following fundamental properties.

Proposition 3.3. The operator T : M — M is a covariant isomorphism for all covariant
modules M. If ¢ : M — N is any covariant map between covariant modules then we have
T¢ = ¢T. Hence T defines a natural isomorphism T : id — id of the identity functor
id : G-970d — G-9Mod.

Proof. It is clear from Lemma 3.2 that T': M — M is a covariant isomorphism for all M.
Using the fact that M and N are non-degenerate €ov(G)-modules the equation T'¢p = ¢T
follows easily after identifying ¢ with the covariant map id ® ¢ : €ov(G) ® ¢on()M —
€09(G) ® ¢ou(c)N. The last statement is just a reformulation of the first two assertions.

O

We conclude this section by exhibiting certain projective objects in the category of
covariant modules. A covariant module P is projective if for every covariant map 7 :
M — N with a bounded linear splitting o : N — M between covariant modules and
every covariant map ¢ : P — N there exists a covariant map ¢ : P — M such that

T = ¢.

Lemma 3.4. Let V be any G-module. Then the covariant module €ov(G) &V is pro-
jective.

Proof. Let m : M — N be a surjective covariant map with bounded linear splitting
o: N — M and let ¢ : €ov(G)®V — N be any covariant map. Moreover, let (x;);es
be a partition of unity for G with x € D(G) for all k such that 3, ; X? = 1. We define
a bounded linear map 7 : €ov(G)®V — M as follows. For f@ g®v € Og @ D(G) @V
set
n(f@gev)=> (fx;) 0o(x; ®g@v)
jedJ
and observe that the sum is actually finite since the support of f is compact for every
f € Og. It is easy to check that 7 extends to the completion €ov(G)® V. Moreover, it
follows from the definitions that n is Og-linear and that we have mn = ¢.
With the same notation as in the proof of Lemma 2.4 we set

w(f®9®11)Z/Gt'ﬁ(fl'(f@)gt@v))dt

for an element f ® g ®v € Og ® D(G) ® V. One checks that 1 extends to a bounded
linear map €ov(G)®V — M. Moreover, 9 is Og-linear and equivariant. Finally, one
computes 1 = ¢ using that mn = ¢ is covariant. This yields the assertion. O

4. Projective systems

The most natural way to define equivariant periodic cyclic homology is to work in the
category of pro-G-algebras. This means that we have to consider projective systems of
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G-modules and covariant modules. In this section we review these notions and fix our
notation.

To any additive category C one associates the pro-category pro(C) of projective systems
over C as follows. A projective system over C consists of a directed index set I, objects
Vi for all ¢ € I and morphisms p;; : V; — V; for all j > ¢. The morphisms are assumed to
satisfy pi;pjr = pir if K > § > i. These conditions are equivalent to saying that we have
a contravariant functor from the small category I to C. The class of objects of pro(C)
consists by definition of all projective systems over C. The space of morphisms between
projective systems (V;);cr and (W;);es is defined by

Mor((Vi), (W})) = lim lim More (V;, W),
J K3
where the limits are taken in the category of abelian groups. Of course one has to check
that the composition of morphisms can be defined in a consistent way. We refer to [1]
for further details.

It is useful to study pro-objects by comparing them to constant pro-objects. A constant
pro-object is by definition a pro-object where the index set consists only of one element.
If V = (V;)ies is any pro-object a morphism V — C with constant range C' is given by
a morphism V; — C for some i.

In the category pro(C) projective limits always exist. This is due to the fact that a
projective system of pro-objects (V;), ey can be identified naturally with a pro-object.

Since there are finite direct sums in C we also have finite direct sums in pro(C). Explic-
itly, the direct sum of V' = (V;);er and W = (W) ey is given by

(Vi)ier © (Wj)jes = (Vi @ Wj) (i jyerxJ,

where the index set I x J is ordered using the product ordering. The structure maps
of this projective system are obtained by taking direct sums of the structure maps of
(Vi)ier and (W;);ecs. With this notion of direct sums the category pro(C) becomes an
additive category.

If we apply these general constructions to the category of G-modules we obtain the
category of pro-G-modules. A morphism in pro(G-Mod) will be called an equivariant
linear map. Similarly we have the category of covariant pro-modules as the pro-category
of G-9t0d. Morphisms in pro(G-9Mod) will be called covariant maps.

Let us come back to the general situation. Assume in addition that C is monoidal such
that the tensor product functor C x C — C is bilinear. In this case we define the tensor
product V @ W for pro-objects V = (V;)ier and W = (W;) ey by

(Vi)ier ® (Wj)jes = (Vi @ Wj) (i jyerxs

where again I x .J is ordered using the product ordering. The structure maps are obtained
by tensoring the structure maps of (V;);er and (W;),ecs. Observe that any morphism
f:V®W — C with constant range C factors through V; ® W; for some ¢ € I, j € J.
This means that we can write f in the form f = g(fy ® fw) where fyy : V — Cy and
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fw : W — Cw are morphisms with constant range and g : Cy @ Cyyy — W is a morphism
of constant pro-objects.

Equipped with this tensor product the category pro(C) is additive monoidal and we
obtain a natural faithful additive monoidal functor C — pro(C).

The existence of a tensor product in pro(C) yields a natural notion of algebras and alge-
bra homomorphisms in this category. Such algebras will be called pro-algebras and their
homomorphism will be called pro-algebra homomorphisms. Moreover, we can consider
pro-modules for pro-algebras and their homomorphisms.

The category G-Mod is monoidal in the sense explained above. To indicate that we
use completed bornological tensor products in G-Mod we will denote the tensor product
of two pro-G-modules V and W by V & W.

In order to fix terminology we give the following definition.

Definition 4.1. A pro-G-algebra A is an algebra in the category pro(G-Mod). An alge-
bra homomorphism f : A — B in pro(G-Mod) is called an equivariant homomorphism
of pro-G-algebras.

Occasionally we will consider unital pro-G-algebras. The unitarization A' of a pro-G-
algebra A is defined in the same way as for G-algebras.

We also include a short discussion of extensions. Let again C be any additive category
and let K, E and @ be objects in pro(C). A (strict) extension is a diagram of the form

K——>E_—">Q
P o

in pro(C) such that p. = id, wo = id and ¢p + om = id. In other words we require that E
decomposes into a direct sum of K and Q. We will frequently omit the splitting o and
the retraction p in our notation and write simply

or (t,7): 0 > K — E — @Q — 0 for an extension.
Let us give the following definition in the situation C = pro(G-Mod).

Definition 4.2. Let K, F and @ be pro-G-algebras. An extension of pro-G-algebras is
an extension
in pro(G-Mod) where ¢ and 7 are equivariant algebra homomorphisms.

Later we will need the concept of relatively projective pro-G-modules and covariant
pro-modules. A pro-G-module P is called relatively projective if for every equivariant
linear map m : M — N of pro-G-modules with pro-linear section N — M and every
equivariant linear map ¢ : P — N there exists an equivariant linear map ¢ : P — M
such that mi) = ¢. Similarly a covariant pro-module is called relatively projective if it
has the lifting property with respect to covariant maps between covariant pro-modules
having a pro-linear section. The following lemma gives a simple criterion for relative
projectivity.
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Lemma 4.3. Let V be a pro-G-module. Then D(G)®V is a relatively projective pro-
G-module and Cov(G) @V is a relatively projective covariant pro-module.

Proof. This follows from the fact that the constructions in the proofs of Lemmas 2.4
and 3.4 are natural. (|

Working with pro-G-modules or covariant pro-modules may seem somewhat difficult
because there are no longer concrete elements to manipulate with. Nevertheless, we will
write down explicit formulae involving ‘elements’ in subsequent sections. This can be
justified by noticing that these formulae are concrete expressions for identities between
abstractly defined morphisms.

5. Paracomplexes

In this section we introduce the concept of a paramixed complex. Our terminology is
motivated from [20] but it is slightly different. The related notion of a paracyclic module is
well known in the study of the cyclic homology of crossed products and smooth groupoids
[14,19,20,35].

Whereas cyclic modules and mixed complexes are fundamental concepts in cyclic
homology, paracyclic modules are mainly regarded as a tool in computations. However,
in the equivariant situation the point of view has to be changed drastically. Here the
fundamental objects are paramixed complexes and mixed complexes show up mainly in
calculations.

In abstract terms our notion of a paracomplex can be defined most naturally using the
concept of a para-additive category.

Definition 5.1. A para-additive category is an additive category C together with a
natural isomorphism 7" of the identity functor id : C — C.

In other words, we are given invertible morphisms T'(M) : M — M for all objects
M € C such that ¢T (M) = T(N)¢ for all morphisms ¢ : M — N. In the sequel we will
simply write T instead of T'(M).

Clearly, any additive category is para-additive by setting 7" = id. More interestingly, it
follows from Proposition 3.3 that the category G-9100 of covariant modules for a locally
compact group G is a para-additive category in a natural way. Remark that in this case
the operator id — T : M — M is usually far from being zero.

Definition 5.2. Let C be a para-additive category. A paracomplex C' = Cy @ Cy in C is
given by objects Cy and C in C together with morphisms dy : Cy — Cy and 0y : C; — C
such that

9% =id - T,

where the differential 0 : C — C; ® Cy = C' is the composition of Jy ® 0, with the
canonical flip map. A chain map ¢ : C'— D between two paracomplexes is a morphism
from C' to D that commutes with the differentials.
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Remark that we consider only Zs-graded objects. The morphism 0 in a paracomplex
is called a differential although this contradicts the classical definition of a differential.

In general it does not make sense to speak about the homology of a paracomplex.
Given a paracomplex C' with differential 9, for instance in a category of modules over
some ring, one could force it to become a complex by dividing out the subspace 9?(C)
and then take homology. However, it turns out that this procedure is not appropriate in
our context.

Although there is no reasonable definition of homology we can give meaning to the
statement that two paracomplexes are homotopy equivalent: let ¢,v : C — D be two
chain maps between paracomplexes. A chain homotopy connecting ¢ and 1 is a map
o : C — D of degree 1 satisfying the usual relation do + 00 = ¢ — 1. Note that the map
0o + 00 is a chain map for any morphism ¢ : C — D of odd degree since 8% commutes
with all morphisms in C. Two paracomplexes C' and D are called homotopy equivalent
if there exist chain maps ¢ : C' — D and v : D — C which are inverse to each other up
to chain homotopy.

The paracomplexes we have in mind arise from paramixed complexes that we are going
to define now.

Definition 5.3. Let C be a para-additive category. A paramixed complex M in C is a
sequence of objects M, together with differentials b of degree —1 and B of degree +1
satisfying b2 = 0, B? = 0 and

[b,B] = bB + Bb=id —T.

If C is additive, that is T' = id, we reobtain the notion of a mixed complex. In general
one can define and study Hochschild homology of a paramixed complex in the usual way
since the Hochschild operator b satisfies 5> = 0. On the other hand, we shall not try to
define the cyclic homology of an arbitrary paramixed complex. We will see below how
bivariant periodic cyclic homology can still be defined in a natural way.

6. Quasifree pro-G-algebras

Let G be a locally compact group and let A be a pro-G-algebra. The space 2"(A) of
non-commutative n-forms over A is defined by £2"(A) = AT & A®" for n > 0. We recall
that AT denotes the unitarization of A.

From its definition as a tensor product it is clear that 2"(A) becomes a pro-G-module
in a natural way. The differential d : 2"(A) — 2"t1(A) and the multiplication of
forms 27(A) @ 2™(A) — 27+t™(A) are defined as usual [18] and it is clear that both
are equivariant linear maps. Multiplication of forms yields in particular an A-bimodule
structure on 2"(A) for all n. Apart from the ordinary product of differential forms we
have the Fedosov product given by

won=uwn— (1) dwdn

for homogeneous forms w and 7. Consider the pro-G-module 25"(A4) = A® 2'1(A) @
<@ "(A) equipped with the Fedosov product where forms above degree n are ignored.
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It is easy to check that this multiplication is associative and turns £2S"(A) into a pro-G-
algebra. Moreover, we have the usual Zy-grading on £25"(A) into even and odd forms. The
natural projection 2S™(A) — QS"(A) for m > n is an equivariant homomorphism and
compatible with the grading. Hence we get a projective system (£25"(A)),en of pro-G-
algebras. By definition the periodic differential envelope 62(A) of A is the pro-G-algebra
obtained as the projective limit of this system. We define the periodic tensor algebra 7 A
of A to be the even part of 02(A). If we set TA/(TA)" := ADQ?(A)®---®2*"2(A) we
can describe T A as the projective limit of the projective system (T A/(JA)")nen. The
natural projection 62(A) — A restricts to an equivariant homomorphism 74 : TA — A.
Since the natural inclusions A — A @ Q%(A) @ -+ & 2?"72(A) assemble to give an
equivariant linear section o4 for 74 we obtain an extension

TA

JA TA A

of pro-G-algebras where J A is by definition the projective limit of the pro-G-algebras
TJA/(TA)™ = Q2(A) @ - D 22"2(A).

This section is devoted to the study of the pro-G-algebras 7 A and JA. Since this
part of the equivariant theory is a straightforward extension of ordinary Cuntz—Quillen
theory we have omitted some of the proofs. For more details we refer to [33].

Let m™ : N®* — N be the iterated multiplication in an arbitrary pro-G-algebra N.
Then N is called k-nilpotent for k € N if the iterated multiplication m* : N &k _y N is
zero. It is called nilpotent if IV is k-nilpotent for some k € N. We call N locally nilpotent
if for every equivariant linear map f : N — C with constant range C' there exists
n € N such that fm™ = 0. In particular nilpotent pro-G-algebras are locally nilpotent.
An extension 0 - K — E — @ — 0 of pro-G-algebras is called locally nilpotent (k-
nilpotent, nilpotent) if K is locally nilpotent (k-nilpotent, nilpotent).

Lemma 6.1. The pro-G-algebra J A is locally nilpotent.

Proof. Let [ : JA — C be an equivariant linear map. By the construction of projective
limits it follows that there exists n € N such that [ factors through JA/(JA)™. The
pro-G-algebra JA/(JA)" is n-nilpotent by the definition of the Fedosov product. Hence
Im” 4, = 0 as desired. 0

Lemma 6.2. Let N be a locally nilpotent pro-G-algebra and let A be any pro-G-algebra.
Then the pro-G-algebra A® N is locally nilpotent.

Proof. Let f : AQ N — C be an equivariant linear map with constant range. By the
construction of tensor products in pro(G-Mod) this map can be written as g(f; ® f2) for
equivariant linear maps f; : A — Cs, fo : N — Cs with constant range and an equivariant
bounded linear map g : C; & Cy — C. Since N is locally nilpotent there exists a natural
number n such that fam%, = 0. Up to a coordinate flip the n-fold multiplication in A & N
is given by m’y ®m’y. This implies fm’y &y = 0 for the multiplication m ¢ y in A ®N.
Hence A® N is locally nilpotent. O
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Next we want to study the pro-G-algebra T A. In order to formulate its universal
property we need another definition. An equivariant linear map [ : A — B between
pro-G-algebras is called a lonilcur if its curvature w; : A® A — B defined by wi(a,b) =
I(ab) —1(a)l(b) is locally nilpotent, that is, if for every equivariant linear map f : B — C
with constant range C there exists n € N such that fm%w[@"
an abbreviation for ‘equivariant linear map with locally nilpotent curvature’. It is clear

= 0. The term lonilcur is

that every equivariant homomorphism is a lonilcur because the curvature is zero in this
case. Using the fact that J A is locally nilpotent one checks easily that the natural map
oa:A— TAis alonilcur.

Proposition 6.3. Let A be a pro-G-algebra. The pro-G-algebra T A and the equivariant
linear map o 4 : A — T A satisfy the following universal property. If| : A — B is a lonilcur
into a pro-G-algebra B there exists a unique equivariant homomorphism [l] : TA — B
such that [lJos = 1.

Let us now define and study quasifree pro-G-algebras.

Definition 6.4. A pro-G-algebra R is called G-equivariantly quasifree if there exists an
equivariant splitting homomorphism R — 7T R for the natural projection 7g.

By abuse of language we will occasionally speak of quasifree pro-G-algebras instead of
G-equivariantly quasifree G-algebras although the latter is the correct terminology for a
pro-G-algebra which is quasifree as a pro-algebra.

In the following theorem the class of quasifree pro-G-algebras is characterized.

Theorem 6.5. Let G be a locally compact group and let R be a pro-G-algebra. Then
the following conditions are equivalent.

(a) R is G-equivariantly quasifree.

(b) There exists a family of equivariant homomorphisms v, : R — TR/(JR)"™ such
that v1 = id and v, 41 is a lifting of v,,.

(¢) For every locally nilpotent extension 0 — K — E — @ — 0 of pro-G-algebras
and every equivariant homomorphism f : R — (@) there exists an equivariant lifting
homomorphism h: R — FE.

(d) For every nilpotent extension 0 — K — E — @ — 0 of pro-G-algebras and
every equivariant homomorphism f : R — (@ there exists an equivariant lifting
homomorphism h: R — E.

(e) For every 2-nilpotent extension 0 — K — E — @Q — 0 of pro-G-algebras and
every equivariant homomorphism f : R — (@ there exists an equivariant lifting
homomorphism h : R — E.

(f) For every 2-nilpotent extension 0 — K — E — R — 0 of pro-G-algebras there
exists an equivariant splitting homomorphism R — E.
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(g) There exists an equivariant splitting homomorphism for the natural homomorphism

TR/(TR)? = R.

(h) There exists an equivariant linear map ¢ : R — 2%(R) satisfying

P(ry) = p(x)y + x¢(y) — d dy
for all x,y € R.
(i) There exists an equivariant linear map V : 2(R) — 2%(R) satisfying
V(zw) = zV(w), V(wz) = V(w)x —wdz
for all z € R and w € Q' (R).
(j) The R-bimodule 2'(R) is projective in pro(G-Mod).

