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Abstract. In this paper we introduce the notion of parabolic-like mapping. Such an object is
similar to a polynomial-like mapping, but it has a parabolic external class, i.e. an external
map with a parabolic fixed point. We define the notion of parabolic-like mapping and
we study the dynamical properties of parabolic-like mappings. We prove a straightening
theorem for parabolic-like mappings which states that any parabolic-like mapping of
degree two is hybrid conjugate to a member of the family

Peri(1) = {[PA]

1
PA(Z)=Z+Z+A, AGC},

a unique such member if the filled Julia set is connected.

1. Introduction
A polynomial-like map of degree d is a triple (f, U’, U) where U’ and U are open subsets
of C isomorphic to discs, U’ is compactly contained in U, and f : U’" — U is a proper
degree d holomorphic map (see [DH]). A degree d polynomial-like map is determined
up to holomorphic conjugacy by its internal and external classes, that is, the (conjugacy
classes of the) maps which encode the dynamics of the polynomial-like map on the
filled Julia set and its complement. In particular, the external class consists of degree
d real-analytic orientation preserving and strictly expanding self-coverings of the unit
circle. The definition of a polynomial-like map captures the behavior of a polynomial
in a neighborhood of its filled Julia set. By changing the external class of a degree d
polynomial-like map to the external class of a degree d polynomial (see [DH]), a degree d
polynomial-like map can be straightened to a polynomial of the same degree.

In this paper we introduce a new object, a parabolic-like mapping, similar to but
different from a polynomial-like mapping. The similarity resides in the fact that a
parabolic-like map is a local concept, it is characterized by a filled Julia set and an external
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map, and the external map of a degree d parabolic-like mapping is a degree d real-analytic
orientation preserving self-covering of the unit circle. The difference resides in the fact that
a parabolic-like map has a parabolic fixed point with an attracting petal outside the filled
Julia set, and the external map of a parabolic-like mapping has a parabolic fixed point.

The aim of this paper is to extend the theory of polynomial-like mappings (in the
dynamical plane) to parabolic-like mappings. Let us give an example which illustrates
the class of maps we are considering. The map fi(z) =z + 1/4 has a parabolic fixed
point at z = 1/2. Since the parabolic basin of attraction of the parabolic fixed point resides
in the interior of the filled Julia set, while the repelling direction resides on the Julia set and
outside of it, the external map of f](z) is hyperbolic. The map fi(z) presents polynomial-
like restrictions. On the other hand, let us interchange the roles of the filled Julia set and
the closure of the basin of attraction of infinity for fj. In other words, let us conjugate
f1(z) by 1(z) = 1/z and obtain the map f>(z) = 4z%/(4 + z?), and let us define the closure
of the basin of attraction of the superattracting fixed point z = 0 to be the filled Julia set for
f>. The basin of attraction of the parabolic fixed point z = 2 now resides outside the filled
Julia set, and gives rise to an the external class with a parabolic fixed point. Appropriate
restrictions of the map f> belong to the class of parabolic-like mappings.

As polynomial-like mappings are straightened to polynomials, we straighten degree-
two parabolic-like mappings to members of a model family of maps with a parabolic
external class. Our model family is the family of quadratic rational maps with a parabolic
fixed point of multiplier 1, normalized by fixing the parabolic fixed point to be infinity and
the critical points to be 1 and —1, this is

Peri(1) ={[Pal| Pa(z) =z+1/z+ A, AeC}.

All of the maps in Per; (1) have a completely invariant Fatou component A, namely the

parabolic basin of attraction of infinity. We define the filled Julia set for these maps as
Ki=C\A

(note that for every A #0, P4 has a unique completely invariant Fatou component

A, hence K4 is well defined, while for the map Py(z) =z + 1/z we need to make a

choice, after which the filled Julia set Kg is well defined). The external class of this

family is parabolic, and we prove in Proposition 4.2 that it is given by the class of

h(z) = (322 +1)/(3 + ).

In this paper we will first define parabolic-like maps and the filled Julia set of a
parabolic-like map. Then we will construct and discuss the external class in this setting.
Finally, we will prove that we can straighten every degree-two parabolic-like map to a
member of the family Per; (1), by replacing the external map of the parabolic-like map by
h (see Figures 1 and 2).

2. Preliminaries

In this paper we are studying restrictions of maps with a parabolic fixed point of multiplier
1. By a change of coordinates we can consider the parabolic fixed point to be at z =0,
hence we will consider maps which locally have the form

f@Q=z+a"+---), n>1,a#0.
The integer n is the degeneracy/parabolic multiplicity of the parabolic fixed point. In a
neighborhood of a parabolic fixed point of parabolic multiplicity n, there are n attracting
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FIGURE 1. Julia set of the map Cy(z) = B ra+za=i.

FIGURE 2. Julia set of the map Pj(z) =z+ 1/z+ A, A=1.
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petals, which alternate with n repelling petals (for the definition of petal see [Sh] or [M]).
We will denote the petals by E. On each petal E there exists a conformal map which
conjugates the map f to a translation (see [Sh] or [M]). This map is called a Fatou
coordinate for the petal E, and it is unique up to composition with a translation. We will
denote Fatou coordinates by ¢. Often it is convenient to consider the quotient of a petal
E under the equivalence relation identifying z and f(z) if both z and f(z) belong to E.
This quotient manifold is called the Ecalle cylinder, and it is conformally isomorphic to
the infinite cylinder C/Z (see [Sh] and [M]).

An almost complex structure o on adomain U C C is a measurable field of infinitesimal
ellipses £ on the tangent bundle over U (denoted by T'U). This is for almost every u € U
an ellipse & C T,,U (defined up to scaling), with ratio of major to minor axes K (u)
such that the complex dilatation u : U — D, where |u(u)| = (K (u) — 1)/(K (u) + 1) and
the argument of (u) is twice the argument of the major axes of &,, is measurable. An
almost complex structure is bounded if ||i|ls < 1, and it is standard if o = oy is a field
of circles. Given an ellipse field 0 on U and a quasiconformal map ¢ : V — U, the
ellipse field ¢*o on V given by {Tv¢—1(5¢(v)) C Ty V}yev is the pullback of o under
¢. The pullback of the standard structure under a quasiconformal map is a bounded almost
complex structure, and the Measurable Riemann Mapping Theorem (stated below) shows
that a bounded almost complex structure is the pullback of the standard structure under
some quasiconformal map. For a proof of the Measurable Riemann Mapping Theorem
and an exhaustive discussion about almost complex structures, quasiconformal mappings
and quasisymmetric mappings, the reader is referred to [Ah] or, for a modern treatment,
to [Hu].

MEASURABLE RIEMANN MAPPING THEOREM. Let o be a bounded almost complex
structure on a domain U C C. Then there exists a quasiconformal homeomorphism ¢ :
U — C such that

o = ¢*oy.

Notation. We will use the following notation:
H; = {z € C|Re(z) <0},
H, = {z € C | Re(z) > 0}.

3. Definitions and statement of the Straightening Theorem

A parabolic-like map is an object introduced to extend the notion of polynomial-like maps
to maps with a parabolic external map. The domain of a parabolic-like map is not contained
in the range, and the set of points with infinite forward orbit is not contained in the
intersection of the domain and the range. This calls for a partition of the set of points
with infinite forward orbit into a filled Julia set compactly contained in both domain and
range and exterior attracting petals.

Definition 3.1. (Parabolic-like maps) A parabolic-like map of degree d > 2 is a 4-tuple

(f, U', U, y) where:

. U’ and U are open subsets of C, with U’, U and U U U’ isomorphic to a disc and
U’ not contained in U;
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FIGURE 3. On a parabolic-like map (f, U’, U, y) the arc y divides U’ and U into Q, A’ and Q, A, respectively.
These sets are such that Q' is compactly contained in U, Q' C ©, f : A’ — A is an isomorphism and A’ contains
at least one attracting fixed petal of the parabolic fixed point.

