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In this paper, from the property of Killing for structure Jacobi tensor R¢, we
introduce a new notion of cyclic parallelism of structure Jacobi operator Re on real
hypersurfaces in the complex two-plane Grassmannians. By virtue of geodesic
curves, we can give the equivalent relation between cyclic parallelism of R¢ and
Killing property of R¢. Then, we classify all Hopf real hypersurfaces with cyclic
parallel structure Jacobi operator in complex two-plane Grassmannians.
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1. Introduction

In the class of complex Grassmannians of rank 2, we can give the examples
of Hermitian symmetric spaces Go(C™%2) = SU,,+2/S(UsU,,) and G5(C™+2) =
SUz /S (UsU,y,), which are said to be complex two-plane Grassmannians of com-
pact type and complex hyperbolic two-plane Grassmannians of non-compact type,
respectively. They are viewed as Hermitian symmetric spaces and quaternionic
Kahler symmetric spaces equipped with the Kahler structure J and the quaternionic
Kéhler structure J = span{.Jy, Ja, J3} (see [6, 11, 15, 31, 33, 38]). Among them,
in this paper we will consider our subject on complex two-plane Grassmannians
and its real hypersurfaces with cyclic parallel structure Jacobi operator.
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Now let us denote by G2(C™*?) = SU,,.2/S(UsU,,) the set of all complex 2-
dimensional linear subspaces in the complex Euclidean space C™*2. If m =1,
then we see that Go(C3) is isometric to the 2-dimensional complex projective
space CP? with constant holomorphic sectional curvature 8. And the isomorphism
Spin(6) =~ SU(4) yields an isometry between G(C*) and the real Grassmann man-
ifold G (RS) of oriented 2-dimensional linear subspaces in R®. So, we will consider
m > 3 hereafter, unless otherwise stated.

Recall that a non-zero vector field X of Hermitian symmetric spaces (M, g) of
rank 2 is called singular if it is tangent to more than one maximal flat in M. In
particular, there are exactly two types of singular tangent vectors X of Ga(C™+?)
which are characterized by the geometric properties JX € JX and JX L JX (see
3, 4)). )

The Riemannian curvature tensor R of G(C™*?) is locally given by

R(X,Y)Z

=gV, 2)X — g(X, 2)Y + g(JY, 2)JX — g(JX,2)JY —29(JX,Y)JZ (1)

3
+> {g(LY. 2)0,X — g(J, X, 2)],Y —29(J,X,Y)], Z}

v=1

3
+ Z {9(1,JY,2)J,JX — g(J,JX,Z)J,JY },

v=1

where {.J1, Jo, J3} is any canonical local basis of J and the tensor g of type (0,2)
stands for the Riemannian metric on complex two-plane Grassmannians G (C™%2)
(see [3, 4, 9]).

For a real hypersurface M in complex two-plane Grassmannians Go(C™*2); we
have the following two natural geometric conditions: the 1-dimensional distribution
Ct = span{¢} and the 3-dimensional distribution Q+ = span{¢y, &2, &3} are invari-
ant under the shape operator A of M. Here the almost contact structure vector
field £ defined by € = —JN is said to be a Reeb vector field, where N denotes a local
unit normal vector field of M in Go(C™*2). The almost contact 3-structure vector
fields &1, &2, €3 spanning the 3-dimensional distribution Q+ of M in G5(C™*2) are
defined by ¢, = —J,N (v =1,2,3), such that TM = Q® Q' = C @ C*. By using
these invariant conditions for two kinds of distributions C* and Q* in TGy (C™*2),
Berndt and Suh gave a classification of real hypersurfaces in complex two-plane
Grassmannians as follows:

Theorem A ([4]). Let M be a connected real hypersurface in complex two-plane
Grassmannians Gg((C”H'z), m > 3. Then both C+ and QL are invariant under the
shape operator A of M if and only if

(Ta) M is an open part of a tube around a totally geodesic Go(C™*1) in
G2(Cm+2); or

(7g) m is even, say m =2n, and M is an open part of a tube around a
totally geodesic HIP™ in Ga(C™+2).
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On the other hand, we say that a real hypersurface M in complex two-plane
Grassmannians Go(C™%2) is Hopf if and only if the Reeb vector field ¢ is Hopf, that
is, A¢ € Ct. In addition, when the distribution Q1 of M in Go(C™*2) is invariant
under the shape operator, M is said to be a Q1 -invariant real hypersurface.

Moreover, we say that the Reeb flow of M in Go(C™*2) is isometric, when the
Reeb vector field ¢ of M is Killing. It implies that the metric tensor g of M is
invariant under the Reeb flow of &, that is, L¢g =0 where L£¢ denotes the Lie
derivative along the direction of £. Related to this notion, for complex two-plane
Grassmannians G2 (C™*2), Berndt and Suh gave a remarkable characterization for
real hypersurface of type (74) mentioned in theorem A (see [5]).

Indeed, the notion of isometric Reeb flow is regarded as a typical example of
Killing vector fields which are classical objects of differential geometry. As men-
tioned above, Killing vector fields are defined by vanishing of the Lie derivative of
metric tensor g with respect to a vector X, that is, Lxg = 0. Recently, the notion
of isometric Reeb flow is considered for real hypersurfaces in Hermitian symmetric
spaces including complex Grassmannians and complex quadrics, etc. (see [5, 7, 32,
35]). By using Lie algebraic method given in [1, 2, 10], Berndt—Suh [8] gave a
complete classification of real hypersurfaces with isometric Reeb flow in Hermitian
symmetric spaces.

Let us consider a Killing tensor field which is a generalization of a Killing vector
field on (M, g). Let K be a tensor field of type (0,%) on (M, g). Then, K is said to
be Killing if the complete symmetrization of VK vanishes. That is, it means that
K satisfies

(VxK)(X,X,...,X)=0

for any vector field X. It follows that for such a Killing tensor, the expression
K(%,%, -+ ,7) is constant along any geodesic 7 (see [29]). In particular, the existing
literature on symmetric Killing tensors is huge, especially coming from theoreti-
cal physics (see [12, 29]). As examples of such a symmetric Killing tensor, real
hypersurfaces in complex two-plane Grassmannians G»(C™*?) with Killing shape
operator were considered by Lee and Suh (see [20]). Recently, Lee, Woo and Suh
[21] considered the notion of Killing normal Jacobi operator of Hopf real hypersur-
faces in complex Grassmannians of rank 2. In addition, Suh gave a classification
for Hopf real hypersurfaces with Killing Ricci tensor in complex Grassmannians of
rank 2 (see [36, 37]).

