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Abstract

Let X be a nonempty set and P(X) the power set of X. The aim of this paper is to identify the unital
subrings of P(X) and to compute its cardinality when it is finite. It is proved that any topology 7 on X
such that 7 = 7¢, where 7° = {U¢ | U € 7}, is a unital subring of P(X). It is also shown that X is finite
if and only if any unital subring of P(X) is a topology 7 on X such that = 7¢ if and only if the set of
unital subrings of P(X) is finite. As a consequence, if X is finite with cardinality n > 2, then the number
of unital subrings of £(X) is equal to the nth Bell number and the supremum of the lengths of chains of
unital subalgebras of P(X) is equal ton — 1.
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1. Introduction

The aim of this paper is to build links between two apparently different unsolved
problems. The first is the determination of certain constants related to the set of
intermediate rings in ring extensions with finiteness conditions. The second is the
computation of the number of topologies on a finite set X of cardinality n.

Let A C B be a ring extension. The set of all A-subalgebras of B (that is, rings
C such that A € C C B) is denoted by [A, B]. As defined in [7], the ring extension
A C B is said to have FIP (the ‘finitely many intermediate algebra property’) if [A, B]
is finite. A chain of A-subalgebras of B is a set of elements of [A, B] that are pairwise
comparable with respect to inclusion. The ring extension A C B has FCP (the ‘finite
chain property’) if each chain of A-subalgebras of B is finite. It is clear that each
extension that satisfies FIP must also satisfy FCP, but the converse is false, as can be
seen most easily via field-theoretic examples, such as Fo(x?, y?) € Fa(x, ).

For any ring extension A C B, the length of [A, B], denoted by {[A, B], is the
supremum of the lengths of chains of A-subalgebras of B. The pair (A, B) of integral
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domains is called a normal pair, as defined in [6], if each intermediate ring is integrally
closed in B. If A C B satisfies FIP and A is integrally closed in B, then (A, B) is a normal
pair (see [13]).

There are several characterisations of FIP and FCP extensions (see [7, 14]).
Approximations for the number of intermediate rings in FIP extensions were obtained
in [11]. The exact number was computed for the first time for principal ideal domains
in [10]. An algorithm for counting the number of intermediate rings for a ring
extension A C B was established in [12] for the case where A is an integrally closed
domain and B is the quotient field of A. This was extended to the case where (A, B) is
a normal pair and B is not necessarily the quotient field of A (see [1, 2]) and for not
necessarily integrally closed domains A (see [3]). But the question remains open in
the general context, especially for integral extensions and for commutative rings with
zero divisors.

The topological computing problem asks for the total number 7'(n) of all labelled
topologies that can be defined on an n-element set X. Until now, there is no reasonable
explicit or recursive counting formula for 7'(n). For the origins of the problem see [16]
and for some related results see [4, 5].

Let X be a nonempty set and let S := P(X) denote the power set of X and 7(X)
the set of all topologies on X. It is well known that (S, A, N) is a Boolean ring with
identity X usually denoted by 1 and zero element @ usually denoted by 0. Thus, S
is a commutative ring with characteristic two. It is obvious that R := {0, X} is the
smallest subring of §. Thus, the unital subrings of S are exactly the intermediate rings
between R and S. It is not difficult to check that R C S is an integral ring extension,
2=ana=a for any element a € S, so a is a root of the monic polynomial
Y? — Y € R[Y]. Thus, (R, S) is not a normal pair. Our main purpose here is to determine
conditions under which the ring extension R € S has FIP or FCP and to calculate the
cardinality of [R,S]. In Lemma 2.1, we show that any topology 7 on X such that
7 =1° where 7° :={U° | U € 7} and U° = X \ U is the complement of U in X, is an
intermediate ring between R and S. In Theorem 2.3, we prove that R C § satisfies FIP
if and only if it satisfies FCP if and only if X is finite if and only if [R, S| consists of
all topologies 7 on X such that T = 7°. That is, the unital subrings of P(X) coincide
with the topologies on X for which complements of open sets are open, that is, the
open and closed sets are the same. In fact, these topologies correspond to equivalence
relations, where the open sets are the unions of equivalence classes. As a consequence,
we demonstrate that if |X| = n > 2, then |[R, S ]| is equal to the nth Bell number B,. In
Theorem 2.5, we establish that if X is finite with cardinality n > 2, then {[R,S] =n — 1.