(k) There exists a projective resolution 0 — P, — Py — R* of the R-bimodule R* of
length 1 in pro(G-Mod).

Let us also include the following definitions.

Definition 6.6. A pro-G-algebra A is called n-dimensional (with respect to G) if there
exists a projective resolution 0 — P, — --- — Py — A" of the A-bimodule A™ of length
n in pro(G-Mod).

Definition 6.7. Let A be a pro-G-algebra and let n > 0. An equivariant graded (right)
connection on 2"(A) is an equivariant linear map V : 2"(A) — 2" *1(A) such that

V(zw) = 2V (w), V(wz) =V(w)z+ (—1)"wdz

for x € A and w € 27(A).

According to Theorem 6.5 a pro-G-algebra A is G-equivariantly quasifree if and only
if it is one dimensional with respect to G. As in the non-equivariant case one has the
following characterization of n-dimensional algebras.

Proposition 6.8. Let G be a locally compact group and let A be a pro-G-algebra. Then
the following conditions are equivalent.

(a) A is n-dimensional with respect to G.
(b) The A-bimodule 2™(A) is projective in pro(G-Mod).
(¢) There exists an equivariant graded connection on 2" (A).

A basic example of a quasifree pro-G-algebra is the algebra of complex numbers C
with the trivial G-action. More generally we observe the following.

Lemma 6.9. Let A be a pro-algebra equipped with the trivial G-action. If A is quasifree
as a pro-algebra it is G-equivariantly quasifree.
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The following result is important.

Proposition 6.10. Let A be any pro-G-algebra. The periodic tensor algebra T A is
G-equivariantly quasifree.

Proof. We have to show that there exists an equivariant splitting homomorphism for the
projection 774 : TT A — T A. Let us consider the equivariant linear map 0% = 07404 :
A — TTA. We want to show that 02 is a lonilcur. First we compute the curvature We2,
of 0% as follows:

wyz (z,y) = 0% (xy) — 0% (x) 0 05 (y)
=oraloa(zy)) —oraloa() o oa(y)) + do’(z) do (y)
= 07 a0 (5,9)) + 4o (2) do3 (y).

Consider the equivariant linear map o4 = Tr40%. Since 774 is a homomorphism we
obtain wy, = Trawsz. Let I : TTA — C be an equivariant linear map with constant
range C. Composition with o754 : TA — TT A yields a map k = loga : TA — C with
constant range. Since o 4 is a lonilcur there exists n € N such that

n ®n _ n ®’ﬂ ®’ﬂ _ n ®n —
kaAwO'A = ICTTL»TA7—7—141410124 = k/’TTAmTTAwo_i =0.

By the construction of 7T A the map [ factors over TTA/(J (T A))™ for some m. Using
the formula for the curvature of 04 and our previous computation we obtain

mn ®mn _
Hence 0% is a lonilcur. By the universal property of 7 A there exists a homomorphism
v=[o%] : TA — TTA such that vo4 = 0. This implies (774v)04 = TTAOTATA = 0 A.
From the uniqueness assertion of Proposition 6.3 we deduce 774v = id. This means
that 7 A is quasifree. O

In connection with unital algebras the following result is useful.

Proposition 6.11. Let A be a pro-G-algebra. Then A is G-equivariantly quasifree if
and only if AY is G-equivariantly quasifree.

We will now define universal locally nilpotent extensions of pro-G-algebras.

Definition 6.12. Let A be a pro-G-algebra. A universal locally nilpotent extension of
A is an extension of pro-G-algebras 0 - N — R — A — 0 where N is locally nilpotent
and R is G-equivariantly quasifree.

We equip the Fréchet algebra C°°[0, 1] of smooth functions on the interval [0, 1] with the
bounded bornology and view it as a G-algebra with the trivial G-action. An equivariant
homotopy is an equivariant homomorphism of pro-G-algebras h : A — B & C*[0,1]
where C'*°[0, 1] is viewed as a constant pro-G-algebra. For each t € [0, 1] evaluation at ¢
defines an equivariant homomorphism h; : A — B. Two equivariant homomorphisms are
equivariantly homotopic if they can be connected by an equivariant homotopy. We will
also write B[0, 1] for the pro-G-algebra B @ C*[0,1].
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Proposition 6.13. Let (¢,7) : 0 = N — R — A — 0 be a universal locally nilpotent
extension of A. If (i,p) : 0 » K — FE — @ — 0 is any other locally nilpotent extension
and ¢ : A — @ an equivariant homomorphism there exists a commutative diagram of
pro-G-algebras

ok

Moreover, the equivariant homomorphisms £ and 1) are unique up to smooth homotopy.

More generally let (&, v:, ¢¢) for t = 0,1 be equivariant homomorphisms of extensions
and let ¢ : A — Q[0,1] be an equivariant homotopy connecting ¢o and ¢,. Then & can
be lifted to an equivariant homotopy (Z,W,®) between (£y, %o, ¢o) and (£1,%1, ¢1).

Proof. Let v: R — T R be a splitting homomorphism for the projection 75 : TR — R
and let s : Q — F be an equivariant linear section for the projection p : £ — Q. Since
p(s¢m) = ¢m is an equivariant homomorphism the curvature of s¢m : R — E has values
in K. Since by assumption K is locally nilpotent it follows that s¢m is a lonilcur. From the
universal property of T R we obtain an equivariant homomorphism k = [s¢n] : TR — F
such that kor = s¢m. Define ¥ = kv : R — E. We have

(pk)or = psém = ¢m = (¢p7TR)OR

and by the uniqueness assertion in Proposition 6.3 we get pk = ¢n7r. Hence py = pkv =
¢nTrYv = ¢7 as desired. Moreover, 1) maps N into K and restricts consequently to an
equivariant homomorphism £ : N — K making the diagram commutative.

The assertion that ¥ and £ are uniquely defined up to smooth homotopy follows from
the more general statement about the lifting of homotopies. Hence let (&, 1y, ¢¢) for t =
0,1 and @ : A — Q[0, 1] be given as above. Tensoring with C'*°[0, 1] yields an extension
([0,1],p[0,1]) : 0 = K][0,1] — E[0,1] — Q[0,1] — 0 of pro-G-algebras. An equivariant
linear splitting s[0, 1] for this extension is obtained by tensoring s with the identity on
C*[0,1]. Since @y = pyy for t = 0,1 the equivariant linear map [ : R — E[0, 1] defined
by

= 5[0, 1@ + (Yo — sdom) @ (1 —t) + (1 — sgm) @ t

satisfies evsl = 14 for t = 0,1 and p|0, 1]l = @7. The map p[0, 1)l = &7 is a homomorphism
and hence the curvature of [ has values in K0, 1]. Due to Lemma 6.2 the pro-G-algebra
K[0,1] = K ®C®[0,1] is locally nilpotent. Consequently, we get an equivariant homo-
morphism [I] : TR — EI0, 1] such that [lJor = I. We define ¥ = [{Jv and in the same
way as above we obtain p[0, 1]¥ = &r. An easy computation shows ¥; = en,W = 1); for
t =0, 1. Clearly, ¥ restricts to an equivariant homomorphism = : N — K|[0, 1] such that
(E,¥,®) becomes an equivariant homomorphism of extensions. O

Proposition 6.14. Let A be a pro-G-algebra. The extension 0 - JA —-TA—- A —0
is a universal locally nilpotent extension of A. If 0 - N — R — A — 0 is any other
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universal locally nilpotent extension of A it is equivariantly homotopy equivalent over A
to0 > JA —- TA — A — 0. In particular R is equivariantly homotopy equivalent to
TA and N is equivariantly homotopy equivalent to J A.

Proof. The pro-G-algebra J A is locally nilpotent by Lemma 6.1. Moreover, T A is
quasifree by Proposition 6.10. Hence the assertion follows from Proposition 6.13. (]

7. Equivariant differential forms

In the previous section we have seen that the space of non-commutative n-forms 2" (A)
for a pro-G-algebra A is a pro-G-module in a natural way. Let now A be any pro-G-
algebra and consider the covariant pro-module £2%(A) = Og ® 2"(A). The G-action on
this space is defined by

t-(fs)®w) = ft'st) @t w

for all f € Og and w € 2"(A) and the Og-module structure is given by multiplication.

Definition 7.1. Let A be a pro-G-algebra. The covariant pro-module £27(A) is called
the space of equivariant n-forms over A.

Let us define operators d and bg on equivariant differential forms by
da(f(s) ®@w) = f(s) @ dw

and
ba(f(s) @wdz) = (=1)"(f(s) ® (wz — (s - 2)w))

for w € 2"(A) and x € A. We remark that the definition of the operator bg goes back
at least to the work of Brylinski [5]. Moreover, in order to clarify our notation we point
out that one may view elements in (27%(A) as functions from G to 27(A). In particular
the precise meaning of the last formula is that evaluation of bg(f @ wdx) € 2% (A) at
the group element s € G yields (—1)"(f(s)(wz — (s7! - 2)w)) € 27(A).

Having this in mind we want to study the properties of the operators d and bg. As in
the non-equivariant case we clearly have d?> = 0. The operator bg should be thought of
as a twisted version of the ordinary Hochschild boundary. We compute for w € 2"(A)
and z,y € A

b2 (f(s) ® wdxr dy)
= bo((=1)""(f(s) @ wday — f(s) © (s7" - y)w dx))
=ba((=1)""(f(s) @ wd(zy) — f(s) Qwady — f(s) @ (s~ - y)w d))
= (=D"(=1)"(f(s) @wry — f(s) @57 - (ay)w
— (f(s) @wzy — f(5) © (57" - y)wa)
—(fs)@ (s Yz —f(s)@ (s - 2)(s - y)w)) = 0.

This shows b2G = 0 and hence b¢ is an ordinary differential. We will call b the equivariant
Hochschild operator.
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Similar to the non-equivariant case we construct an equivariant Karoubi operator k¢
and an equivariant Connes operator Bg out of d and bg. We define

kg = id — (bgdG + dgbg)

and on 2% (A) we set

BG = i Iﬁéd@.

=0

Using that kg commutes with dg and d% = 0 we obtain B% = 0. Let us record the
following explicit formulae on 2% (A). For n > 1 we have

ke (f(s) @wdr) = (=1)" " f(s) @ (s - da)w

and we obtain kg(f(s) ® z) = f(s) ® s7' -z for f(s) ® x € 2%(A). For the Connes
operator we compute

Be(f(s) @ zodry---dxy) = Z(—l)mf(s) @s b (depg1—i - day)dag - dy, .
=0

In addition we have the symmetry operator T" which is defined on any covariant pro-
module and takes the form

T(f(s)@w)=f(s)@s ' w
on §2¢4(A). It is easy to check that all operators constructed so far are covariant.
In order to keep the formulae readable we will frequently write b instead of b in the
sequel and use similar simplifications for the other operators.

We need the following lemma concerning relations between the operators constructed
above. See [16] for the corresponding assertion in the non-equivariant context.

Lemma 7.2. On 2%(A) the following relations hold:
(a) k"T1d =Td,
(b) k" =T + bk"d,
(c) br™ =0T,
(d) k" = (id — db)T,
() (™ —T)(w" —T) =0,

(f) Bb+bB =id —T.
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Proof. (a) This follows directly from the explicit formula for x from above. (b) Using
again the formula for k we compute

K" (f(s) @ xgdxy - - - dxy)
= f(s L (dwy - day) T
=f(s)@s™ ! (zodwy - dan) + (=1)"b(f(s) @ s7" - (dwy -+~ dan ) davo)
=T(f(s) ® xodxy - dxy,) + b"d(f(s) @ zo dxy - - - dy,).

(c) This follows by applying the Hochschild boundary b to both sides of (b). (d) Apply
k to (b) and use (a). (e) This is a consequence of (b) and (d). (f) We compute

)® s
)® s

n—1 n n—1
Bb+bB =Y wdb+ Y bi/d=> #I(db+bd)+r"bd
=0 =0 j=0

=id — k"(id — bd) = id — k" (rs + db) = id — T + dbT — Tdb = id — T,

where we use (d) and (b) and the fact that T' commutes with covariant maps due to
Proposition 3.3. (Il

Let us summarize this discussion as follows.

Proposition 7.3. Let A be a pro-G-algebra. The space §2¢(A) of equivariant differential
forms is a paramixed complex in the category pro(G-9Mod) of covariant pro-modules and
all the operators constructed above are covariant.

As for ordinary differential forms we define
QS"M(A) = 0%(A) © L(A) @ - © QR(A) for all n > 0.

We have the usual Zs-grading on Qé"(A) into even and odd forms. The natural projection
Qém(A) — Qé”(A) for m > n is a covariant homomorphism and compatible with the
grading. Hence we obtain a projective system (Qé"(A))neN and we let 6£25(A) be the
corresponding projective limit.

Using Lemma 4.3 we easily obtain the following fact.

Lemma 7.4. For any pro-G-algebra B the covariant pro-module 02¢(B ® K¢) is rela-
tively projective.

8. The equivariant X-complex

In this section we define and study the equivariant X-complex. Apart from the periodic
tensor algebra introduced in § 3.1 this object is the main ingredient in the definition of
equivariant periodic cyclic homology.

Consider the paramixed complex 2¢(A) of equivariant differential forms for a pro-G-
algebra A which was defined in the previous section. Following Cuntz and Quillen [16]
we define the nth level of the Hodge tower associated to £2¢(A) by

n—1
0" Qc(A) = D 2L(A) ® Q&(A) /o251 (A)).

=0
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It is easy to see that the operators d and b descend to 62 (A). Consequently, the same
holds true for x and B. Using the natural grading into even and odd forms we see that
0™ 2¢(A) together with the boundary operator B + b becomes a paracomplex. For m > n
there exists a natural covariant chain map 0"2g(A) — 0"2¢(A). By definition the
Hodge tower 025 (A) of A is the projective limit of the projective system (626 (A))nen
obtained in this way.

We emphasize that 0™ 2¢(A) for an arbitrary pro-G-algebra A is a projective systems
of not necessarily separated covariant modules. However, we will only have to work with
these objects in the case they are in fact projective systems of separated spaces.

We define the Hodge filtration on "2 (A) by

FR0"06(4) = WO (A) & @) 24(4) & 05(A)/H(O5 ().
j=k+1

Clearly, F¥0"2c(A) is closed under b and B. The Hodge filtration on " 2c(A) is a finite
decreasing filtration such that F~10"0Qg(A) = 0"2c(A) and F"0"2g(A) = 0. Remark
that these definitions can be extended to arbitrary paramixed complexes of covariant
modules in a straightforward way.

Definition 8.1. Let A be a pro-G-algebra. The equivariant X-complex Xg(A) of A is
the paracomplex 6!£2(A). Explicitly, we have

Xa(A): 2g(4) # 026(4)/b(2%(4)).

Let us point out that, despite our terminology, X (A) is usually only a paracomplex
and not a complex. Moreover, we remark that we will only be interested in the equivariant
X-complex Xg(A) in the case that A is quasifree. Recall from Theorem 6.5 that the
A-bimodule 2 (A) is a projective object in pro(G-Mod) if A is a quasifree pro-G-algebra.
It follows easily that £2L(A)/b(£24(A)) is a projective system of separated spaces in this
case.

The following lemma shows how the equivariant X-complex behaves with respect to
unitarizations. This will be useful later on.

Lemma 8.2. For every pro-G-algebra A the natural homomorphisms A — A% and
C — AT induce an isomorphism of paracomplexes

Xa(A) @ Og[0] = Xg(A™).

Proof. We have an evident isomorphism ¢go : X2(4) & Og = X2(A™) in degree zero
given by the identification

X%(A) @ Og=0cd A Og = Og & AT = X3(AT).

Let q1 : X5(4) — XL(AT) be the map induced by the inclusion homomorphism. In
order to construct an inverse of g; consider the map p; : Og ® 21 (A1) — Og & 21 (A)
given by

p1(f ® (ao, a0)d(ar, 1)) = f @ agday + f ® agday, pi(f®d(ar, o)) = f @da.
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It is straightforward to verify that p; descends to a covariant map XL (AT) — X} (A).
Moreover, one checks easily p1g; = id. To prove gi1p; = id observe first that in Xé,(A*‘)
we have

f®(0,1)d(0,1) = f ® (0,1)d((0,1)(0,1)) = 2f ® (0,1)d(0,1)

and hence f ® (0,1)d(0,1) = 0. This implies
f® (ap,0)d(0,1) = f ® (ag, p)d((0,1)(0,1)) = 2f ® (ag, a)d(0,1) = 0.
Now we compute

qp1(f ® (a0, )d(ar, a1)) = ao, 0)d(a1,0) + f ® apd(ai,0)
d

(
(ao,0)d(ay,0) + f ® (0, a0)d(az,0)
(a0, ag)d(a1,0)

= (aop, ap)d(a1, 1)

f®
f®
f®

and
ap1(f ®@d(ar, 1)) = f ®d(a1,0) = f @ d(ar, o).

Finally, one checks easily that the map ¢ is compatible with the differentials. This finishes
the proof. O

If we set A = 0 in Lemma 8.2 we obtain a simple description of the equivariant X-
complex of the complex numbers.

Lemma 8.3. The equivariant X-complex X (C) of the complex numbers C can be
identified with the trivial supercomplex O¢[0].

We are interested in the equivariant X-complex of the periodic tensor algebra 7 A
of a pro-G-algebra A. The first goal is to relate the covariant pro-module X (7T A) to
equivariant differential forms over A. If we denote the even part of 82¢(A) by 0028 (A)
we obtain a covariant isomorphism

X&(TA) =0 &TA= 00 (A)

according to the definition of T A.

