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Abstract
The delta invariant interprets the criterion for the K-(poly)stability of log terminal Fano varieties. In this paper, we
determine local delta invariants for all weak del Pezzo surfaces with the anti-canonical degree > 5.

1. Introduction

Throughout the paper, we work out over the complex number field C. It is an important problem whether
a log terminal Fano variety X is K-polystable. In order to interpret the criterion for the K-(poly)stability
of X, the delta invariant §(X) is introduced in [3, 10]. In fact, it is known by [3, 4, 10, 11, 12, 13] that

3(X) > 1 <= Xis K-stable <= X is K-polystable and fAut(X) < oo.

The delta invariants of smooth del Pezzo surfaces are known in [2, §2]. On the other hand, it is hard to
estimate the delta invariant for higher dimensional Fano varieties. In order to estimate the delta invariant,
Abban and Zhuang introduced the local delta invariant instead of the delta invariant in [1]. They gave an
important idea for reducing the estimation of local delta invariants to that of lower dimensional cases.

We recall the definition of the local delta invariant. Let X be a n-dimensional weak Fano variety with
at worst log terminal singularities and let p € X be a closed point. Take a projective birational morphism
o : Y — X with smooth variety Y and a prime divisor E on Y. We call E a divisor over X. Let

Ax(E) := 1+ ordg(Ky — 0" Ky),
and we let
1
(—Kx)"
where 7 is the pseudo effective threshold of E with respect to —Ky, that is,

S(E) = /r vol(o*(—Kx) — uE)du,
0

7 := sup{u € Q. | 0*(—Kx) — uFE is big }.
The local delta invariant §,(X) of X at p € X is defined as follows:
Ax(E)
S(E)
Moreover, the delta invariant §(X) of X is given by
8(X) = ]i)rg&,,(X).

8,(X) := inf { | E is a prime divisor over X with p € CX(E)} .

In this paper, for every weak del Pezzo surface S with the anti-canonical degree > 5, we compute the
local delta invariant at each p € S. These results are important in the following aspects:
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(1) Asadirected corollary, we compute the delta invariant for a du Val del Pezzo surface S with the
anti-canonical degree > 5. Indeed, let o : § — § be its minimal resolution, then for each p € S,
we can immediately give

8:(S) = inf 5,(5).
olpr=p

Therefore, we get 8(S) = 8(S) for any du Val del Pezzo surface S with the anti-canonical degree
> 5.

(2) The estimation of the local delta invariant of weak del Pezzo surfaces is useful for the K-stability
of higher dimensional Fano varieties. In fact, the estimation of the local delta invariant of the
quintic del Pezzo surfaces plays a crucial role in determining the K-stability of certain Fano
3-folds in [5, Lemma 24, 25]. Our results are useful for determining the K-stability of other
higher dimensional Fano varieties.

The (global) delta invariants of del Pezzo surfaces (the case —Kj is ample) are exhibited in the book
[2, Table 2.1]. Denisova [8] has also independently computed (global) delta invariants of all Du Val del
Pezzo surfaces of anti-canonical degree > 4.

Now, the main results can be stated as follows. Let S be a weak del Pezzo surface with the anti-
canonical degree > 5, letE|, ..., E, be (—1)-curvesin S, let Fy, ..., F, be (—2)-curves in S. We present
the local delta invariants of weak del Pezzo surfaces with the anti-canonical degree > 5. We note that
each surface is uniquely determined by the configuration of (—1) and (—2) curves (see [9, §8]). We refer
to some papers [6, 7, 9] for the basic properties of these surfaces.

At first, we present the local delta invariants of weak del Pezzo surfaces of degree 5. It is known that
there exist 7 types of the configuration of negative curves.

Theorem 1.1. The local delta invariant §,(S) of S at p € S is as follows.

(1) If the configuration of negative curves on S is

/1%11%4\
1?\1‘52155/4}5'7

Es  Eg

then the local delta invariant 5,(S) of S at p € S is as follows.

peS F  E\F(=1,23) Eus\E(=123 E S\(FUU.E)
8,(S) 15 1 15 15 4
14

17 13 13 3

(2) If the configuration of negative curves on S is

o o

P Ey il

| |

-~ "

Es E,
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then the local delta invariant §,(S) of S at p € S is as follows.

pES E, FI\E, L\ E, E;\F,, Es\ F, Es\E,, E,\ Es S\Ui,-(EiUFj)
8,(S) 15 15 1 15 4
'p

19 17 13 3

(3) If the configuration of negative curves on S is

— & __ 0 — O — e __ O

E1 EQ F1 FQ E3 FS

then the local delta invariant §,(S) of S at p € S is as follows.

peS EN\E  E\F,FK\E;, F\F, F\E E S\, EUF)
5

15 15 15 15 30
6P(S) 13 17 19 7 23 23

(4) If the configuration of negative curves on S is

Es
éléyﬁlg\
E,

then the local delta invariant 6,(S) of S at p € § is as follows.

pes E\E, E,\ F FI\F, F, EN\F,([i=3,4) S\Ui‘,‘(EiUF[)

15 15 15 5 30 30
(SI’(S) 13 17 19 7 31 23

(5) If the configuration of negative curves on S is

F
aﬁé/g
\

E,

then the local delta invariant §,(S) of S at p € S is as follows.

pPeS E/\F Fi\F, F, 5\ F, Ey\ Fy S\U, (EUVF)
5

15 30 15 10
SP(S) 16 43 19 13 4

ol
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(6) If the configuration of negative curves on S is

o
Fy
o — o — /
FF F \
E,
then the local delta invariant 5,(S) of S at p € S is as follows.
pPEeS Fi\F, B\ F F; FA\F; E\F; S\(E VU, F)
ER S 1 @ 2

(7) If S is a del Pezzo surface with the anti-canonical degree 5, then the local delta invariants §,(S)
of S at p € S is as follows.

pesS p lies on a (—1) curve p does NOT lies on any (—1) curve
5,(8) 5 3

We present the local delta invariants of weak del Pezzo surfaces with the anti-canonical degree 6. It
is known that there exist 6 types of the configuration of negative curves ([7]).

Theorem 1.2. The local delta invariant at p € S is as follows.

(1) If the configuration of negative curves on S is
L]
E,
-/ ' \.
E, Ej

then the local delta invariant §,(S) of S at p € S is as follows.

peSsS E\NF(i=1,2,3) F S\(U,E;UF)
5, : z :
(2) If the configuration of negative curves on S is
[ L o L [
E, E, F Es Ey

then the local delta invariant §,(S) of S at p € S is as follows.
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pES E\E,, E,\ E; E,, E; F\ (E,UE;) S\(UiEiUF)
8,(S) 2 2 2 9

10 1 1 8

(3) If the configuration of negative curves on S is

Fy Ey

F Ey

then the local delta invariant 6,(S) of S at p € S is as follows.

pES Fi\E, E, F,\E, E\F, S\U,-,,—(EiUFj)
9 9 3 9 9
3,(S) N in 1 0 8

(4) If the configuration of negative curves on S is

then the local delta invariant §,(S) of S at p € S is as follows.

pES F]\F2 F2 E]\Fz,Ez\Fz S\UI’I(E,UF])
5,(S) 3 : 1

4

wlw

(5) If the configuration of negative curves on S is

hd o

5 E B

P

then the local delta invariant 6,(S) of S at p € § is as follows.

pes F\F, F:\E E F\E S\(EUU, F)
5,(5) : : : i !

(6) If S is a del Pezzo surface with the anti-canonical degree 6, then the local delta invariant 5,(S)

of S at p € S is as follows.
peS p lies on a (—1) curve p does NOT lies on any (—1) curve
8,(S) 1 g

We present the local delta invariants of weak del Pezzo surfaces with the anti-canonical degree 7. It is
known that there exist 2 types of the configuration of negative curves ([7], [9, §8.4]).
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Theorem 1.3. The local delta invariant at p € S is as follows.

(1) If the configuration of negative curves on S is

B, B F

then the local delta invariant §,(S) of S at p € S is as follows.

pes E\E E F\E, S\(E,UE,UF)
8,(8) 5 n 5 5

(2) Let S be a del Pezzo surface with the anti-canonical degree 1. If the configuration of negative
curves on S is

By Ey Es

then the local delta invariant §,(S) of S at p € S is as follows.

pPES (E\UEy)\ E, E, S\ (E\UE,UE;3)
8,(5) 2 5 2

We present the local delta invariants for weak del Pezzo surfaces of the anti-canonical degree 8.
Denote by 7 : £, — P! the n-th Hirzebruch surface. Let C, be the section of = with C; = —n and " the

fiber of m. It is known that a weak del Pezzo surface of the anti-canonical degree 8 is either ¥,, X, or
2, ([7], 19, §8.4]).

Theorem 1.4. Let S be a weak del Pezzo surface of the anti-canonical degree 8.