° f:U — U is a proper holomorphic map of degree d > 2 with a parabolic fixed
point at z = z¢ of multiplier 1;

° y:[-1,1]— U is an arc with ¥ (0) = 7z, forward invariant under f, Clon[—1,0]
and on [0, 1], and such that

1
<_9
)

fy @) =y(dt) forall —

y([é, 1) U <_1, —H) CU\U, y(D)edl.

It resides in repelling petal(s) of zo and it divides U’ and U into €', A" and ©, A
respectively, such that Q' CcC U (and Q' C ), f : A’ — A is an isomorphism (see
Figure 3) and A’ contains at least one attracting fixed petal of zg. We call the arc y a
dividing arc.

<t

QU=

Notation. We can consider y =y Uy_, where y;:[0, 1] > U, y_ 10, —1] > U,
y+(0) = zo. Where it will be convenient (e.g. in the examples) we will refer to y4 instead
of y.

3.1. Examples. (1) Consider the function h(z) = (3z> 4+ 1)/(3 + z%). This map has
critical points at z = 0 and at oo, and a parabolic fixed point at z = 1 of multiplier 1 and
parabolic multiplicity 2. The attracting directions of the parabolic fixed point are along
the real axis, while the repelling ones are perpendicular to the real axis. The repelling
petals E4 and E_ intersect the unit circle and can be taken to be reflection symmetric
around the unit circle, since /7 is autoconjugate by the reflection 7 (z) = 1/z. Let ¢4 :
E4+ — H; be Fatou coordinates. The image of the unit circle in the Fatou coordinate
planes are horizontal lines, which we can suppose coincide with R_, possibly changing the
normalizations of ¢4. Choose € > 0 and define U’ ={z | |z| < 1+ €}, and U = h,(U’).
Let z+ be intersection points of E.i, respectively, and dU. Thus, ¢4(z4) =m4 with
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FIGURE 4. Construction of a degree-two parabolic-like map from the map (Cq(z) =z + az? + z3), for
a=i. The superattracting fixed point z = (—a — v/a? —3)/3 is denoted by s, and the critical point
7= (—a + v/a? — 3)/3 in the basin of attraction of the parabolic fixed point is denoted by c.

Im(my) <0, and ¢p_(z—) = m_ with Im(m_) > 0. Define the dividing arcs as
v+ 1[0, 1] — U, y_:[0, —1] —> U,
t— ¢y logy(t) +my),  t— ¢~ (logy(—t) +m_).

Then (hy, U’, U, y) is a parabolic-like map of degree two.

(2) Let (Cu(2) =z + az? + 7%), for a = i. This map has a superattracting fixed point
s at z = (—a — ~/a? — 3)/3, a critical point ¢ at z = (—a + ~/a®> — 3)/3 and a parabolic
fixed point at z = 0 with multiplier and parabolic multiplicity 1. Call Ay the immediate
basin of attraction of the parabolic fixed point. Then the critical point ¢ belongs to Ay. Let

¢ : Ag — D be the Riemann map normalized by setting ¢(c) = 0 and ¢(z) =9 1, and let
¥ : D — Ap be its inverse. By the Carathéodory theorem the map  extends continuously
to S!. Note that ¢ o f o i = hy. Let w be an h» periodic point in the first quadrant, such
that the hyperbolic geodesic ¥ € D connecting w and w separates the critical value z = 1/3
from the parabolic fixed point z = 1. Let U be the Jordan domain bounded by 7 = ¥ (¥),
union the arcs up to potential level one of the external rays landing at ¥ (w) and ¥ (w),
together with the arc of the level-one equipotential connecting these two rays around s (see
Figure 4). Let U’ be the connected component of f~!(U) containing 0 and the dividing
arcs y+ be the fixed external rays landing at the parabolic fixed point 0 and parametrized
by potential. Then (f, U’, U, y) is a parabolic-like map of degree two (see Figure 4).
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(3) Let f(z) =z%+¢, for ¢ = (=14 3+/3i)/8 (this is the map known as the ‘fat
rabbit’). Its third iterate f3 has a parabolic fixed point at z = (—1 + +/3i)/4 of multiplier 1
and parabolic multiplicity 3. Let Ao be the component of the immediate basin of attraction
of the parabolic fixed point containing z = (0. Number the connected components of the
immediate attracting basin in the dynamical order (which here is the counterclockwise
direction around a). Let ¢ : A9 — D be the Riemann map, normalized by ¢(0) =0 and
©(2) = 1, and let ¥ : D — A be its inverse. The map ¥ extends continuously to S!,
and ¢ o f3 o1 = hy. As above let w be a h, periodic point in the first quadrant such that
the hyperbolic geodesic ¥ connecting w and W separates the critical value z = 1/3 from
the parabolic fixed point z = 1. Define 7 = ¥ (¥) and ¥’ = f~1(7) N Az. Let U be the
Jordan domain bounded by 7 union the arcs up to potential level one of the external rays
landing at ¥ (w) and v (w) union )7’ union the arcs up to potential level one of the external
rays landing at £~ (v (w)) NA; and f~ Yy w)) N A, together with the two arcs of
the level-one equipotential connecting this four rays around the parabolic fixed point. Let
U’ be the connected component of f -3 containing (—1 + V30) /4 and the dividing
arcs y4 and y_ be the external rays for angles 1/7 and 2/7 respectively parametrized by
potential. Then (3, U’, U, y) is a parabolic-like map of degree two (see Figure 5).

More generally, define A/, = exp(2mip/q) with p and g co-prime, ¢p/q = Ap/q/2 —
)\i /q/4 and consider fq = 2% + ¢p/q- The map f has a parabolic fixed point of multiplier
Apjq At Z = Ap/q/2, therefore f9 has a parabolic fixed point of multiplier 1 and parabolic
multiplicity q.

Repeating the construction done above one can see that the map f9 restricts to a degree-
two parabolic-like map.

Definition 3.2. Let (f, U’, U, y) be a parabolic-like map. We define the filled Julia set
K ¢ of f as the set of points in U " that never leave (2" U y4(0)) under iteration:

Kp:={zeU'|Vn>=0, f"(z) € Q Uy (0)}.
Remark 3.1. An equivalent definition for the filled Julia set of f is
Kp=()f"wW\A).
n>0

The filled Julia set is a compact subset of U N U’ and it is full (since it is the intersection
of topological discs).

As for polynomials, we define the Julia set of f as the boundary of the filled Julia set:

Jr:=0Ky.

3.2. Motivations for the definition. A parabolic-like map can be seen as the union of
two different dynamical parts: a polynomial-like part (on €’) and a parabolic one (on A’),
which are connected by the dividing arc y .

The parabolic fixed point belongs to the interior of the domain of a parabolic-like map
in order to insure that the filled Julia set is compactly contained in the intersection of the
domain and the range. The dividing arc separates the exterior attracting petals from the
filled Julia set of the parabolic-like mapping, and for this reason the dividing arc is part of
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FIGURE 5. The third iterate of the map f = Z4c fore=(—1+ 34/3i)/8, restricts to a degree-two parabolic-
like map.

the definition of parabolic-like mapping (note that we could have constructed the dividing
arc a posteriori by Fatou coordinates). The definition of parabolic-like map also guarantees
the existence of an annulus, U \ €, essential in defining the external class and to perform
the surgery which will give the Straightening Theorem.

There are many prospective definitions of a parabolic-like map. The one introduced
here is flexible enough to capture many interesting examples, and rigid enough to allow
for a viable theory.

3.3. Conjugacies and statement of the main result. ~We say that (f, U}, Uy, y1) is a
parabolic-like restriction of (f, U, Ua, y2) if U] CUj and (f, U], U;, yi), i =1, 2 are
parabolic-like maps with the same degree and filled Julia set.