Before we consider X} (7 A) we have to make a convention. We use the letter D for
the equivariant linear map 7A — 2%(T A) usually denoted by d. This will help us not
to confuse this map with the differential d in TA = 002°V(A).

As in [33] we obtain the following assertion.

Proposition 8.4. Let A be any pro-G-algebra. The following maps are equivariant linear

isomorphisms:
p s (TATOAG(TA)T » YTA),  mr®a®y)=aDoala)y,
po: (TA)T®A— TA, p2(r®a) =zo04(a),
ps: AR (TA)T — TA, ps(a®@x) =oa(a)ox.

Hence $2' (T A) is a free T A-bimodule and T A is free as a left and right T A-module.
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Using Proposition 8.4 we see that the map
pi s (TAYF & AG (TA — Q(TA)
induces a covariant isomorphism
Oc & (TAT® A (TA)T =2 QL(TA).
Identifying equivariant commutators under this isomorphism yields a covariant isomor-

phism
Q&(TA)/bc(R4(TA)) =2 0c & (TA)T & A

Using again TA = 0£2°V(A) we obtain a covariant isomorphism
X&(TA) = 00%(4),

where 002239(A) is the odd part of 092¢(A).

Having identified X (7T A) and 0£2¢(A) as covariant pro-modules we want to compare
the differentials on both sides. To this end let f(s) ® zda be an element of 0£2219(A)
where z € TA = 002%(A) and a € A. The differential XL (TA) — XZ(TA) in the
equivariant X-complex corresponds to

O (f(s)®@xda) = f(s)®@(xroa—(s""-a)ox)
= f(s)® (za— (s -a)r —drda+ (s7' - da) dx)
=b(f(s) ®xda) — (id + k)d(f(s) ® z da).
To compute the other differential we map 24(T A) to Og @ (TA)T @ A® (T A)* using
the inverse of the isomorphism p; in Proposition 8.4 and compose with the covariant map

Oc®(TA)T®A® (TA)T — 002234(A) sending f(s)@zo®a®x1 to f(s)@(s~a1)ox0 da.
The derivation rule for D yields the explicit formula

Oo(f(s) ®xodry---duoy)
= f(s) ® D(xo dxy - - - dxay,)
= f(s)®s - (day - - - dxay) Dy

+ Z f(S) ® 8_1 . (d1'2j+1 cee d{,CQn) oxgdry--- dl‘gj,QD(.er,lej)
j=1

n
- Z f(S) X 3_1 . (dl‘gj_H R d%gn) o X d1‘1 e d$2j_2 o xgj_leQj
J

Il
_

f(S) X 871 . (IdeZL'Qj+1 s dIQn) (o815} dCEl e dZL'Qj_QDCEQj_l

-

<.
I
—
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2n

= Z f(s)@s™ b (dwj---dra,)drgday - - daj_q
5=0

- Z b(f(s)@s"- (dwgjqr -~ dron)Todry - - - dugj_1das;)

Jj=1

n—1
= B(f(s) ® xodxy - - - dxon) — Z KYb(f(s) @ o day - - - daay)
=0

for the operator corresponding to the differential X2(7A) — XL(TA). This can be
summarized as follows.

Proposition 8.5. Under the identification X¢(T A) = 6£2¢(A) as above the differentials
of the equivariant X -complex correspond to

O =b—(d+r)d  on0RYA),

n—1
0o = — Z k¥b+ B on QX(A).
3=0

We would like to show that the paracomplexes X (T A) and 002¢(A) are covariantly
homotopy equivalent. However, at this point we cannot proceed as in the non-equivariant
case.

Let us recall the situation for the ordinary X-complex. The proof of the homotopy
equivalence between X (7 A) and 042(A) given by Cuntz and Quillen [16,18] is based on
the spectral decomposition of the Karoubi operator «. This decomposition is obtained
from the polynomial relation

(k" —id) (k™ —id) =0

which holds on 2"(A). Remark that this formula is related to the fact that the cyclic
permutation operator is of finite order on 2"(A).

In the equivariant theory the situation is different. The equivariant cyclic permutation
operator is in general of infinite order, due to Lemma 7.2 (e) the relevant relation for x
is

(k" —T) (K" =T) =0

on {27(A). Hence the proof from [16] cannot be carried over directly.
However, some additional work will in fact yield the following theorem.

Theorem 8.6. For any pro-G-algebra A the paracomplexes X (T A) and 002¢(A) are
covariantly homotopy equivalent.

Due to Proposition 8.5 it suffices to prove that the paracomplexes (6£2¢(A),d) and
(02¢(A), B+ b) are covariantly homotopy equivalent. We define ¢y, = capy1 = (—1)"n!
for all n. Consider the isomorphism ¢ : 2¢(A) — 002c(A) given by c(w) = cpw for
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w € 24(A) and let 6 = ¢~ (B + b)c be the boundary corresponding to B + b under this
isomorphism. It is easy to check that

0=B—nb on Qé"(A)
and
_ 1 2n+1
6= 7n+1B+b on 27" (A).

Hence in order to prove Theorem 8.6 it is enough to show that (02g(A),0) and
(02¢(A),0) are covariantly homotopy equivalent.

In ordinary Cuntz—Quillen theory one proceeds by considering certain operators asso-
ciated to the spectral decomposition of the operator k2. These operators are polynomials
in 2 and explicit formulae can be found in [33]. Since we do not have a spectral decom-
position of x? in the equivariant situation we will work directly with these polynomials.

We begin with the operator NN,, which is given by

n—1

1 .

N, = N, (k%) = - > K%
Jj=0

for n > 1 and by Ny = id.
Due to Lemma 7.2 (a) we have £2""1d = T'd on 22"(A). Hence we get

1 1

(ld - H2)N2n+1B = m(ld — H2(2n+1))B = m+ 1 (ld - TQ)B (81)
on 2Z"(A). Similarly we have
1
d — k2 _ (1 2@ntl)yy g 2
(id — k%) Nap41b T 1(1d K )b ST 1(1d T°)b (8.2)

on 2Z2M1(A) since £2"t1b = Th on NZ(A) by Lemma 7.2 (c). Next we define the
polynomials f,, and g, by

fa = Fa(K?) = No(62) Nppr (62) (id + (n — 1)(id — £2))
and

Npi1—id N, —id

2 1
n — 9n = - _7NnNn Nn . .
g gn(K7) (n 2) +1+ k2 —id K2 —id

for all n > 0. In addition we set f; = id and g; = 0 for all negative integers j. It is easy
to check that each g, is in fact a polynomial in x? and that we have

gn(ld - ‘%2) =id — fn (83)
for all n. We define covariant maps F}; by
Fop—1 = Fon = fon—2fon—1fon

for all n and let F' : §02¢(A) — 6£2¢(A) be the operator which is given on j-forms by Fj.
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We have to investigate the compatibility of the operator F' with the differentials 0
and 4. Let us first determine the failure of F to define a chain map from (6£2¢(A), ) to
(092¢(A), d). Using equations (8.3) and (8.1) we get on 22" (A)

OoF — Foy
n—1 . n—1 )
= BFy, — Y 570Fy, — Fanp1 B+ Fan1 ) £5b
j=0 j=0

= (Fon — Fon11)B

= fon(fon—2fon—1 — font1fony2)B

= —fon((id = fon—2) fon—1 + (id = fon—1) — (id = fon+2) font1 — (id — fon41))B
= —fon(g2n—2fon—1+ G2n—1 — G2n+2font1 — gont1)(id — k)?B

= (id_T)Q2n7
where
Qon = —— Ny (id + (20 — 1)(id — £2))
2n 2’[’L+1 2n 2

X (92n—2fon—1 + g2n—1 — Gon+2font1 — gons1)(id + 1) B.
Similarly, using equation (8.2) we have on 22" (A)
O F — F0; = bFap41 — (id 4 K)dFant1 — Fopb + Fopyo(id + k)d
= (Fant1 — Fan)b
= fon(gon—2fon—1 + Gon-1 — Gons2fons1 — gons1)(id — K)%b
= (id = T)Q2n+1,

where

_ 1 : 1y 2
Qant1 = o T 1N2n(1d+ (2n — 3)(id — 7))

X (92n—2fon—1+ Gon—1 — Gons2font1 — Gony1)(id 4+ T)b.

An analogous computation is needed to determine the deviation of F' to define a chain
map from (62¢(A),d) to (02c(A),d). We get on 2% (A)

0oF — Fog = BFy, — nbFy, — Fo,1 1B +nkFy,_1b
= (Fop, — Fopq1)B
= (id = T)Qa2n
and

1 1
O0F —Fé =blFy,y1 — ——BFy,.1 — Fo,b+ ——F5,. 2B
1 1 2n+1 ntl 2n+1 2 +n+1 2n+2

= (Font1 — Fon)b
= (id = T)Q2n+1
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on 221 (A). Let Q : 002¢(A) — 002¢(A) be the operator which is given on n-forms by
Q... Then the previous computation yields

OF —FO = (id—T)Q, 6F — Fé=(id - T)Q. (8.4)
The operator @Q satisfies the following identities. We have on £227"(A)
0hQ =060Q =0bQ2,, Q= Qd = Q2n+1B,
and similarly on 221 (A)
dQ = 60Q = BQ2n+1, Q01 = Qb1 = Qa2,d.

Since bQa, + Qant+1B = 0 and BQap 41 + Q2,0 = 0 we deduce the following lemma.

Lemma 8.7. The operator () satisfies the relations
oQ =4Q, Q0 = Q6.
Moreover,
0Q + Q0 =0, 0Q + Q6 =0,

that is, Q) is a chain map of odd degree for both boundary operators.
Using Lemma 8.7 we define the operator P : 602g(A) — 0024(A) by

P=F+1Q0=F—30Q=F+3Q5=F — 56Q (8.5)
and calculate using equation (8.4)

OP — P9 = 0(F — 10Q) — (F + £Q0)0 = OF — FO — $0°Q — 1Q0”
=(id-T)Q — (id - T)Q = 0.

In the same way we get
0P — P§ =0,

which shows that P defines a chain map from (0£2¢(A), ) to itself and also a chain map
from (6002¢(A),0d) to itself.

Next we shall prove that these chain maps are homotopic to the identity. First observe
that

id — Fop—1 = id — Fap, = (id = fap—2) + (id — fan—1) fon—2 + (id — f2n) fon—1f2n—2.
Hence if we set
Son—1 = S2n = gan—2 + gon—1fon—2 + Gon fon—1f2n—2 (8.6)
and let S : 002¢(A) — 6£2¢(A) be the operator given on n-forms by S,, we get

id — F = (id — x%)S.
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Observe that we also have
id — Fop—1 = 1d — Fay, = (id — fon) + (id — fan—1) fon + (id — fon—2) fon—1fon,

which implies
Son—1 = Son = gon + g2n—1fon + g2n—2f2n—1/f2n (8.7)
Combining equations (8.6) and (8.7) we get

Son — Sant2 = fon(g2n—1 = G2n+1 + G2n—2fon—1 — Gant2fon+1). (8.8)

Let us consider the chain map P : (02¢(A),0) — (02¢(A), ). We define
hop = (id + &) — b, hons1 =0
and calculate
Oh +hd = —(b— (id + k)d)? = (id + £)(bd + db) = (id + £)(id — k) = id — K>
It follows that id — k2 is homotopic to zero with respect to the boundary 0. Now we set
Hap = honSon + $Qa2n, Hopt1 =0

and compute on 22" (A)

OH + HO = 0hanSan + 50Q2y, = id — Fap 4 30Q2n = id — Pay.

Observe that by Lemma 7.2 (a) we have on 022"(A)

2n
1 ,
Nopi1(id + k)d = K% (id + K)d
J=0

T on+1

1 2n

= > KI(id + 57
j=0

2n+1

(id + T)B. (8.9)

2n+1
Hence using equations (8.8) and (8.9) we get on 24 (A)
h2n+2(52n — 52n+2>b = Ngn(ld + (21’L — %)(ld - Iig))

X (g2n—1 = 92n+1 + G2n—2fon-1 — G2nt2font1)Nont1(id + K)db
= _Q2nb
and compute on 25" (A)
OH + HO = —hani2Soni2(id + k)d + hanSanb + 5Qanb
=id — F2n+1 + h2n+2(S2n - 52n+2)b + %Qan
=1id — F2n+1 - Qan + %Qan
=id — Popq1.
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We now consider the chain map P : (0£2¢(A),d) — (02¢(A), ). Let us define

lop = (id+ K)d,  lopsr = — (id + K)d

n+1
for all n. Then the equation
[6,cYde] = ¢ [B +b,djc = ¢ (bd + db)c = ¢ (id — k)c =id — &
implies
Sl +16 = (id + »)(id — k) = id — &%
It follows that id — k2 is homotopic to zero with respect to the boundary §. Now we set
Loy, = 12pSon + %Qm, Lont1 = lant152n41
and compute on 22" (A)
6L 4 L = S2p0l + S2p16 4+ 56Q2, = id — Pay,.
On 221 (A) we get
6L+ L6 = 6lan41S2n41 + l2nS2nb + 3Q2nb
=id — Fany1 + lon(S2n — Sant2)b + 5Qanb
=id — Fopt1 + hon(Son — Sant2)b + 5Qanb
=id — Fop1 — 2Q0
=id — Papt1-
We summarize this discussion as follows.
Proposition 8.8. We have
id-P=0H+ HO, id— P =46L + L6,

that is, the chain map id — P is homotopic to zero with respect to both boundary
operators.

Let us now determine the failure of F' to define a chain map from (6£2¢(A),d) to
(092¢:(A), D). Using the relation £2"b = Tb on 2%"(A) we compute
1 1
12 g 2@y — g2
(id — k“)Nayb o (id—k )b o (id—T%)b

on 22"(A) for n > 0. Hence we have on £22"(A) for n > 0
n—1
SoF — FOy = BFyy — nbFan + Fan1 Y 6%b— Fy 1B
=0

= (Fop — Fopy1)B — (id — £?) Z n—j—1)k* Fyub
i=0

|
N

n

= (id = T)Qa, — (id — T) (n—j— DY K,b,

<.
Il
o
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where
1 . . .
= %an—2f2n—1N2n+l(ld + (2n - 3)(id — £*))(id + 7).
Similarly, on 22"~ '(A) we have x*"d = T'd and hence

1 1
(id — K2)Nopd = 5 (id = k22 g = 5 (id = T?)d.

Using this we compute on 025" ' (A)

1
51F - F61 = bFQn_l — ﬁBFQn_l — FQn_2b+ an(ld + Ii)d

2n—1
1 .
= b(Fon—1 — Fon—2) — (n E K Fop—_1 — (id + H)an)d
=0

|
N

n

={d-T)Q2p-1+ — (1d — kDA + k)Y (n—j—1)rY Fyd

| .
Lol
o

n

= (id = T)Qop_1 + — (1d T)(1d+f£) (n—j—Dr¥K,d.

<.
Il
=)

Hence if we set

n—2

Rop ==Y (n—j— 1)r” Kb,

Jj=0

|
X

n

Rop_1 = (1d + ﬁ) (n—j—1)k¥K,d

<.
I
<)

for n > 0 and Ry = 0 we get
dF —F0=(id—-T)(Q + R),

where, as before, R is given by R, in degree n. Similarly, we obtain on 22" (A)
n—1 )
OF — Féy = BFa, — ) K¥bFon — Fan1 B +nFzn1b

Jj=0

= (Fan — Fopt1)B + (id — £?) Z n—j—1)k* Fy,b
=0

|
N

n

= (id — T)Qan + (id — T) (n—j—1)Kr¥K,b

<.
I
o
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and on 2271 (A)

1
O F —F§; = bF5,—1 — (ld + Ii)dFQn_l — Fy,_ob+ ﬁFQnB

n—2
1 )
= (F2n—1 - an_g)b — ﬁ(ld — 52)(1d + IQ) (Tl —j — 1)/412]F2nd

Il
=

J
n—2

= (id — T)Qap_1 — %(id ~T)(id+ k)Y (n—j—1)k¥K,d.

<
I
o

Hence we have
OF — F§ = (id — T)(Q — R).

The operator R satisfies the identities

n—1

725

1 .
OR + RO = ——BRyy — Ron 1 > k¥b, OR+ RO = —(id + k)dRan — Rop_1mb

j=0
on 2Z'(A) and

n—1

. 1
SR+ RO = —nbRy, 1 — Ron(id+ k)d,  OR+RS=—> k™ bRoy 1 — ~RonB

7=0
on 22" (A). Moreover, we have on 2%'(A)
FR— RF = Fyy_1 Ry — RonFay = 0,
and similarly

FR— RF = Fy,Ray_1 — Rop_1F2,1 =0

on Qé”fl(A). Finally, one easily checks RQ) = QR = 0. We summarize this as follows.

Lemma 8.9. We have the relations
6F —F9=(id-T)(Q+R), OF—-Fj=(id-T)Q—-R)

as well as

IR+ RO =0, OR+ RI=0

and
[F,R]=FR— RF =0, RQ=QR=0.

Let us define ¢ : (0£2¢(A),0) — (02¢(A),9) and ¢ : (002¢(A),d) — (002¢(A),0) by

¢=P+3IR0O=P—-16R, =P+Li0R=P—1iRs
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Using Lemmas 8.7 and 8.9 one verifies that ¢ and ¢ are chain maps. Let us prove that
¢ is homotopic to the identity. According to Lemma 8.9 one has

¢ = (P + $RO)(P + 30R)
= P>+ (ROP + POR) + {RO*R
= P? — L(6R(F + 1Q0) + (F — 16Q)RS) + L R?(id — T)
= P> — L(6RF + RF6) + 1 R*(id — T).