Now, we define a structure Jacobi tensor R which is a symmetric tensor field of
type (0,2) on M in G(C™*?) given by

Re(Y, Z) = g(ReY, Z) (1.2)

for any tangent vector fields Y and Z on M. Here, R is a symmetric tensor field
of type (1,1) on M (so-called, the structure Jacobi operator of M). If the structure
Jacobi tensor R satisfies

(VxRe)(X,X)=0
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for any tangent vector field X on M, then R¢ is said to be Killing. Taking the
covariant derivative of (1.2), the property of Killing with respect to Re becomes

(VxRe)(X, X) = g((Vx Re) X, X) = 0. (1.3)
By virtue of the linearization, (1.3) can be rearranged as
9(VxRe)Y.Z) + g((VyRe)Z,X) + g((VzRe)X,Y) =0 (1.4)

for any tangent vector fields X, Y and Z € T M. If the structure Jacobi operator
Re of M in Go(C™2) satisfies (1.4), we say that R is cyclic parallel. Moreover, by
local existence and uniqueness theorem for geodesics, (1.4) can be interpreted that
the structure Jacobi curvature Re(¥,%) := g(Re¢7, ) is constant along the geodesic
v with v(0) = p and 4(0) = X, for any point p € M and any tangent vector X (p) =
X, €T,M.

From the assumption of structure Jacobi operator being cyclic parallel, first we
assert that the unit normal vector field N becomes singular as follows:

Theorem 1. Let M be a Hopf real hypersurface in complex two-plane Grassman-
nians Go(C™*2) for m > 3. If M has a cyclic parallel structure Jacobi operator,
then the normal vector field N of M is singular.

Next, by using theorem 1 we give a classification of Hopf real hypersurfaces in
complex two-plane Grassmannians Go(C™2), m > 3, with cyclic parallel structure
Jacobi operator as follows:

Theorem 2. Let M be a Hopf real hypersurface in complex two-plane Grassmanni-
ans Go(C™*2), m > 3. Then the structure Jacobi operator Re of M is cyclic parallel
if and only if M is locally congruent to an open part of a tube of r = (7/4v/2) around
a totally geodesic Go(C™1) in Go(C™*+2).

2. Preliminaries

As mentioned in the introduction, the complete classifications of real hypersurfaces
in complex two-plane Grassmannians G5(C™%2), m > 3, satisfying two invariant
conditions for the distributions C* = span{¢} and Q+ = span{&;, &, €3} was given
in [4].

In fact, in [3, 4] Berndt and Suh gave the characterizations of the singular unit
normal vector N of M in complex two-plane Grassmannians Go(C™%2): There
are two types of singular normal vector, those N for which JN 1 J N, and those for
which JN € JN. In other words, it means that £ € Q or £ € Q because JN = —¢,
JN = span{¢y,&, &) = @+, and TM = Q@ Q. The following proposition tells
us that the normal vector field N on the model spaces of (74) is singular of type
of JN € JN, that is, £ € ot.

Proposition A ([4, 9]). Let (T4) be the tube of radius 0 <r < 75 wround the

totally geodesic Go(C™ 1) in Go(C™*2). Then the following statements hold:
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Table 1. Principal curvatures of a model space of type (T4)

Type Eigenvalues Eigenspace Multiplicity
(Ta) a=+/8 cot(+/8r) To=C*=span{¢}=span{&; } 1
B=+2 cot(v/2r) T=COQ=span{2,§3} 2
A=—+/2tan(v/2r) Th\=FE_1={X€Q|pX=¢1 X} 2m—2
=0 T,=E1={Xc Q|pX=—¢1 X} 2m—2

1. (T4) is a Hopf hypersurface.
2. Every unit normal vector field N of (T4) is singular and of type JN € JN.

3. The eigenvalues and their corresponding eigenspaces and multiplicities are
given in Table 1.

4. The Reeb flow on (Ta) is isometric.

In proposition A, the notion of isometric Reeb flow gave a kind of character-
izations of real hypersurface of type (74). Like for such an investigation, many
geometric conditions were considered as characterizations of the model space of
(74) in complex two-plane Grassmannians (see [14, 22, 23, 25, 26, 28, 39, 40]).

On the other hand, by using the notion of isometric Reeb flow, that is, the shape
operator A of a Hopf real hypersurface M in Go(C™*2) commutes with structure
tensor ¢, that is, A¢ = ¢ A, Berndt and Suh gave:

(VxA)Y = —n(Y)oX + (Xa)(Y)E + ag(ApX,Y)E — g(A*9X,Y)E
3

= {n (Vo X + g(6,6,Y) b0 X + 29(60€, X) b Y o)
=1 .

+ g(d)ufa X)Uu(y)f — M (§)Q(¢VX7 Y)f + g(¢VX7 Y)gz/
—(X)1 (V)€ + g(000 X, Y)$uE}

for any tangent vector fields X and Y on M (see proposition 4 in [5]). In fact, from
(iv) in proposition A, we see that the shape operator A of (7) satisfies Ap = @A.
Thus, the above equation (2.1) holds on (74) and it can be rearranged as

(VxA)Y = —n(Y)oX + ag(AdX,Y)E — g(A*6X,Y)E

3
= {n(V)pu X + 96,6, Y) b0 X + 29(608, X) b Y 22
£ ,

+ 9(u&, X, (Y)E —1,(§)g(00 X, Y)E + g(00 X, Y)EL
- U(X)UV(Y)¢V€ + g(¢V¢X7 Y)¢V€}

for any tangent vector fields X and Y on T(74) =T, @ T & T\ & T,.
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3. Fundamental equations of real hypersurfaces in Go(C™12)

We use some references [17, 27, 34] to recall the Riemannian geometry of com-
plex two-plane Grassmannians G(C™%2), m > 3, and some fundamental formulas
including the Codazzi and Gauss equations for a real hypersurface in Go(C™%2).

Let M be a real hypersurface of complex two-plane Grassmannians G (C™*?),
m > 3, that is, a submanifold of G5(C™*?) with real codimension one. The induced
Riemannian metric on M will also be denoted by g, and V denotes the Riemannian
connection of (M, g). Let N be a local unit normal field of M in G5(C™%2) and S the
shape operator of M with respect to N, that is, Vx N = —SX. The Kihler structure
J of complex two-plane Grassmannians G(C™%2) induces on M an almost contact
metric structure (¢, &,n, g). Furthermore, let {J;, Jo, J3} be a canonical local basis
of the quaternionic Kéahler structure J. Then each J, induces an almost contact
metric structure (¢,,&,,7,,9) on M. Now let us put

JX = ¢X +(X)N, J,X =¢,X +n,(X)N (3.1)

for any tangent vector X on a real hypersurface M in Go(C™%2), where N denotes
a normal vector of M in G(C™*2). Then the following identities can be proved in
a straightforward method and will be used frequently in subsequent calculations:

¢u+1£u = _§V+27 ¢u£u+1 = £u+2a ¢§V - ¢u§a 771/(¢X) = 77(¢1/X)a
G Ov41X = Gy X + 01 (X)&,  Pvi100 X = =dpq2 X + 1 (X)E 11,

where we have used that J,J,+1 = Jy42 = —Ju41Jp.
On the other hand, from the parallelism of J and J which are defined by

(3.2)

VxJ =0 and VxJ, = qi2(X) i1 — qui1(X)J i (v mod 3),
together with Gauss and Weingarten formulas, it follows that
(Vx9)Y =n(Y)AX — g(AX,Y)§, Vx¢=¢AX, (3.3)
Vx& = qur2(X)ét1 — @1(X)12 + 9 AX,
(Vx )Y = =qui1(X)Pv12Y + quia(X) 1Y