(1) If S=X,, then for any point p € S, it holds that

3
()=
(2) If S= X, then for any point p € S, it holds that
¢ ifpeCy,
=115 o
5 ifpeS\C.
(3) If S= Xy =P! x P!, then for any point p € S, it holds that
5,(8) = 1.

Notation

In this paper, we tacitly use the following notations.

« The symbol ~ means the linearly equivalence between Cartier divisors.
We denote by H a general hyperplane of P2,
« We denote by pg the line on P? passing through two distinct points p, g € P.

o We denote by Bl,, .., P? the surface obtained by the composition of the blowing-ups at k
distinct points g, - - - , g € P%.
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o Let 0 : Y — X be a birational morphism between projective varieties. For a Cartier divisor D
on X, we denote by o' D the proper transform of it.

2. Scheme of the proof

We fix the notations for this section. Let S be a weak del Pezzo surface with the anti-canonical degree
>5,letE,...,E;,be(—1)-curvesin S, let Fy, ..., F, be (—2)-curves in S and let p be a point in S.

‘We explain how to estimate §,(S). Fix a smooth curve C on § that passes through p. Let T := sup{u €
Qx0 | —Ks — uC is big }, let P(u) + N(u) be the Zariski decomposition of —Kg — uC. By the definition
of §,(S), we note that §,(S) < 1/S(C). So we explain how to estimate §,(S) from the below using these
data and Abban-Zhuang Theory. Set

S(WE,,p):=

e K /0 (P(u) - C) - ord,N(u)|c du +

T ' 2
(—Ks)z./o (P(u) - C)-du.

Then it follows from [2, Theorem 1.106],

. 1 1

If p is contained in a (—1)-curve or (—2)-curve, we always choose C to be one of these curves. In
many cases, these estimates actually compute §,(S). If p is not contained in any (—1)-curve and any
(—2)-curve, then we have to consider the (ordinary) blowing up o : S — § at the point p € S. Let Z
be a exceptional curve over p, let T:= sup{u € Q. | 0*(—Ks) — uZ is big } and let ﬁ(u) + ]V(u) be the
Zariski decomposition of o*(—Kjs) — uZ. By the definition of §,(S), we note that §,(S) <2/5(Z). For
qeZ, set

S(WZ..q) = K7 ./o P(u)-Z) - ordqﬁ(u)lz du + K /0 P(u) - 2)*du.

Then it follows from [2, Theorem 1.106],

5,(5) > min { @)

2
,inf .
S(E) ez S(WZ,, Q)}

These estimates compute §,(S) in every case except for one special case. In this special case, we use a
(0)-curve C in S that passes through p to compute §,(S). Combining with what we already have, we get
equality for §,(5).

So from now on, we just need to compute 7, P(u), N(u) and S(Wf., p) for C being (—1)-curves or
(—2)-curves passing through p. If p is not contained in any of these curves, we have to compute either
T, ?’(u), N (u) and S(Wf., q) for exceptional curve Z or 7, P(u), N(u) and S(Wf., p) for a (0)-curve C that
passes through p. This will be done in the next sections.

In what follows, we will write every R-divisor

k r
D~z Y aE+ ) bF,
i=1 j=1

m times 1 times

[ times

. . e e —— Mmoo
as (a,...,a;by,...,b,). To ease notation, we rewrite (a,--- ,d,b,--- ,b,c,--- ,c) as (a,b,c).
Denote by A the intersection matrix of £y, - - - , E;, Fy,--- , F:
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E% EkE] FlEl FrEl

ElEk E,% FlEk FrEk

A=\ EF EF F?  FF

E\F, E.F.|FF, F,F.
We mention that for a curve C being one of the curves E|, - - - E, F), - - - F,, we can immediately com-
pute t, P(u), and N(u) using (ay, . . ., a, by, . . ., b,) and the matrix A, since (—1)-curves and (—2)curves

generate the Kleiman—Mori cone if K] # 8.

3. The case of the anti-canonical degree 5

Let us use the assumptions and notations of Section 2. Suppose K* =5

Proposition 3.1. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.1 (1). Then the local delta invariant 5,(S) is as follows.

peS F E\F(i=123) E;\E(=123) E S\(FUULE)
O 1 15 I 4
14

17 13 13 3

Proof. We recall the construction of S. Take non-colinear three points ¢y, q:,qs € P> and
¢ €41q5 \ {q1,¢5}. Then S is obtained by p:S=Bly, 44 P> — P> Moreover, we have F=
0 qiqs, Ev=p7(q1), Ex = p7'(q2), Es = p7'(q3), Ey = p;'(qoq1), Es = p;(§0q2), Es = p; ' (qug3) and
E; =p"'(qy). We denote a divisor by D= (a,, a,, as, as, as, as, a;, b). The intersection matrix of
{E\,E,,E;,E,,Es, Eg, E;, F} is

-10 0 1 0 0 01
0-10 01 0 01

0 0-10 01 01

A 1 0 0-10 0 1]0
~— 101 0 0-10 10
001 0 0-11/0
000 1 1 1-10

1 110 0 0 0|=-2

3 3
We note that — Ky~ (0,0,0,1,1,1,2,0)=(0,1,2,0).
(1) The case p € F. Set C = F, then we get T = 2. The values P(u), N(u), P(u)* P(u) - C and ord,(N(v)|¢)
are given by the following tables:

u P(u) N(u) P(u)? P(w)-C
[0, 1] ©.1,2, —u) 0 5— 22 2u
[1,2] (21,2, —u (= 1)1, 0) 4 —u)Q2—u) 3—u
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u p ord,(N(u)|c)

[0, 1] F 0

[1,2] ENF(i=1,273) u—1
F\U§=1 E; 0

Hence we get
17 Y ifpeENFfori=1,2,3,
S(F)ZE’ S(W...p) =
. 3
% lprF\Uizl E,‘.

Therefore, we have

Ag(F) 15 { 1 1 } 15
> 6,(S) > min —
S(F) 17 S(F) SWi.p |~ 17

from (1). Thus, we have §,(S) = 15/17 in this case.
(2) Thecase p e E; \ (FUE;;3) fori=1,2,3. Set C = E|, then we get T = 2. The values P(u), N(u),
P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following table:

u P(u) N(u) P(u)* P(u)-C  ord,(N(u)|c)
2 3 5
[0, 1] (—u,0,1,2,—%) 0, 1) 5 _ou— % 42,2 0
2 2 3 3
[1,2] (—u,0,2—u,1,2,—§) (O,M—I,O,g %(6_1,[)(2_,4) 4T 0

Hence we get S(E;) =1 and S(WF ,p) = 19/30. Therefore, we have

1 1
1>8(S)>m1n{ T}
S(E))” S(W.k,p)
We can show §,(S) =1 for p € E; \ (F U E;;3)(i = 2, 3) by the same calculation.
(3) The case p e E;\ E; (i=4,5,6). Set C = E,, then we get T =2. The values P(u), N(u), P(u)*,
P(u) - C and ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)* Pu)-C
[0, 1] ((3),1—u,i,2,0) 0 5 —2u—u? 1+u
[1,2] (2(1—u),(2),1—u,%,3—u,1—u) (u—l)(2,(5), i) 22 —u)? 4 —2u
u b4 ord,(N()|c)
[0, 1] EJ\E; 0
[1,2] E NE, 2wm—1)
E N\ (EVEY) 0

Hence we get

[y

if p e (E,NE,),

13
S(Ey) = —

> SWE4’
15 Woi.p) =

[y =
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Therefore, we have §,(S) = 15/13 for p € E, \ (E, U Ey). If {p} = E, N E4, we have 1 = S(E,) > §,(S) by
the calculation in (2). Thus, we have

1 lpr(El ﬂE4),
8,(8) =

3 ifp€E4\(E|UE7).

