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Abstract  Let d(c) denote the Hausdorff dimension of the Julia set J.. of the polynomial f.(z) = 22 +c.
The function ¢ — d(c) is real-analytic on the interval (—3/4,1/4), which is in the domain bounded by
the main cardioid of the Mandelbrot set. We prove that the function d is convex close to 1/4 on the left
side of it.
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1. Introduction

Let us consider the family of quadratic polynomials of the form
fo(z) =22 +c

We define the filled-in Julia set K. as the set of all points that do not escape to infinity
under iteration of f.. The Julia set J. is defined as the boundary of K., i.e.

Jo=0K,=0{z € C: fl(z) » oo}

The Mandelbrot set M is the set of all parameters ¢ for which the Julia set J. is
connected, or, equivalently,

M={ceC: f(0) » oo}.

We are interested in the function ¢ — d(c), where d(¢) = HD(J,) denotes the Hausdorff
dimension of the Julia set J..

Recall that a polynomial f: C — C (or more generally a rational function) is called
hyperbolic (expanding) if there exists n € N such that for all z € J(f), |(f™) (z)| > 1.

The function d is real-analytic on each hyperbolic component of Int M (consisting of
parameters related to hyperbolic maps) as well as on the exterior of M (see [12]). In
particular, d is real-analytic on M° and M'/? (see the definitions below).
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Figure 1. The Hausdorff dimension of J..

The component M (the largest component of Int M, bounded by the so-called main
cardioid) consists of all parameters ¢ for which the polynomial f. has an attracting fixed
point. Note that M® NR = (—3/4,1/4), and the polynomial f;/4 has a parabolic fixed
point with one petal: f],,(1/2) = 1.

The component M'/? (called the 1/2 bulb) consists of all parameters for which f, has
a minimal period 2 attracting periodic orbit. We have M/2NR = (—5/4, —3/4), and the
parameter ¢ = —3/4 is a common point of the closures of M° and M?*/2_The polynomial
f—3/4 has a parabolic fixed point with two petals: fL3/4(—1/2) =—1.

Let us consider ¢ € R. Bodart and Zinsmeister proved that the Hausdorff dimension
is continuous when the parameter tends to 1/4 from the left (see [1]). It follows from [9]
that the function d|g is continuous on the interval (creig, 1/4], where creig = —1.401 is the
Feigenbaum parameter (in particular, d|g is continuous on [—5/4,1/4] = (MY/2 U MO)N
R). Note that d|g is not right-continuous at 1/4, i.e. when ¢ approaches 1/4 from outside
of the Mandelbrot set (see [2]).

In [4] Havard and Zinsmeister studied more precisely the behaviour of d on the left
side of 1/4. They proved the following theorem.

Theorem HZ. There exist ¢; < 1/4 and K > 1 such that for every ¢ € (c1,1/4),

1 /1 aa/o-s/2 1 d(1/4)-3/2
—_(Z = < < - — .
K(4 c) \d(c)\K(4 c)

We know from [3] that d(1/4) < 3/2. Thus, d’(¢) — +o0o when ¢ — 1/4~.
In §7 we present a strategy for the proof of Theorem HZ. It can help the reader to
understand results from §§8 and 9, which we need to prove the following theorem.

Theorem 1.1. There exists ¢; < 1/4 such that
d"(c) >0,

where ¢ € (c1,1/4) (i.e. d is a convex function on the interval (c1,1/4)). Moreover,
d"(¢) — oo when ¢ — 1/4™.
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A motivation is the expectation that d’(c¢) looks similar to the estimating function
(1/4 — ¢)¥/4)=3/2 wwhose derivative is positive. Theorem 1.1 is a step towards this.

It seems also plausible that the function d is convex on the interval [—3/4,1/4] (see
Figure 1, which was made with the use of McMullen’s program [8]). But until now it was
only known that d was convex on a neighbourhood of 0 (see [12]); moreover,

dlc) =1+ |c|? + higher-order terms.

1
4log2

If ¢ decreases to the left endpoint of [—3/4,1/4], then the derivative d’(c) tends to —oo
(see [6]). So presumably the function d is convex to the right of —3/4, but this cannot
be proven in exactly the same way as Theorem 1.1.

Moreover, d'(¢) — —oo when ¢ — —3/4~ (see [7]). So this leads to the conjecture that
d is concave on the left side of —3/4. Of course, this result also means that d cannot be
convex on the interval [-5/4, —3/4].

2. Thermodynamical formalism

We shall repeat after [6, §2] the basic notions.

If ¢ € M, then there exists the function @.: C\D — C\ K, (called the Bottcher coor-
dinate), which is holomorphic, bijective, tangent to identity at infinity, and conjugating
T(s) =s?to f. (i.e. ®. 0T = f.0®.). For c € M°U {1/4} the Julia set J. is a Jordan
curve, and thus the function ¢.: C\ D — C\ K, has homeomorphic extension to oD
(Carathéodory’s theorem), and @, conjugates T'|sp to fels,.