(3.5)
+m(V)AX = g(AX,Y)E,.
Combining these formulas, we find the following
Vx(6€) = Vx (&)
=(V v Vxé&,
(Vx9)& + o(Vx&y) (36)

= Qut2(X) P18 — Qo1 (X)du428 + P PpAX
—9(AX, )& +n(&)AX.
Moreover, from JJ, = J,J, v = 1,2, 3, it follows that
¢¢VX - ¢V¢X + WV(X)f - W(X)gl/- (37)

Finally, using the explicit expression for the Riemannian curvature tensor R of
complex two-plane Grassmannians G(C™%2) in the introduction, the Codazzi and
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Gauss equations of M in G(C™%2) are given respectively by

(VxA)Y — (Vy A)X = n(X)eY —n(Y)$X — 2g(6X, V)¢
+ Z (X)) Y — 1, (V)6 X — 29(6, X, V)&, }

3.8
+ Z {n(6X)p,dY — 0, (0Y )0 X } (3.8)

+Z{n Vi (@Y) — n(Y)n, (6X) )€,

and

R(X,Y)Z =g(Y,Z)X — g(X,2)Y + g(¢Y, Z)pX — g(¢X, Z)pY
—29(¢X,Y)dZ + g(AY, Z)AX — g(AX, Z)AY

+Z{ BT DX = g0 K 2)0Y ~UGXIOE
3.9

+ g(¢V¢Y Z)d),/(]ﬁX - g(¢u¢Xa Z)¢V¢)Y
( ) (Z)¢V¢Y - n(Y)nu(Z)¢u¢X

+1(Y)g(0,9X, 2)& = n(X)g(6,6Y. 2), }

for any tangent vector fields X, Y and Z on M.

On the other hand, we can derive some important facts from the geometric con-
dition of M being Hopf, that is, A = af where a = g(AE,£). Among them, we
introduce the following formulas which are induced from the Codazzi equation:

Lemma A ([5]). If M is a connected orientable Hopf real hypersurface in complex
two-plane Grassmannians Go(C™*2), m > 3, then

3
grada = (§)6 +4)  m(§)¢ué (3.10)
v=1

and

2AGAX — aAdpX — adAX

—2¢X+2Z{nu Vi€ — g(dué, X)6y + 10 (§) by X }

(3.11)
- 42 {n(Xm, ()€ — mu(€)g(d,€, X))

for any tangent vector field X on M in Go(C™*2).
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4. Proof of theorem 1

Let M be a Hopf real hypersurface with cyclic parallel structure Jacobi operator
in complex two-plane Grassmannians Go(C™*2), m > 3.
From (3.9) the structure Jacobi operator R € End(T'M) is given as follows

=Y — (V) + @AY — o®n(Y)é (4.1)

—Z{nu & = (V))& — 39(6u €, Y)bu€ + 0 () udY }

for any tangent vector field Y € TM (see [19, 24]).
Taking the covariant derivative of (4.1) along the direction of X implies
(VxRe)Y = Vx(ReY) = Re(VxY)
= —9(@AX,Y)E —n(Y)pAX

—Z[ (6, AX, Y )&, + 20(Y)g(00€, AX), + 1 (V) AX

+ 39(0, AX, 6V )06 + 30(Y ), (AX) 6

= 39(00, V) B0 AX + 3an(X)g(6,€, )&,
— 40, ()9(6,€, V) AX — 4, (©)g(AX. Y )b,
~29(0,€, AX) 9,0V |

+9(VxA)E AY + a(Vx A)Y —ag((VxA)Y, )¢
—ag(AY,9AX)E — an(Y)(Vx A)§ — an(Y)ApAX

for any tangent vector fields X and Y on M (see [19]). From this and using symmet-
ric property of the structure Jacobi operator R in G2 (C™*+2), the cyclic parallelism
of the structure Jacobi operator (1.4) can be rearranged as follows:

0=9((VxRe)Y,Z) +g((VyRe)Z, X) + g((VzRe)X,Y)
( Z) + )

=g9((VxRe)Y, g((VyRe)X, 2)
+9(A9X, Z)n(Y) +n(X)g(A9Y, Z) + (§a)g(AX, Y )n(Z)
—a(Ea)n(X (Y )n(Z) + o’n(Y)g(A¢X, Z) — an(Y)g(ApAX, Z)

+an(Y)g(ApAX, Z) + an(X)g(ApAY, Z) — a(Ea)n(X)n(Y)n(Z)
+ a’n(X)g(AgY, Z) — an(X)g(ApAY, Z) + ag((Vx A)Y, Z)
+ ag(oX,Y)n(Z) + an(X)g(¢Y, Z) 4+ 2an(Y )g(¢X, Z)
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3
+Z[m 9(A6, X, Z) = 20(X)n, (Y)g(A6,€. Z) +m,(X)g(A0, Y, Z)

+39(0.8,Y)g(Adu 0 X, Z) — 3n(X)g(¢.€,Y)g(AE,, Z)
+39(00€, X)g(Adp, Y, Z) — 3ag(du &, X)n. (Y)n(Z)

+ 4, (§)9(0u€, X)g(AY, Z) + 4n, (§)g(¢.€, V) g(AX, Z)
+29(¢v 90X, Y)g(AdE, Z) + 49(AX, Y )0, (§)9(d€, Z)

— 4an(X)n(Y)n, (§)g(¢v€, Z) — dan(X)n(Y ). (§)g(6.€, Z)

+ aZ |9(60 X, Y)1,(2) + 0, (X)g(6,Y, Z) + 20,(Y)9(6, X, 2)
- (d)u(bea Y) (¢u£a ) + g((ng? X)g((,bd)yY, Z)
+ 0 (0 X ) (Y)N(Z) + n(X)n, (Y)g(¢u€, Z) |, (4.3)
where we have used
9(VzA)E, X) = (Za)n(X) — ag(A9X, Z) + g(ApAX, Z)
= (¢a)n +4Znu 9(6u€, Z)n(X)

and

9((VzA)X,Y)
=9(VxA)Z,Y) +n(2)g(oX,Y) = n(X)g(¢Z,Y) — 29(¢Z, X)n(Y)

+Z{ny 9(¢u X, Y) = (X)g(0 Z,Y) = 29(¢u Z, X (V) }

- Z {m(02)g(¢,$X,Y) — 0, (6X)g(¢02,Y)}

+Z{n ) (6X) = n(X)m (6 Z) b (V)

for any tangent vector fields X, Y and Z on M. Deleting Z from (4.3) and using
(4.2) gives

—9(PAX,Y)E —n(Y)PAX — g(pAY, X)& — n(X)pAY +n(Y)ApX
+(X)APY + (£a)g(AX,Y)E — 2a(Ea)n(X)n(Y)E + o’n(Y)ApX
+ (X)) AQY + a(Vx A)Y + ag(¢X,Y)¢ + an(X)pY + 2an(Y)dX
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3