All rings considered in this paper are assumed to be commutative and unital and all
ring inclusions are unital. We will as usual sometimes denote the first operation by
addition and the second operation by multiplication. Any unexplained terminology is
standard as in [9, 15].

since a
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2. Main results

To avoid unnecessary repetition, we fix the following notation for the remainder
of the paper. Let X be a nonempty set X and let R C S be a ring extension, where
R :={0,X} and S := P(X). Note that R = S if and only if |X| = 1. Thus, from now on,
we assume that |X| > 2.

A topology 7 on the set X is a subset of £(X) that contains () and X and is closed
under union and finite intersection. We start with the following lemma.

Lemma 2.1. With the above notation, {t € T(X) | T =1} C [R, S].

Proor. Suppose that 7 € 7(X) and 7 = 7°. We need to show that 7 is stable under
intersection and symmetric difference. The fact that 7 is stable under intersection
is clear since 7 is a topology. Let U,V e1. As 7=1° we have U, V° et and
UnNnVe,VNUer. Astis stable under union, UAV = (UNVH)U(VNUer. O

Now, we establish our main theorem that relates several finiteness conditions on X
and the set of intermediate rings [R, S ]. In what follows, we focus on the computation
of the number of intermediate rings. We are going to show that for any finite set X, the
number of unital subrings of § is exactly the number of partitions of X. But, first, let
us recall the definition of Stirling numbers of the second kind and the nth Bell number.
Derinition 2.2. Let X be a finite set of cardinality n.

(1) The number of partitions of X into k blocks is the Stirling number of the second

kind:
1 (k) .
SOk =5 § (-1 f(j)/‘.

T 0<j<k
(2) The number of partitions of X is the nth Bell number:
By= ) Sk,
1<k<n
TueorEM 2.3. The following statements are equivalent:

(1) X is finite;

(2) R CS satisfies FIP;

(3) R CS satisfies FCP;

@4 [RS]={retX)|T=1}

If, moreover, the set X has cardinality n > 2, then |[R,S]| = B,.

Proor. (1)=(2) If X is a finite set, then clearly |[R, S]] < 25! = 2 <
(2)=(3) This is trivial from the definitions.
(3)=(1) Suppose that X is infinite and let

Vi={x}eh={x, 0 & - cY,={x,x,..., x5} &
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be an infinite sequence of subsets of X. Then
R+PY)GR+PY) & GR+PX,) &

is clearly an infinite sequence of [R, S].

(1)=(4) The fact that {r € 7(X) | T = 7°} C [R, S] is guaranteed by Lemma 2.1. For
the reverse inclusion, let 7' be an intermediate ring between R and S. We need to show
that 7 is a topology on X and that 7 = T¢. As X is finite, it is enough to prove that
forany A,B e T,onehas AU B,AN Band A° € T. The fact that AN B € T is obvious
since T is a ring, so it is closed under intersection. Now, A° = XAA € T, because A
and X are in T and T is stable under the symmetric difference. It remains to show that
AUBEeT. Since T is stable under complement, it suffices to show that (AU B)° € T.
But (AU B)° = A° N B¢ € T since T is stable under intersection and complement.

(4)=(1) If X is infinite, we can find an intermediate ring between R and S which is
not even stable under union. To this end, let

I =Fin(X) ={A C X : |A| < o0}.
One can easily check that [ is a proper ideal of § since X is infinite. Now, let
T=R+I={A+B:Ac€R,Bel}={B,B°:Bel}.