Definition 3.3. (Conjugacy for parabolic-like mappings) We say that the parabolic-like
mappings (f, U', U, yy) and (g, V', V, y,) are topologically conjugate if there exist
parabolic-like restrictions (f, A’, A, vr) and (g, B, B, Y¢), and a homeomorphism ¢ :
A — B such that ¢(y+5) = y+, and

o(f()=8@@) oy Uyy.

If moreover ¢ is quasiconformal (and d¢ = 0 almost everywhere on K f), we say that f
and g are quasiconformally (hybrid) conjugate.

A topological conjugacy between parabolic-like maps is a homeomorphism defined on
a neighborhood of the filled Julia set, which conjugates dynamics just on &' U y. This
definition allows flexibility regarding the parabolic multiplicity of the parabolic fixed point.
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In this paper we will prove the following theorem.

STRAIGHTENING THEOREM. We have the following results.

(1)  Every degree-two parabolic-like mapping (f, U', U, yy) is hybrid equivalent to a
member of the family Per(1).

(2) Moreover, if K 7 is connected, this member is unique.

Part 1 follows from Proposition 6.2 together with Theorem 6.3, while part 2 follows
from Proposition 6.5.

3.4. Equivalence of parabolic-like mappings and Isotopy. =~ Two parabolic-like maps are
equivalent, and we do not distinguish between them, if they have a common parabolic-
like restriction. Given a parabolic-like map ( f, U { Ui, y1),thearc y» : [—1, 1] > U with
¥2(0) = y1(0) is isotopic to y; if there exists a domain U, C U for which (f, U/, U;, yi),
i =1, 2 have a common parabolic-like restriction.

LEMMA 3.1. Let (f, U’, U, y) be a parabolic-like map, and let y; : [—1, 1] — U be an
arc forward invariant under f, with y;(0) = y (0) and Clon[—1, 0] and [0, —1]. Then Vs
and y are isotopic if and only if their projections to Ecalle cylinders are isotopic and the
isotopies are disjoint from the projections of the filled Julia set and the critical points.

Proof. Let us prove that, if the projections of y and y; to Ecalle cylinders are isotopic and
the isotopies are disjoint from the projections of the filled Julia set and the critical points,
then y; and y are isotopic. The converse is trivial.

Let E4+ and E_ be repelling petals where y4 and y_ respectively reside (note that
E+ and E_ may coincide). Then the quotient manifolds E4/f, E_/f are conformally
isomorphic to the bi-infinite cylinder. Call 8 the isomorphism between E./f and C/Z,
and § the isomorphism between E_/f and C/Z. Let

H, :[0,1] x C/Z — C/Z
(s, 1) = Hy(s, 1),
H_:[0,11xC/Z— C/Z
(s,1) > H_(s, 1),

be isotopies, disjoint from the projections of the filled Julia set and the critical points,
such that for every fixed s €[0, 1], both Hy(s,t):C/Z — C/Z are at least cl.
Set ysi[t,dt] =B ' (Hy(s,-)) (where 0 <t <1/d) and y,_[dt, t]=8"1(H_(s, -))
(where —1/d <7 <0). Define y; by extending y;4+ and y;_ by the dynamics of f to
forward invariant curves in Z and E_ respectively (see Figure 6), i.e.

(1) Yesld'D) = f1es (O), Yes (0/d") = (o) " forall T <1 <dr;

@) Ye—(d"D) = f (o= (), Yo—(t/d") = f(p—()) " foralld? <t <

(3)  ¥s(£1) € 90U and y,(0) = y(0);

where f(ys)™" is the branch which gives continuity. Then y; divides U and U’ in 4, Ay
and Q, A respectively, and by construction 2} contains K  and all of the critical points
of (f, U’, U, y).Hence, (f, U’, U, yy) is a parabolic-like restriction of (f, U’, U, y), and
thus the arcs y and y; are isotopic. O
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FIGURE 6. Construction of dividing arcs isotopic to y.

Note that, by construction, if (f, U’, U, y) is a parabolic-like map and yj is isotopic to
y, then the arc y resides in the same petal as y and the arc y_ resides in the same petal
as y—.

4. The external class of a parabolic-like map

In analogy with the polynomial-like setting, we want to associate to any degree d
parabolic-like map (f, U’, U, y), a degree d real-analytic map hy :S!' > S! with a
parabolic fixed point, unique up to conjugacy by a real-analytic diffeomorphism. We will
call iy an external map of f, and we will call [ ] (its conjugacy class under real-analytic
diffeomorphisms) the external class of f.

4.1. Construction of an external map of a parabolic-like map f with connected Julia
set. The construction of an external map of a parabolic-like map with connected Julia
set follows the construction of an external map in [DH], up to the differences given by
the geometry of our setting. Let (f, U’, U, y) be a parabolic-like map of degree d with
connected filled Julia set K ¢. Then K y contains all of the critical points of f* and, hence,
f:U\Ks— U\ Ky is a holomorphic degree d covering map. Let

a:C\K; — C\D (1)
be the Riemann map, normalized by a(00) = 0o and a(y (¢)) — 1 as t — 0. Write W/ =
a(U'\ Ky)and W =a(U \ Ky) (see Figure 7) and define the map:

Wt :=aofoa™l: W > W.

Then the map /™ is a holomorphic degree d covering. Let 7(z) = 1/Z denote the reflection
with respect to the unit circle, and define W_ =t (W), W = t(W'), W=wusSluw._
and W =W US'UW_. Applying the strong reflection pr1nc1ple with respect to S! we
can extend analytically the map ht : W — Wtoh : W — W.Leth 1 be the restriction of
h to the unit circle, then the map 4 ¢ : :S! — S is an external map of f. An external map
of a parabolic-like map is defined up to a real-analytic diffeomorphism.

4.2. The general case. Let (f, U’, U, y) be a parabolic-like map of degree d. To deal
with the case where the filled Julia set is not connected, we will lean on the similar
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FIGURE 7. Construction of an external map in the case Ky connected. We set W’:a(U’\Kf),
W=aU\Kp)andht: W —> W.

construction in the polynomial-like case. We construct annular Riemann surfaces 7' and
T’ that will play the role of U’\ Ky and U \ K, respectively, and an analytic map
F : T — T’ that will play the role of f.

Let V &~ ID be a full relatively compact connected subset of U containing ﬁ/, the critical
values of f and such that (f, f -y, v, y) (after rescaling y, where rescaling an arc
means precomposing it with a scaling) is a parabolic-like restriction of ( f, U’, U, y). Call
L=f'V)nQandM = -1 (V)n A’ Define X)) = (UUU')\L,Uy=U\V, Ag=
UNU'\L,Xo=U\L,Ay=U'\Land Aj=U"\ F~Y(V). Note that X is an annular
domain.

Let po : X1 — Xo be a degree d covering map for some Riemann surface X, and define
Vi = ,OO_I(V \ L). Define X{ = X; \ Vy. The map f : Aj — Uy is proper holomorphic of
degree d, and pg : X — Uy is a proper holomorphic map of degree d. Therefore, we can
choose 7o : Ay — X/, alift of f : Aj — Up to po : X| — Up, and 7 is an isomorphism.
The subset A has d preimages under the map pg. Let us call A the preimage of A under
po such that Aj N o(Aj N A') # @. Since f : A’ — A is an isomorphism, we can extend
the map 7o to A’. Let us call B = X{ U A. Since mo(A” \ Aj) N X = @, the extension
7o : Ay — By is an isomorphism (see Figure 8). Let us call B; = mo(Ao). Define A} =
,oo_l(Ao) and fi =mpo po: A’1 — Bj. The map f7 is proper, holomorphic and of degree d
(see Figure 9). Indeed pg : A] — Ag is a degree d covering by definition and 779 : Ag — B
is an isomorphism because it is a restriction of an isomorphism. Define X = X1 \ mo(Aj \
A), then By C X].