Consider the first term in the last expression. By Proposition 8.8 the map P is homotopic
to the identity with respect to the boundary §. Hence the same holds true for the chain
map P2. The second term is obviously homotopic to zero. The last term is homotopic to
zero since R? is a chain map with respect to the boundary & according to Lemma 8.9.
We conclude that ¢ is homotopic to the identity. In the same way one shows that ¢
is homotopic to the identity.

This finishes the proof of Theorem 8.6.

9. Equivariant periodic cyclic homology

In this section we define bivariant equivariant periodic cyclic homology for pro-G-
algebras.

Definition 9.1. Let G be a locally compact group and let A and B be pro-G-algebras.
The bivariant equivariant periodic cyclic homology of A and B is

HPE(A,B) = H,(Homg(Xa(T(A®Kg)), Xa(T(B®Ke)))).

There are some explanations in order. On the right-hand side of this definition we take
homology with respect to the usual boundary in a Hom-complex given by

3(¢) = ¢da — (—1)1l9pe

for a homogeneous element ¢ € Homa(Xg(T(A®Kg)), Xa(T(B®Kg))) where 94 and
Op denote the boundary operators of X¢ (7 (A®Kg)) and X (T (B @ Kg)), respectively.
However, in order to take homology we have to check that we indeed obtain a supercom-
plex in this way since the equivariant X-complexes are only paracomplexes.

From the definition of the equivariant X-complex we know 8% = id—T and 0% = id—1T.
Using these relations we compute

0%(¢) = 905 + (=1)1?1(=1)1?1718%6 = ¢(id — T) — (id — T)¢ = Tp — ¢T

and hence 9%(¢) = 0 follows from Proposition 3.3. Thus the failure of the individual
differentials to satisfy 92 = 0 is cancelled out in the Hom-complex. This shows that our
definition of HPS makes sense.

Let us discuss some basic properties of the equivariant homology groups defined above.
Clearly, HPS is a bifunctor, contravariant in the first variable and covariant in the second
variable. As usual we define H P (A) = HPE(C, A) to be the equivariant periodic cyclic
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homology of A and HP}(A) = HPE(A,C) to be equivariant periodic cyclic cohomology.
There is a natural product

HPF(A,B) x HPF(B,C) — HPT;(A,C), (z,y)— -y,

induced by the composition of maps. This product is obviously associative. Every equiv-
ariant homomorphism f : A — B defines an element in HP§(A, B) denoted by [f]. The
element [id] € HP{ (A, A) is simply denoted by 1 or 14. An element x € HPS (A, B)
is called invertible if there exists an element y € HPY(B,A) such that = -y = 1a
and y -z = 1lp. An invertible element of degree zero will also be called an HP¢-
equivalence. Such an element induces isomorphisms HPS (A, D) = HPY(B,D) and
HPS%(D,A) = HPS(D, B) for all G-algebras D. An H P%-equivalence exists if and only
if the paracomplexes Xg(T(A®Kg)) and Xg(T(B®Kg)) are covariantly homotopy
equivalent.

10. Homotopy invariance

In this section we show that HPS is invariant under smooth equivariant homotopies in
both variables.

Let B be a pro-G-algebra and consider the Fréchet algebra C'*°[0,1] of smooth func-
tions on the interval [0,1]. We denote by B[0, 1] the pro-G-algebra B & C*°[0, 1] where
the action on C*°[0,1] is trivial. By definition a (smooth) equivariant homotopy is an
equivariant homomorphism @ : A — BJ0,1] of pro-G-algebras. Evaluation at a point
t € [0,1] yields an equivariant homomorphism @; : A — B. Two equivariant homomor-
phisms from A to B are called equivariantly homotopic if they can be connected by an
equivariant homotopy.

A homology theory h, for algebras is called homotopy invariant if the induced maps
h«(¢o) and h.(¢1) are equal whenever ¢y and ¢; are homotopic homomorphisms. In our
situation we will prove the following assertion.

Theorem 10.1 (Homotopy Invariance). Let A and B be pro-G-algebras and let
& : A — BJ[0,1] be a smooth equivariant homotopy. Then the elements [®y] and [$1] in
H POG (A, B) are equal. Hence the functor HPS is homotopy invariant in both variables
with respect to smooth equivariant homotopies.

More generally the elements (@] and [@1] in Ho(Homg(Xa(A), X (B))) are equal
provided A is quasifree.

We recall that 6?2 (A) is the paracomplex 2% (A) & 2L (A) ® 24(A)/b(2%,(A)) with
the usual differential B+b and the grading into even and odd forms for any pro-G-algebra
A. Clearly, there is a natural map of paracomplexes ¢2 : §2025(A) — Xg(A). The first
step in the proof of Theorem 10.1 is to show that £? is a covariant homotopy equivalence
provided A is equivariantly quasifree.

Let us consider the following more general situation. Assume that A is a pro-G-algebra
and let V : 2" (A) — 2"F1(A) be an equivariant graded connection. Recall from Defini-
tion 6.7 that V satisfies

V(zw) = 2V (w), V(wz) =V(w)z+ (—1)"wdz
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for all x € A and w € 2"(A). We extend V to forms of higher degree by setting
V(aoday - - day,) = V(agday - - - day,) dapy1 - - - day,. Moreover, we put V(w) = 0 if the
degree of w is smaller than n. Then we have

V(aw) = aV(w), V(wn) = V(w)n + (=1)*lwdn

for a € A and differential forms w and 7). Let us define a covariant map Vg : 0£2¢(A) —
002 (A) by the formula
Va(f(s)@w) = f(s) @ V(w).

Proposition 10.2. Let A be a pro-G-algebra and let V : QL(A) — Q4T (A) be
an equivariant graded connection. Then the covariant map [b,Vg] = bVg + Vb
is an idempotent operator on 6{2g(A) and defines a retraction for the natural map
F"00c(A) — 002¢(A).

It follows that 082¢(A) and 0" 2¢(A) are covariantly homotopy equivalent with respect
to the Hochschild operators if A is n-dimensional with respect to G.

Proof. Let us compute the commutator of b and V. Take w € 27(A) for j > n. For
a € A we obtain

[0, Val(f(s) @ wda) = b(f(s) ® V(w) da) + Ve (b(f(s) © wda))

= (=D)"*(f(s) @ Vw)a— f(5) @ (s7" - a)V(w))
+ (1Y (Va(f(s) @wa— f(5) @ (s7" - a)w))

= (1) (f(9) @ (7" a)V(w) = f(s) @ V(w)a
+f(5) @ V(wa) = f(5) @ V((s7" - a)w))

= (=1 (f(5)® (s - a)V(w) = f(s) ® V(w)a+ f(s) ® V(w)a
+ (1Y f(s) @wda — f(s) @ (s - a)V(w))

= f(s) ®wda.

Hence [b, Vg] = id on Qé(A) for j > n. Since [b, V] commutes with b this holds also
on b(2%T1(A)). Let us determine the behaviour of [b, V] on £2%(A) for j < n. Clearly,
[, V] = 0 on 2L(A) for j < n since V¢ vanishes on £27,(A) and 24" (A) in this case.
On 2%(A) we have [b, V] = bV because Vg is zero on 24" (A). Hence

[b,Vg][b, V] = bVebVa = b(id — bVg)Va = bV = [b,Vg] on 24(A)

and it follows that [b, V] is idempotent. The range of the map [b, V] = bV restricted
to 2%(A) is contained in b(£24!(A)). Equality holds because [b, V] is equal to the
identity on b(£2/57'(A)) as we have seen before. It follows that [b, V] maps 0£25(A) to
F"002¢(A) and is a retraction of the natural map from F"082¢(A) into 02 (A). Hence
the map id — [b,V¢g] : 0"02¢(A) — 0£2¢(A) is inverse to the natural projection up to
homotopy with respect to the Hochschild boundary. O

Proposition 10.3. Let A be a G-equivariantly quasifree pro-G-algebra. Then the map
€2:020q(A) — Xg(A) is a covariant homotopy equivalence.
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Proof. Since A is quasifree there exists by Theorem 6.5 an equivariant graded connection
V 1 21(A) — 022(A). We use the covariant map V¢ defined above to construct an
inverse of £2 up to homotopy. In order to do this consider the commutator of Vg with
the boundary B + b. Clearly, we have [Vg, B + b = [Vg, B] + [Vg, ). Since [Vg, B]
has degree +2 we see from Proposition 10.2 that id — [Vg, B + b] maps F’25(A) to
Fit10q(A) for all j > 1. This implies in particular that id — [V, B + b] descends to
a covariant map v : Xg(A) — 0202g(A). Using that V¢ is covariant we see that v is a
chain map. Explicitly we have

v=1id — Vad on 2%(A),
v=1id — [Vg,b] =id — Vg on 25(A)/b(0(A)),

and we deduce £2v = id. Moreover, v¢2 = id — [V, B + b] is homotopic to the identity.
This yields the assertion. O

Now let @ : A — BJ0,1] be an equivariant homotopy. The derivative of @ is an
equivariant linear map ¢’ : A — B[0, 1]. If we view BJ[0,1] as a bimodule over itself the
map @' is a derivation with respect to @ in the sense that &' (zy) = &' (2)P(y) +D(z)P (y)
for x,y € A. We define a covariant map 7 : 2% (A) — 2771 (B) for n > 0 by

n(F(s) @z das - - - d) :/0 F(5) ® By(20)B, (1) dBy () - - - dby () dit.

Since integration is a bounded linear map we see that 7 is bounded. In addition we set
n =0 on 22%(A). Using the fact that & is a derivation with respect to & we compute

nb(f(s) ® xodxy - - - day,)

= | 1) 0 @1anm)Bi(o) (o) - b (a)
— £(8) @ By (w0) P} (w122) APy (3) - - - APy (1)
+ f(5) @ D(0) Py (1) Py (w2) dDy(x3) - - - dDi ()
( ) (S) & Qﬁt( ) /(xl)(dét(aa) T dQSt(xn—l))ét(xn)
+ (=1)"f(s) @ De((s™1 - ) 20) D) (1) APy (2) - - - APy (1) dt

- / (—1)" L (f(s) ® @(a:o) () (ABy(2) - by (1)) Pi ()
= [(8) @By ((s7" - mn)x0) P (1) dDy(w2) - - - dDy(21,—1)) i
= —bn(f(s) @ xgdxy - - - dxy).

This implies that n maps b(£22,(A)) into b(24(B)) and hence induces a covariant map
n: 0290(14) — Xg(B)

Lemma 10.4. We have Xg(91)£? — Xa(P)é% = On + nd. Hence the chain maps
Xa(94)€2 :0206(A) — Xg(B) fort = 0,1 are covariantly homotopic.

https://doi.org/10.1017/51474748007000102 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000102

730 C. Voigt

Proof. We compute both sides on Qé(A) for j =0,1,2. For j = 0 we have

[8,n](f(8)®x):n(f(8)®dw)=/0 f(s) @ @i(x)dt = f(s) ® P1(x) — f(5) @ Po().
For j =1 we get

[0, n](f(s) ® o dx1)
=dn(f(s) ® xodx1) + nB(f(s) ® xodxy)

/ f(8) @ d(P(20)P, (1)) + f(5) @ D (x0) dDy (1) — f(5) @ Pi(s™1 - 21) dPy (o) dt

/ 7 () @ dpy (o) d}(1)) + (1 () @ Be(ao) (1)

) ®(p1($0) d@l(fﬁl) f(S) ®¢0({E0) d@o(l‘l)

Here we can forget about the term

1
/O b(f(s) ® dy (o) dB,(x1)) dt,

since the range of ) is X(B). Finally, on £23,(A)/b(£2%(A)) we have On+nd = nb+bn = 0
due to the computation above. O

Now we come back to the proof of Theorem 10.1. Let ¢ : A — BJ0,1] be an equiv-
ariant homotopy. Tensoring both sides with K¢ we obtain an equivariant homotopy
PRKe: A®Kg — (B®Kg)[0,1]. The map @ ® K¢ induces an equivariant homomor-
phism T(@ ©Kg) : T(A®Kg) — T((B&Kg)[0,1]). Now consider the equivariant linear
map
1:B&Kg®C>®0,1] = T(B&Kg)®C>[0,1], IbRT® f)=0pgx,0OT)® f.
Since 0 ¢ i, is a lonilcur it follows that the same holds true for [. Hence we obtain an
equivariant homomorphism [I] : 7((B ® Kg)[0,1]) — T(B®Kg)[0,1] due to Proposi-
tion 6.3. Composition of 7 (® ® Kg) with the homomorphism [I] yields an equivariant
homotopy

U =[T(@&Ks): T(A&Kg) — T(B&Kg)[0,1].

From the definition of ¥ it follows easily that ¥ = T(®;®Kg) for all t. Since
T(A®Kg) is quasifree we can apply Proposition 10.2 and Lemma 10.4 to obtain
[®] = [®#1] € HP§ (A, B). The second assertion of Theorem 10.1 follows directly from
Proposition 10.2 and Lemma 10.4. This finishes the proof of Theorem 10.1.

Let us note a formula for the chain homotopy h connecting Xg(®o) and X (P1)
obtained above in the case that A is equivariantly quasifree. Since A is quasifree there
exists according to Theorem 6.5 an equivariant linear map ¢ : A — 22(A) satisfying
o(zy) = ¢(x)y + zd(y) — dx dy. Using the map ¢ one obtains

ho(f(s) ® wo) = —n(f(s) @ p(z0)),
hi(f(s) ® o dx1) = n(f(s) @ zo dz1) — nb(f(s) @ zod(z1))
for the homotopy h : Xg(A) —» X (B).
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As a first application of homotopy invariance we show that HPS can be computed
using arbitrary universal locally nilpotent extensions.

Proposition 10.5. Let 0 — I — R — A — 0 be a universal locally nilpotent
extension of the pro-G-algebra A. Then X (R) is covariantly homotopy equivalent to
X¢(TA) in a canonical way. More precisely, any morphism of extensions (£, ¢,id) from
0 >JA—>TA—>A—->0to0—> 11— R — A — 0 induces a covariant homotopy
equivalence X¢(¢) : Xq(TA) — Xg(R). The class of this homotopy equivalence in
H,.(9ome(Xa(TA), Xa(R))) is independent of the choice of ¢.

Proof. From Propositions 6.13 and 6.14 it follows that ¢ : TA — R is an equivariant
homotopy equivalence of algebras. Hence Xg(¢) : Xg(TA) — Xg(R) is a covariant
homotopy equivalence due to Theorem 10.1. Since ¢ is unique up to equivariant homotopy
it follows that the class of this homotopy equivalence does not depend on the particular
choice of ¢. O

In particular there is a natural covariant homotopy equivalence between X (T A) and
Xa(A) if A itself is quasifree.

11. Stability

In this section we want to investigate stability properties of HPS. We will show that
H PS is stable with respect to tensoring with the algebras /() associated to an equivariant
bounded bilinear pairing b: W x V' — C that were introduced in § 2.

First we consider a special class of pairings.

Definition 11.1. Let V and W be G-modules. An equivariant bilinear pairing b : W x
V — C is called admissible if there are subspaces Ny C W and Ny C V where the
G-action is trivial such that the restriction of b to Ny x Ny is non-zero.

Now let A be a G-algebra and let b : W xV — C be an admissible pairing. Let Ny C W
and Ny C V be the corresponding subspaces. By assumption we may choose w € Ny
and v € Ny such that b(w,v) = 1. Then p = v ® w is an element of [(b) and clearly p is
G-invariant. Consider the equivariant homomorphism ¢4 : A - A®(b),14(a) = a ® p.

Theorem 11.2. Let A be a pro-G-algebra and let b : W x V. — C be an admissible
pairing. Then the class [t4] € Ho(Homg(Xa(TA), Xa(T(ARI(b))))) is invertible.

Proof. We have to find an inverse for [t4]. Our argument is a generalization of a well-
known proof of stability in the non-equivariant case.

First observe that the canonical equivariant linear map A®I(b) — TA®I(b) is a
lonilcur and induces consequently an equivariant homomorphism A4 : T(A®I(b)) —
TA®I(b). Define the map tra : Xg(TA®I(b)) — Xa(TA) by

tra(f(s) @@ T) =try(T)f(s) @
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and
tra(f(s) @ xo @ Tod(xr @ Th)) = tre(ToT1) f(s) @ zp dxy.
Here we use the twisted trace tr, : [(b) — C defined by
try(v @ w) = b(w,s-v) = b(s™ - w,v)

forv@w e VoW and s € G.
Now it is easily verified that

trS(ToTl) = tI‘S((S_l . Tl)To)

for all Tp, Ty € I(b).

One checks that tr4 is a covariant map of paracomplexes. We define 74 = trg o X (Aa)
and claim that [74] is an inverse for [¢4]. Using the relation pUy = p one computes [t 4] -
[Ta] = 1. We have to show that [74] - [ta] = 1. Consider the equivariant homomorphisms
ij: A®l(b) = A®1(b) ©I(b) for j = 1,2 given by

1(a®T)=a®Tp,
i2a®@T)=a®pT.

As before we see [i1] - [T4 g 4] = 1 and we determine [io] - [T4 5] = [7a] - [a]. Let us
show that the maps ¢; and i are equivariantly homotopic. We shall define an invertible
multiplier o of [(b) ©[(b) such that conjugation with o yields the natural coordinate flip of
1(b) ©1(b) sending k; @ ko to ke & ky as follows. Using that (b)) @I(b) X VAWV & W
as G-modules we set

- (V1 @ W vy ®wWz) =v2 @ Wy ® V] @ W
and
(V1 @W1 RV @ ws) 0 =y Wy Qv  wa.