13

‘We can show

1 ifpe(EsNE),
5,(8) =
L ifpeE\(E_3UE),

13

for i =5, 6 by the same calculation.
(4) The case p € E;. Set C =E,, then we get T =2. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N P(uy? P(u)-C
[0, 1] (6,%,2—14,0) 0 5—2u—u? 1+u
[1,2] (2—u)(6,i,0) (u— 1)(3,3,(2)) 22 —u)? 4 —2u
u p ord,(N(u)|c)
[0, 1] E; 0
[1,2] ENE (i=4,5,6) u—1
E\ULE 0

Hence we get

w

13 i ifpeENE fori=4,5,6,

SE) =15 SWp)= ) 6
= ifpekE\ U, E..
Therefore, we have
E > 6,(S) > min {;;E} = E
13 S(E7)” S(W.1,p) 13

from (1). Thus, we have §,(S) = 15/13 in this case. ~

(5) The case pe S\ (F U UL, E,»). Consider a blowing up o:S — S at p. Let F and E; be the proper
transform of F and E,, respectively. Put G; := (po);' p(p)gq; for i =0, 1,2, 3. Then we have o*(—Kjs) —
uZ ~ Gy + G, + F + E, + (2 — u)Z and T = 5/2. The values P(u), N(ut), P(u)*, P(ut) - Z and ord,(N(u)| ;)
are given by the following tables:
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u Pw)&Nw) E, F G, G, G, G; z
[0, 2] P(u) 1 1 1 0 1 0 2—u
IX (u) 0 0 0 0 0 0 0
[2,% P(u) 1 3—u 5-2u 2—-u 3—-u 2—-u 2-u
N(u) 0 u—2 2u—4 u—2 u—2 u—2 0
u P(u)? Pu)-Z
[0,2] 5 —u? u
2,3 (5 — 2u)? 2(5 — 2u)
u p ord,(N(w)|c)
[0,2] Z 0
2,3 ZNG, 2u—2)
ZNG(i=1,2,3) u—2
Z\UL G; 0
Therefore, we get

3
S2)=3. SW?,, @)=L ifgeZNnG fori=1,2,3,

10

. 3
2 ifgez\U.,G.

Hence, we have

4
3

W &~

_ 2
> 8,(S) = min { @2y 3,25 S(WZ,.,q) }

from (2). Thus, we have §,(S) = 4/3 in this case. O]

Proposition 3.2. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.1 (2). Then the local delta invariant §,(S) is as follows.

peS E FI\E, F,b\E, E,\F,, Es\F, E;\E, E,\E;s S\U,-J(EiUFj)
8,(5) 15 15 1 15 4
p

19 17 13 3

Proof. We can assume that we get S from P? as follows.
(1) Let p;:S; =Bly, 4.4, P> — P? be a blowing-up at non-colinear points g, g2, gs.

(2) Let g, be a point at which p;'(g4) and (p,);'q,g, meet. Take a blowing-up p,:S, — S, at g,.
Then S = S,. Put p = p,0,:S — P2,
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Moreover, we have E, = p,'(q.), E»=p~'(q.), Es=p] (QzCh) E,=p~ (613) Es P (Gq), Fi=
0. (@1¢2) and F, = (0,)7'(0; ' (¢1)). We denote a divisor D = Z, | GE; —|—Z] , biF; € Div(S) (a;, b € Z)
by D = (ay, ay, a3, as, as, by, by). The intersection matrix of {E,, E,, Es, E,, Es, F., Fz} is

-10 0 0 011

-11 0 01 O

-11 0|0 O
0 0
0 1

b
Il
— —loococo

1
0
0
1
0

7
We note that —K; ~ Zle E + Z;j FF=(1,1,1,1,1,1,1) = (1).
(1) The case p€ E,. Set C=E,, then we get T =3. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N@w) Pw)?  Pw)-C
[0,2] -l 2—g)) (6,% 5—2u 1
23] (G-u3—-ul3—uCow) Ou-20u-2.u—1) G-up 3—u

u p ord,(N(u)|¢)

[0, 2] E\NF(j=1,2) 4
ENULF 0

(2,3] ENF(j=12) u—1
E\NULF 0

Therefore, we get

19 , % ifpe E,NF,forj=1,2,
S(EI)ZE, SW,..p)=

=

L ifpeE \U. F.

15 1 1 15
192002 min | g e = s
1 (Wee,p) 19

from (1). Thus, we have §,(S) = 15/19 in this case.
(2) The case p € F, \ E,. Set C=F, then we get T =2. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following tables:

Hence we have

u P(u) N(u) P(u)? Pu)-C
[0,1] (i,l—u, 1) 0 5 —2u? 2u
.21 G-2u2—uld-u2—w (w—-D21L0.1) QC-w@l—u  3—u
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u p ord,(N(u)|c)

[0, 1] Fi\E 0

[1,2] FINE, u—1
FI\(E\VE,) 0

Therefore, we get

17
S(Fy) = E’

S(W.i,p)=
Hence we have
15 > 5.(S) > mi 1
— ,(S) > min { ——
17 =7

from (1). Thus, we have §,(S) = 15/17 in this case.

lfpeFlﬁEz,

iprF] \(E] UEZ).

1 } 15
S(F) swipy| 17

(3) The case p € E, \ F,. Set C =E,, then we get T =2. The values P(u), N(u), P(u)*, P(u)- C and

ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)’ P(u)-C
3 5
0. 1] (IL1—u 1, 1—%1) ©, ,0) 5—2u— 2 w2
2 2
[172] (l»l_uaz_u’171_§,1) (0$0’u_1’0?§50) %(6_1'{)(2_“) 4%”

u P ord,(N(u)|c)

(0, 1] B\ F 0

(1,2] E,NE, u—1
E\(FIVE) 0

Therefore, we get

S(E)=1, SW.2p)=

Hence we have

1> 6,(S) > min {

from (1). Thus, we have §,(S) = 1 in this case.

lprEzﬂE3,

L ;} _q
S(Ey)” S(WE,p) |

(4) The case p € E; \ E,. Set C =E;, then we get T =2. The values P(u), N(u), P(u)*, P(u)-C and

ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? P(u)-C
2 4

[0, 1] (1,1 —u,l) 0 5—2u—u? 14+u

1,21 (L3—2ul—u2—ul,2—ul) @—1)0,201,01,0 22—u’ 4—2u
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u P ord, (N(u)|c)

[0, 1] E\E 0

[1,2] E;NE, 2w —1)
E\ (E,UE,) 0

Therefore, we get

13 B lfp € E3 N E4,
SE) =15 SW.i.p) =

Hence we have

15 > 5,(5)> 1 1 15
3= =M SE) s | T 13

from (1). Thus, we have §,(S) = 15/13 in this case.

(5) The case pe S\ (Uw (E: UF)) Consider a blowing up o S S at p. Let E; and F be the

proper transform of E; and F;, respectively. Put G;:= (po), "o(p)g: for i=1,2,3. Then we have
o*(— Ks) —uZ~ F1 + Ez + G, —|— G;+ (2 —uw)Zand T = 5/2. The values P(u) N(u) P(u)2 P(u) Z and
ord, (N (u)|,) are given by the following tables:

u Pw)&Nu) E F, F, G, G, G, z
[0, 2] P(u) 1 1 0 0 1 1 2—u
N(u) 0 0 0 0 0 0 0
(2,2 P(u) 1 3—u  2—u 22-—uw 3—u 5—2u 2—u
N(u) 0 u—72 u—72 u—72 2(u—2) 2(u—2) 0
u P(u)> Pu)-Z
[0’ 2] 5— u2 u
2,2 (5 — 2u)? 2(5 — 2u)
u q ord,(N(w)|)
[0, 2] Z 0
2,2 ZNG, u—2
ZN (G, U G;) 2u—2)
Z\ (G, UG,UG,) 0
Therefore, we get

5

10

3
S(Z)=§, SWZ.p)=1L ifqgeZN(G,UGs),

3
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Hence we have

4 2 . 1 4
= >6,(5) > min ,inf ==
3 S(2) aczS(WZ,, q) 3

from (2). Thus, we have §,(S) = 4/3 in this case. O]

Proposition 3.3. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.1 (3). Then the local delta invariant §,(S) is as follows.

peS EN\E, E\F,F\E, F\F, FK\E E S\, EUF)
5

15 15 15 15 30
SP(S) 13 17 19 7 23 23

Proof. We can assume that we get S from P? as follows.

(1) Take two distinct points q;,q, € P> and a line I( # ¢,qs) passing through g,. Let p,:S, =
Bly,, 4, )P* — P? be a blowing-up at points g, g4, let I, = (p,); 'l and let g, be a point at which
I, and p;'(q;) meet.

(2) Let p,:S, — S, be a blowing-up at g,, let [, = (p,);'l; and let g; be a point at which /, and

p5 ' (q2) meet.
(3) Let p;3:S; — S, be a blowing-up at g;. Then S = S;. Put p = p, 0,0;.

Moreover, we have E;=p '(qs), Ex=p."(@qs), Fi=(0:05)." (07" (q1), F2=(p3);'(p7"(q2))s
E;=p;'(q:), Fs=p;'l. We denote D= Z;l aE; + Z; b;F;€Div(S) (a;,beZ) by D=
(a,, ay, as, by, by, by). The intersection matrix of {E,, E,, E;, F, F,, F3} is

-11 0,0 0 O

1 -10/1 0 0
0 0 —1/0 1 1
A=1T 0=21 0
00 1|1 -20
00 1|0 0 =2

We note that _KS ~ 2E1 + 3E2 + 2F1 + Fz = (2, 3, O, 2, 1, O)
(1) The case p € E, \ E,. Set C = E,, then we get T = 2. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(w)-C ord,(Nu)|c)
[0, 1] 2—-u,3,0,2,1,0) 0 5—2u—u? 14+u 0
[1,2] 2—u)(1,3,0,2,1,0) (u—1)(0,3,0,2,1,0) 2(2 — u)? 4 —2u 0

So we get S(E;) =13/15 and S(Wf'.,p) =11/15. Thus, §,(S) = 15/13 from (1).
(2) The case p € E, \ F,. Set C =E,, then we get T = 3. The values P(u), N(u), P(u)?, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)’ P(u)-C
0,11  (23-u,0,2—2u1-"%0) (0,0,0, 2u, £, 0) 5—2u—"*% e
[1,3] (3 —u)1,1,0,3,5,0) (u—1,0,0, 2u, %,0) 23 —uy 2- 2y
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u P ord,(N(u)|c)

[0, 1] E,\ F, 0

[1,3] E,NE, u—1
E\(E\UF) 0

Therefore, we get

w

lfp€E2 ﬂEl,

[

17
SE) =150 SWi.p)=

Thus, we have 6,(S) = 15/17 from (1).