Let p1 : X2 — X be a degree d covering map for some Riemann surface X», and call
B) = pl_l(Bl). Define 7 : A] — B} as a lift of fi to p;. Then 7y is an isomorphism,
since fi: A| — By is a degree d covering and p; : B) — By is a degree d covering as
well. Define A; = A| N X| and By = m1(A}). Define A} = pl_l(A1) and f, =m0 p:
A, — B;. The map f3 is proper, holomorphic and of degree d, indeed p; : A, — Ay isa
degree d covering and 7| : A — B> is an isomorphism. Define Xé =Xo\m (A’1 \ A1),
then B, C X}.
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FIGURE 8. Left: the colored outer annulus is Uy = U \ V, the colored inner annulus is A’O =U’\ L. Right: the
colored annulus is Bj = X{ U Ay. The map 7 : Ajy — By is an isomorphism.

FIGURE 10. The map 7ty : A} — B} is alift of fj to py, and it is an isomorphism.
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Define recursively p,—1 : X, & X ;1_1 for n > 1 as a holomorphic degree d covering
for some Riemann surface X, and call B, = p;_]l(Bn_l). Define recursively m,_1 :
Al _,— B, C X, as a lift of f, | to p,—1. Then m,_; is an isomorphism. Define
Anoi=A,  NX,_ and B, = mu_1(A,_1). Define A, = p. ! (A,_1) and f,, = w41 0
pn—1: Al — B,. Then all of the f;, are proper holomorphic maps of degree d, indeed
pn—1: A, — A,_; are degree d coverings and mw,_;:A,_| — B, are isomorphisms.
Define X, = X, \ m,—1(A],_, \ A,—1), then B, C X,.

We define X' =]],.o X, and X =[], X, (disjoint union). Let T’ be the quotient
of X’ by the equivalence relation identifying x € A with x’ = 7,(x) € X,,41, and T be
the quotient of X by the same equivalence relation. Then 7’ is an annulus, since it is
constructed by identifying at each level an inner annulus A; C X; with an outer annulus
Biy1 CX] 41 1n the next level. Similarly 7' is an annulus, since it is constructed by
identifying at each level an inner annulus A; C X; with an outer annulus B/ 41 CXit1in
the next level. Since for all i > 1, X; C X;, TUT'=T U X/ ~, which is an annulus
because X6 is an annulus, 7 is an annulus, and m( identifies an inner annulus of X(’)
(which is A6) with an outer annulus of X (which is Bi). The covering maps p, induce
a degree d holomorphic covering map F : T — T’. Indeed, F is well defined, since
at each level f, =m,_1 o p,—1 by definition and =, is a lift of f, to p,. Therefore,
Pn © Ty = fn =my—1 0 py—1 and the following diagram commutes:

A, —— B,
lpn_l l”" )
TTn—1

A, — By,

Finally, the map F is proper of degree d since by definition F|x, = pp—1: X, — X|,_, is
a proper map (and Fjx, = po: X1 — X(’) is proper onto its range, which is Xo).
Now, let us construct an external map for f. Let m > O be the modulus of the annulus
T UT'. Let A C C be any annulus with inner boundary S! and modulus . Then there
exists an isomorphism
a:TUT — A 3)

with |a(z)| - 1 when z — L and «(z) — 1 when z — zo within A/ ~ (where A/ ~={z |
dn : 710_1 0---0 71,1__11 o rrn_l(z) € A U A’}). Then we just have to repeat the construction

done for the case K s connected, with 7 and 7" playing the role of U’ \ Ky and U \ Ky,
respectively, and F playing the role of f.

4.3. External equivalence.

Definition 4.1. Two parabolic-like maps (f, U’, U, yy) and (g, V', V, y,) are externally
equivalent if their external maps are conjugate by a real-analytic diffeomorphism, i.e. if
their external maps belong to the same external class.

Let (f,U’, U, yr) and (g, V', V, yg) be two parabolic-like mappings with connected
Julia sets. By the construction of an external map we gave (see §4.1), it is easy to see
that (f, U’, U, yr) and (g, V'V, vg) are externally equivalent if and only if there exist
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parabolic-like restrictions (f, A, A, yr)and (g, B’, B, ¥¢), and a biholomorphic map
w:(AUA/)\Kf—>(BUB’)\Kg

such that ¥ (y+f) =y+, and Yo f=goy on A'\Ky. We call ¢ an external
equivalence between f and g.

The following lemma shows that the situation is analogous also in the case where the
Julia sets are not connected.

LEMMA 4.1. Let (fi, Ul./, Ui, vi), i=1,2, be two parabolic-like mappings with
disconnected Julia sets. Let W; =~ D be a full relatively compact connected subset of U;
containing 5; and the critical values of f;, and such that (f;, fi_l(W,-), Wi, vi) is a
parabolic-like restriction of (f;, U], U;, ;). Define L; := fi_l(W,-) N 5: Suppose

@:(ULUU)\ L — (U,UU))\ Ly

is a biholomorphic map such that ¢ o fi = f> 0@ on Ul’ \ L1. Then (f1, U{, Ui, y1) and
(f2, U3, Uz, y2) are externally equivalent, and we say that @ is an external equivalence
between them.

Proof. Let (X;. i, p(a—1),i> T(n—1),i» fn,i)n>1, i=1,2 be as in the construction of an external
map for a parabolic-like map with disconnected Julia set. Let us set g9 = ¢ and define
recursively ¢, = ,0(;1_1)2 O Qn—10°Pwu-1),1: Xn1 —> Xp,2. Then the following diagram
commutes:

X, CXp1 —— X202 X,

lp(rz—l).l J’/J(nfn.z 4)

Pn—1 X/

1
X (n—1),2

(n—1),1
(for n=0, po,;: X1;— Xo,; C X(;). Then every ¢, : X, 1 — X, thus defined is
an isomorphism and a conjugacy between f, | and f, 2, and the following diagram
commutes:

fn,l
Xn,l D A;’] > Bn,l - X;’l

l% yn (5)

Ta,
Xn22 A5, > By C X2
Thus, the family of isomorphisms ¢, induces an isomorphism ®: Ty UT| — T UT,
compatible with dynamics (where 7; and Ti’ , i =1, 2, are as in the construction of an
external map for a parabolic-like map with disconnected Julia set), and so the external
maps of f1 and f> are real-analytically conjugate. O

4.3.1. External map for the members of the family Peri(1). The filled Julia set Kp of a
polynomial P : C — C is defined as the complement of the basin of attraction of infinity,
which is a completely invariant Fatou component. For a degree d rational map R : C—>C
with a completely invariant Fatou component A we may define the filled Julia set as

Kgr=C\A.
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Note that a degree d map can have up to two completely invariant Fatou components
A1, Aj (since a degree d map defined on the Riemann sphere has 2d — 2 critical points,
and a completely invariant Fatou component contains at least d — 1 critical points). In
the case R has precisely one completely invariant Fatou component A, the filled Julia set
Kgr= C \ A is well defined. In the case R has two such components Ay, Aj, there are
two possibilities for the filled Julia set, hence we need to make a choice. After choosing a
completely invariant component A, the filled Julia set K = C \ Ay is well defined.
Every member of the family Per;(1) has a parabolic fixed point at oo with multiplier
1, and the basin of attraction of the parabolic fixed point is a completely invariant
Fatou component. For all the members of the family Per;(1) with A # 0 the parabolic
multiplicity of the parabolic fixed point is 1, hence all of these maps have precisely one
completely invariant Fatou component A. Thus, for all of the members of the family
Peri(1) with A # 0 the filled Julia set Kp, = C \ A is well defined. On the other hand,
since for the map Py(z) =z + 1/z the parabolic multiplicity of oo is 2, this map has
two completely invariant Fatou components, namely H, and Hj. Since Py(z) =z+ 1/z
is conformally conjugate to the map h»(z) = (3z2 + 1)/(3 + z%) under the map (p(z)
(z+ 1)/ (z — 1), for consistency with Example 1 in § 3.1 we consider K p, = (p(ID))
Let f: C — Cbe arational map of degree d. The map f has a parabolic- llke restriction
if there exist open connected sets U and U’ and a dividing arc y such that (f, U’, U, y)
is a parabolic-like map of some degree d’ < d. A parabolic-like restriction of a member
P, of the family Peri(1) has degree two, hence the filled Julia set K p, defined as above
coincides with the filled Julia set of the parabolic-like restriction of P4. Therefore, we
consider as external class of P4 the external class of its parabolic-like restriction.