It is clear that these formulae define equivariant bounded linear maps [(b) ®1(b) —
1(b) ® I(b). Moreover, we have o - (kl) = (o - k), (kl) -0 = k(I -0) and (k- o)l = k(o - 1)
for all k,1 € I(b)®1(b) which means by definition that o is a multiplier of (b) @ I(b).
We have 0 - (0 - k) =k = (k-0) -0 and ad(o)(k1 @ ko) = 0 - (k1 @ k2) - 0 = ka2 ® ky.
Consider for ¢ € [0, 1] the invertible multiplier o, = cos(nt/2)id+isin(nt/2)o with inverse
given by o; ' = cos(nt/2)id — isin(nt/2)o. The family o; depends smoothly on ¢ and we
have oy = id and ¢, = o. Now the formula ad(oy)(k) = o; - k - o, ' defines equivariant
homomorphisms ad(o;) : [(b) @ I(b) — 1(b) ®1(b). We use ad(c;) to define an equivariant
homomorphism h; : A1) = A®I(b)®1(b) by hi(a® k) = a ® ad(0y)(k ® p). One
computes hg = 47 and h; = is and the family h; again depends smoothly on ¢. Hence we
have indeed defined a smooth homotopy between i1 and 5. Theorem 10.1 yields [i;] = [io]
and hence [74] - [ta] = 1. O

Now we can prove the following stability theorem.
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Theorem 11.3 (Stability). Let A be a pro-G-algebra and let b : W xV be any non-zero
equivariant bilinear pairing. Then there exists an invertible element in H PS(A, A®1(b)).
Hence there are natural isomorphisms

HPEY(A®I(b),B) = HPY(A,B),  HPS(A,B) = HPE(A,B&I(b))

for all pro-G-algebras A and B.

Proof. Consider the natural pairing D(G) x D(G) — C used in the definition of K. The
tensor product /(b) ® Kg is isomorphic to the algebra I(D(G) ® V, D(G) @ W) associated
to the tensor product pairing. We have a natural equivariant isomorphism « : D(G) ® V =
D(G)®V, given by a(f)(t) = t~1 - f(t) where V, is the space V equipped with the
trivial G-action. In the same way we obtain an equivariant isomorphism D(G) @ W =
D(G) @ W, which we will also denote by a. These isomorphisms are compatible with the
pairings in the sense that

b(a(g)aa(f))=/Gb(a(g)(t)>a(f)(t))dt=/Gb(t_l-g(t)’t_l-f(t))dth(% f)

for g € D(G) @ W, f € D(G) ®V, where we use the fact that the pairing W x V — C is
equivariant. It follows that we obtain an equivariant isomorphism

(D(G)RV,D(G)@W) = I(D(G) & V,, D(G) & W)

given by a(f @ g) = a(f) ® a(g). In other words, we have an equivariant isomorphism of
G-algebras

Ke®l(b) =2 Kg®I(b,),

where b, = b : W, x V, — C. Now we can apply Theorem 11.2 with A replaced by
A& Kg and [(b) replaced by I(b,) to obtain the assertion. O

As an application of Theorem 11.2 we obtain a simpler description of HPS if G is a
compact group.

Proposition 11.4. Let G be a compact group. Then we have a natural isomorphism
HPZ (A, B) = H,(Somg(Xa(TA), Xo(TB)))

for all pro-G-algebras A and B.

Proof. If G is compact the trivial one-dimensional representation is contained in D(G).
Hence the pairing used in the definition of K¢ is admissible in this case. O
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12. Excision

The goal of this section is the proof of excision in equivariant periodic cyclic homology.
We consider an extension
K>——>E_—">=Q (12.1)

o

of pro-G-algebras where o : Q — E is an equivariant linear splitting for the quotient
map 7: E — Q.

Let X¢(TE : TQ) be the kernel of the map X¢(Tn) : Xg(TE) — Xa(TQ) induced
by m. The splitting o yields a direct sum decomposition X¢(TE) = Xg(TE : TQ) @
X (TQ) of covariant pro-modules. The resulting extension

Xa(TE : TQ)>— Xa(TE) —> Xa(TQ)

of paracomplexes induces long exact sequences in homology in both variables. Moreover,
there is a natural covariant map p : Xg(TK) — Xg(TE : TQ) of paracomplexes. Our
main result is the following generalized excision theorem.

Theorem 12.1. The map p : Xg(TK) — Xg(TE : TQ) is a covariant homotopy
equivalence.

As a consequence we get excision in equivariant periodic cyclic homology.

Theorem 12.2 (Excision). Let A be a pro-G-algebra and let (1,7) : 0 - K — E —
@ — 0 be an extension of pro-G-algebras with a linear splitting. Then there are two
natural exact sequences

HPS(A,K) — HPF (A, E) — HPF (A, Q)
HPSG(A,Q) <~— HPC(A,E)<~— HPS(A, K)

and
HP§(Q,A) — HP§ (E,A) — HP{ (K, A)

HPF (K, A)<— HPF(E,A) <— HP{(Q, 4)
The horizontal maps in these diagrams are induced by the maps in the extension.

We point out that in Theorem 12.2 we only require a pro-linear splitting for the quotient
homomorphism 7 : E — Q. Let us first show how Theorem 12.1 implies Theorem 12.2.
Tensoring the extension given in Theorem 12.2 with K¢ yields an extension

K®ICG>—>E®ICG*>>Q®ICG (12-2)

of pro-G-algebras with a linear splitting. Due to Lemma 4.3 the pro-G-module Q & K¢
is relatively projective. It follows that we obtain in fact an equivariant linear splitting
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for extension (12.2). Now we can apply Theorem 12.1 to this extension and obtain the
claim by considering long exact sequences in homology.

Our proof of Theorem 12.1 is an adaption of the method used in [33] to prove excision
in cyclic homology theories. Consider the extension (12.1) and let £ C TE be the left
ideal generated by K C T E. Using Proposition 8.4 we see that

(TEYt&O K — £, r@k— zok, (12.3)

is an equivariant linear isomorphism. Moreover, we obtain from this description an equiv-
ariant linear retraction for the inclusion £ — T E. Clearly, £ is a pro-G-algebra since the
ideal K C F is G-invariant. The natural projection 75 : TE — E induces an equivariant
homomorphism 7 : £ — K and o restricted to K is an equivariant linear splitting for
7. Hence we obtain an extension

N>—>£*T»-K

of pro-G-algebras. The inclusion £ — 7T F induces a morphism of extensions from
0 >N—->L£—>K—=>0to0 > JE - TE — E — 0. In particular we have a nat-
ural equivariant homomorphism ¢ : N — JFE and it is easy to see that there exists an
equivariant linear map r : JE — N such that r¢ = id. Using this retraction we want to
show that N is locally nilpotent. If [ : N — C is an equivariant linear map with constant
range C' we compute Impy, = Ipimy, = lpm%Ei‘g” where my and myg denote the mul-
tiplication maps in IV and JF, respectively. Since lp : JE — C' is an equivariant linear
map with constant range the claim follows from the fact that JFE is locally nilpotent.

We will establish Theorem 12.1 by proving the following theorem.

Theorem 12.3. With the notation as above we have
(a) the pro-G-algebra £ is quasifree;

(b) the inclusion map £ — T E induces a covariant homotopy equivalence ¢ : X (L) —
Xa(TE:TQ).

Let us indicate how Theorem 12.3 implies Theorem 12.1. The map p is the composition
of the natural maps Xg(TK) — Xg(£) and Xg(£) —» Xg(TE : TQ). Since £ is
quasifree by part (a) it follows that 0 - N — £ — K — 0 is a universal locally
nilpotent extension of K. Hence the first map is a covariant homotopy equivalence due
to Proposition 10.5. The second map is a covariant homotopy equivalence by part (b). It
follows that p itself is a covariant homotopy equivalence.

We need some notation. The equivariant linear section o : Q — E induces an equiv-
ariant linear map oy, : 2"(Q) — 2"(E) defined by

or(qdq - -dgn) = o(qo)do(qr) - do(gn)-

Here o is extended to an equivariant linear map Q@+ — ET in the obvious way by
requiring o(1) = 1.
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We also need a right-handed version of the map o. In order to explain this correctly
consider first an arbitrary pro-G-algebra A. There is a natural equivariant isomorphism
21 (A) =2 A® A" of right A-modules. This follows easily from the description of £2!(A)
as the kernel of the multiplication map At ® AT — A*. More generally we obtain
equivariant linear isomorphisms 2" (A) & A®" & AT for all n. Using these identifications
we define the equivariant linear map og : 2(Q) — 2(F) by

or(dgr -+ dgngni1) = do(q1) - - do(gn)o(gn1),

which is the desired right-handed version of or. As in [33] we obtain the following
assertion.

Lemma 12.4. The following maps are equivariant linear isomorphisms:

pr (TQF o (TE)YT © K& (TQ)Y — (TE)*,
1D (2Rk®q)—or(q) +xokoor(q),

pr: (TQ)T @ (TQ)T K& (TE)™ = (TE)™",
1P (e @k®x)— or(q1) +or(ge) okox.

Equation (12.3) and Lemma 12.4 yield an equivariant linear isomorphism
LR (TQ)Y = (TE)T, l®q—1loor(q). (12.4)

This isomorphism is obviously left £-linear and it follows that (T E)T is a free left
L-module. Furthermore, we get from Lemma 12.4

(TQ)TOK®LT 2 (TQ)TOK & (TQTRK®(TE)T®K 2 (TE)T®K = L.
It follows that the equivariant linear map
(TQ)TOK®LT - £,  qok®l—or(q)okol, (12.5)

is an isomorphism. This map is right £-linear and we see that £ is a free right £-module.

Denote by J the kernel of the map 7x : TE — TQ. Using again Lemma 12.4 we see
that

(TQTRK®(TE)T =23, q¢®k®z—og(q)okouz, (12.6)

is a right 7 E-linear isomorphism. In a similar way we have a left T E-linear isomorphism
(TE)F@K&(TQ)T =3, rRk®q— xzokoor(q).
Together with equation (12.3) this yields
L@ (TQ)T =3, l®q—loor(q), (12.7)
and using equation (12.4) we get

L&e+ (TE)T 23, I@xwlox. (12.8)
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Now one constructs a free resolution of the £-bimodule £7. First let A be any pro-G-
algebra and consider the extension of A-bimodules in pro(G-Mod) given by

aq [e74)
BA: Ql(A)>—><<H, TATR AT T,, AT
1 0

Here the maps are defined as follows:

a1(xDyz) =2y ® 2z — r @ yz, ao(r ®y) = zy,
hi(z ® y) = Dy, ho(z) =1® a.

It is easy to check that ah 4+ ha = id. The complex B is a projective resolution of the
A-bimodule AT in pro(G-Mod) if and only if A is quasifree. Define a subcomplex P, of
BTE as follows:
Po=(TE)" @&+ L& &Y C(TE)" & (TE)",
P, =(TE)"Dg Cc QY(TE).

There exists an equivariant linear retraction BT E _ P, for the inclusion P, — BT 2
Since £ is a left ideal in TFE we see that the boundary operators in B7 ¥ restrict to P,
and turn P, — Py — £7 into a complex. It is clear that Py and P, inherit a natural £-
bimodule structure from Bg_ E and BZ_ B respectively. Moreover, the homotopy h restricts
to a contracting homotopy for the complex P, — Py — £%. Hence P, is a resolution of
£ by £-bimodules in pro(G-Mod). Next we show that the £-bimodules Py and P; are
free. Using equation (12.4) we obtain the isomorphism

LFRLT LT RTQH L = Py,

(12.9)
L) e(30qely) —» 1 @la+ (I300L(q) @ 4.

Since £ is a free right £-module by (12.5) we see that P, is a free £-bimodule. Now
consider P;. We claim that

P =0YTE)o K + (TE)"DK.

The inclusion (TE)TDK C P; is clear and it is easy to see that 21 (TE) o K C Pi.
Conversely, for xoD(z1 o k) € P, with zg, 21 € (TE)™ we compute

xoD(x1 0 k) = x9(Dx1) 0 k + 9 0 21 Dk

which is contained in 2'(TE) o K + (TE)*DK. This yields the claim. Under the iso-
morphism 2Y(TE) 2 (TE)T ® E® (TE)* from Proposition 8.4 the space 2'(TE) o K
corresponds to (TE)T®@ E® (TE)t o K = (TE)t ©@ E® £ and (TE)TDK corresponds
to (TE)T ® K ®1. Hence

(TEY"oK&LeH e (TE)Yr©QeL) = Py,

(12.10)
(1’1 Rk ® ll) D (SUQ ®q& lg) — 21Dkl + (EQ.DO’((])ZQ,
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is an equivariant linear isomorphism. Since (TE)" is a free left £-module by equa-
tion (12.4) and £ is a free right £-module by equation (12.5) we deduce that P; is a free
L£-bimodule. Consequently, we have established that P, is a free £-bimodule resolution
of £% in the category pro(G-Mod). According to Theorem 6.5 this finishes the proof of
part (a) of Theorem 12.3.

We need some more notation. Let X g(TE) be the complex obtained from X (7T F) by
replacing the differential 81 : XL (TE) — X2 (T E) by zero. In the same way we proceed
for X¢(TE : TQ). Moreover, let M be an £-bimodule in pro(G-Mod). We define the
covariant module (Og ® M)/|[-,-]c as the quotient of Og ® M by twisted commutators
f(s)@ml— f(s)® (s7! - 1)m where | € £ and m € M.

Now we continue the proof of Theorem 12.3. The inclusion P, — B.T E is an £-bimodule
homomorphism and induces a chain map

¢: (06 P[] = (06O Bl ")/l |o = XG(TE) & Ocl0].
Let us determine the image of ¢. We use equations (12.9) and (12.7) to obtain

(Oc®P)/[]c 20 (LT®LRTQ)
= 0c® (0eRL&(TQ))
> 06 ® (0c®J) C Oc®(TE)*.

Using equations (12.10) and (12.8) we get
(Og@ P[] 20c®(TE)YT©K)®Oc® (L& (TE)T Q)

20c@(TE)YTQK)®06035Q
~ 0¢® ((TE)YDK +3Do(Q)) C RL(TE).

This implies that ¢ induces a covariant isomorphism of chain complexes
(0c® P/l e = XG(TE : TQ) © Ol0].

With these preparations we can prove part (b) of Theorem 12.3.

Proposition 12.5. The natural map ¢ : X (L) = Xg(TE : TQ) is split injective and
we have
Xe(TE:TQ)=Xg(&)a C,

with a covariantly contractible paracomplex Co. Hence Xg(TE : TQ) and Xg(£) are
covariantly homotopy equivalent.

Proof. The standard resolution B,E of £T is a subcomplex of P,. Since P, itself is a free
£-bimodule resolution of £% the inclusion map f, : B — P, is a homotopy equivalence.
Explicitly set My = £+ ® TQ & £ and define g : My — Py by

g(lh®q®lz) =lioon(q) @2 — 11 ®or(q)ola.
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Using equation (12.9) it is easy to check that fo ® g : £¥® £t @ My — Py is an iso-
morphism. Furthermore, we have agg = 0. Since the complex P, is exact this implies
that P, = kerag = 21(£) @ My. Set M; = My and define the boundary M; — M
to be the identity map. The complex M, of £-bimodules is obviously contractible and
P, = B ® M,. Applying the functor (Og ® —)/|[-,-]¢ we obtain covariant isomorphisms

XUTE:TQ)® Ogl0] = (0c & PW)/[ . ]a
= (0c®BY)/[]a @ (0c®M.)/| e
~ X4(2) @ Ocl0) & (06 & M)/[ o
One checks that the two copies of O¢ are identified under this isomorphism. Moreover,
the map Xg(ﬂ) — Xg (TE : TQ) arising from these identifications is equal to ¥. Hence

9 is split injective. Let Cy be the image of (Og ® M,)/[, ¢ in Xg(TE : 7Q). One
checks that Cj is the range of the map

Oc®LROTQ — XATE),  f(s)@l@qr f(s)@losi(q) — f(s)® (s™' - sp(q)) oL,
and that C; is the range of the map
Oc®LOTQ — XH(TE), f@l®q— f®I1Dsg(q).

The boundary Cy — Cj is the boundary induced from X (7T E : TQ). On the other hand,
the boundary 9y : X&(TE : TQ) — XL(TE : TQ) does not vanish on Cy. However, we
have 8% = id — T and this implies that C, is a sub-paracomplex of X¢(TFE : TQ). Since
1 is compatible with Jy we obtain the desired direct sum decomposition

Xa(TE:TQ) = Xa(2)® C,.
It is clear that the paracomplex C, is covariantly contractible. (]

This completes the proof of Theorem 12.1.

13. The exterior product

In this section we construct the exterior product for equivariant periodic cyclic homology.
The exterior product is a generalization of the obvious composition product HPZ (A, B)x
HPS(B,C) — HPE(A,C) discussed in §9 and an analogue of the exterior product in
K K-theory. Our discussion follows essentially the construction in the non-equivariant
case given by Cuntz and Quillen [18].

We need some preparations. First we define the tensor product of paracomplexes of
covariant modules. Let C and D be paracomplexes of covariant modules. Then the tensor
product C X D of C' and D is the paracomplex defined as follows. The space underlying
C X D is given by

(C‘ZD)O = C0®OGD0 @Cl@(’)ch, (OgD)l = 01®(’)GD0 EBCO®OGD1~
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The group G acts diagonally and Og acts by multiplication. Using the fact that Og is
commutative we see that C' X D becomes a covariant module in this way.

It remains to define the boundary operator in C' X D. The usual formula for the
differential in a tensor product of complexes is not appropriate since this formula does
not yield a paracomplex. Instead we define the differential 0 in C'X D by

o _ (0®id —id®d g [ 9®T ded

" \idwo 0T ) '\ -ideo awid)”
It is straightforward to check that % = id — T in CX D. Hence the tensor product C' X D
is again a paracomplex.