(3) The case p € Fy \ F,. Set C=F, then we get T =2. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C
4

[09 1] (2,3,0,2_14,] _gso) (09 g’o) 5_%u2 321
[1?2] (2’4_1/[70,2_“51_%90) (O’u_190,0’g70) %(Z_M)(6+u) %

u 14 ord,(N(W|c)

[0, 1] Fi\F, 0

[1,2] Fl mEz u—1

FIN(E;UF,) 0

Therefore, we get

IS

lprFl mEz,
S(W...p)=
% lfpeFl\(Ezqu).

19

F = —
S(F1) 5
Thus, we have §,(S) = 15/19 from (1).

(4) The case p € F, \ E;. Set C=F,, then we get T =3. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u)
[0, 1] 2,3,0,2 — g, 1—u,0) ((3), %,(2))
[1,2] 2, 3,2(1—1,{),2—%,(1114)) ((2),2(u—1),§,0,u—1)
2, 3] (2,5—u,2(1—u),3—u,(liu)) O,u—2,2u—1),u—1,0,u—1)
u P(u)? Pu)-C
[0, 1] 5— e %
[1,2] %(u2—8u+14) —
[2, 3] (3 —u) 3—u
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u p ord,(N(1)|c)
[0.1] F,NF, s

Fy\ (EsUF)) 0
[1,2] F,NF, 5

F,\ (EsUF)) 0
[2,3] F,NF, u—1

Fy\ (EsUF)) 0

Therefore, we get

L,JIN
[=3 %)

7 F:
Sth)=5, SW..p)=

|oe

15

Thus, we have §,(S) =5/7 from (1).

ifperﬂFl,

17

(5) The case p € E5. Set C=E;, then we get T =4. The values P(u), N(u), P(u)*, P(u)-C and

ord,(N(u)|c) are given by the following tables:

u P(u)

Nw) Pwy®  Pw)-C
u U u : u U u ’42 —Uu

[053] (2’3’ _u72_§, _2?9_5) (07 3 %55 5_2u+€ 6T

3.4 Q6—w-uwd—u2-u-% Ou-30u-2u—1% la—u £

u )4 ord,(N(u)|c)
[0, 3] E;NF, z
E;NF; 4
E5\ (F, UF3) 0
[3,4] E:NF, u—1
E;NF; s
Es\ (F,UF;) 0

Therefore, we get

w3

23
S(E3) = —.,

S(WE py=11
15 (W.5.p)

Thus, we have §,(S) = 15/23 from (1).

iprEj,sz,

(6) The case p € F5 \ E;. Set C = Fj, then we get T = 2. The values P(u), N(u), P(u)* and P(u) - C are

given by the following table:

u P(u) N(u) P(u)? P(u)-C
[0, 1] 2,3,0,2,1, —u) 0 5—2u? 2u
1.2 23.3-3u3—u3—2u—u) (u—10.3.1.2.0 (G-w2-u 3—u
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Moreover, ord,(N(u)|c) = 0. Therefore, we get S(F3) =17/15 and S(Wfi,p) =17/15. Thus, we have
8,(8) =15/17 from (1). _
(7) The case peS\ (U, (E;UF))). Consider a blowing up o:S— S at p. Let E, and F; be the
proper transform of E; and F;, respectively. Take two (—1)-curves G, := (po); 1(,oa(p)qél) and Gz
(po), (po(p)qi) on S. Smce po (p)gs + po (p)gi + 1 € | — Kp2|, we have o*(—Ks) — uk ~ E3 +F +
F2 + F3 + G, + G, + (2 —u)Z and T = 5/2. The values P(u) N(u) P(u)2 P(u) Z and ord, (N(u)|z) are

given by the following tables:

u ﬁ(u)&ﬁ(u) E 771 17"2 1?3 G, G, Z
[0,2] P(u) 1 1 1 1 1 1 2—u
]X(u) 0 0 0 0 0 0 0
(2,2] P(u) 1 5—2u 3—u  3—u 5—2u 7 —3u 2—u
N(u) 0 2(u—2) u—2 u—2 2(u—2) 3(u—2) 0
u P(u)? Pu)-Z
[0, 2] 5—u? U
2,3 (5 — 2u)? 2(5 — 2u)
u q ord,(N(w)|)
[0, 2] Z 0
2,3 ZNG, 2u—2)
ZNG, 3u—2)
Z\ (G, UG,) 0
Therefore, we get
5 ifgeZnG,
3 Z 23 .
S(Z2)= E, S(Wm,p): > ifge ZN G,,

2 ifgeZ\ (G UG,).

3
Hence we have
2 1 30
S(E)’ S(W.E.,P) 3

We also calcul~at6 S(~G2). Takqv ueR,,. Let P(u) +N (u) be the Zariski decomposition of o*(—Kj) —
uG,. The values P(u), N(u) and P(u)* are given by the following tables:

4>8 S
3 ()_mm{

u P(u)&N(u) E E, F F, F, G, G, Z

[0, 2] P(u) 0 1 1-2u  1-tu 1 1 1—-u 2—u
Nw) 0 0 2 W0 0 0 u

%,2] f(u) 3—2u 1 3—2u 2—u 1 1 1—u 2—u
N(u) u—-3 0 2u-1) u-—1 0 0 0 u
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u P(u)>
[0, %] 5—4u+ %
3,2] 22 — u)?

Therefore, we get S(G,) = 23/30 by the definition of S(G,). Hence we have 30/23 > §,(S). Therefore,
we get 6,(S) =30/23. O

Proposition 3.4. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.1 (4). Then the local delta invariant 6,(S) is as follows.

peS E\E, E,)\ F, F\F, F, EN\F,(i=3,4) S\Ui,-(EiUFj)
8,(S) 15 15 15 30 30
P

13 17 19 31 23

Nl

Proof. We can assume that we get S from P? as follows.

(1) Take three distinct co-linear points g, g3, g4 € P* and a line I( # g;¢5) passing through ¢;. Let
p1:51 =Bl 43.00P> — P2 be a blowing-up at points q,, g3, ¢4, and let g, € S, be a point at which
of (p));'l and p; '(q,) meet.

(2) Let p,:S, — S; be a blowing-up at ¢,. Then S = §,. Put p = p, 0.

Moreover, we have E, = p'l, E; = p; ' (q2), Fi = (02); ' (o1 (@), F> = (p).'(@1¢3), Es = p~'(g3), Es =
0~ '(q4). We denote D = Z;] a,E; + Z.zzl b;F; € Div(S) (a;, b € Z) by D=(a,, a», a3, as, by, b,). The
intersection matrix of {E|, E,, E3, E,, F\, F,} is

-11.0 0[0 0
1 =10 0|1 0
sl o0o—1o0jo
=1 o0 o0 0-10 1
01 0 021
00 1 1|1 =2

We note that
2
—Ky~2E,+3E,+2F, +F, = (2, 3,0,2, 1) .

(1) The case p € E, \ E,. Set C =E|, then we get T = 2. The values P(u), N(u), P(u)* and P(u) - C is
given by the following table:

u P(u) N(u) P(u)? P(w)-C ord,(N(u)|c)
[0, 1] (2—u,3,6,2,1) 0 5—2u—u* 14u 0
[1,2] (2—u)(1,3,(2), 2,1) (u— 1)(0,3,(2), 2,1 22 —u)? 4 —2u 0

So we get S(E,) =13/15 and S(Wf‘.,p) =11/15. Thus, §,(S) = 15/13 from (1).
(2) The case p € E, \ F,. Set C =E,, then we get T = 3. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following tables:
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u P(u) N(u) P(u)* Pu)-C
4 2
0,11 (23-1,002—2u1—"* ©, 2u, tu) S—ou—2 i
[193] (3_u)(1’ 1’0’07 %9% (M_1’3’070, %uag %(3_1'{)2 2_§u
u 14 ord,(N(W)|c)
(0, 1] E, \ F, 0
[1,3] E,NE, u—1
E\ (E\UF)) 0

Therefore, we get

G lprEzﬂEl,

17
S(Ex) = 15 SW2.p)=

Thus, we have §,(S) = 15/17 from (1).