As X is infinite, there exists ¥ & X, where both Y and Y* are infinite. Now, for every
yeY,wehave {y}€T,but Y = Ueyiy} ¢ T.
Now, we prove the final statement of the theorem. It follows from (4) that

IR, SN =l{rerX)|7=1Y

Thus, it suffices to calculate |{T € 7(X) | T = 7°}| and we show that this quantity is equal
to the number of partitions of the set X. To this end, let P = {A},A;,..., A} be a
partition of X into k blocks and let 7p be the topology on X generated by P. The
topology 7p consists of () and the open sets of the form A; UA;, U---UA; , where
Ai, Aiy, ..., A €P. Tt is easy to see that 7, = 7p. Now, let 7 be a topology on
X ={x1,x2,...,x,} such that 7 = 7°. For each x; € X, let O,, be the smallest open
set of 7 containing x;. We can assume, after a suitable renumbering of the x; and after
eliminating repetition in the O,,, that {O,,, O,, ..., O, }, where g < n is the collection
of the smallest open sets containing all the x;. It is obvious that [ J; <, Oy, = X. We
claim that O,, N Oy, =0 fori# jwith 1 <i,j<gq.

First note that we cannot have both x; and x; in the intersection O,, N Oy,. Indeed,
if x; € Oy, N Oy, then Oy, € Oy, N Oy, (as Oy, is included in every open set containing
x;). This implies that O, C Oy,. In the same way, x; € O,, N O,, implies that O,; C Oy,.
We would have then O,, = O, the desired contradiction. Thus, we necessarily have
X;i € Oy, N Oy or x; ¢ 0y, N Oxj If x; € Oy, N Oy, then x; € Oy, N OC This means
that O,, C Oy, N 0C c 0‘ and so O,, N O,; =0. The second p0551b1e hypothesis
x; ¢ Ox, N Oy, leads to the same conclusion. This ends the proof of our claim.

Therefore, P {Oy5..., 04} is a partition of X. Clearly 7 = 7p is the topology
generated by P. Therefore, the number of topologies 7 is equal to the number of
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partitions of X. According to Definition 2.2, the number of partitions of X into k
nonempty unlabelled subsets is S (#, k), the Stirling number of the second kind. Thus,
the number of all partitions is )<<, S (1, k) = By,. O

Remark 2.4. Here, we present an alternative proof of the final statement in the previous
theorem. Finite topological spaces are exactly finite preordered sets, that is, the two
categories are isomorphic. (More generally, denote by Top the category of topological
spaces. The category of all preordered sets is always isomorphic to the full subcategory
of Top consisting of all Alexandrov-discrete topological spaces.) In this categorical
isomorphism, a finite preordered set (X, p) corresponds to a topological space (X, 7)
such that 7¢ = 7 if and only if p°” = p, that is, if and only if the preorder p is symmetric,
that is, if and only if p is an equivalence relation. Now, equivalence relations and
partitions are the same thing. This completes the proof.

Now, we establish the following result for the length £[R, S].
Tueorem 2.5. If X is finite of cardinality n > 2, then {|R,S]=n— 1.

Proor. As X is finite, Theorem 2.3 guarantees that R C S satisfies FIP and hence FCP.
Let Ro=RCRyC---CRy_; CR; =S be a chain of rings from R to S with length
k. As S is a Boolean ring with cardinality 2", each ring R; in the above chain is also
Boolean with cardinality 2" for some n; < n. It follows that k <n — 1. Therefore,
{[R,S]<n-1.

Now, let X = {x1, x2, ..., x,,} and consider the chain

A():RCA1CA2C"'CA,Z,] =S,

where Ay = R+ P({x1,...,x}) for 1 <k <n— 1. It is clear that this chain has length
n—1. Thus, {[R,S]=n-1. O

Recall from [8] that a ring extension A C B is said to be minimal if [A, B] = {A, B}.
We close the paper with the following corollary, which characterises when R C S is a
minimal ring extension.

COROLLARY 2.6. The ring extension R C S is minimal if and only if X consists of exactly
two elements.

Proor. The ‘only if” part follows readily from Theorem 2.5. For the ‘if” part, write
X ={a, b}. It is clear that the intermediate sets between R and S are R, T = {0, X, {a}},
T, ={0,X,{b}} and S. As T| and T, are not rings, it follows that R C S is a minimal
ring extension. O
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