—Z[ (G0 AX,Y)E, +20(Y) (6,6, AX)E, + (V) AX

+39(0, AX, 8Y ), + 3n(Y )0, (AX) 9§ — 39(0€, Y )p 9 AX
+ 3an(X)g(¢,&,Y)E, — 40, (€)g(0,€, Y )AX

—4n, (§)9(AX,Y)d,€ — 29(6€, AX )b, @Y
+ 9(¢, AY, X)&, + 2n(X)g(du €, AY )& + 1 (X) 9 AY
+39(pu AY, ¢ X )9, € + 3n(X)n, (AY )9, — 39(0.§, X)pupAY
+ 3an(Y)g(6,&, X)&, — 4n,(§)g(u€, X)AY

— 40, (E)g(AY, X)6€ — 29(00€, AY )6, 0X |

+Z[nu )Ady X — 20(X )0, (V) AGy € + 1, (X) Ay, Y

+39(¢08,Y)Ady 9 X — 3n(X)g(¢,€, V)AL,
+39(00€, X) A, Y — 3ag(du €, X)m, (V)¢
+ 40, (§)g(¢u€, X)AY + 4n, (§)g(¢.€, Y ) AX
+29(0v 0 X, Y) A& + 49(AX, Y ), (§) 1€

— 4an(X)n(Y )n (€)@ — dan(X)n(¥ ) (€)du]
+ aZ (960X, V)6 + 10 (X)8Y + 20, ()0, X = g(6,0X,Y )6,

(906 X)60,Y + 0 (6X)m (V)€ +1(X)m, (V)]

+9((VxA)E HAY —ag((VxA)Y, €€ — ag(AY, AX)E

—an(Y)A¢AX + g((Vy A)E,§AX — ag((Vy A)X, §)¢

—ag(AX,pAY ) — an(X)APAY + a(VxA)Y —an(Y)(VxA)¢
+a(VyA)X —an(X)(Vy A)¢ = 0. (4.4)

On the other hand, by using the Codazzi equation (3.8) and (3.10) in the latter
part of (4.4), we obtain

9(Vx A, EAY — ag((VxA)Y, §)E — ag(AY, 9AX)E — an(Y)APAX
+9((Vy A)E,HAX — ag((Vy A) X, §)E — ag(AX, 9AY)E — an(X)ApAY
+a(VxAY +a(VyA)X — an(Y)(Vx A)E — an(X)(Vy A)E

= (Can(X)AY +4> 0, ()g(6,€ X)AY — ag(ApAX, Y )¢

v=1
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—an(Y)AAX — a(fa)n(X)n(Y)é — da Z o (€)g(u&, Xn(Y)E
— a?g(PAX, V)¢ + ag(APAX,Y)E + ((a)n(Y)AX
+ 42 m(€)9(608,Y)AX + ag(AdAX, Y )E
—an(X)AAY — a(§a)n(X)n(Y)E
—da Z 1o (E)N(X)g(6,€,Y)E — a?g(pAY, X )& + ag(APAY, X )¢

+20(Vx A)Y + an(Y)opX — an(X)oY — 2ag(4Y, X)§

+aZ{nu )6 X =1, (X)d,Y —29(6,Y, X)Eum, (6Y ), 6 X }

+a Z { = m(6X)u0Y + n(Y ), (6X)& — n(X)nu(6Y)E, }

—an(Y){(Ea)n(X)E + 4277,, 9(6u&, X)E + apAX — ApAX }

—an(X){(Ea)n(Y)E + 4 Z M ()g(¢u&, Y)E + apAY — ApAY }. (4.5)

From now on, we want to prove that the normal vector field N of a Hopf real
hypersurface M in Go(C™*2) is singular. Then by the meaning of singularity men-
tioned in the introduction, we see that either ¢ € Q or & € Q- where Q is the
maximal quaternionic subbundle of TM = Q @ Q. In order to do this, we may
put the Reeb vector field £ as follows:

§=n(Xo)Xo +n(&1)& ()

for unit vector fields X € Q and & € Q* with n(Xo)n(&1) # 0. By using the nota-
tion (*) we obtain that the Reeb function « is constant along the direction of & if
and only if the distribution Q- or the Q-component of the structure vector field &
is invariant by the shape operator, that is AXg = aXo and A& = a&; (see [13, 18]).
From this fact, we obtain the following useful formulas for Hopf real hypersurfaces
in G2 (Cm+2).

LEMMA 4.1. Let M be a Hopf real hypersurface with non-vanishing geodesic Reeb
flow in Go(C™*2), m > 3. If the distribution Q or Q* component of the structure
vector field & is invariant by the shape operator, then the following formulas hold:

1. ApXo = pgXo,
2. A&y = poéy,
3. Ap1 Xy = pg1Xo
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where the function p is given by p = (a® + 4n*(Xo)/a).

Proof. Putting X = Xy in (3.11) and using AXy = aXj, it yields
aApXy = a’9Xo + 20Xo + 2n(&1)d1 Xo — 4n(Xo)n(£1) ¢, (4.6)

where we have used ¢(¢,£, Xo) = 0 for v = 1,2,3 and 12(§) = n3(§) = 0.
On the other hand, by (*) we obtain

$1€ = n(Xo)P1Xo + n(&1)d1€&1 = n(Xo) 1 Xo. (4.7)
In addition, from (*) and ¢1€ = ¢1£ we have
0 = ¢¢ = n(Xo)9Xo + n(&1) P&

n
n(Xo)oXo + n(&1)d1€
1n(Xo)#Xo + n(&1)n(Xo)$1 Xo,

which means

¢Xo = —n(&1)d1Xo (4.8)
because of 1n(Xo)n(£1) # 0. Substituting (4.7) and (4.8) to (4.6), we get

aApXo = X + 40> (Xo)dXo = (o + 40°(Xo)) P Xo.

Since M has non-vanishing geodesic Reeb flow, we see that the vector field ¢ Xy is
principal with corresponding principal curvature pu = (a? + 4n?(Xo)/a).

Similarly, using (4.7) and (4.8), together with n(Xo)n(&1) # 0, the formula (4.6)
gives (b) and (c). O

When the Reeb function « is vanishing, Pérez and Suh gave the following

Lemma B ([27]). Let M be a Hopf real hypersurface in Go(C™*2), m > 3. If
M has vanishing geodesic Reeb flow, then the unit normal vector field N of M is
singular, that is, either £ € Q or & € Qt.

REMARK 4.2. By using the method in the proof of lemma B, we can assert that if
M is a Hopf real hypersurface with constant Reeb curvature, then the unit normal
vector field N of M is singular. In fact, since M has constant Reeb function, (3.10)

becomes
3
4> 1, (O)¢nE =0
v=1
By wusing (*), this equation yields 7(£1)¢1£ =0. From our assumption of

(
n(X)n(&1) # 0 and (4.7), it leads to ¢1 Xy = 0. Taking the inner product with ¢ X,
it implies

9(¢1 X0, 1 X0) = —g(67 X0, Xo) = g(Xo0, Xo) — (m (Xo))2 =1,

which gives us a contradiction.
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By using lemma B, in the latter part of this section, we prove that the normal
vector field N of M is singular, when a Hopf real hypersurface M in G5(C™%?2) has
non-vanishing geodesic Reeb flow oo = g(Ag, §).