(3) The case p € F, \ F,. Set C=F, then we get T =2. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pw)-C
2 5
[0, 1] 2,3,0,2—u,1— g) O, %‘ 5— %uz 32—”
2 3

[1,2] (2,4—u,0,2—u,1—§) (O,u—l,O,% %(2—%)(6+u) 2%

u J4 ord,(N(u)|¢)

[09 1] Fl \Fz O

[1’2] Fl rWEZ u— 1

Fi\ (B, UF)) 0

Therefore, we get

I ifpeF NE,

19
S(Fl):E’ S(W,.,p)=

Thus, we have §,(S) = 15/19 from (1).

(4) The case p € F,. Set C=F,, then we get T =3. The values P(u), N(u), P(u)*>, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? P(u)- C
[0,1] (2,3,(2),2—5,1—@ (6,;,0) 542 2

[1,2] (2,3,(1114),2—;,1—“) ((2),(uil),§,0) Y —8u+14) 2t
23] @5—u(-wd—ulow Ou—2u-1),0) (G —up? 3—u
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u p ord,(N(u)|c)
[0, 1] F,NF, 4
FyNE(i=3,4)
F\(FiUE;UE)Y)
(1,2] F,NF,
FyNE(i=3,4)
Fy\ (FiUE;UEy)
[2,3] F,NF,
FyNE(i=3,4)
F,\ (F, UE; UE,)

| vz © Owi

< < <
1o
—_— —

o

Therefore, we get

I

ipr(FlﬁFz),

Iu

ifpeF, NE(i=3,4),

30

7
S(F) = 3 S(W.2,p) =

|oe

iprFz\(FIUE3UE4).

5

Thus, we have §,(S) =5/7 from (1).
(5) The case p € E5 \ F,. Set C = E;, then we get T = 2. The values P(u), N(u), P(u)* and P(u) - C is
given by the following table:

u P(u) N(u) P(u)? Pu)-C
4 2
[0, 3] (2,3, —u,0,2—4,1—2u) (0,4, 2u) 5-2u—% 1+%

3
[%,2] 2,3, —u,3—2u,3—u,3—-2u) (0,2u—3,u—1,2(u—1)) 8—6u+u* 3—u

Moreover, ord,(N(u)|c) = 0. Therefore, we get S(E;) =31/30 and S(Wfi,p) = 19/30. Thus, we have
8,(S) =30/31 from (1).
(6) Thecasep e S\ (Ui,/ (E;U Fj)). Set C=p ' p(p)g,. Wenote that C € |p*H — E; — F|and C ~ E, +

2
E,. Hence we have — Ky — uC~ 2 —uwE, + (3 —w)E, +2F, + F, = <2 —u,3—u,0,2, 1) and T =2.
The values P(«), N(u), P(u)* and P(u) - C is given by the following table:

u P(u) N(u) P(u)’ Pu)-C
2 4

[0, 2 (2—u,3—u,o,22—§u,1—§) (g,gu,g S—du+ 2 22y

3,2] 2 —u)1,3,0,2,1) 0,2u—3,0,2u—Dyu—1)  22—u} 22—u)

Moreover, ord,(N(u)|c) = 0. Therefore, we get S(C) =23/30 and S(Wf_, p) =22/30. Thus, we have
8,(S) =30/23 from (1). O

Proposition 3.5. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.1 (5). Then the local delta invariant 5,(S) is as follows.
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peSs E\F F\F F, F3\ F E\F S\U, (EUF)
5,(S) 15 30 15 10 3
14

16 43 19 13 4

ol

Proof. We can assume that we get S from P? as follows.

(1) Take two distinct points g,, ¢, € P*. Let p,:S, = Bl,,, ,,,P* — P? be the composition of blowing-
ups at points ¢, ¢, and let ¢, € S, be the point at which (p0,);'(¢1¢3) and p; ' (¢;) meet.
(2) Let p,:S, — S; be a blowing-up at g,. Take a point

s € p5 (g \ (0102, (@ q) U (02)," (0 (q1)) -
(3) Let p3:S; — S, be a blowing-up at g;. Then S = S;. Put p = p, 0,0;.
Moreover, we have E, =(00);'(p;'(qs)). Fi=p'@qs). F.=(p:).'(p;'(q2)), Fs=

(0203);' (07 (q1))s E» = p3'(q3). by D = (ay, as, by, by, by). The intersection matrix of {E,, E,, F\, F», F3}
is
101

-1 0
-2

S

Il
o~ O
— O

—_— O
— OO O

1 -2
0 0j]0 1 =2
‘We note that _KS ~ 2E1 + 3E2 + 3F1 +4F2 + 2F3 = (2, 3, 3, 4, 2)

(1) The case p€ E; \ F,. Set C =E|, then we get T = 2. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pu)-C ord,(Nwlc)

0,2 @Q—u,3,3-2w4—42-4 (0,0,3u,% % 5-2u—" 14 0

599 g

Therefore, we get S(E,) = 16/15 and S(Wfl.,p) =4/5. Thus, we have 6,(S) = 15/16.
(2) The case p € F, \ F,. Set C=Fy, then we get T =3. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)’ Pu)-C
[0,1] (2,3,3—u,4—23—“,2—g—‘ (0,0,0,gu,;—’ 5—;—‘u2 47“
[l,%] (3—u,3,3—u,4—%,2—§) (u—l,0,0,%u,g 6—2u—%2 I+3
%,3] GB—-u)1,2,1,2,1) u—1,2u—3,0,2(u—1,u—1) 3 —u)? 3—u
u b4 ord,(N(u)|c)
[0,1] Fi\F, 0
[1, % F, NE, u—1
Fi\(E,UF),) 0
3,3] FiNE, u—1
Fi\(E\UF) 0
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Therefore, we get

12 lfpe(FlﬂEl),

43
S(F1)=%, SW..p) =
B ifpeF \(E,UF,).

8l

Thus, we have 6,(S) =30/43.
(3) The case p€F,. Set C=F,, then we get T =3. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pu)-C
0.1  (23.3-5@—uw2-15 0.0, .0, & 50 u
1,2  Q4-u3=%@—u2-" ©O,u—1,%0,¢ 6 — 2u 1
2
2, 3] @—u1,1,1,1,1 W—2,(u=1),0,%) 8—dut+= 22—t
u )4 ord,(N(u)|¢)
[0, 1] F,NE, 0
F,NF, s
F,NF, :
Fy\(E, UF, UF;) 0
[1,2] F,NE, u—1
F,NF, s
F, N F, F
Fo\(E, UF, UF) 0
2, 3] F,NE, u—1
F,NF, u—1
F,NF, s
Fy\ (E, UF, UFs) 0

Therefore, we get

B ifpe(F,NF),

S(F,) = 3’ S(W.2.p) =
. 1fp€(F2ﬂE2),

(SIS

lfper\(EzuFl UF3)

Thus, we have §,(S) =5/9.
(4) The case p € E, \ F,. Set C = E,, then we get T = 3. The values P(u), N(u), P(u)* and P(u) - C are
given by the following table:

u P(u) N(u) P(uy?® P@u)-C
0,2 23-u3—5@E—u,2-" 0,0, %1, & 5—2u 1
[2.3] G-u)2,1,2,2,1) Qu—4,0,2u—320—Du—1) G—up 3—u
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Moreover, ord,(N(u)|c) = 0. Therefore, we get S(E,) =19/15 and S(W.Ej, p)=7/15. Thus, we have
38,(8) =15/19 from (1).
(5) The case p € F5 \ F,. Set C = F;, then we get T = 2. The values P(u), N(u), P(u)* and P(u) - C are
given by the following table:

u P(u) N(u) P(u)* Pu)-C
[09% (29353_55(4_214)32_”) (090’ g» %I’t,O) 5_3142 %
221 (2,280 —u),4—u,23—u),2—u) (0,2u—3,u—1,2u—1),0) 42 —u) 2

;’

Moreover, ord,(N(u)|c) = 0. Therefore, we get S(F3) =13/10 and S(Wfi,p) =4/5. Thus, we have
38,(5) =10/13 from (1).
(6) The case pe S\ (U,.J. (E;U Fj)). Let C:= p'p(p)q,. We note that C € |p*H — E, — F, — F3| and
C~E +E,+F, +F, Hence we have — Ky —uC~ Q2 —uwE, + 3—wE, + 3 —uw)F, + (4 —wF, +
2F; and t = 2. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C ord,(N(u)lc)
2
0,21 @-u3—u3 -3 ud—2u2-3u %0,1,2,3) S—dut+2 2-3y 0
Therefore, we get S(C) =4/5 and S(Wf.,p) =7/10. We have 6,(5) =5/4. O

Proposition 3.6. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.1 (6). Then the local delta invariant 5,(S) is as follows.

pES Fi\F, F)\ F; F;3 Fy\ F; E\\ F; S\(E1UU,-F]')
8,(S) 3 5 9 3 [
'p

! 1

<iw

3 5 5

Proof. We can assume that we get S from P? as follows.