Now let I be a G-invariant ideal in a pro-G-algebra R and define a paracomplex
HE (R, I) by

HZ(R, 1) = Oc @ R/(Og & I* + b(Og & I dR))
in degree zero and by
HE(R, 1) = O @ 2'(R)/(D(2%(R)) + Og & 12" (R))

in degree one where the boundary operators are induced from X (R). This paracomplex
is the equivariant analogue of the corresponding quotient of the ordinary X-complex
considered in [16].

Let A and B be pro-G-algebras. In the same way as explained in [15] we see that the
unital free product AT * BT of AT and BT can be written as

AT« BT = AT & BT o P 27(A)& 2 (B)
j>0

where the multiplication is given by the Fedosov product
(r1 ®@y1) o (T2 @ Ya) = 172 D Y12 — (—1)|I1|x1das2 ® dy1ya.

An element ag day - - - da, @by dby - - - db,, corresponds to apbglai, b1] - [an,by] in the free
product under this identification where [z, y] = zy—yz denotes the ordinary commutator.
Consider the extension

[>—>A+*B+$>A+®B+

of pro-G-algebras where I is the kernel of the canonical homomorphism 7 : AT x BT —
At & Bt. Using the description of the free product explained above we have

I'" = P 2(A) & 2 (B)

Jjzk

for the powers of the ideal I.
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Let us abbreviate R = AT x BT and define a covariant map ¢ : Xg(AT)X Xg(B') —

HQG(va) by
p(ft) @z ®y) = f(t) @y,
O(f(t) @ zodzy @yodyr) = f(t) @ xo(t™" - yo)[z1,t" - ya],
d(f(t) @x@yodyr) = f(t) ® xyo dys,
o(f(t) @ wodr1 @ y) = f(t) ® v d21Y,

where again [z,y] = zy — yx denotes the commutator.

Proposition 13.1. The map ¢ : Xg(AT) R Xg(B*) — H4(R,I) defined above is a
covariant isomorphism of paracomplexes for all pro-G-algebras A and B.

Proof. According to the description of the free product using non-commutative differ-
ential forms we have an equivariant isomorphism

AT & BT @ QY (A) & 2Y(B) =2 R/T?
of AT & B*-bimodules. This induces an isomorphism
XGAT)RX(BT) & Xg(A) B X5(B) = HE (R, 1)
and using Lemma 8.2 we deduce
XUANRXL(BY) @ XL(AN R XL(BY) 2 HEL (R, 1)°.

After applying the covariant isomorphism 7" to X} (B™) this isomorphism can be iden-
tified with the map ¢ in degree zero.

The inclusion maps AT — R and BT — R induce an equivariant R-bimodule homo-
morphism

R& 2" (A)®aR® R&p 2'(B)&p R — 2'(R).
Tensoring with AT & Bt over R on both sides we obtain a map
Bt ' (A) @Bt @ AT @ 2" (B)® AT — 2Y(R)/(I2'(R) + 2Y(R)]).
Using the fact that R is unital we see as in [15] that this map determines an isomorphism
XA RXY(BT) & XE(AT) R XS (B) 2 HE(R, )
and by Lemma 8.2 we obtain an isomorphism
XGAT)RXG(BT) & Xg(AT) M Xg(BY) = HE(R, 1)

which can be identified with the map ¢ in degree one.
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It remains to show that ¢ is a chain map. To illustrate the occurrence of the operator
T we compute

9B(f(t) ® xo dr1 @ yo dyn)
(t) @ d(zo(t™" - yo)le1,t " - 1))
(t) @ zo(t™" - yo)ldar,t " - yn] + f(t) @ mo(t ™" - yo) w1, d(t™" - y1)]
(t) @ xo deit™" - (yoyr) — f(t) @ o dzryoy

+ f(t) @ mozat ™t - (yodyr) — f(8) @ (71 a1)wot ™" - (yo dyr)
= ¢O(f(t) ® xo dz1 ® Yo dyn)-

f
f
f

The other cases are treated in a similar way. ([l

Lemma 13.2. Let A and B be equivariantly quasifree pro-G-algebras. Then the free
product A" « BT is equivariantly quasifree.

Proof. Let 0 > K — F — @ — 0 be a locally nilpotent extension of pro-G-algebras
and let f : AT x Bt — Q be an equivariant homomorphism. Since A" * B¥ is unital
and C is equivariantly quasifree we can lift the homomorphism C — @ induced by f
to an equivariant homomorphism C — E. We denote by e be the idempotent in E that
corresponds to this lifting as well as its image in Q. Then 0 — eKe — eFe — QQ — 0 is
again a locally nilpotent extension and the pro-G-algebra eFe is unital. Since A and B
are assumed to be quasifree there exist equivariant homomorphisms hy : A — eEe and
hp : B — eFe lifting the maps A — eQe and B — eQe determined by f. Extending
ha and hp to the unitarizations and using the universal property of the free product we
obtain a lifting h : AT x BT — eFEe for f. Composing h with the evident map eFe — E
yields the claim. |

Next we discuss an analogue of the perturbation lemma [28]. Let C and D be para-
complexes. We shall assume that C' and D are equipped with boundary operators b and
B satisfying

b =0= B?, Bb+bB =id — T,

such that 0 = B + b. Consider the diagram
D—>Cc—"=D,

where ¢ and p are chain maps with respect to the Hochschild operator b and assume that
h : C'— C is an operator such that

pi=id,  ip=id+ (bh+ hb).

Moreover, we assume that p is a chain map with respect to B. We will call such data
a deformation retraction of C' onto D. A deformation retraction is called special if in
addition the relations

hi=0, ph=0, h?=0
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hold. It is easy to see that any deformation retraction can be turned into a special
deformation retraction. More precisely, if we define a new operator k by

k = (bh + hb)h(bh + hb)
we get ki = pk = 0 since bh + hb = ip — id and pi = id. Moreover, one calculates
bk 4+ kb = (ip — id)bh(ip — id) + (ip — id)hb(ip — id)

= (ip — id)(ip — id) (ip — id)

=ip—id.
Hence k is again a deformation retraction. We define a map [ by

l = —kbk
and clearly get again li = pl = 0. Moreover, we calculate
bl + lb = —bkbk — kbkb = —(ip — id — kb)bk — kb(ip — id — bk) = bk + kb =ip — id

using that ¢ and p are chain maps with respect to b. The relation ip = id + (bk + kb)
implies k + bk? + kbk = 0 and k + kb + kbk = 0. Combining these equations we obtain
bk? — k2b = 0 and compute

12 = kbk?bk = kb*k> = 0.
Hence we have constructed a special deformation retraction.

Lemma 13.3. Let C and D be paracomplexes and assume that [ is a special deformation
retraction of C onto D. Then we have

[(1B)'i,b] = ~[(1B)"~ i, B]
and
[(1B)?,b]l = B(IB)’ "1
for all j > 0.
Proof. We use induction on j. Consider the first expression. For j7 = 1 we have
[Bib — blBi = IBbi + (Ib +id — ip)Bi
= |Bbi+ 1bBi + Bi — ipBi
= Bi — iBpi
= Bi—iB
since I(id — T)i = li(id — T') = 0. Assume that the claim is proved for j and compute

[(IB)(1B)?i,b] = (IB)[(IB)’i,b] + [ILB,b](1B)’i
= —(IB)[(IB)' "%, B] + (IBb — bIB)(IB)’i
= —(IB)(IB)’~YB — (Ib+ bl)B(IB)’i
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= —(IB)iB + (id — ip) B(IB)’i
= —(IBYiB + B(IB)i
= —[(1B)i, B]
using /2 = 0. In order to prove the second formula we proceed in the same way. For j = 1

we have

IBbl — blBl = —1bBl — blBl = (id — ip) Bl = BI.

Assume that the claim is proved for j. Then we get
[(IB)(IB)?,b]l = (IB)[(IB)?,b)l + [IB,b)(IB)’1
= IB(B(I1B)’~'1) + (id — ip) B(IB)1
= B(IB)1.
This finishes the proof. (]

Now let (7A)™ be the unitarized periodic tensor algebra of a pro-G-algebra A. Accord-
ing to Theorem 6.5 there exists a resolution of (7 A)* by projective (7 A)*-bimodules of
length 1. If B is a second pro-G-algebra we obtain a projective resolution of length 2 of the
pro-G-algebra C' = (T A)* & (TB)™ by tensoring the resolutions of (7A)™ and (7 B)*.
Using Proposition 6.8 we obtain an equivariant graded connection V : £22(C) — £23(C)
for C. According to Proposition 10.2 this yields a covariant homotopy equivalence
between the Hochschild complexes of 0024(C) and 6?2 (C).

Let p : 0026(C) — 0202c(C) be the natural projection, i : §2025(C) — 002(C) be
given by i =id — [b, Vg] and h = =V : 00Q2¢(C) — 002¢(C). This defines a deformation
retraction of 002 (C) onto 602025 (C). Let | : 002¢(C) — 0£25(C) be the special deforma-
tion retraction associated to h in the way described above. Since [ increases the degree
of a differential form by 1 the formula

K = i(zB)j
j=0

yields a well-defined operator K : 02¢(C) — 0£2¢(C). We define in addition I = K7,
H = Kl and P = p. Then one has

PI=pKi=p)Y (IB)i=pi=id.
j=0
The first relation of Lemma 13.3 yields [Ki,b] = —[K4, B] and hence [I,B + b] = 0.
Consequently, I : 02024(C) — 002¢(C) is a chain map with respect to the total boundary
B +b. The second relation of Lemma 13.3 implies [K, bl = BK! and from the definition
of K we see K =id + KIB. This implies
IP=Kip=K+ Kbl+ Klb=K + BKl + bKIl + Kb
=id+ KIB+ BKIl+ bKl + Klb=1id + [H, B + b].

Hence we have proved the following result.
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Proposition 13.4. Let A and B be pro-G-algebras. Then the natural projection
02¢(TA)T®(TB)T) = 0?°Qc((TA)T & (TB)™)
is a covariant homotopy equivalence.

Now we are ready to prove the main theorem needed for the construction of the exterior
product.

Theorem 13.5. Let A and B be pro-G-algebras. Then there exists a natural covariant
homotopy equivalence

Xe(TA)WXc(TB)Y) ~ Xa(T(AT @ BY))
of paracomplexes.

Proof. Let us write Q = (TA)" ® (TB)* and consider the extension
[——>R—T> Q

where R = (TA)" x (TB)" is the unital free product of (TA)™ and (7B)" and I is
the kernel of the canonical homomorphism 7 : R — . By Proposition 13.1 we have a
natural isomorphism

Xc(TAT)RXc(TB)) = HE(R, 1)

of paracomplexes. Define pro-G-algebra R and Z by taking the projective limit of the
pro-G-algebras R/I™ and I/I™, respectively. Then Z is locally nilpotent and we obtain
an extension

_’[>—>Ri»—Q

of pro-G-algebras. Since (TA)™ and (7 B)" are equivariantly quasifree the same holds
true for R according to Lemma 13.2. It follows easily that R is equivariantly quasifree as
well. Hence we have in fact constructed a universal locally nilpotent extension of ¢). Due
to Proposition 6.14 we deduce that 7@ and R are equivariantly homotopy equivalent
relative to @ and according to Proposition 10.1 there exists a natural covariant homotopy
equivalence Xg(R) ~ X¢(TQ). It is easy to see that the chain maps between X (R)
and X (7T Q) implementing this homotopy equivalence induce chain maps between the
quotients HZ(R,Z) and HZ(TQ,JQ). Using the explicit formula written down after
Theorem 10.1 we see that the corresponding chain homotopies also descend to opera-
tors on HZ(R,Z) and HZ(TQ,JQ), respectively. Hence we obtain a natural covariant
homotopy equivalence

HE(R.I) ~ HE(TQ,TQ).

Next observe that there exists an obvious map Xg(R/I") — HZ(R,I) for n > 1.
This implies that the projection R — R/I™ induces an isomorphism HZ(R,I) —
Ha(R/I™, I/1™) for all n > 1. Hence we obtain a natural isomorphism

HZ(R,I) = HE(R,T).
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The definition of H% is made in such a way that the covariant homotopy equiva-
lence Xg(TQ) ~ 002c(Q) obtained in Theorem 8.6 induces a homotopy equivalence
HEL(TQ,TQ) ~ 6%02:(Q). We apply Proposition 13.4 to obtain

62026(Q) ~ 002:(Q).

Again by Theorem 8.6 we have a natural homotopy equivalence 02¢(Q) ~ Xq(TQ).
Finally, recall that tensor products of the form JC & D with arbitrary pro-G-algebras C
and D are locally nilpotent by Lemma 6.2. Using this fact we obtain a natural covariant

homotopy equivalence
Xa(TQ) ~ Xg(T(AT & BT))

by applying the excision Theorem 12.1 to the tensor products of the extensions 0 —
JA— (TA)t - AT - 0and 0 - JB — (TB)" — BT — 0.
Assembling these isomorphisms and homotopy equivalences yields the assertion. [

Corollary 13.6. Let A and B be arbitrary pro-G-algebras. Then there exists a natural
covariant homotopy equivalence

Xa(TA)R Xq(TB) ~ Xa(T(A® B))
of paracomplexes.
Proof. For every pro-G-algebra D there exists a natural commutative diagram
Xa(TD) — Xa(T(DY)) —= Xa(TC)
ST
Xg(TD)—— Xg((TD)T) —— X (C)

Using this we obtain the assertion from Theorem 13.5 by applying the excision Theo-
rem 12.1 to all possible tensor products of the extensions 0 - A — AT — C — 0 and
0—B—BT—=C—=0. O

Let A, B and D be pro-G-algebras and define a map
7p: HPY(A,B) — HPS (A& D,B& D)
as follows. On the level of complexes we send a map
¢: Xa(T(A®Ke)) = Xa(T(B®Ke))
to the map

(¢) : Xg(T(A®D&Kg)) ~ Xa(T(A®Ke)) R Xa(TD)

@Xg(T(B@)KG)) R Xq(TD) ~Xa(T(B®D®Kg))
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and consider the map induced in homology. Here we have used Theorem 13.6 and sup-
pressed the canonical isomorphisms corresponding to rearrangements of tensor products.

We can now proceed to define the exterior product. Let Ay, Ay, D, By, By be pro-
G-algebras and let ¢ € HPY(A;, By ® D) and ¢ € HPY(D & As, By) be two elements.
After reordering the tensor factors we can thus use the ordinary composition product to
compose Ta,(¢) € HPS (A1 & Ay ® D, By ® Ay) and 7p, (¢) € HPS (B, & Ay, B1 ® Bo)
and obtain

¢ ®D P = TA, (¢) " TB; (1/1)

in HPS (A, & Ay, B; ® By). The following theorem summarizes some properties of the
exterior product and is easily proved by inspecting the constructions.

Theorem 13.7. Let Ay, B1, D, Ay, Bs be pro-G-algebras. The exterior product
HPE(Ay,B1® D) x HPY(D & Ay, By) — HPY(A; ® Ay, By ® By)

is bilinear, contravariantly functorial in A; and As and covariantly functorial in B, and
By.

The exterior product HPY(A;,C® D) x HPY(D®C, By) — HPY(A;, By) can be
identified with the composition product HPS(Ay, D) x HPY(D, By) — HPS (A, By).

14. Compact Lie groups and the Cartan model

After having studied the general homological properties of HPS we shall now consider
a more concrete situation. We will also show that our definition of equivariant cyclic
homology generalizes previous constructions in the literature.

Let G be a compact group. Using Proposition 11.4, the fact that the trivial G-algebra
C is quasifree, Lemma 8.3 and Theorem 8.6 we see that our definition of equivariant
cyclic homology of a G-algebra A reduces to

HPE(4) = HPE(C, A) = H.(50ma(Oc(0],026(4))) = H. (1im0"26(4)°)

in this case. Here ¢ (A)% denotes the space of G-invariant elements in 2 (A). It is easy
to check that T = id on £2g(A)¢ which implies immediately that the invariant forms
2¢(A)¢ are a mixed complex in a natural way. Moreover, HPY(A) is just the cyclic
homology of this mixed complex in the usual sense [31]. Hence there are SBI-sequences
and other standard tools in order to compute these groups. In particular there is also a
natural definition of equivariant Hochschild homology HHS(A) and equivariant cyclic
homology HCY in this case.

Moreover, we essentially reobtain the definition of equivariant cyclic homology for
compact Lie groups as it has been introduced in the work of Brylinski [5,6]. The only
difference is that Brylinski works with topological vector spaces whereas we use bornolog-
ical vector spaces.

Let us now consider the important special case of a compact Lie group acting smoothly
on a compact manifold M. We remark that in this case there is no difference between
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the topological and the bornological approach. It turns out that the equivariant periodic
cyclic homology of C*°(M) is closely related to the equivariant K-theory of M. The
following theorem was obtained by Brylinski [5] and independently by Block [3].

Theorem 14.1. Let G be a compact Lie group acting smoothly on a smooth compact
manifold M. There exists an equivariant Chern character

chg : K&(M) — HPE(C™(M))
which induces an isomorphism
HPZ(C%(M)) = R(G) @r(a) K&(M),

where R(G) is the representation ring of G and R(G) = C*(G)¢ is the algebra of smooth
conjugation invariant functions on G.

Here of course R(G) is viewed as an R(G)-module using the character map.

Block and Getzler have obtained a description of H P (C°(M)) in terms of equivariant
differential forms [4]. More precisely, there exists a G-equivariant sheaf £2(M, G) over the
group G itself viewed as a G-space with the adjoint action. The stalk 2(M, G), at a group
element s € G is given by germs of Gs-equivariant smooth maps from g® to A(M?). Here
M?®={zx € M |s-x =z} is the fixed point set of s, G* is the centralizer of s in G and
g° is the Lie algebra of G. In particular the stalk 2(M, G). at the identity element e is
given by

“Q(M7 G)e = C((J)O(ga -A(M))G7

where C§° is the notation for smooth germs at 0. Hence 2(M, G). can be viewed as a cer-
tain completion of the classical Cartan model Ag(M). The global sections I'(G, 2(M, G))
of the sheaf 2(M,G) are called global equivariant differential forms and will be denoted
by A(M,G). There exists a natural differential on A(M, @) extending the Cartan dif-
ferential. Block and Getzler establish an equivariant version of the Hochschild—Kostant—
Rosenberg theorem and deduce the following result.