LEMMA 4.3. Let M be a Hopf real hypersurface with non-vanishing geodesic Reeb
flow in complex two-plane Grassmannians Go(C™2), m > 3. If the structure Jacobi
operator R¢ of M is cyclic parallel, then the unit normal vector field N of M is
singular.

Proof. In [16], Lee and Loo show that if M is Hopf, then the Reeb function « is
constant along the direction of structure vector field &, that is, {a = 0. Then we see
that the distribution Q- and the Q*-component of ¢ are invariant by the shape
operator A, that is AXg = aXy and A& = a&;.

Bearing in mind of these facts, putting X = Xy and Y = ¢&; in (4.4) and using
(4.5), we obtain

— an(Xo)o&r + pn(&1)dXo + pn(Xo)dér + 3a(Vx, A& + 2an(61)¢Xo
— a®n(&1)9Xo + pa’n(&1)Xo — &’*n(Xo)dp€y + pen(Xo) oty

+ Z [04771/(51)%)(0 — 3ag(dy Xo, p€1) P& — 2am(Xo)my (§1) 0§ + 1w (§1) Ady Xo

v=1

= 2n(Xo)nw (§1) Adu€ — Ban(Xo)n(&1)m (§)dv€ + anu(§1)du Xo | = 0,
where we have used g(¢&1, Xo) = —g(6Xo,&1) = 0 and

9(¢vXo0,&1) = 9(d0€, Xo) = 9(00€,&1) = 9(dr0X0,61) =0

for all v =1,2,3. Since 12(&) = n3(&) = 0, together with g(¢1Xo, 91 Xo) = 1, this
equation can be rearranged as

— an(Xo) &1 + un(§1)9Xo + un(Xo) €1 + 3a(Vx,A)é
+ 2am(61)¢Xo — a’n(€1)$Xo + pa’n(é1)Xo
— a®n(Xo)pér + pa®n(Xo)péi + 2ad1 Xo — San(Xo) e
+ pp1 Xo — 2un(Xo)h1€ — 80”7(Xo)(77(§1))2¢1§ =0.
From (4.7) and (4.8), (4.9) becomes
n*(Xo){ — 6ac — pu — a® + pa® — 8an?(£1) } o1 Xo
—nz(fl){u—F?a—ag +ua2}¢1X0 (4.10)
+ (20 + )1 Xo + 3a(Vx,A)é = 0.
On the other hand, from (3.4) and (3.10), the assumption A& = af; yields
(VxA) = (Xa)éi + aVxé& — A(Vx&)

= 4n(&1)g(1€, X)& + afgz(X)&2 — q2(X)E3 + 1 AX}
—q3(X)A& + g2 (X) AL — Apr1 AX

(4.9)
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for any tangent vector field X on M. From this, taking the inner product with
#1Xo to (4.10) and (3.4), together with au = o2 + 4n%(X,), we get

1 (Xo){ — Ha — p +12a*(Xo) } — 0 (&) {1 + 2a + dan?(Xo) }

(4.11)
+ 20 4 p — 12am*(Xo) = 0,
where we have used g(¢1 Xo, $1Xo) = 1, n?(Xo) +n?(&1) = 1, and

9((Vx, A1, p1X0) = ag(p1AXo, 01X0) — 9(Ad1 AXo, $1X0)
=a? — ap = —4n*(Xy).

By using non-vanishing Reeb function a # 0 and au = o? + 41%(Xj), together with
n2(&1) = 1 — n2(Xo), (4.11) becomes

n?(Xo){ — 28a” + 16a°n*(Xy) } = 0. (4.12)

By virtue of £ = n(Xo)Xo + n(&1)& in (*) for n(Xo)n(&1) # 0, and our assumption
of non-vanishing geodesic Reeb flow, that is, a # 0, (4.12) implies that n*(Xo) = %.
Since the structure vector field ¢ is unit, we should have n%(Xo) + 7%(&1) = 1. From

these facts, we obtain 1?(&1) = — 2. It makes a contradiction. This means that
either £ = n(Xo)Xo = £Xo € Q or & = n(&)& = £& € @+, which gives the unit
normal vector field N is singular. O

Summing up lemmas B and 4.3, we assert that our theorem 1 in the introduction.

5. Cyclic parallel structure Jacobi operator for JN € JN

Hereafter, let M be a Hopf real hypersurface with cyclic parallel structure Jacobi
operator in complex two-plane Grassmannians Go(C™*2) for m > 3. Then by
theorem 1, our discussions can be divided into two cases accordingly as the Reeb
vector field € € QL or £ € Q.

In this section, we consider the case of ¢ € Q+ (i.e. JN € JN where N is a
unit normal vector field on M in Go(C™*2), m > 3). Since Q1 is 3-dimensional
distribution defined by QO+ = span{¢;, &2, &3}, we may put & = &. From this, we
give an important lemma as follows.

LEMMA 5.1. Let M be a real hypersurface in complex two-plane Grassmannians
Go(C™*2), m > 3. Let J; € J be the almost Hermitian structure such that JN =
JiIN (or & =&1). Then we obtain

PAX =29(AX,&5)8 — 29(AX, §2)8s + g1 AX

for any tangent vector field X on M.
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Proof. Differentiating & = & along any vector field X € TM and using (3.4), we

obtain
PAX =Vt (5.1)
= Vx& = ¢3(X)é2 — ¢2(X)& + 1 AX.
Taking the inner product of (5.1) with & and &3, we obtain
9(PAX, &) = q3(X) + g(¢1 4, &2)
and
9(PAX,&3) = —q2(X) + g(h1 48, &3)
respectively. It follows that
q3(X) =29(AX, &) and  g2(X) =29(AX, &).
From this, (5.1) becomes
PAX =29(AX,&3)62 — 29(AX, &2)85 + 9r1AX (5.2)
for any tangent vector field X on M. Moreover, taking the symmetric part of (5.2)
we obtain
ApX = 2n3(X) A& — 2m2(X) A& + Ad1 X. (5.3)
O

Then, by virtue of lemma 5.1, we prove the following

LEMMA 5.2. Let M be a Hopf hypersurface with cyclic parallel structure Jacobi
operator in complex two-plane Grassmannians Go(C™2), m > 3. If the Reeb vector
field € belongs to Q* (i.e. &€ = &), then the distribution QF is invariant by the shape
operator A of M, that is, g(AQ, Q) = 0.