(1) Takeapointg, € P*and aline / passing through ¢,. Let p,:S, = Bl,,,’* — P be the blowing-up
at point g, and let ¢, € S, be the point at which (p,);'/ and pfl(ql) meet.

(2) Let p,:S, — S| be a blowing-up at g, and let g; € S, be the point at which (p, pz);‘l and p{l(qz)
meet.

(3) Let p3:S5 — S, be a blowing-up at g;. Take a point

g4 € p5 () \ ((P10205); ' 1U (03)." (05 ' (92))) -

(4) Let p4:S; — S5 be the blowing-up at g4. Then S = S,. Put p = p,0,0304-

Moreover, we have E,=p;'(qs), Fi=(p:03ps); ‘(p;(ql)), Fy=(pspa);" (py'(q2)),  Fs=
(02);'(p3'(q3)), Fya=p;'l. We denote D=a,E, + > biF;€Div(S) (a,beZ) by D=
(ay, by, by, bs, by). The intersection matrix of {E,, F,, F,, F5, F,} is

~1/0 0 1 0
21 0 0
21 0

1

=
Il
oc—oco

1
0 1 =2
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We note that _KS ~ 5E1 + 2F1 + 4F2 + 6F3 + 3F4 = (5, 2, 4, 6, 3)
(1) The case p € Fy \ F,. Set C = F,, then we get T = 2. The values P(u), N(u), P(u)* and P(u) - C are
given by the following table:

u P(u) N(u) P(u)’ P(u)-C ord,(Nwlc)
[0,2] (5,2—u,4—3u,6—%3—1u) (0,0,2 ) 34 —uw) EL 0

! ’2’ 4

Therefore, we get S(F;) =4/3 and S(WF p)=11/6. Thus, we have §,(S) =3/4.
(2) The case pe F, \ F5. Set C=F,, then we get T =4. The values P(u), N(u), P(u)*>, P(u)- C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pu)-C
03] (52— %4—u6—2u3— % 0,£,0,2u, S6-w)  Cu
3.4] (4—u)(2, L1,2,1) Qu-3%020—u—-1) f@-w &

u p ord,(N(u)|c)
[0, 3] F,NF, 5

B\ (FUFy) 0
[5,4] FyNF, 5

)\ (F,UF3) 0

Therefore, we get

1 i
S(Fy) = rE S(W,2.p)=

Thus, we have §,(S) =6/11.
(3) The case p € F5. Set C=F;, then we get T =6. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)* Pu)-C
[0, 1] (5,2—§u,4—@ (6 u),3—73) (0,;,2;‘,0 4 5——u §u
[1,6] (6—u2—754- 3 ¢ (6—u),3—7%) (u—1,35 ,3,0“ (66”)2 %
u )4 ord,(N(u)|c)
[0, 1] F;NF, &
F5NF, 4
F;NE, 0
Fi\ (F,UF, UE)) 0
[1,6] FiNF, &
F;NF, 4
F;NE, u—1
F;\(F,UF,UE)) 0
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Therefore, we get

lfpe(F3ﬂF2),

o

©

7 F
StF)=3, SW..p)=

KN

Wl

ifpe(F;NE),

Thus, we have §,(S) =3/7.
(4) The case p € F,\ F5. Set C=F,, then we get T =3. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u? Pu)-C
[09 %] (5’2_£>4_§5 _%u’3_u) (0’ ﬁ’ %9 %I’t’O) %(4_142) %u
;—‘,3] B—-u)@3,1,2,3,1) Gu—4,u—1,2u—1,3u—-1,0 G—-u? 3—u

Moreover, we have ord,(N(u)|c) = 0. Therefore, we get S(F,) =13/9 and S(Wfﬁ,p) =5/9. Thus, we
have 6,(S) =9/13.
(5) The case p € E, \ F5. Set C=E|, then we get T =5. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? Pu)-C ord,(N(u)|¢)
0,51 G-w 358 0wt bulyy 2 = 0

Therefore, we get S(E;) =5/3 and S(W.1, p) = 1/3. Thus, we have §,(S) = 3/5.
(6) The case p € S\ (E; U, F)).
Let C:= p_'p(p)q:. We note that C ~ 2E, + F, + 2F; + F,. Hence we have —Ky — uC ~ (5 — 2u)E, +
2F + @& —wF, + (6 —2u)F3;+ B3 —wF, =06 —2u,2,4 — u,6 —2u,3 — u). The values P(u), N(u),
P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following table:

u P(u) N(u) P(u)? P(u)-C  ord,(N(u)|c)

2 —2u
[0, %] (5 —2u)(, % %, % %) (0, ;—‘u, gu %u éu) % 5 —2u) % 0
Therefore, we get S(C) =5/6 and S(Wf., p) = 1/6. Thus, we have §,(S) =6/5. O

At the end of this section, we introduce the local delta invariants of del Pezzo surface of degree 5.
Since the computation of local delta invariants of the surface is essentially done in [2, Lemma 2.11], we
omit the proof.

Proposition 3.7. Let S be the del Pezzo surface with the anti-canonical degree 5. Then, for a pointp € S,
it holds that

B if p lies on a (—1)-curve,

8P(S) — { 13

‘3‘ if p does not lies on all (—1)-curves.
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4. The case of the anti-canonical degree 6

Let us use the assumptions and notations of Section 2. Suppose K? = 6.

Proposition 4.1. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.2 (1). Then the local delta invariant §,(S) is as follows.

8,(8) g

10

S\(U,EUF)
6

5

e | Ny

Proof. We can assume that we get S from P? as follows. Take three colinear points g, ¢, q; € P*
and the line / passing through these points. Then we have p:S =Bl ,,,,P* — P*. Moreover, we
have E;:= p~'(¢;) (i=1,2,3) and F = p_'l. We denote D = Z; a;E; + bF € Div(S) (a;, b € Z) by
D = (a,, a,, as, b). The intersection matrix of {E,, E, E3, F} is

We note that — K ~ 2E, + 2E, + 2E; + 3F = (2,2, 2, 3).
(1) The case p € E,. Set C=E,, then we get T =2. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N Py’ Pw)-C
[0, 2] 2—u2,23-1 0,0,0, 6—2u—" 2z
u P ord,(N(u)|c)
[0, 2] ENF E
E\F 0

Therefore, we get

10 ) g ifpe E\\ F,
S(E1)=3, SW,..p)=
Thus, we have
=% ifpeE\\F,

3,(S)
>2 ifpeE NF.

For i =2, 3, one can show

=2 ifpeE\F,
8,(S)
3 .
ZZ lfpeE,ﬂF,

by the same calculation.
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(2) The case p € F. Set C = F, then we get T = 3. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢)

are given by the following tables:

u P(u) N(u) P(u)? Pu)-C
[0, 1] 2,2,2,3 —u) 0 6 —2u® 2u
[1,3] (3—u)(i) (u— 1)(1,0) (3 —u) 3—u
u b4 ord,(N(u)|c)
[0, 1] F 0
[1,3] FNE (i=1,2,3) u—1
F\ U?:I E; 0

Therefore, we get S(F) =4/3 by the definition of S(F). Hence we get 3/4 > §,(S) for any p € F. If
peFNU._,,; Ei then we have §,(S) > 3/4 by (1). Hence we get §,(S)=3/4atpe FNJ_,,; Ei. If
peF\ Ui=],2,3 E,, then we have S(Wf.,p) =10/9. Hence, we have

3 . 1 1 3

2> zminy =

4 S(F) SW/..p)} 4

ata point p € F\ |J,_, ,; Ei. Thus, we have §,(S) =3/4 for any p € F.

(3) Thecasep e S\ (Ul E U F) Consider a blowing up 0:S — S at p. Let E; and F be the proper trans-
form of E; and F, respectively. Take three (—1)-curves G, := (po);'(po (p)g;) fori =1, 2, 3. We note that
0*(—=Ks) ~ Gi + G, + G; + 3Z. Hence, we have 0*(—Ks) —uZ~ G, + G, + G; + (3 —u)Z and T=3.
The values P(u), N(u), P(u)*, P(u) - Z and ord,(N(u)|,) are given by the following tables:

u P(u)&N (1) G, G, G, z
[0,2] P(u) 1 1 1 3—u
N(u) 0 0 0 0
[2,3] P(u) 3—u 3—u 3—u 3—u
N(u) u—2 u—2 u—2 0
u P(u)> Pu)-Z
[0, 2] 6 —u? u
[2,3] 23 — u)? 23 —u)
u q ord, (N (u)|z)
[0, 2] z 0
[2,3] ZNG, (i=1,2,3) u—2

Z\(GIUG,UG,)

0

Therefore, we get

O 1

5
SZ)=3. SW.q=

W

Thus, we have §,(S) = 6/5 from Corollary 1.
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Proposition 4.2. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.2 (2). Then the local delta invariant §,(S) is as follows.

pES E]\Ez,E4\E3 Ez,E3 F\(EzUE3) S\(U,EIUF)
8,(S) kA 9 9 9

10 11 11 B

Proof. We denote D = Z; a,E; 4+ bF € Div(S) (a;, b € Z) by D = (a,, a», a3, a4, b). The intersection
matrix of {E\, E,, E5, E,, F} is

0]0
01
11
0

1
1 0 \—2

We note that —Ks ~2E, +3E, + E; +2F =(2,3,1,0,2).