PROPOSITION 4.2. For every A € C the external class of Py is given by the class
of ha(2) = (2% + (1/3)/(1 + (z*/3)).

Proof. Since the maps Py(z) =z + 1/z and ha(z) = B2+ 1)/(3 4+ z%) are conformally
conjugate, in order to prove that /i, is an external map of Py, it is sufficient to prove that
Py is externally equivalent to P4, for A e C. Let EY be an attracting petal of Py containing
the critical value z =2, and let ¢ : 2° — H, be the i incoming Fatou coordinates of Py
normalized by ¢(2) = 1. Let E4 be an attracting petal of the parabolic fixed point co of
P4 and let ¢4 : 24 — H, be the incoming Fatou coordinates of P4 with ¢p4(2 4+ A) = 1.
We call the critical point in the boundary of the maximal domain which is sent univalently
to the right half-plane by ¢4 the first critical point attracted to the parabolic fixed point
oo. Replacing A by —A if necessary, we can assume that z = 1 is the first critical point
attracted by the parabolic fixed point co.

Let us construct an external equivalence between Py and P, first in the case Kp, is
connected. The map n = qS;l o ¢ : 89 — E4 is a conformal conjugacy between Py and
Py on 20, Defining & 7,1, n > 0 as the connected component of P~ "(29%) containing E°
and B _n, n>0 as the connected component of P;"(EA) containing =24, we can lift the
map 7 to 1, : 2° , — 24 . Since K p, 1s connected, by iterated lifting of 1 we obtain a
conformal con]ugacy n: (C \ Kp, = C \ Kp, between Py and Py.

In the case K p, is not connected the map 7 is a conformal conjugacy between Py and
P4 on the region delimited by the Fatou equipotential passing through z = 1. We are now
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going to construct parabolic-like restrictions ( Py, Ué, Uy, yo)and (P4, U 1’4, Ua, ya) of the
maps Py and Py, respectively, and extend the map 7 to an external equivalence between
them. The critical point z = 1 is the first attracted by infinity for both the maps Py and
P4, so it cannot belong to the domains U}, U 1’4 of their parabolic-like restrictions but
it may belong to the codomains Uy, Uy, while the critical point z = —1 belongs to 96
and Q/,. Let us /d\enote by & and q/5:9 the Fatou coordinates of P4 and Py, respectively
(normalized by ¢4 (2 + A) =1 and ¢9(2) = 1), extended to the whole basin of attraction
of oo by iterated lifting. The maps & and (;/55 have univalent inverse branches

Ya:C\{z=x+iy|x <OAy€e[0, Im@a(-2+ A)]} - Ex
and Yo : C\R_ — @0, respectively, and the map
n=vaodo: ¥y (C\{z=x+iy|x <OAye[0, Im(a(—2+ A))I}) > Ea

is a biholomorphic extension of 7 conjugating dynamics. Choose r > max{l +
Im(¢a(A —2)), 2} and zo, r <zo <7 + 1 such that A —2 ¢ ¢, ' (D(zp, ). Then for
r < r’ < zo with r’ sufficiently close to r we have A — 2 ¢ ¢>Zl(]D)(zO, r")). Let ¥, y_
be horizontal lines, symmetric with respect to the real axis, starting at —oo and landing
at dD(zg, r), such that the point ¢>AA(A —2) is contained in the strip between them
(see Figure 11) and they do not leave the disc 7~ !(D(zg, r)) (where T~'(D(zo, r))
is the disc of radius r and center z; =z9 — 1) after having entered into it. Define
Uo = (¢y ' D(z0. M), Uy = Py (Vo). v+ = Yo(Fp). and y_, = Yo(¥-). In the same
way define Up = (¢}, (D(z0, )¢, Uy = Py (Ua), v+, = ¥a(#1), and y_, = YA (F2).
Then the parabolic-like restriction of Py we consider is (P, U(’), Uo, V44> Y—,)> and the
parabolic-like restriction of P4 we consider is (P4, U A, Ua, Y+, Y—,)- Note that, by
construction, the map 7 is a conformal conjugacy between Py and P on Aj. In order to
obtain an external equivalence we need 7 to be defined on a fundamental annulus. Define
Dy =¢; ' (Do, 1)), Dy= Py (Do), Da =, (D(z0, r'), and D)y = Py (Dy) (see
Figure 12). Since Dy and D4 belong to the regions delimited by the Fatou equipotential
passing through z = 1, the restriction 1 : Do — D4 is a holomorphic conjugacy between
Py and P4. Since —2 ¢ Dy and —2 + A ¢ Dy, the restrictions Py : D(’) \ {1} = Do\ {2}
and Py : D, \ {1} = D \ {2 + A} are degree two coverings. Hence, we can lift the map
n to n:Dj\ {1} = D/, \ {1}. Finally, we obtain a biholomorphic map n: Dy U Aj —
D', U A, which conjugates dynamics.

Define Vo= (Do) and V4 =(Ds)“, and consequently L =Q,\ D) and M =
Q) \ D/,. The sets Vy and V, are compactly contained in Uy and Uy, respectively,
containing 9_6 (which contains the critical value —2) and Q_/A and the critical value —2 + A,
respectively, and such that Py : (56)6 — (Dg)€ and Py : (B/A)C — (D4)¢ are parabolic-
like restrictions of (Pgy, U, U(/), o) and (P4, Uy, UA, ya), respectively, and the map
n:(UoUU)\L— (UsUU)) \ M is a biholomorphic conjugacy between Py and Py.
Therefore, the result follows by Lemma 4.1. O

4.4. Properties of external maps.  Let (f, U’, U, y) be a parabolic-like map of degree d,

and let & y be a representative of its external class. The map /4 5 : S! — S is by construction
real-analytic, symmetric with respect to the unit circle, and it has a parabolic fixed point
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~ >71 ’
r- (H&Q’ ") D(zo, 1)

FIGURE 11. The construction of parabolic-like restrictions of Py and P4. In the picture we are assuming the
critical value z=—-2+ A in Q4 \ Q;‘. In this case the critical value z = —2 + A belongs to the attracting
petal E 4.

z1 of multiplier 1 and even parabolic multiplicity 2n (where n is the number of petals of
zo outside K 7). Let o be an isomorphism which defines % ¢. Hence, h s inherits via o
dividing arcs yp ;4 = a(y+ \ {zo}) U {z1} and yp ,— == a(y- \ {z0}) U {z1}, which divide
Wi \Dand Wy \ D into Qy,, A}, and Qw, A, respectively, such that /1y : A}, — Ay
is an isomorphism and A, contains at least one attracting fixed petal of z;. Note that
Qy is not compactly contained in W (since they share the inner boundary), and that y;, +
and yj, . form a positive angle (since there is at least one attracting fixed petal of z; in
Aw; we prove in [L] that this angle is 7). Moreover, we prove in [L, Theorem 2.3.3] that
there exists /1 € [/ ] such that for all z € S, |fz(z)| > 1, and the equality holds only at the

parabolic fixed point.