Proof. By (3.10) we obtain Xa = (§a)n(X) for any X € T'M, when the Reeb vector
field & belongs to the distribution Q. From this and taking the inner product of
(4.4) with &, we have
— 9(¢AX,Y) + g(ApX,Y) + (6a)g(AX,Y) — a(§a)n(X)n(Y) + 3a’g(pAX,Y)
—ag(APpAX,Y) 4+ 3ag(¢X,Y) + a®g(AdX,Y) — a?g(¢AX,Y)
+ Z | = 1(&9(0,AX.Y) = g(6s6, AXIn, (V) = 39(AX, &,)9(6,.Y)
+4am, (E)n(X)g(0u€,Y) + 0 (§)g(Ady X, V) — 1 (X)g(4.€, AY)
= 39(d&, X)g(&w, AY) + dan, (§)g(4u €, X)n(Y)
— 9ag(@&, X)ny(Y) = 3am, (X)g(6€, V) + 3am,(€)g(6, X, V)| = 0,

https://doi.org/10.1017/prm.2021.42 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.42

954 H. Lee, Y.J. Suh and C. Woo
where we have used
9(VxA)Y,€) = g((VxA)EY) = (Xa)n(Y) + ag(pAX,Y) — g(ApAX,Y)
= (Ea)n(X)n(Y) + ag(pAX,Y) — g(ApAX,Y),

g(¢u¢AX, f) = g(¢¢u£a AX) = g(¢2€u7AX) = 79(§V7AX) + 0”7(51/)77()()
and
g(¢V¢X’ g) = g((bszx) = —UV(X) + nu(f)n(X)

for any tangent vector fields X and Y on M.
On the other hand, from the assumption & = & € QF we get ¢of = ol = —&3
and ¢3& = ¢3&1 = &. By using these formulas into the preceding equation, we get

—9(PAX.Y) + g(AdpX,Y) + (§a)g(AX,Y) — a(§a)n(X)n(Y)
+20%g(pAX,Y) — ag(ApAX,Y) + 3ag(¢X,Y) + a?g(AdX,Y)

— 9($1AX,Y) = 2n3(AX)n2(Y) + 2m2(AX)m3(Y) (5.4)
+9(Ap1 X, Y) — 2m2(X)g(A&3,Y) + 213(X)g(A&2,Y)

+ 6amz (X)n2(Y) — 6an2(X)ns(Y) + 3ag(41 X, Y) = 0.

Deleting Y from (5.4), we get

— QAX + ApX + (a)AX — a(éa)n(X)E + 20°0AX — aAPAX + a?ApX
— P1AX = 2n3(AX)E + 212 (AX)E3 + A1 X — 2mp(X) AL 4 2n3(X) A& (5.5)
+3a{2n3(X)& — 2m2(X)és + ¢X + 1 X} =0

for any tangent vector field X on M.
On the other hand, when & = & € Q, (3.11) gives us

o o
OX + 01X — 2p(X)6 +205(X)E = AGAX — 40X — S6AX  (5.0)
for any tangent vector field X on M. Substituting (5.6) into (5.5), it follows that

— QAX + ApX + (a)AX — a(éa)n(X)E + 202 PAX — aAPAX + a?ApX
— 91 AX = 2n3(AX)& + 2m2(AX)Es + Adr X — 2mp(X) AL + 2n3(X) AL

+3a{APAX — TAGX — SHAX} =0,
which implies

(=2 +7a?)pAX + (2 — a?)ApX + 2(Ea) AX — 2a(éa)n(X)E
+ 40 APAX — 2{ 1 AX + 2n3(AX)& — 2mp(AX)E ) (5.7)
+2{ A1 X — 21p(X) A&s + 23(X) Al } = 0
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for any X € TM. Bearing in mind of (5.2) and (5.3), the above equation reduces
to

(—4+70?)pAX + (4 — a?)ApX + 2(£a) AX

—2a(éa)n(X)€ + daApAX = 0. (5:8)
From (5.2) and (5.3), we get
23(AX)Ey — 2p(AX) = pAX — ¢ AX (5.9)
and
Mg (X )ALy — 2mp(X)Abs = ApX — Ay X, (5.10)

respectively. Substituting (5.9) and (5.10) into (5.7), it becomes

(=24 7a*)pAX + (2 — a®)APX + 2(€a)AX — 2a(Ea)n(X)E + 4aApAX
—2{ AX + ¢AX — $1AX } + 2{A X — ApX + Ap1 X} =0,

which yields

(44 70%)pAX — a®ApX + 2(Ea) AX — 20(Ea)n(X)E

(5.11)
+ 40 ApAX + 4401 X = 0.
Subtracting (5.11) from (5.8), we have A¢pX = A¢; X, which means that pAX =
¢1 AX for any tangent vector field X on M. From this, (5.2) becomes

g(Afz, X)fz - g(Afz,X)fS =0 (5-12)

for any tangent vector field X on M. Taking the inner product of (5.12) with &
(resp. &3), we get the following for any tangent vector field X on M

g(Af%X) :g(AX7£2) =0 (resp. g(A£37X) :g(AX,fS.) :0)7 (513)
which means that g(A4Q, Q) = 0. It gives a complete proof of lemma 5.2. (|

By theorem A and proposition A, lemma 5.2 assures that if a Hopf real hypersur-
face satisfies all of geometric conditions mentioned in lemma 5.2, then M is locally
congruent to an open part of the model spaces of type (T4).

From now on, we will check whether a real hypersurface of type (74) satisfies
our hypothesis given in lemma 5.2. By proposition A mentioned in §2, we see that
such real hypersurface is Hopf and its normal vector field satisfies JN € JN.

In the remaining part of this section, we want to check if the structure Jacobi
operator Re for a model space of type (74) satisfies the cyclic parallelism. In order
to do this, we want to find some necessary and sufficient conditions for structure
Jacobi operator Re of a real hypersurface (74) to be cyclic parallel according to
each eigenspace including the vector Y.

From such a view point, first, we consider the following case.
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Case A.Y €T

In other words, from (4.4) and (4.5), together with (2.2), the structure Jacobi
operator Ry of a real hypersurface of type (74 ) satisfies the following for any tangent
vector field X € T(74)

3a(A2 — aX — 2)g(9Y, X )¢ — 2(2a — § — N)g(¢2Y, X)&2
= 2(2a = = A)n3(X)¢3Y =0,

where T'(74) denotes a tangent space of type (74) and we have used ¢¢2Y =
$20Y = —¢3Y € T, and ¢¢d3Y = ¢p30Y = ¢oY € T), for any Y € T).

From now on, we want to check a solution of the equation (5.14) to be satisfied
for type (7). In fact, the left side of (5.14) depends on the eigenspaces of (74) and
is given as

0 for X € T,,
—2(204 -0 - )\)(ZSQY for X =& € Tﬁ,
Left side of (5.14) = ¢ —2(2a — 8 — A\)¢3Y for X = &3 € T,
3a(A? — aX — 2)g(eY, X)E for X € T},
220 — B —=N)g(¢2Y,X)(&2 + &) for X € T),

for Y € Ty. By using a = 2v/2 cot(2v/2r) = v/2(cot(v/2r) — tan(v/2r)) and \ =
—V/2tan(v/2r) with r € (0, (7/2v2)), we get A2 —aX —2=0. From this, the
previous formula follows

Left side of (5.14)

0 for X € T,

72(20[ — B - )\)¢2Y for X =& € T[j, (5’15)
=< =22a—F—No3Y for X =& €Tp,

0 for X € T,

—2(204 — ﬁ — A)g((ﬁQY,X)(EQ + 53) for X € TM

for Y € T).