(1) The case p € E; \ E,. Set C =E;, then we get T =2. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C ord,(N(u)|c)
[0, 1] 2—-u,3,1,0,2) 0 (6 —2u —u?) 1+u 0
1,21 @—u,5—2u,1,0,3 —u) (u—l)(0,2,(2),1) 5—2u 3—u 0

Therefore, we get S(E,) = 10/9 and S(Wf‘.,p) =77/9. Hence we have §,(S) =9/10. We can check
3,(8) =9/10 for p € E, \ E; by the same calculation.
(2) The case p € E,. Set C=E,, then we get T =3. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)* P)-C
[0, 1] (2,3-u,1,0,2—-%) 0,0,0,0,5 6—2u—"“ 1+3
[1,2] G—u,3-u1,02-4% (u—1,0,0,0,% T—4u+*% 2—-3
[2,3] B—u)(1,1,1,0,1) (u—1,0,u—2,0,u—1) (3 — u)* 3—u
u b4 ord,(N(w)|c)
[0, 1] E,NE, 0
E,NF 5
E,\(E,UF) 0
[1,2] E,NE, u—1
E,NF 5
E,\(E,UF) 0
[2,3] E,NE, u—1
E,NF u—1
E,\(E,UF) 0
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Therefore, we get
1 if S E2 NE 1s

SW2,p)={% ifpeENF,

o0’

11
S(E,) = 3,

* ifpeE,\(E,UF).

2

Thus, we have §,(S) =9/11. We can check §,(S) =9/11 for p € E; by the same calculation.
(3) The case p € F \ (E, U E3). Set C = F, then we get T = 2. The values P(u), N(u), P(1)*, P(u) - C and

ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(w)-C ord,(N(ulc)
[0, 1] 2,3,1,0,2 —u) 0 6 —2u? 2u 0
1,21 @2,4—u,2—u,0,2—u) (m—1)0,1,1,0,0) 42 —u) 2 0

Therefore, we get S(F) = 11/9 and S(W/,, p) = 8/9. Thus, we have §,(S) =9/11.
(4) The case p € S\ (U, E; UF)). Let L € |E, + E;| be a smooth irreducible curve. Set C = L, then we
get T = 2. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following table:

u P(u) N(u) P(u)? Pu)-C ord,(N(u)|c)
[0, 2] 2-u,3-u,1,0,2—-7%) 0,0,0,0, 5 w % 0

Therefore, we get S(L) = 8/9 and S(Wﬁ.,p) =7/9. Thus, we have §,(S) =9/8. ]

Proposition 4.3. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.2 (3). Then the local delta invariant §,(S) is as follows.

pGS F|\E| El Fz\El Ez\Fz S\U”(ElUF/)
8,(S) 2 2 3 3 2
14 1 14 4 10 8

PrOOf: We denote D = Zi:l,Z a,-Ei + Zj:ll b/F‘J € DIV(S) (Cl,‘, bj (S Z) by D= (Cl], a,, bl, bz) The inter-

section matrix of {E|, E,, Fy, F,} is

-1 0|1 1

We note that —Ks ~4E, 4+ 2E, +2F, + 3F, =(4,2,2,3).
(1) The case p € F, \ E,. Set C=F}, then we get T =2. The values P(u), N(u), P(u)*, P(u) - C and

ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? Pu)-C  ord,(Nuc)
[0, 1] “4,2,2 —u,3) 0 6 —2u? 2u 0
[1,2] 2B —-u),2,2—u,4—u) (u—1)2,0,0,1) 4Q2—u) 2 0

Therefore, we get S(F;) =11/9 and S(Wf‘.,p) =8/9. Thus, we have §,(5) =9/11.
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(2) The case p € E,. Set C=E,, then we get T =4. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)’ P(u)-C
[0, 2] 4—u22-43-1 0,0,4, % 6—2u 1
2.4 @-wd-u2-44-uw)  Ou—2"%u—1) Gouf o
u p ord,(N(u)|c)
[0,2] ENF, B
ENF, i
E\(FUF) 0
[2,4] E NF, 4
ENF, u—1
E\ (FiUFy) 0

Therefore, we get
1 lfp € E] n F] 5

S(E)—E SWE p)=1% jfpecE NF
D=9 e D)= Iper, 2,

ifpe E,\ U, F

N=a P

Thus, we have §,(S) =9/14.
(3) The case p € F, \ E,. Set C =F,, then we get T = 3. The values P(u), N(u), P(u)*, P(u)- C and

ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? P)-C
[0, 1] 4,2,2,3 —u) 0 6 —2u? 2u
[1,3] GB—-w2,1,1,1) (u—1)2,1,1,0) (3 —u) 3—u
u p ord,(N(u)|c)
[0, 1] F,\E, 0
[1,3] F,NE, u—1
Fy\ (E,UE) 0

Therefore, we get

|z

4 lfp (S Fz N E2,
Sth) =3, SW.2.p) =

W

ifpeF, \(E,UE,).
Thus, we have
Z;t iprFz\(E1 UEZ),

8,(5)
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(4) The case p € E,. Set C=E,, then we get T =2. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pw)-C
3
[0,2] 42 —u,2,3-1) o, " 6—2u—"* 1+t
u P ord,(N(w|c)
[0,2] ENF, 3
E\F, 0

Therefore, we get

[SSR R

lfp (S E2 N Fz,
10 i
S(E,) = R SW..p)=

oI

lfpeEz\Fz

Thus, we have

>3 if(p)=FNE,
5,(5)

== ifpeE\F,.

By (3), we have 3/4 > §,(S) for {p} = F, N E,. Therefore, we get §,(S) = 3/4 for {p} =F, N E,.
(5) Thecasepe S\ (E,UE,UF,UF,).LetL € |E|, + E, + F,| be a smooth irreducible curve. Set C =
L, then we get T = 2. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following

table:
u P(u) N(u) P(u)’ Pu)-C ord,(N(u)|c)
[052] (4_1’{’2_“’2_%53_”) (0303530) W % O
Therefore, we get S(L) = 8/9 and S(Wf.,p) =7/9. Thus, we have §,(S) =9/8. O

Proposition 4.4. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.2 (4). Then the local delta invariant §,(S) is as follows.

pPES Fi\F, F, E\F, E,\ F, S\U;/(EiUF})
8,(S) 2 % 1

4

W w

Proof. Wedenote D= ., a;E; + Zj:l,z b;F; € Div(S) (a;, b; € Z) by D = (ay, a», by, b,). The inter-
section matrix of {E|, E,, F|, F,} is

We note that —Ks ~ 3E, 4+ 3E, +2F, +4F, =(3,3,2,4).
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(1) The case p € Fy \ F». Set C=F,, then we get T =2. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? Pu)-C ord,(N(u)|¢)
[072] (393,2_1"’4_%) (O,an’g w u O

2

Therefore, we get S(F;) =4/3 and S(Wf‘.,p) = 1. Thus, we have §,(5) =3/4.
(2) The case p € F,. Set C=F,, then we get T =4. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pu)-C
[0, 1] (3.3.2— % 4—u (0,0, £,0) 6 u
[1,4] @—u)1,1,1,1) w—1u—1,%0) G’ 2t
u p ord,(N(u)|c)
0, 1] AENF z
FyN(E, UEy) 0
K\ (FLUE UE)) 0
1, 4] F,NF, :
F, N (E, UEy) W= 1
F,\(FIUE,UE,) 0

Therefore, we get

Wl

iprFzﬂFl,

. !