Theorem 14.2. Let G be a compact Lie group acting smoothly on a smooth compact
manifold M. Then there is a natural isomorphism

HPS(C>®(M)) = H*(A(M,G)).

This theorem shows that equivariant cyclic homology can be viewed as a ‘delocalized’
non-commutative version of the Cartan model. Theorem 14.2 also shows that the lan-
guage of equivariant sheaves is necessary to describe equivariant cyclic homology appro-
priately. Combining Theorems 14.1 and 14.2 one obtains the following result.

Theorem 14.3. Let G be a compact Lie group acting smoothly on a smooth compact
manifold M. Then there exists a natural isomorphism

R(G) @ra) K&(M) = H(A(M, G)).
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Hence, up to an ‘extension of scalars’, the equivariant K-theory of manifolds can be
described using global equivariant differential forms.

We emphasize that we do not define HHS and HCY for non-compact groups. It seems
to be unclear how a reasonable definition of such theories should look like. Clearly, one
would like to have SBI-sequences and a relation to equivariant periodic cyclic homology
H P*G similar to the one for compact groups.

Finally, we mention that for finite groups our definition of equivariant periodic cyclic
cohomology is compatible with the constructions in [30].

15. The Green—Julg theorem

The Green—Julg theorem [21,25] asserts that for a compact group G the equivariant
K-theory K&(A) of a G-C*-algebra A is naturally isomorphic to the ordinary K-theory
K, (A x G) of the crossed product C*-algebra A x G.

In this section we prove an analogue of the Green—Julg theorem in cyclic homology.
In its original form this result is due to Brylinski [5,6] who studied smooth actions of
compact Lie groups. Independently this version of the Green—Julg theorem was obtained
by Block [3]. We follow the work of Bues [7, 8] and prove a variant of this theorem
for pro-algebras and arbitrary compact groups. Some ingredients in the proof show up
in a similar way in the computation of the cyclic cohomology of crossed products in
general [20,35,36].

Our Green—Julg theorem involves crossed products of pro-G-algebras. We remark that
the construction of crossed products for G-algebras can immediately be extended to
pro-G-algebras.

Theorem 15.1. Let G be a compact group and let A be a pro-G-algebra. Then there
is a natural isomorphism
HPE(C,A) = HP,(Ax Q).

For the proof of Theorem 15.1 we need some preparations. Throughout this section we
assume that the Haar measure on the compact group G is normalized and we denote by
H = D(G) the smooth group algebra of G. There are H-bimodule splittings o, : H —
H®" for the iterated multiplication given by

On(f)(81,. - y8n) = f(s1--8n).

Using this fact it is not hard to show that H is projective as an H-bimodule and quasifree
as a bornological algebra.

Proposition 15.2. Let G be a compact group and let R be a unital quasifree pro-G-
algebra. Then the pro-algebra R x G is quasifree.

Proof. We have to construct a splitting homomorphism w : R x G — T(R x G) for
the canonical projection. Since R is assumed to be quasifree there exists an equivariant
lifting homomorphism « : R — T R for the projection 7z : TR — R. After taking crossed
products we obtain a homomorphism ux G : RxG — T R x G lifting the homomorphism
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7r X G. Consider the equivariant linear map h : R x G — T R x G obtained by tensoring
ogr with the identity on H. It is straightforward to check that h is a lonilcur. Hence
according to Proposition 6.3 we obtain a homomorphism [h] : T(R x G) - TR x G
such that [h]orxe = h. We obtain a linear splitting o : TR x G — T (R x G) for [h] by
setting

U(xodxl e den A f)(T07 s 7T2n)

= 0'2n+1(f)(7’0, . ,’I“Qn)ai‘od(’l“o_l . xl)d((rorl)_l . $2) ce d((’l“() R TQn_l)_l . xgn).

This implies that the homomorphism [A] fits into an extension
J—>T(RXG)—>TRxG

where the kernel 7 of [h] is locally nilpotent. Hence this extension is a universal locally
nilpotent extension of 7R x GG. Consider the homomorphism ¢ : H — R x G given by
o(f) = 1gr x f. We compose ¢ with u x G to obtain a homomorphism (u x G)¢ : H —
TR x G. Since G is compact the smooth group algebra H is quasifree. By Theorem 6.5
we obtain a homomorphism ¢ : H — T (R x G) such that [h]¢ = (u x G)e. In this way
the algebra T(R x G) becomes an H-bimodule. We shall now construct another linear
lifting A of the homomorphism Trxg : T(R X G) — R x G. Consider first the map
l[:RxG— H®(RxG)®H given by

Iz > f)(r,s,t) =o3(f)(r,s, t)r -z

By construction [ is an H-bimodule map splitting the canonical multiplication map
H®(RxG)®H — R x G. If we compose | with ¢ ® 0rxg ® ¢ and apply multipli-
cation in T (R x G) we obtain an H-bimodule map A : Rx G — T (R x G). One computes
TrxgA = id which implies in particular that X is a lonilcur. By Proposition 6.3 we obtain
a homomorphism [A] : T(R x G) — T (R x G) such that [AJogxg = A. Since A is an H-
bimodule map it follows that [A] descends to a homomorphism v: TRX G — T(R x G)
satisfying v[h] = [A]. We compute

(TR X G)[[h]]O'RxG = (TR X G)h =id = TR><1G>\ = TRNG[[)\]]URNG = TRNGU[[hHURXG

and again by Proposition 6.3 we deduce (7g x G)[h] = Trxgv[h]. Composition with
the splitting o : TR x G — T (R x G) from above yields 7g X G = Trxgv. Now we set
w = v(u X G) and compute

Trxow = (Tp X G)(u x G) =id.
Hence w is a splitting homomorphism for 7zx - [l

Let us assume that R is a unital pro-G-algebra and write B = R x G. Since R is unital
there exists a natural homomorphism H — B and we always view B as an H-bimodule
in this way. Our next goal is to define a relative version of the X-complex of B which
can be compared to the equivariant X-complex of R.
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Consider the linear map A\g : B — B defined by

Ao(f)(t)Z/Gs-f(sflts) ds.

This map vanishes on the space of commutators [B, H| and defines a linear splitting for
the extension
[B, H|>—— B — B/[B, H]. (15.1)

If we define K° = [B, H] and X°(B)y = B/[B, H| we can rewrite this as
K0>—— X% B) — X°(B)y. (15.2)

The space X"(B)y is the even part of the relative X-complex.
Now consider the extension

QI(H) HtoHt —= g+

of H-bimodules. This extension has a left H-linear splitting, hence tensoring from the
left with H over itself we obtain an extension

Hop QY H)>—> HQHt —>H (15.3)

of H-bimodules. Remark that the map o : H — H & H from above yields an H-bimodule
splitting for extension (15.3). We tensor extension (15.3) over H with B on the left and
with BT on the right to obtain the split extension

B&y Q' (H) &y Bt >—> B& Bt —> Béy Bt (15.4)

of B-bimodules. Since R is unital we have a left B-linear splitting Ap : B — B® B
of the multiplication defined by Ag(f)(s,t) = f(st)® 1 where we identify B& B =
R®R®H & H with a flip of the tensor factors. This yields split extensions of B-
bimodules

B&p 2'(B) B&BT—= B (15.5)

and
B&p 2Y(B)y=—> B&y BT —> B, (15.6)

where 2'(B)g is the kernel of the multiplication map Bt @z BT — B*t. Assembling
the extensions (15.4), (15.5) and (15.6) we obtain a commutative diagram

B&g QY (H) &y Bt — B®p 2Y(B) —= B®p 2'(B)g

- | |

B&py Q' (H) &y Bt ——> B& Bt ———> B&y B+ (15.7)
0 B i B
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of B-bimodules with split exact rows and columns. Observe that there are natural
B-bimodule maps B®pg 2'(B) — 2Y(B) and B&g 2 (B)g — 2Y(B)g. If we set
XY B)g = 2Y(B)x /[, B] we obtain a commutative diagram of pro-vector spaces

(Bop 24(B))/[, Bl —= (B®p 2'(B)n)/[, B]

| |

XY(B) X'(B)u

by taking commutator quotients with respect to B where the upper horizontal arrow
has a linear splitting according to diagram (15.7). We want to show that the vertical
arrows in diagram (15.8) are isomorphisms. Let 7 : B& B — B ® B be the flip of the
tensor factors. Moreover, let j : B& B — (B&p 2'(B))/[-, B] be the map given by
j(ro ® 71) = 70 ® dr1. We define a linear map p : 2%(B) — B®p 2'(B)/[-,B] by
setting

pldxy) = jAp(z1) + A (1), plxodry) = xo ® day.

Using the Leibniz rule and the fact that Ap is left B-linear it is not hard to show that
p descends to a map p: X1(B) — B®g 2Y(B)/[, B). Once this is established it is easy
to see that this map provides an inverse to the canonical map B ®p 2'(B)/[-,B] —
X1(B). A similar argument shows that the map B ®p 2'(B)g/[-,B] — X' (B)g is an
isomorphism.

If we define K* = (B@y 2'(H)®y BY)/[-, B] we now obtain an extension

Kl>——> X(B) — X' (B)y (15.9)

of pro-vector spaces using the first row in diagram (15.7).
The differentials in the X-complex X (B) descend to differentials in X (B)gy. Hence
diagrams (15.2) and (15.9) yield an extension

K> X(B) — X(B)y (15.10)

of complexes with linear splitting. The complex X (B)gy will be called the relative X-
complex of B with respect to H.

Proposition 15.3. The canonical chain map X (B) — X (B)y is a homotopy equiva-
lence.

Proof. It suffices to show that the complex K is contractible. Consider the map « :
[B,H] — (B®B™")/[-,B] given by a(r) = x ® 1. Since composition of a with the
natural map (B® B1)/[-,B] — (B®y B1)/[-, B] is zero we can view a as a map from
K9 to K'. It is straightforward to check that « is inverse to the boundary b : K' — K©.
This yields the claim. (]

If R is a pro-G-algebra we denote by Xg(R)¢ the invariant part of the equivariant
X-complex of R. Note that X¢(R)® is in fact a pro-supercomplex.
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Proposition 15.4. Let G be a compact group and let R be a unital pro-G-algebra.
There is a natural isomorphism

Xa(R =2 X(Rx @)y
of pro-supercomplexes where X (R x G) g denotes the relative X-complex.

Proof. Since G is compact we can identify Xg(R)® with the G-coinvariants of X (R)
by averaging over G. We will denote the space of G-coinvariants of X (R) by X¢(R)¢.
In the sequel we identify elements of O with elements in the group algebra D(G) in
the evident way. The action of s € G on f € O¢ corresponds to the adjoint action of s
on f in the group algebra D(G).
We define a map a : Xg(R)g = X(Rx G

~

H by

ao(f@)(s) = f(s)z,
a(f@ady)(s.t) = f(st)ed(s™" - y),
ar(f @ dy)(t) = f(t) dy,

where we view a1 (f ® zdy) € (R x G) ® (R x G) as a function on G x G with values in
R x R. Moreover, we define a map 8 : X(Rx G)yg — Xg(R)¢ by

Bo(z x f) = f(r)z,
Bi((z > fd(y x g))(r) = f(r)g(r)zd(r - y),
Bi(d(y x g))(r) = g(r) dy

Some straightforward computations show that these maps are well defined and it is easy
to see that o and ( are inverse to each other. We only show that « is a chain map. One

computes
(dao)(f @ )(s) = F(s) dw = o (f @ do)(5) = (ard) (f @ ) (s)
and
Gon)(f @ 2dy)(t) = fOay— | fatr)r )0 )dr
=[xy — fFOE - y)z
= (cob)(f ® zdy)(t).
This finishes the proof of Proposition 15.4. O

Now we come back to the proof of Theorem 15.1. Using the long exact sequences
obtained in Theorem 12.2 both for equivariant cyclic homology and ordinary cyclic homol-
ogy it suffices to prove the assertion for an augmented pro-G-algebra of the form AT.

On the one hand we have to compute the equivariant periodic cyclic homology of A™.
Due to Proposition 6.11 we can use the universal locally nilpotent extension

2
JA—— (TA)T —= A+ (15.11)
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to do this. Since the group G is compact and the G-algebra C is quasifree the equivariant
periodic cyclic homology of A is consequently the homology of

Home(Xa(C), Xa((TA)T)) = Homa(Og[0], Xa((TA)T))
= Homg(C[0], Xa((TA)Y))
= Xa((TA))Y.

On the other hand, we have to calculate the cyclic homology of the crossed product
AT x G. Taking crossed products in extension (15.11) we obtain an extension

TJAXG—— (TAT G — At x G (15.12)

of pro-algebras. It is easy to check that the pro-G-algebra J A x G is locally nilpotent.
Proposition 15.2 shows that (T A)™ xG is quasifree and hence (15.12) is in fact a universal
locally nilpotent extension of AT x G. This means that HP,(A" x G) can be computed
using X ((7TA)" x Q). Consider the relative X-complex X ((7TA)" x G) g described above.
Due to Proposition 15.3 the pro-supercomplexes X ((TA)" x G) and X((TA)* x G)g
are homotopy equivalent.

From Proposition 15.4 we obtain a natural isomorphism

X((TAT x Gy = Xa((TAMC.

Hence we see that both theories agree. Since all constructions are natural in A this
finishes the proof of Theorem 15.1.

16. The dual Green—Julg theorem

In this section we study equivariant periodic cyclic cohomology in the case of discrete
groups. The main result is the following dual version of the Green—Julg Theorem 15.1.

Theorem 16.1. Let G be a discrete group and let A be a pro-G-algebra. Then there is
a natural isomorphism
HPS(A,C) = HP*(Ax Q).

This theorem yields in particular a description of H P (C,C). By the work of Burghe-
lea [9] it follows that the group cohomology of G with complex coefficients constitutes a
direct factor of HPS(C,C). We remark that the isomorphism in Theorem 16.1 is com-
patible with natural decompositions of HP% (A, C) and HP*(A x G) over the conjugacy
classes of G.

The proof of Theorem 16.1 is divided into two parts. In the first part we obtain a
simpler description of HPS (A, B) for arbitrary pro-G-algebras A and B. For this we do
not have to assume that G is discrete.

Let G be any locally compact group and let B be a pro-G-algebra. Consider the map
tr: 26(B®Kg) — 2¢(B) given on n-forms by

tr(f(s) 0y (330 by ko)d(xl ® kl) T d(mn ® kn))

= f(s) ®$de1"'dxn/kO(TOarl)kl(rl7r2)"'kn(rn75rO)dTO"'drn
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and

tr(f(s) @d(z1 @ ky) - d(w, @ ky))

= f(s) ®dx1~~~dmn/k1(r1,r2)~~kn(rn,sr1)dr1~~~d'rn.

One checks that tr is a covariant map and that it commutes with the Hochschild boundary
b. By definition it commutes with the operator d and it follows that tr is a map of
paramixed complexes. We remark that tr is closely related to the trace map that occurred
in the proof of the stability Theorem 11.2.

Proposition 16.2. Let G be a locally compact group and let B be a unital pro-G-
algebra. The map tr : Q2c(B®Kg) — 2¢(B) is a linear homotopy equivalence with
respect to the equivariant Hochschild boundary.

Proof. As in ordinary Hochschild homology we may view the equivariant Hochschild
complex 2¢(C) of any pro-G-algebra C as the total complex of a double complex with
two columns. This is induced by the decomposition

Q4(C) = 0 & C¥" T @ Og & CO™

One checks easily that the second columns of this double complex is simply the bar
complex of C' tensored with Og whereas the first column is equipped with the equivariant
Hochschild boundary.

We apply this description to the G-algebras B& K¢ and B. In order to prove the
proposition it suffices to show that the columns of the corresponding bicomplexes are
linearly homotopy equivalent.

Choose a smooth function x € D(G) such that

/GX2(t) dt =1

and consider the bounded linear map o : Kg — Kg & K¢ defined by

o(k)(ri,t1,ma,t2) = k(r1,t2)x(t1)x(r2).

It is easy to check that o is a Kg-bimodule map that splits the multiplication Kg ® Kg —
Kg. We remark that the map o can be used to show that g is a quasifree algebra.
However, we emphasize that this algebra is usually far from being equivariantly quasifree.

Let us consider the second column in the bicomplex associated to B ® Kg. We define
a contracting homotopy for this complex by inserting the map

N:B&Kg—B&B&Ke&Ke = (B&Kg)®?2

defined by Mz ®k) = 1®@ 2 ®0(k) in the first tensor factor. Similarly, the second column
of the bicomplex associated to B is linearly contractible since B is unital. Hence the bar
complexes of B® Kg and B are linearly homotopy equivalent.
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Now consider the first columns. We view Og & B ® Kg as a bimodule over B ® Kg in
two different ways. Both bimodules M and N have the obvious right action by multipli-
cation. The left action on M is given by

(zk)*(feya)(s,nt)=f(s) o zs !t k(yxI)(rt)
= £6)© (- aly | Km0y,
whereas the left action in N is
@ek)- eyt = f) @6 )y [ k.,
The crucial point is that there is a bimodule isomorphism ¢ : N — M given by

I(fRrREk)(s,rt)=f(s)®z® k(sr,t).