Bearing in mind of proposition A, if r = (7/41/2), then 2o — 3 — A = 0. Hence,
when Y € T}, the structure Jacobi operator Ry is cyclic parallel if and only if the
radius 7 of the tube (74) is (7/4v/2).

Under these situations, we consider our problem for the other cases Y € T, &
Ts © 1), as follows.

Case B.Y €¢I, ®1s DT, where a = =0, 3 =+2, and A = —/2

By the affect of case A in (74), we have seen that in order to be cyclic parallel
for the structure Jacobi operator R¢ of (74), the radius r of (74) should satisfy
r = (7/4v/2). From this fact, we obtain a = u = 0, # = v/2, and A = —v/2. Then,
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the left side of (4.4) becomes

Left side of (4.4)
= —9(¢AX, Y)E = n(Y)pAX — g(pAY, X)§
—n(X)PAY +n(Y)ApX +n(X)AdY

3

-3 (9(6,AXY)E, +20(Y)g(,8, AX)6, +1,(Y) 0, AX

+39(¢p AX, ¢Y) € + 3n(Y ), (AX) 9, € (5.16)
—39(0.6, Y )90 AX — 29(0.8, AX )Y + 1, (X)) AY '
—29(0,€, AY )9, 0 X + g(¢, AY, X)E, + 2n(X)g(6,€, AY)E,
+39(9u AY, 0 X )€ + 3n(X)n, (AY )€ — 39(0.€, X)ppAY
— 0 (Y)Ap, X + 2n(X )0, (Y)Ad, & =, (X)Ag,Y

(

(

= 39(96,Y) Ady6X +3n(X)g(6,6,Y) A&,
= 39(0u, X)AD,Y — 29(6,0X,Y) Ad ]

for any X € T(74) and Y € T, & T & T),.
Subcase B-1. Y =¢ € T, where a =0
From this assumption, we get AY = A¢ = o€ = 0. Then, (5.16) becomes

3
— AX + ApX — > {9(Adu&, X)E + () AX +39(A&,, X)o, €}

v=1

(5.17)
+Z{m )AdLE = 3g(4u&, X)AE, + 1, (§)Ad, X }

= —GAX + APX — 1 AX + Ap X,

where we have used ¢of = —&3, ¢36 =8, and ¢¢,& = ¢3¢, = &, +n(&)E.
According to the composition of the eigenspaces for (74), we see that each
eigenspace T, of (7T4) is ¢-(or ¢1-)invariant, that is, ¢T, = ¢1T, = T,. From this,
(5.17) vanishes on all eigenspaces of (74). So, this means that the structure Jacobi
operator R¢ is cyclic parallel when Y € T,,.

Subcase B-2. Y € T3 where 3 = V2

Since T = span{&s, &3}, we have the following two subcases.

o Y = fg S Tﬁ
Using oo = 0, (5.16) can be rearranged as

6013(X)E + On(X)&3 — 2 AX + 3930 AX

(5.18)
+ 20030 X + Apa X + 3Ap30X

https://doi.org/10.1017/prm.2021.42 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.42

958 H. Lee, Y.J. Suh and C. Woo

for any eigenvector X on (74). It is well-known that for X € T (resp. X € T},),
by the straightforward calculation with (3.2), we obtain

P20 X “Tn P21 X 5 -3 X €T,

(resp. ¢2¢X XGZT —¢2¢1X = (ng S T)\),

I

P30X “Tn P31 X 5 $2 X €T,

(resp. ¢3¢ X = —¢301 X =~ X € T),

and
OX =1 X €Ty (resp. X = g1 X € T),).

Bearing in mind such properties, together with 8 = v/2 and A = —v/2, (5.18)
is identically vanishing for any tangent vector field X on (73).

o Y =¢3¢ Ts
Similarly, from (5.16) we obtain
= 60m2(X)§ = Bn(X)& — p3AX — 3p20AX

(5.19)
— 20020 X + Ap3 X — 3420 X

for any eigenvector X on (74). More specifically, according to each eigenspace
T, T, T\ and T}, it follows that

=B + Agzl = =B + AL =0 for X € Ta,
—63¢ — ¢3ALe — 3929 ALs — 2[Bd2¢éa =0 for X =& € T,
(5.19) = § —3p2dALs — 289203 — 3Ap2pEés =0 for X = &3 € Tg,

“A$3X — BAG20X — 2B¢odX =2(A+ B)¢3X =0  for X € Ty,
—2B¢odX + A3 X — 3Ad3X = —2B8(B+ N)psX =0 for X € Ty,

where we have used ogpés = —¢ols = —&, hotpéa = ¢alo =0, B =2 and A =
,\/i

Subcase B-3. Y €T, where u =0

Since a real hypersurface of type (74) has isometric Reeb flow, we obtain
@Y € T),—o, that is, ApY = ¢AY = u¢Y =0 for any Y € T,,—o. From this and the
construction of T), = {Y € Q| Y = —¢1Y'}, we also obtain ApY = —A¢Y = 0 for
Y € T,,—o. From these properties, (5.16) becomes

3

= {96, AX,Y)E, + 3g(¢, AX, 6Y)$E — 2g(60€, AX ), Y

v=1

(5.20)
— 1 (X)A¢,Y —39(¢,€, X)Ap9, Y — 29(¢,¢X,Y)Ag, &}

= =28+ N{g(02X,Y )& + g(¢3X,Y)Es + m2(X) Y + n3(X)psY },

where we have used ¢29Y = ¢3Y € T and ¢3¢Y = —@oY € T for any ¥V € T},_¢.
Since 8 = v/2 and A = —/2, (5.20) is identically vanishing for any tangent vector
field X on (74).
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Summing up these discussions, we assert that the structure Jacobi operator R
of a real hypersurface of type (Ta) is cyclic parallel if and only if the radius v of
the tube around of type (Ta) is (7/4v/2).

6. Cyclic parallel structure Jacobi operator for JN LJN

Let M be a Hopf real hypersurface with cyclic parallel structure Jacobi operator
R¢ in complex two-plane Grassmannians Go(C™72), m > 3. Assume that the unit
normal vector field N of M satisfies JNLJTN (i.e. £ € Q). Related to the Reeb
vector field € of M in Go(C™*2), Lee and Suh gave:

Theorem B ([17]). Let M be a connected orientable Hopf real hypersurface in
complex two-plane Grassmannians of compact type Go(C™%2), m > 3. Then the
Reeb vector & belongs to the distribution Q if and only if M is locally congruent to
an open part of (Ig): a tube around a totally geodesic HP™ in Go(C™*2), where
m = 2n.

By virtue of theorem 1 and theorem B, we assert that a Hopf real hypersurface M
in complex two-plane Grassmannians Go(C™%2), m > 3, satisfying the hypothesis
in our theorem 2 is locally congruent to an open part of the model space mentioned
in theorem B. Hereafter, conversely, let us check whether the structure Jacobi oper-
ator R¢ of the model space of type (7g) satisfies our assumption of cyclic parallel
structure Jacobi operator.