5
S(Fz)=§, SW.p)=13 ifpe F,N(E UEy),

lfper\(Fl UE] UEQ)

=

Thus, we have §,(S) = 3/5 in this case.
(3) The case p € E; \ F,. Set C =E;,, then we get T = 3. The values P(u), N(u), P(u)?, P(u)-C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C ord,(N(u)|c)
[O,%] (3—u,3,2—§,4—§u) (0,0,§,§u) 6—2u—§ 1+ 0
%,3] B—-u)1,2,1,2) 0,2u—3,u—1,2(u—1) 3 —u)? 3—u 0

Therefore, we get S(E,) =5/4 and S(Wfl.,p) =7/12. Thus, we have §,(S) =4/5.
(4) Thecasepe S\ (E,UE,UF, UF,).Let L € |E, + E, + F,| be a smooth irreducible curve. Set C =
L, then we get T = 3. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following
table:
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u P(u) N(u) P(u)? Pu)-C ord,(N(u)|c)
03]  G-w@13dH  003FyH B oW 0
Therefore, we get S(L) =1 and S(Wi,,p) =2/3. Thus, we have §,(S) = 1. ]

Proposition 4.5. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.2 (5). Then the local delta invariant §,(S) is as follows.

PES Fi\F, F,\E E F\E S\(EUU, F)
5,() : : p 3 !

Proof. We denote D = aFE + ZJ.=]’23 b;F; € Div(S) (a, b; € Z) by D = (a, by, by, b;). The intersection
matrix of {E, F,, F>, F3} is

We note that —K ~ 6FE + 2F, + 4F, + 3F; = (6, 2,4, 3).
(1) The case p € F\ \ F,. Set C=F, then we get T =2. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C ord,(N(u)|c)
[0, 2] 6,2 —u,4-3,3) (0,0,%,0) @ 3u 0

> 20 2

Therefore, we get S(F,) =4/3 and S(Wf;,p) = 1. Thus, we have §,(S) = 3/4.
(2) The case p€ F, \ E. Set C=F,, then we get t =4. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C
[0, 1] (6,2~ 4,4 —u,3) 0,4,0,0) 6% %"
[1,4] @—w2 51,1 Qu—1),%,0,u—1) ol 21t
u P ord,(N(u)|c)
[0, 1] F,NF, 4
F,\ (F, UE) 0
[1,4] F,NF, 4
F,\ (F\UE) 0

Therefore, we get

iprFszl,

[SAFN

o0’

5
S(F) = 3 S(W.2,p) =

=

ifpe F,\ (F, UE).
Thus, we have §,(S) =3/5.
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(3) The case p € E. Set C = E, then we get T = 6. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢)
are given by the following tables:

u P(u) N(u) P(u)* Pw)-C
[0, 6] G—u1,L 21 0, 2 16— 1) L6 —u)
u p ord,(N(u)|¢)

[0, 6] ENF, z
ENF, !
E\ (F,UF3) 0

Therefore, we get

w

S(E)=2, S(WE, p)=

[SSERN

ifpe ENF;,

L ifpe E\(F,UF,).

Thus, we have §,(S) = 1/2 in this case.
(4) The case p € F5 \ E. Set C = Fj, then we get t =3. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? P(u)-C  ord,(Nu)|c)
[0, 1] (6,2,4,3 —u) 0 6 — 2u? 2u 0
[1,3] (@G-w@3,1,2,1) @-0DG,1,2,00 G—uw)? 3—u 0

Therefore, we get S(F3) =4/3 and S(W!3, p) = 2/3. Thus, we have §,(S) =3/4.

e’

(5) Thecasepe S\ (EUF, UF,UF;).Let L € |2E + F, + F3| be a smooth irreducible curve. Set C =
L, then we get T = 3. The values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following

table:
u P(u) N(u) P(u)* P(u)-C ord,(N(u)|c)
03  G-wiih  ©F40 e 2w 0
Therefore, we get S(L) =1 and S(Wf., p) =2/3. Thus, we have §,(S) = 1. O]

At the end of this section, we introduce the local delta invariants of del Pezzo surface of degree 6.
We omit the proof.

Proposition 4.6. Let S be the del Pezzo surface with the anti-canonical degree 6. The local delta
invariant 8,(S) of S at p € S is as follows.

pesS p lies on a (—1) curve p does NOT lies on any (—1) curve
8,(S) 1 g
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5. The case of the anti-canonical degree 7

Let us use the assumptions and notations of Section 2. Suppose K* =7.

Proposition 5.1. Suppose that the dual graph of the (—1)-curves and (—2)-curves on S is same as in
Theorem 1.3 (1). Then the local delta invariant §,(S) is as follows.

pes E \E, E F\E, S\(E,UE,UF)
8,(S) 5 B 5 5

Proof. We denote D = Zi:l,z a;E; + F € Div(S) (a;, b € Z) by D = (ay, a,, b). The intersection matrix
of {El, Ez, F} is

We note that — K ~ 3E, +4E, + 2F = (3,4, 2).

(1) The case p € E, \ E,. Set C =E;, then we get T =3. The values P(u), N(u), P(u)*, P(u) - C and
ord,(N(u)|c) are given by the following table:

u P(u) N(u) P(u)? Puw)-C  ord,(N(u)|c)
0,11 (G—u42) 0 T—2u—w  l+u 0
(1,31 G-w1,2,1) (u—1)0,2,1) (3 — )y 3—u 0

Therefore, S(E,) =25/21 and S(W.E;,p) =15/21. Thus, we have §,(S) =21/25.
(2) The case p € E,. Set C=E,, then we get T =4. The values P(u), N(u), P(u)*, P(u)-C and
ord,(N(u)|c) are given by the following tables:

u P(u) N(u) P(u)? Pu)-C
[0, 1] G.d—u2-1 0,0, 7—2u—”%—2 1+t
[1,4] @—u1,1,1 u—1,0,4) 2(2-14) 2
u P ord,(N(u)|¢)
[0, 1] E.NE, 0
ENF z
E\(FUE) 0
[1,4] ENE, u—1
E,NF 5
E;\(FUE)) 0
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Therefore, we get

% lfpeEzﬁE],

31
S(E2) =77

T S(W.2,p) =

1o

ifpeE,NF,

Thus, we have 6,(S) =21/31 for p € E,.
(3) The case p€ F\ E,. Set C=F, then we get T =2. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following table:

" P(u) Nw) P(u)? Pw)-C  ord,(N(lc)
[0, 1] (3,4,2 —u) 0 7 — 22 2u 0
[1,2] (3,5—u,2—u) (u—1)0,1,0) 8 —2u—u’ 1+u 0

Therefore, we get S(F) =9/7 and S(W!,, p) =23/21. Thus, we have §,(S) =7/9.
(4) Thecasepe S\ (E,UE,UF). Let L € |E, + E| be a smooth irreducible curve.

Set C = L, then we get T = 3. The values P(u), N(«), P(u)?, P(u) - C and ord,(N(u)|c) are given by
the following table:

u P(u) N(u) P(u)* Pw)-C ord,(N(u)|c)

[0, 2] G—ud4—u?2-7% ©,0, % 7—4u+§ 2-3 0

[2,3] G—-u(1,2,1) O,u—2,u—1) (3 — u)? 3—u 0

Since we get S(L) =23/21 and S(Wi.,p) =15/21, we have §,(S) =21/23. O

At the end of this section, we introduce the local delta invariants of del Pezzo surface of degree 7.
We omit the proof.

Proposition 5.2. Suppose that the dual graph of the (—1)-curves on S is same as in Theorem 1.3 (2).
Then the local delta invariant §,(S) is as follows.

pPES (E\UE5)\E, E, S\ (E\UE, UE3)
3,(S) % % 4

6. The case of the anti-canonical degree 8

Let us use assumptions and notations of Section 2. Suppose K* = 8.

Proposition 6.1. If S = X,, then for any point p € S, it holds that

3
Sp(S) = Z

Proof. We denote D = aCy, + bT" € Div(S) (a, b € Z) by D = (a, b). The intersection matrix of {Cy, I'}

is
21
a= (70)

We note that — K3 ~2C, + 4I" = (2, 4).
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(1) The case p € C,. Set C=C,, then we get T =2. The values P(u), N(u), P(u)*, P(u)- C and
ord,(N(u)|c) are given by the following table:

u P(u) N(w) P(uy? Pu)-C ord,(N(u)|c)
[0, 2] 2 —u4) 0 24 — 1) 2u 0

Therefore, we get S(Cy) =4/3 and S(Wff,p) =4/3. Thus, we have §,(S) =3/4.
(2) The case p € S\ C,. Let I' be the fiber of 7 passing through p. Set C =T, then we get T =4. The
values P(u), N(u), P(u)*, P(u) - C and ord,(N(u)|¢) are given by the following table:

u P(u) N(u) P(u)* Pu)-C ord,(N(uw)|c)
0,4  Q2-%4-w L0y 22-4y = 0
Therefore, we get S(I') =4/3 and S(Wz.,p) =2/3. Thus, we have §,(S) = 3/4. ]

At the end of this section, we introduce the local delta invariants of del Pezzo surface of degree 8.
We omit the proof.

Proposition 6.2. If S = X, then for any point p € S, it holds that
g lfp € Co,

2 ifpeS\ G

13

5,(8) =
IfS=3,=P' x P!, then for any point p € S, it holds that §,(S) = 1.
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