5. Parabolic external maps

So far we have considered external maps only in relation to parabolic-like maps (and
members of the family Per;(1)). We now want to separate these two concepts, and then
consider external maps as maps of the unit circle to itself with some specific properties,
without referring to a particular parabolic-like map. In order to do so we need to give an
abstract definition of external map, which endows it with all of the properties it would
have, if it would have been constructed from a parabolic-like map.
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(o)

- N\

FIGURE 12. The construction of the external equivalence n between the parabolic-like restriction of Py and the
parabolic-like restriction of P4. For r < r', D(zq, r) CC D(zq, r’) and T~ (D(zg, r)) cC T~ M(zg, r)). In
the picture we are assuming the critical value z = -2+ Ain Q4 \ QCA

Definition 5.1. (Parabolic external map) Let & :S! — S! be a degree d orientation-
preserving real-analytic and metrically expanding (i.e. |A’(z)| > 1) map. We say that / is a
parabolic external map, if there exists a unique z = z, such that 2(z,) = z4 and 1’ (z4) = 1,
and |1/ (z)| > 1 for all 7 # z,.

The multiplicity of z, as parabolic fixed point of % is even (since the map 4 is symmetric
with respect to the unit circle). As & is metrically expanding, the repelling petals of z.
intersect the unit circle. Let & : W — W be an extension which is a degree d covering
(where W = {z:e7€ < |z] < ¢} for an € > 0, and W’ = h~!(W)). We define a dividing
arc forhtobeanarc y : [—1, 1] — w \ D, forward invariant under #, C'on[—1, 0] and
[0, —1], residing in the union of the repelling petals which intersect the unit circle and
such that

1
d b

7([% 1) U (_1, %D CSWA\W, FEDew.

h(y(t)) =y (dt) forall —

=t =

U=
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Remark 5.1. A dividing arc for a parabolic external map can be constructed by taking
preimages of horizontal lines by repelling Fatou coordinates defined on (disjoint) repelling
petals intersecting the unit circle.

The dividing arc divides W'\ D and W \ D into Q;,, A}, and Qw, A, respectively.
The restriction & : A}, — Ay is an isomorphism and A/, contains at least an attracting
fixed petal of z,.. We prove in [L, Lemma 2.3.9] that there exists a range W for an extension
h:W'— W degree d covering such that Q2 \ Q is a topological quadrilateral.
Therefore, external maps constructed from parabolic-like mappings and parabolic external
maps are equivalent concepts.

Remarks 5.2. 'We make the following remarks.

. For clarity of exposition we consider in this paper parabolic-like maps with external
map having exactly one parabolic fixed point (Cf. Definition 3.1). This concept
naturally generalizes to maps with external maps having several parabolic fixed
points. A general parabolic-like map has as many pairs of dividing arcs y+ (which
divide U and U’ in Q, Ay, Aa, ..., A, and Q', A}, A}, ..., A}, respectively) as
the number of parabolic fixed points.

° Moreover, this concept generalizes in a similar way to maps with external maps
having several parabolic periodic orbits. An external map for such an object is an
orientation-preserving real-analytic and metrically expanding map / : S' — S! with
h'(z+«) = 1 for every z, belonging to a parabolic cycle and |4'(z)| > 1 for all of the
other points of the unit circle.

Definition 5.3. A degree d covering extension h: W — W of a parabolic external map
h:S' — S! is an extension to some neighborhood W = {z | ™€ < |z| < ¢€} for an € > 0,
and W' = h~1 (W) such that the map 4 : W — W is a degree d covering and there exists
a dividing arc ¥ which divides W'\ D, W \ D into Q,,, A}, and Qyw, Aw, respectively,
such that Qw \ €, is a topological quadrilateral.

The concept of parabolic-like restriction naturally applies to parabolic external maps
(h:W — W is a parabolic-like restriction of & : W' — W if they are both degree d
covering extension of the same parabolic external map and W C W). Let y be a dividing
arc for some parabolic external map. We say that ys : [—1, 1] — C\ D is isofopic to y
if their projections to Ecalle cylinders are isotopic and the isotopies are disjoint from the
projections of the unit circle. From the definitions of dividing arc and isotopy of arcs for
parabolic external maps is easy to see that dividing arcs for the same external map are
isotopic.

PROPOSITION 5.4. Let h; : S' — S!, i =1, 2 be parabolic external maps of the same

degree d, h; : W/ — W; degree d covering extensions, and y; dividing arcs. Then the

following statements hold.

(1) Let ys : [—1, 11— C\ D be a forward invariant arc for hy, isotopic to yy, and C'
on[—1, 0] and [0, 1]. Then (possibly after rescaling) ys is a dividing arc for h.

(2) Assume y;y and y;_ are constructed by taking preimages of the same periodic curves
by repelling Fatou coordinates ¢;1 and ¢;— (defined on disjoint repelling petals
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intersecting the unit circle) of h;. Then the map ¢, LS @1 : Y1 = y2 defined as

-1

¢2+ °opi+ onyiy,
-1

¢y op1— onyi,

is a quasisymmetric conjugacy between hy,y, and hy,y,.

¢y odi(2) =

Proof. Property (1) comes from the definition of isotopy in the parabolic external maps
setting and a similar argument as in the proof of Lemma 3.1. Let us prove property
(2). In the following, i =1, 2. Let E;4+ and E;_ be repelling petals where y;+ and y;_
respectively reside (so E;4+ and E;_ intersect the unit circle), and let ¢;4 : B;4 — Hj

and ¢;_: E;_ — H; be repelling Fatou coordinates. Then there exist y; and y_,
1-periodic curves in H; bounded from above and below, such that y; :qbl.jrl (y+)
and y;_ = qbl.__l(y_). The map ¢2_1 o¢1:y1 — y2 is clearly a conjugacy between Ky, y,
and hyy,. Let us prove that this map is quasisymmetric. To fix the notation let us
assume the multiplicity of z; as parabolic fixed point of /; is 2n;. By an iterative local
change of coordinates applied to eliminate lower-order terms one by one, we obtain
conformal diffeomorphisms g; which conjugate A; to the map z — z(1 + z2% + cz* +
O(z6"f )) on E;i. Since the forward invariant arcs y;+ reside in the repelling petals
Eit, it suffices to consider h;(z) = z(1 + 22" + cz¥ + O(z®%)). The map I;(z) =
—1/(2n;z%") conjugates h; to hf(z) =z + 1+ ¢ (1/z) + O(1/z%). Shishikura proved in
[Sh] that Fatou coordinates which conjugate the map hf toT(z)=z+ 1on I;(E;+) take
the form ®;4(z) =z — ¢ log(z) + ci+ + o(1). Therefore, ¢;+ = ®;+ o I;, and we can
write

Vir = (@i o I (yp)ii=1.2)-

Vie = (®i— o I (y_)ji=1.2),

hi
Yi —— Vi

b b

h¥
H —_— H; (6)

2 Lo

H[ —T—> Hl
Call v/ = Li(yi), v~ = —1i(yi=) and y} =y, Uoco U ;" . Themap I; : y; — ¥,
- Ii(z on yi4,
T = i(2) Yi+
—1i(z) ony_,

is quasisymmetric on a neighborhood of 0. Define 7 = Y+ U 0o U —y_, and the map 6,- :
y* — ¥ as follows:

.y | &@  onk
’ —®;(=2) ony’.

The map @, is the restriction to ¥\ 0o of a conformal map. Again by Shishikura [Sh]
the maps ®;,, ®;_ have derivatives ®;, =1+ o(1), hence the map ®; : y* — y is a
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diffeomorphism (one may take 1/x as a chart). The map @ o Z :y; — ¥ conjugates
the map h to the map T+(z) =7 4+ 1 on y;4, and to the map T (z)=z—1on y_.
Hence, ¢2 o = (<I>2 o 12) Io (d>1 o Il) V= y2. The map d> lisa diffeomorphism
because it has the same analytic expressmn as d>2, and therefore the map <I> o 61
is a diffeomorphism. Since the map Il is quasisymmetric on a neighborhood of 0, the
inverses are quasisymmetric on a neighborhood of co. Hence the composition ¢, o o1 =

~1 ~_1] =~ =~ . . .
I o®, Io @ o I : y1 — y» 1s quasisymmetric. O

6. The Straightening Theorem

Definition 6.1. Let (f, U’, U, yr) and (g, V', V, yg) be two parabolic-like mappings. We
say that f and g are holomorphically equivalent if there exist parabolic-like restrictions
(f,A’, A, yy) and (g, B', B, yg), and a biholomorphic map ¢ : (AU A’) - (BU B)
such that ¢ (y+ f) = y+, and

¢(f(2) =g(p)) onA

PROPOSITION 6.2. A degree-two parabolic-like map is holomorphically conjugate to a
member of the family Pery (1) if and only if its external class is given by the class of hj.