Using the map ¢ we obtain a linear isomorphism of complexes between the first columns
of 2¢(B®K¢g) and Q2¢(B®K) where K is the algebra K¢ equipped with the trivial
G-action. Under this isomorphism tr corresponds to the trace map 7 : 2g(B®K) —
¢ (B) given by

T(f(5) ® (w0 @ ko)d(x1 @ k1) -+ - d(zp @ ky))

= f(s)@xodx1~-~dxn/ko(ro,rl)kl(m,rg)~-'kn(rn,r0)dr0~~~d7"n

on the first column. Let us show that this map is a linear homotopy equivalence on
the first columns of the bicomplexes associated to 2¢(B ® K) and 2¢(B). The function
X € D(G) chosen above determines an idempotent p = x ® x in K. This idempotent
induces an equivariant homomorphism ¢ : B — B®K by defining «(z) = z ® p and
a corresponding chain map 2¢(:) : 26(B) = 2¢(B®K). One immediately checks
the relation 72¢(:) = id on 2¢(B). As in the proof of Morita invariance in ordinary
Hochschild homology we construct a presimplicial homotopy between 25(:)7 and the
identity as follows [31]. For j = 0,...,n we define on the first column of (B ® K) the
operator

hj(xo ® |po){qo] ® -+ @ T @ |pn)(gnl|) = To & [po) (x| ® 71 @ [x){x| ® - -~
@ @ ) (X ® 1@ ) (g @ 241 @ |pit1)(@i+1] @ - @ T @ [Pn){(gnl-

It is straightforward to verify that this yields indeed a presimplicial homotopy between
2¢(1)7 and id for the equivariant Hochschild operator on the first column of 2¢(B ® K).
O

Since the map tr : 2¢(Kg) — 2¢(C) is a linearly split surjection we obtain a linearly
split exact sequence of paramixed complexes

K>— 2q(Kg) — £2¢(C)
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where K is the kernel of tr. From Proposition 16.2 we deduce that K is linearly con-
tractible with respect to the Hochschild boundary.

Recall from § 8 the definition of the Hodge tower of a paramixed complex and consider
the nth level ™" K of the Hodge tower of K. The Hodge filtration yields a finite decreasing
filtration of " K. Since K is contractible with respect to b it follows that the paracomplex

B
FPO"K /PP K = b(Ky1) = Koy [0(K ps2)
b

is covariantly contractible for all p.

If P is a relatively projective paracomplex of covariant pro-modules the Hodge filtration
of " K induces a finite decreasing filtration of the supercomplex $Homg (P, 6" K). Since
this filtration is bounded the associated spectral sequence converges and one gets

H.(9omg(P,0"K)) =0

for all n by our previous argument.

Lemma 16.3. With the notation as above put C,, = HHomg (P, " K). Then there exists
an exact sequence

%MWdWWD»%<HaJ9%<HQJ

neN neN

Hl( II Cﬂ) -~ Hl( II Cn) <~— Hi(Home(P,0K))

neN neN

Proof. First remark that each C), is indeed a complex. We let C' be the correspond-
ing inverse system of complexes. Using Milnor’s description of @1 we obtain an exact
sequence of supercomplexes

i, € T o2 T ot
neN neN

where ¢ denotes the structure maps in (Cy)nen. Since all structure maps in 0K are
linearly split surjections and P is relatively projective the structure maps in the inverse
system (Cp,)nen are surjective. This implies %iinl C,, = 0. Therefore, the exact sequence
above reduces to a short exact sequence

of supercomplexes. The associated long exact sequence in homology yields the claim. O
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Theorem 16.4. Let G be a locally compact group. Then there exists a natural isomor-
phism
HPZ(A,C) = H.(Homg(Xa(T(A®Kg)), Xa(C))).

for every pro-G-algebra A.
Proof. According to Theorem 8.6 we have a natural isomorphism
HPE(A,C) = H,(Homa(Xa(T(A®Ke)),02¢(Ka)))

for every pro-G-algebra A. Moreover, the paracomplex P = 00g(A® Kg) is relatively
projective due to Corollary 7.4. Consider the linearly split extension of paracomplexes

K> 00c(Kg) — 602(C).

This extension induces a short exact sequence of supercomplexes

f)Umg(P, HK) fjomg(P,eﬂg(/Cg)) —»fjomg(P,Hﬁg((C)).
The supercomplex Homg(P,0K) is acyclic according to Lemma 16.3. Hence the map
tr: 2¢(Kg) = 2¢(C) induces an isomorphism

HPS(A,C) = H,(Home(Xa(T(AG Kg)), 02¢(C))).

Using Theorem 8.6 we can pass to the X-complex X (7 C) in the second variable again.
Since the G-algebra C is quasifree composition with the chain map X (7C) — Xg(C)
induced by the projection 7C — C is a homotopy equivalence. This yields the assertion.

|

If G is discrete this description of HPY(A,C) can be simplified further. It is easy to
check that in this case the map Og — C induced by integration of functions with respect
to the counting measure yields an isomorphism

ﬁomg(M, Oqg) = Homg(M, C) = Hom(Mg, C)

for every covariant module M where M denotes the quotient of M obtained by taking
G-coinvariants. Let us denote by £2¢(A® Kg)g the mixed complex obtained by taking
coinvariants in 2¢(A @ K¢). Using the previous observation, Lemma 8.3 and Theorem 8.6
we see that Theorem 16.4 implies the following result.

Theorem 16.5. Let G be a discrete group and let A be a pro-G-algebra. There is a
natural isomorphism

HP*G(A, (C) ~ HP*(Qg(A®Kg)G),

where HP*(2¢(A® Kg)a) denotes the periodic cyclic cohomology of the mixed complex
26(A®Ke)a.
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For the remaining part of this section G will be discrete. In order to complete the proof
of Theorem 16.1 we shall show that the mixed complexes 2¢(A® Kg)g and 2(A x Q)
have isomorphic periodic cyclic cohomologies. We view s € G as element of CG or Og
in the canonical way. Moreover, we write ' = > T,[r, s for an element }°_  T,s7 @ s
in g in the sequel and occasionally omit tensor signs in order to improve legibility.

We define the map ¢ : 2(A x G) = 26(A®Kg)e on n-forms by

d((ag % sp)d(ay X 1) -+ d(an X $p))

= 50" 8n ® agle, so]d(so - a1)[s0, s081] -+ - d(S0 " Sn—1-an)[S0 "+ Sp—1,50 """ Sn]

for ag X sg € A x G and

o(d(ay X s1) - d(an X sp,))

=818, @dayle, s1]d(s1 - az)[s1,8182) -~ d(81+ - Sp—1-an)[S1 - Sn—1,81 """ Snl-

The map 7 : 2a(A®Kg)e — 2(A x G) is defined by

(s ® (ap @ T d(a; @ TY) - - - d(a, @ T™))

_ —1 0o -1 -1 1 -1 1 n 1
= E (rg " -ao X Ty rg r1)d(ry a1 X T, 17 ra) - -d(r,” - an % T T sT0)

T0,--sTn €G

for ag @ T° € A® K¢ and

T(s®@d(a; @TY) -+ d(a, @ T™))
= Z d(rit - a; T}, ritre) - d(ryt oan x T oy tsr).

nyST1L' M
1,00 Tn €G

Observe that the sums occurring here are finite since only finitely many entries in the
matrices T7 are non-zero.

Proposition 16.6. The bounded linear maps ¢ : 2(A x G) — N2g(A®Kg)e and
7: 26(A®Kg)e — 2(A x G) are maps of mixed complexes and we have T¢ = id.

Proof. The formulae given above clearly define bounded linear maps. Remark that 7
is well defined since it vanishes on coinvariants. It is immediate from the definitions
that ¢ and 7 commute with d. A direct calculation shows that both maps also commute
with the Hochschild operators. This implies that ¢ and 7 are maps of mixed complexes.
Furthermore, one computes easily that 7¢ is equal to the identity on £2(A x G). This
yields the claim. O
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We calculate explicitly

(¢T)(S & (aO ® To)d(al X Tl) PPN d(an ® Tn))

- —1 - —1
= (b( Z (rgt - ag » Troorlro r)d(ryt - ag % Trllmr1 ro)---

05y Tn €EG
.. .d(rgl -y X T:ﬁusrorrjlsroo
= Z o tsro @ (gt - ap ® T,?O” [e,rg tri)d(rg - a1 ® Trllr2 [rotri,rg tra))
Ty, T €EG

) .d(ral can QT [ralrn, ralsro})

= Y s@(a@Th, [ro,m))d(ar @ T}, [r1,m2)) - d(an @ T7, . [ra, s70)-
TOyerns rn€G

In the same way one obtains

(67)(s @ d(ar @T") -+~ d(an ® T™))

= Z s®@d(a; @ T, [r1,72]) - d(a, ® T o lrn, s71]).
T1y...,Tn €G

Proposition 16.7. Let G be a discrete group and assume that A is a unital pro-G-
algebra. Then the map ¢7 : 2c(A®Kg)a — 2¢(A®Kg)g is homotopic to the identity
with respect to the Hochschild boundary.

Proof. We construct a chain homotopy connecting id and ¢7 on the Hochschild complex
associated to the mixed complex 2¢(A®Kg)g.

Let us associate to an element of the form s ® agro, So] da1[r1, s1] -+ - dan[rn, sn] a
certain number M. If s; = r;44 forall j =0,...,n—1and s7ts, = 1o we set M = oo. If
at least one of these conditions is not fulfilled, we let M be the smallest number ¢ such
that s; # 741 (or M =nif all s; = rj4q for j = 0,...,n— 1 and s™'s, # r¢). In a
similar way we proceed with elements of the form s ® day[ry, s1] - - day[rns, sp]. Here the
first condition disappears and the last condition becomes s~ 's,, = r1. The number M is
then defined as before.

We construct bounded linear maps h : 2&(A®Kg)e — 26T (A®Kg)q for all n as
follows. For an element s ® ag[ro, so] dai[r1, $1] - dan[rn, $n] we set

h(s ® ap[ro, so] dai[ri, s1] - dan[rn, sn])
= (-1)Ms @ ag[ro, so] dar[r1, s1] - - danr[rar, snr) dlalsar, sar) - - - dag[rp, sn)

if M < oo, and
h(s ® ag[ro, so] dai[ri,s1] - - dap[rn,sn]) =0

if M = oco. Here 14 denotes the unit of A.
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For elements of the form s®da[r1, 1] - - - dayp[ry, sn] we have to distinguish four cases.
The first case is s~ 's,, = r; and M < oo. In this case we set

h(s ® dai[r1, 1]+ dan[rn, $n))

= (-D)Ms®@day[ry,s1] - dan[rar, sa] dlalsas, Sar) - - - dan [, 55)
as before. The second case is s~ 's,, # r; and M = n. We set

h(s ® dayi[r1, s1] - - dan[rn, Sn))
= (—1)MS X dal[rl, 81} e dan [’I”n, Sn] dlA[snv Sn]

+ (-D)MHs @ dla[s tsn, s s, day[ry, s1] - - - dan[rn, s,].
The third case is s7!s,, # r; and M < n. We set

h(s ® day[r1, 1) dan[rn, sn))
= (—1)Ms ® day[ry,s1) - dan[rar, sar) dlalsar, sal -+ - dan[rn, Sn)
+ (=DM s @ (s an)[s 7, 57 s, dla[s T s, 57 s, day [y, s -

cdaprav, sl dlalsa, sm) - - dan—1[Tn—1, Sn—1].
Finally, if M = oo we set
h(s ® da1[r1, 1] - - dan[rn, sn]) = 0.

Remark that in all cases coinvariants are mapped to coinvariants and hence h is well
defined.
A lengthy but straightforward computation shows bh + hb = id — ¢r. O

Proposition 16.8. Let G be a discrete group and let A be any pro-G-algebra. The
periodic cyclic cohomologies of 2(A x G) and 2¢(A® Kg)e are isomorphic. Inverse
isomorphisms are induced by the maps ¢ and T.

Proof. This follows after dualizing from Proposition 16.7 using excision, the SBI-
sequence and the fact that periodic cyclic cohomology is the direct limit of the cyclic
cohomology groups. O

This finishes the proof of Theorem 16.1.

References

1. M. ARTIN AND B. MAZUR, Etale homotopy, Lecture Notes in Mathematics, Volume 100
(Springer, 1969).

2. P. Branc, Cohomologie différentiable et changement de groupes, Astérisque 124-125
(1985), 113-130.

3. J. BLOCK, Excision in cyclic homology of topological algebras, PhD thesis, Harvard Uni-
versity (1987).

https://doi.org/10.1017/51474748007000102 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000102

762

4.

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

C. Voigt

J. BLocK AND E. GETZLER, Equivariant cyclic homology and equivariant differential
forms, Ann. Scient. Ec. Norm. Sup. 27 (1994), 493-527.

J.-L. BRYLINSKI, Algebras associated with group actions and their homology, preprint,
Brown University (1986).

J.-L. BRYLINSKI, Cyclic homology and equivariant theories, Ann. Inst. Fourier 37 (1987),
15-28.

M. BUES, Equivariant differential forms and crossed products, PhD thesis, Harvard Uni-
versity (1996).

M. BUES, Group actions and quasifreeness, preprint (1998).

D. BURGHELEA, The cyclic homology of the group rings, Comment. Math. Helv. 60 (1985),
354-365.

H. CARTAN, Notions d’algebre différentielle; applications aux groupes de Lie et aux
variétés ou opere un groupe de Lie, in Colloque de Topologie, CBRM, Brussels, 1950,
pp. 15-27 (Georges Thone, Liege; Masson et Cie, Paris, 1951).

H. CARTAN, La transgression dans un groupe de Lie et dans un espace fibré principal, in
Colloque de Topologie, CBRM, Brussels, 1950, pp. 5771 (Georges Thone, Liége; Masson
et Cie, Paris, 1951).

A. CoNNES, Noncommutative differential geometry, Publ. Math. IHES 39 (1985), 257—
360.

A. CONNES, Noncommutative geometry (Academic, 1994).

M. CRrAINIC, Cyclic homology of smooth groupoids: the general case, K-Theory 17 (1999),
319-362.

J. CunTZ AND D. QUILLEN, Algebra extensions and nonsingularity, J. Am. Math. Soc. 8
(1995), 251-2809.

J. CuNTZ AND D. QUILLEN, Cyclic homology and nonsingularity, J. Am. Math. Soc. 8
(1995), 373-442.

J. CUNTZ AND D. QUILLEN, Operators on non-commutative differential forms and cyclic
homology, in Geometry, topology and physics, pp. 77-111 (International Press, 1995).

J. CuNTZ AND D. QUILLEN, Excision in bivariant periodic cyclic cohomology, Invent.
Math. 127 (1997), 67-98.

B. L. FEIGIN AND B. L. TSYGAN, Additive K-theory, Lecture Notes in Mathematics,
Volume 1289, pp. 67-209 (Springer, 1987).

E. GETZLER AND J. D. S. JONES, The cyclic homology of crossed product algebras, J.
Reine Angew. Math. 445 (1993), 161-174.

P. GREEN, Equivariant K-theory and crossed product C*-algebras, Proceedings of Sym-
posia in Pure Mathematics, Volume 38, pp. 337-338 (American Mathematical Society,
Providence, RI, 1982).

A. GROTHENDIECK, Produits tensoriel topologiques et espaces nucléaires, Memoirs of the
American Mathematical Society, Volume 16 (American Mathematical Society, Providence,
RI, 1955).

H. HoGBE-NLEND, Complétion, tenseurs et nucléarité en bornologie, J. Math. Pures Appl.
49 (1970), 193-288.

H. HOGBE-NLEND, Bornologies and functional analysis (North-Holland, Amsterdam,
1977).

P. JuLg, K-théorie équivariante et produits croisés, C. R. Acad. Sci. Paris 292 (1981),
629-632.

G. G. KAsPAROV, The operator K-functor and extensions of C*-algebras, Izv. Akad. Nauk
SSSR Ser. Mat. 44 (1980), 571-636.

G. G. KaspaRrROV, Equivariant K K-theory and the Novikov conjecture, Invent. Math. 91
(1988), 147-201.

C. KasseL, Homologie cyclique, caractére de Chern et lemme de perturbation, J. Reine
Angew. Math. 408 (1990), 159-180.

https://doi.org/10.1017/51474748007000102 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000102

29.

30.

31.

32.

33.

34.

35.

36.

37.

FEquivariant periodic cyclic homology 763

S. KLIMEK AND A. LESNIEWSKI, Chern character in equivariant entire cyclic cohomology,
K-Theory 4 (1991), 219-226.

S. KLIMEK, W. KONDRACKI AND A. LESNIEWSKI, Equivariant entire cyclic cohomology,
I, Finite groups, K-Theory 4 (1991), 201-218.

J.-L. LopAy, Cyclic Homology, Grundlehren der Mathematischen Wissenschaften, Vol-
ume 301 (Springer, 1992).

R. MEYER, Smooth group representations on bornological vector spaces, Bull. Sci. Math.
128 (2004), 127-166.

R. MEYER, Analytic cyclic cohomology, Preprintreihe SFB 478, Geometrische Strukturen
in der Mathematik, Heft 61, Miinster.

R. MEYER, Bornological versus topological analysis in metrizable spaces, in Banach alge-
bras and their applications, pp. 249-278, Contemporary Mathematics, Volume 363 (Amer-
ican Mathematical Society, Providence, RI, 2004).

V. NISTOR, Group cohomology and the cyclic cohomology of crossed products, Invent.
Math. 99 (1990), 411-424.

V. NISTOR, Cyclic cohomology of crossed products by algebraic groups, Invent. Math.
112 (1993), 615-638.

C. VoiaTt, Equivariant cyclic homology, Preprintreihe SFB 478, Geometrische Strukturen
in der Mathematik, Heft 287, Miinster.

https://doi.org/10.1017/51474748007000102 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000102

https://doi.org/10.1017/51474748007000102 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000102