In order to do this, we introduce a proposition given in [30] as follows:

Proposition B. Let M be a connected real hypersurface in complex two-plane
Grassmannians Go(C™%2). Suppose that AQ C Q, A¢ = o, and & is tangent to
Q. Then the quaternionic dimension m of Go(C™%2) is even, say m = 2n, and M
has five distinct constant principal curvatures

a = —2tan(2r), 8 =2cot(2r), v =0, A =cot(r), u= —tan(r)
with some r € (0, %). The corresponding multiplicities are
m(@) =1, m(@) =3=m(r), m()=4n—4=m(u)
and the corresponding eigenspaces are

T, = R¢ = C* = span{¢},
TB = ‘7‘]5 = Span{£17 £2a 53}a

T—y = jf == Spa'n{(b{l? ¢€25 ¢§3}a
T/\7 T;m

where

TA@Tu:TM@(Rf@ij), JT =T, jT#:TI_L, JT)\:TM.
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In order to check the converse part, we assume that the structure Jacobi operator
R¢ of our model space of type (7p) satisfies the property of cyclic parallelism.
Accordingly, by A¢&, = 0 for v = 1,2, 3, the property (1.4) can be rearranged as
9(X, ApY)E —n(Y)pAX — g(X, pAY )€ — n(X)pAY +n(Y)ApX
+n(X)AQY + *n(Y)ApX + o®n(X)AdY + 3a(VxA)Y
+ag(¢X,Y)E + 3an(Y)pX + a’g(X, ApY )¢ — a’g(pAY, X)¢
—2ag9(9Y, X)& — a®*n(Y)pAX — o®n(X)pAY

+ Z 96, AX, V)&, = m.(Y)6, AX — 39(0,AX, 0 )6,€

= 3n(Y)n, (AX)d€ + 39(4€, Y) 9 AX

= 3an(X)g(¢.€, Y )& +29(0.€, AX ) 0Y

— 9(¢p AY, X)&, — 2n(X)g(d€, AY ), — 1 (X)) AY (6.1)
= 39(pp AY, 6 X )b, € — 3n(X )1, (AY)du€ + 39(du€, X) b pAY

= 3an(Y)g(¢u€, X)& +29(90€, AY )du 0 X + 1 (V) Ad, X

+ o (X)AgY + 39(0,€, Y)Agd X — 3n(X)g(¢.€, V)AL,

+39(¢,€, X)Apg, Y — 3ag(9.&, X)nw (Y)E + ag(d, X, Y)E,

+2an, (V)9 X — ag(¢,0X,Y)9.§ + ag(¢.€, X)op, Y

+ amy (X)), (Y)E + an(X)n, (Y)du§ + any (Y)d, X

—2ag(¢.Y, X)&u + an (Y )90 X — an, (¢ X )¢, 0Y

+ an(Y)n, (6 X)&, — an(X)n.(¢Y)E,| =0

for any tangent vector field X on type (7p).

Bearing in mind of our assumption, the structure Jacobi operator R¢ for the tube
of type (7p) is cyclic parallel, taking Y € T, in (6.1) yields

— AX 4+ APX + o ApX + 20°pAX — 30 APAX + 3apX

(6.2)
- 3Z |80, (X)01 + 3ag(6,€, X8, + am, (X)ou€ + Bg(6,€ X)E, | =0,

where we have used (VxA)¢ = apAX — ApAX and ¢¢,& = ¢, = —€,,. Further-
more, taking X = ¢, € T in (6.2) follows

0=—0AE, + A, + O¢2A¢£H + 2a2¢A§M — 30 AP AL, + 3apE,
3
=3 |0(6)00€ + 3ag(90€, §u)6 + amy (§a)00E + Bg(6,€: E)6

= 206(a® = 2)4,¢,
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which implies 3(a? —2) = 0. Since 3 = 2cot(2r) for r € (0,(7/4)), we obtain
a? =2,

On the other hand, taking X € T in (6.2), together with ¢T = T},, provides

0= —-XoX + X + a?udX + 202X X — 30 \upX + 3apX
=3(8 + 20)0X,

where we have used a? =2, A= (cotr) (—tanr)=—1, and A+ pu=2cot
(2t) = 6.

Applying a method to (6.2) that is done above, the left side of (6.2) according to
each eigenspace of type (73) is given as

0 for X € T,,
26(a? —2)¢,& for X =¢, € T,
Left side of (6.2) = ¢ —6(8 +2)¢, for X = ¢, € T,,

3(B+2a)pX  for X € Ty,
3(B+2a)pX  for X € T),.

Now, as the other case we consider the case Y € T. Then, by using JT) =T},
and JTy = T\, equation (6.1) is rearranged as
9(X, APY )€ — g(X, pAY )€ — n(X)pAY + n(X)APY + a’n(X)ApY
+3a(VxA)Y + ag(¢pX,Y)E + a’g(X, ApY)E
— a?g(QAY, X)E — 2ag(Y, X )€ — a®n(X)pAY

3
+ 37 [F9(6,AX, V)6, — 39(6,AX, 6Y)0€ — (6, AY, X6,

v=

1
— (X)) AY — 3(6, AY, $X)6,€ + 39(6,€, X ), pAY
+ UV(X)A%Y + Olg((bVXa Y)fu + 39(¢u£a X)A¢¢VY

— ag(by6X,Y)$,€ + ag(dué, X)bd,Y (6.3)

- 2049((;5”}/, X)f,, =+ ag(¢y§, X)¢V¢Y

= (p=A=3a+a’u—a?Ng(X,¢Y)E + (A + p + o*p — *N)n(X)oY
3
+30(VxA)Y + 37 [~ 3ag(0 Y, X)& + (3 + 3 — )g(60,Y, X)né

v=1
3
+ 37 (3A + 3+ 20)9(6,, X) 9, Y = 0
v=1

for any tangent vector field X on type (75). Restricting X € T, in (6.3) provides

(A4 4+ a?p — a®N)pY +3a(VeA)Y =0 (6.4)
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for any Y € T). By the equation of Codazzi (3.8), we get

3
(VEA)Y = (Vy A+ oY + > { = (V)€ — 39(6,€,Y)E, }
v=1

= apAY — APAY + ¢Y = (aX — A+ 1)¢Y
for any Y € T. From this, (6.4) becomes
AN+ 1+ o — o X+ 30° ) — 3a\iu + 3a)¢Y = 0.
Since a2 =2, B +2a =0, A+ p = 3 and A\ = —1, the previous equation gives
B4+2u+ 4N+ 6a = —=2(8 —pu—2)) =0, (6.5)

which gives us a contradiction. In fact, by proposition B we see that 3 = 2 cot(2r),
A = cot(r) and p = —tan(r) where r € (0, 7). From this, we get

1

tanr’

B—p—2\=—

which means that the function 8 — pu — 2 is non-vanishing for any r € (0, (7/4)).

Summing up those documents in this section, we can assert that there does not
exist a Hopf real hypersurface in complex two-plane Grassmannians Go(C™F2),
m = 3, with cyclic parallel structure Jacobi operator when the mormal vector field
of M 1is of type JNLJN.
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