Proof. By Proposition 4.2, the external class of every member of the family Perq(1) is
given by the class of &5, hence a parabolic-like map holomorphically conjugate to a
member of the family Per;(1) has external map in the class of h;. Let us prove that
a degree-two parabolic-like map g: V'’ — V with external map /i, is holomorphically
conjugate to a member of the family Per;(1). Let ¥ be an external equivalence between
the maps g and ;. Let S be the Riemann surface obtained by gluing V U V' and C \D,
by the equivalence relation identifying z to ¥ (z), i.e.

S=Wuv)][[C\D)/z~ V().

By the Uniformization Theorem, § is isomorphic to the Riemann sphere. Consider the
map
g onV/,

g = PO
§@) hy onC\D.

Since the map A, is an external map of g, the map g is holomorphic. Let ¢ : S — C be
an isomorphism that sends the parabolic fixed point of g to infinity, the critical point of g
to z = —1, and the preimage of the parabolic fixed point of g to z = 0. Define P, =@ o
gopL: C — C. The map P, is a degree two holomorphic map defined on the Riemann
sphere, so it is a quadratic rational function. By construction it has a parabolic fixed point
of multiplier 1 at z = oo with preimage z = 0, and it has a critical point at z = —1. Hence,
P> belongs to the family Pery(1). O

THEOREM 6.3. Let (f, U’, U, yy) be a parabolic-like mapping of some degree d > 1,
and h :S' — S! be a parabolic external map of the same degree d. Then there exists a
parabolic-like mapping (g, V', V, yg) which is hybrid equivalent to f and whose external
class is [h].
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Throughout this proof we assume, in order to simplify the notation, U and U’ with c!
boundaries (if U and U’ do not have C! boundaries we consider a parabolic-like restriction
of (f,U', U, yy) with C! boundaries).

Let 1 : S! — S! be a parabolic external map of degree d > 1, z, be its parabolic fixed
point and i : W — W be a degree d covering extension. Define B =W UD and B’ =
W’ U D. We are going to construct now a dividing arc ¥ : [—1, 1] — B \ ID for &, such that
on ¥ the dynamics of & is conjugate to the dynamics of f.

Let s be an external map of f, zy its parabolic fixed point, & 7 : W — Wy a degree
d covering extension and o an external equivalence between f and & . The dividing arcs
Yh,+ are tangent to S! at the parabolic fixed point z;, and they divide Wy and Wf in
Aw, Qw and A, ), respectively (see § 4.4).

Let Ep,+ be repelling petals for the parabolic fixed point z; which intersect the unit
circle and ¢+ : By, x> Hl; be Fatou coordinates. On the other hand, let Ehi~be repelling
petals for the parabolic fixed point z, of & which intersect the unit circle and ¢+ : Ep+ —
H; be Fatou coordinates. Define

Ve =07 @t hp))
and
Vo == (bn,— (vn ).
The arc ¥ =y U Y_ is (possibly after rescaling) a dividing arc for 4. It divides the set B

into Qp and Ap (with D C Qp) and the set B’ into Q/; and A’y (with D C Q). Define
the map ¢ Lo Pyt Vny —> y as follows:

¢+ O¢hj+ on Yns+,
5 odn, ony, .

¢ opn,(2) = {

By Proposition 5.4(2) the map $‘1 o ¢, is a quasisymmetric conjugacy between h Fvn
and h|y. Let zo be the parabolic fixed point of f, and define the map v : yy — ¥ as
follows:
¢! ogn,+o0a onyri\ {20},
V(@) =16""o¢n,—oa onys\{z0)}

Tx on zgp.

The map v : yy — ¥ is an orientation-preserving homeomorphism, real-analytic on y \
{zo}, which conjugates the dynamics of f and h. Let 19 : U — 9B be an orientation-
preserving C!-diffeomorphism coinciding with v on yr N AU (it exists because both U
and B have smooth boundaries).

CLAIM 6.1. There exists a quasiconformal map ®a : A — Ap which extends to r on yy,
and to Yo on oU N dA.

Proof. Itis sufficient to construct a quasiconformal map ®a,, : Aw — Ap which extends

to 5*1 o ¢hf on v, and to g o a1l on a(0U N0A). Then we will set o = Ppy, o .
The set dAy is a quasicircle, since it is a piecewise C! closed curve with non-zero

interior angles. Indeed, yx,+ and yj,,— form a positive angle since they are separated
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by at least one attracting petal, and we can assume the angles between y;,, and Wy
to be positive (we may take parabolic-like restrictions). The same argument shows that
d0Ap is a quasicircle. Let ®¢: Ay — D and @, : Ap — D be Riemann maps, and let
Vs:D— Ay and ¥, : D — Ap be their inverse maps. By the Carathéodory theorem the
maps ¥y and W, extend continuously to the boundaries, and since dAy and dAp are
quasicircles, the restrictions W : S' - 8Aw and W), : S! — dAp are quasisymmetric.
Define the map ®p : S' — S! as follows:

T A BN
n OYooa oWy on\I/ (BAWUBWf)

The map d:S! > S!is quasisymmetric, because the extensions of W, and Wy to the
unit circle are quasisymmetric, « is conformal, the map g is a C'-diffeomorphism and
by Proposition 5.4(2) the map 5_1 O Ph;Vh; — ¥y is quasisymmetric. Hence, it extends
by the Douady—Earle extension (see [DE]) to a quasiconformal map 50 : D — D which
is a real-analytic diffeomorphism on . Thus, ® A, =¥ o 50 o @ is a quasiconformal
map between Ay and Ag, which is a real-analytic diffeomorphism on Ay, and which
coincides with 5_1 o ¢p on yp, and with ¥ o a lona(@U NAIA). O

Let us define Ap =h(Ag N A)), B= SZBU)/UAB B =h~Y(B), Q= ng,
A/B _A/BHB’ On the other hand define A = 0N Y Ap), A = _I(A ) U_(SZU
vrUA) CU. Consider

Fo) = dy'oho®,s on A:,
f on Q"Uyry.

Define U’ = f 1(U) and @' =U' N The map ]7: U —Uis a degree d proper
and quasiregular map which coincides with f on (§~2/ U yf) C (" U yy). Define U =
FU0), N=A'NTU' and Q' =Q' NU. Then (f, U, U, yr) is a parabohc like
restriction of (f U',U, yy), and Q' =< Set Or=Q\ Q’ and O, = Qp \ Q’B Let
Vo 39U — 9B be an orientation- -preserving C'-diffeomorphism coinciding with ¥ on
0€2, and let ¥ : 30U’ — 3B’ be a lift of ) f to h.

CLAIM 6.2. There exists a homeomorphism 1; U\ Q—>B \ Qp quasiconformal on U \
(2 U {z0}) such that the almost complex structure o defined as

oo on Ky,
o) =01 =9*(0p) onTU\Q,
(fM*oy on f(U\ ),

is bounded and f—invariant.
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Proof. Let us start by constructing a quasiconformal map W between Q_f and Qj, which
agrees with ¥ on yr, with 19 on 9U and with v; on dU’. The sets 00y and dQy, are
quasicircles, since they are piecewise C! closed curves with non-zero interior angles. Let
¢f:Qf— Dand ¢, : Qp — D be Riemann maps, and let s : D — Q¢ and ¥ : D —
O, be their inverses. By the Carathéodory theorem 1y and v, extend continuously to the
boundaries, and since 0 Q y and 9 Q, are quasicircles, ¥ f and I//hlsl are quasisymmetric.

Hence, the map ®¢ : S! — S! defined as

VoV oyy onyy (v,

¥, ooy onyr ' (QfNAY),

Uy ooy oy (ypo),

v, ooy ony;'(QrNaly,

is quasisymmetric, and it extends (see [DE]) to a quasiconformal map @ : D — D which is
a real-analytic diffeomorphism on D. Finally, the map W¢ :=: ¥ o ¢p o w;l : Q_f — 0
is a quasiconformal map which coincides with ¥ on y, with ¥p on dU and with v; on

dU’. Moreover, the map W is a real-analytic diffeomorphism on Q .
Define the homeomorphism v : U \ Q — B \ Q3 quasiconformal on U \ (Q U {z0})

Do(z) =

as follows:
v onyy,
Yo onadU,
Y@ =43y ond¥ Nyl
\I-’Q on Qf,
dA on A.

Therefore, the almost complex structure

oo on K¢,
0(z) =10 =IZ*(00) onﬁ\SNZ’,
(o1 on U\ Q.
is bounded and f -invariant. O

By the measurable mapping theorem, there exists a quasiconformal map ¢ : U — C
such that p*op = 0. Let

gi=¢ofop o) — o).
Letus call V' = o(U"), V = o(0), yg+ = ¢(ys+) and g = p(ys-). Then (g, V', V., y,)
is a parabolic-like map hybrid equivalent to f. Indeed, since flﬁ’uyf =f, Q=Q
and (f, f]\’, ﬁ, vf) is a parabolic-like restriction of (f, U, U, vf), the map ¢ is a
quasiconformal conjugacy between f and g, and ¢*o = o on K s by construction.

If K s is connected, define the quasiconformal map fp\ :U\NKy— B\ D as follows:

v on U\ (€' U {zo}),

U(z) = I SRR
v h™" oy o f* on f(U\ Q).
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Then the quasiconformal map ¥ = 17] ol (VUV)\ K, — B \D is an external
equivalence between g and £, since by construction on V' \ K Yog=hot, and ¥
is holomorphic (indeed (¥ o ¢~ 1)*o( = 07).

If K ¢ is not connected, let V¢ ~ I be a full relatively compact connected subset of U,
containing Q' , the critical values of fand such that (f, f ’1(Vf), V¢, vy) is a parabolic-
like restriction of (f, f]\’ U, vr). Call L = f—l(Vf) N . Define the map ;p\ :U\L—
B\ D as follows:

~

v on U \ (€' U {zo}),

v = hlodof onf Y U\Q)\L.

Let Vo ~D be a full relatively compact connected subset of V containing ﬁ;,, the
critical values of g and such that (g, g’l(Vg), Vg, ¥g) is a parabolic-like restriction of
(g, V., V', yp). Call M :g_l(vg) ﬁﬁ;,. Then the map ¥ = fﬁ\o el (VUVHI\M —
B\ D is an external equivalence between g and & (cf. Lemma 4.1).

6.1. Unicity.

PROPOSITION 6.4. Let f:U'— U and g : V' —> V be two parabolic-like mappings of
degree d with connected Julia sets. If they are hybrid and externally equivalent, then they
are holomorphically equivalent.

Proof. Let ¢ : A— B be a hybrid equivalence between f and g, and ¥ : (A 1UADN\
K — (B1UBj)\ K, an external equivalence between f and g. Let h: W — W be
an external map of f constructed from the Riemann map o : C \Ky— C \D. Let A f
be a topological disc compactly contained in (A; U A}) N A and such that By, = ¢(Ay)
is compactly contained in (By U B)), and Byo =Y/ (Ay \ K f) is compactly contained in
B. Set Wg=a oy~ 1(B, \ Ky). The map B =a oy~ !: B, \ K, — Wjg restricts to an
external equivalence between g and #.
Define By = Byo U K, and the map ® : Ay — By as

d>(z>==‘” on ks,
Y onAf\Ky.

By construction, the map ® : Ay — By conjugates the maps f and g conformally on
A\ Ky and quasiconformally with dd=0o0n K - We want to prove that the map ®
is holomorphic. Owing to the Rickmann lemma, it is enough to prove that the map & is
continuous (for a proof of the Rickmann lemma we refer the reader to [DH, Lemma 2,
p- 303]).

LEMMA 6.1. (Rickmann) Let U C C be open, K C U be compact, ¢ : U — C and O :
U — C be two maps which are homeomorphisms onto their images. Suppose that ¢ is
quasiconformal, that ® is quasiconformal on U \ K and that ® = ¢ on K. Then ® is
quasiconformal and D® = D¢ almost everywhere on K.

Let us show that the map @ is continuous. Define Wy = h(h=Y(x(A FANK)N
a(Af\ Ky)) Ca(Ar\ Ky)and W} = h_l(Wf). The restriction 4 : W} — Wy is proper
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holomorphic and of degree d. Themap x :=ogpoa™!: W} — Wpg is a quasiconformal
homeomorphism (into its image) which autoconjugates hoon 4y, Uy \ {yr(0)).

Setting t(z) =1/z, W / = W’ ustu (W), W/g Wg US! U t(Wp), and applying
the strong reflection principle w1th respect to the unit circle, we obtain a quasmonformal
homeomorphism (into its image) ¥ : W = W,g, which autoconjugates i on Q’W Thus, the
restriction ¥ : S! — S! is a quasisymmetric autoconjugacy of 4 on the unit circle. Since
the preimages of the parabolic fixed point z = 1 are dense in S', an autoconjugacy of 4 on
the unit circle is the 1dent1ty Therefore, x |g1=1d.

Since the map ¥ : W’ — W,g is a quasiconformal homeomorphism which coincides
with the identity on S!, the hyperbolic distance between a point near S' and its image is
uniformly bounded, i.e. there exists M > 0 and r > 1 such that

forallz, 1 <|z| <r, dW}_(z,,BO(pooz_l(z)) <M.
Since « and $ are isometries, we obtain
dap\k; (B loa(2), p(z) <M forz¢ K ¢, z in a neighborhood of K ¢.

Then B~ ! o a(z) and ¢(z) converge to the same value as z converges to Jyr, ie. B loa
extends continuously to J¢ by ,3_1 oa(z) =¢(z), z € Jy. Thus @ is continuous, and this
completes the proof. O

PROPOSITION 6.5. If PA =7+ 1/7+ A and Py =z + 1/z + A’ are hybrid conjugate
and K 4 is connected, then they are holomorphically conjugate, i.e. A> = (A')>.

Proof. Since K4 and K 4/ are connected, the external conjugacies between P4 and Py,
respectively, and /2 can be extended to the discs C \ K4 and C \ K4 (see Proposmon 4.2),
i.e. there exist holomorphic conjugacies « : C \ Kqg — C \D and B: C \ KA —-C \D
between P4 and P/, respectively, and h,. Therefore, S~ loa:C \ Kg — C \ Karis a
holomorphic conjugacy between P4 and Py:.

Let (f,U', U, yy) and (g, V', V, yg) be parabolic-like restrictions of P4 and Py,
respectlvely, and let ¢ : A — B be a hybrid equivalence between them. Define the map

@ : C — C as follows:
on K4,
®(z) = @ 1 AA
B oa onC\ Ky.

The proof of Proposition 6.4 shows that the map @ : C—Cis holomorphic, hence it
is a Mobius transformation. Since @ conjugates P4 and Py, it fixes the parabolic fixed
point z = oo and its preimage z = 0, and it can fix or interchange the critical points z = 1
and z = —1. Hence, either @ is the identity or ®(z) is the map z — —z. Therefore, [P4] =
{Pa, P_4}, and finally A% = (A)2. o
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