The map (c,s) — D.(s) gives a holomorphic motion for ¢ € MY (see [5]). Thus, the
functions @, are quasi-conformal, and then also Holder continuous, whereas ¢ — @.(s)
are holomorphic for every s € C\ D (in particular, for s € OD).

Now we use the thermodynamical formalism, which holds for hyperbolic rational maps.
We will consider only such maps. Let X = 9D, T(s) = s, and let p: X — R be a
potential function of the form ¢ = —tlog|2®.| for ¢ € (—=3/4,1/4), t € R. Note that
20.(s) = fi(z), where z = D.(s).

The topological pressure can be defined as

1 _
P(T,p) := lim —log Z eSn(¢(@)

n—oo n
€T (x)

where S, () = ZZ;; ¢ o T*, and the limit exists and does not depend on z € dD. If
¢ = —tlog|2®.| and &.(Z) = Z, then e (*@) = |(f)/(z)|~*, and hence
1 1 n\//=\|—t
P(T, —tlog |20.[) = lim —log »_ |(f2)'(2)|™".
zefe " (2)

The function t — P(T, —tlog|2®.|) is strictly decreasing from +o0o to —oo. So, there
exists a unique to such that P(T,—tplog|2®.|) = 0. By Bowen’s theorem (see [10,

https://doi.org/10.1017/50013091516000481 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091516000481

914 L. Jaksztas
Corollary 9.1.7] or [13, Theorem 5.12]) we obtain
to = HD(J,).

Thus, we have P(T, —d(c)log |2®.|) = 0. Write ¢, := —d(c) log |2&.].
The Ruelle operator, or the transfer operator, L,: CY(X) — C°(X) is defined as

Low)():= Y u@e?®. (2.1)
FET—1(x)
The Perron-Frobenius-Ruelle theorem [13, Theorem 4.1] asserts that 8 = eP(T#) is a
single eigenvalue of £, associated with an eigenfunction Bw > 0. Moreover, there exists
a unique probability measure &, such that L7, (0,) = Bd,, where L7 is dual to L.

For ¢ = ¢, we have 3 = 1, and then fi,, := ;L%‘D@oc is a T-invariant measure called an
equilibrium state (we assume that this measure is normalized). We denote by . and fi.
the measures @,, and fi,,, respectively (measures supported on the unit circle). Next,
we take pe := (@)t and w, 1= (P¢)«. (measures supported on J.).

So, the measure p. is f.-invariant, whereas w, is called an f.-conformal measure with
exponent d(c), i.e. w. is a Borel probability measure such that, for every Borel subset
AcC J,

welfo(4)) = /A 9 du, (2.2)

provided that f. is injective on A.

3. Variations of the Hausdorff dimension

Let p be an ergodic f.-invariant probability measure on J., where ¢ € M? (so, c is a
hyperbolic parameter). Then denote by h,(f.) the measure-theoretic entropy of f. with
respect to p1, and let x,(f.) be the Lyapunov characteristic exponent, i.e.

Xu(fc):/ log | fo| dpe.

c

The Hausdorff dimension of any probability measure v on J, is defined as
HD(v) := inf{HD(Y): v(Y) = 1}.

It follows from [10, Theorem 11.4.1] that, due to hyperbolicity,

hu(fe)
HD(u) = -~ . 3.1
(#) Xlt(fc) (3.1)
Obviously, HD(u) < HD(J.) = d(c¢). Note that the equality holds for the equilibrium

state fic.
Let us fix ¢ € M and let ¢ € M°. We have fic, := (P;")sfc,, and next we take

‘uio = (éc)*ﬂco = (Pco dsc_ol)*,uco-
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So, this is the measure p,, transported to changing J.. Because @, o @C_Ol conjugates fe,
to fe, we conclude that pg is fe-invariant. Moreover,

hugo (fe) = h,ufco (feo)-

By (3.1) we have
hltc (fc)
HD(ug,) = —o =", (3.2)
0 Xugo (fc)
So, we see that the numerator does not depend on c. Note that the equality d(cp) =
HD(p¢,) holds for ¢ = ¢q (i.e. for the unique equilibrium state p., = p).
Next, the denominator can be rewritten as

e, (1) = [ ogiflan, = [ rogl20 d,.

Je

Since ¢ — @.(s) is a holomorphic function for every s € 9D, we conclude that ¢ —
log |®.(s)| and

e [ 10g[20(5) dey () = i, (£
oD

are harmonic functions on M. Thus, we see from (3.2) that ¢ HD(ug,) is an ana-
lytic (and subharmonic) function. Note that the subharmonicity of HD (¢, ) implies the
subharmonicity of d(c) (see [11, Chapter 6.5]).

Now we will assume that c,co € M°NR = (=3/4,1/4). Because c is a hyperbolic
parameter, for every i € N we have

o° g _ o' _
57 X, (fe) = p /8]D> log [2®.| dfic, = /aD e log [2.| dfic, - (3.3)
Next, using the fact that d(c) > HD(ug, ), where the equality holds for ¢ = ¢, we
obtain
d( )—QHD(C) d d’( )>a—2HD(C) (3.4)
“= dc Heo c=co " = Oc? Hea c=cop .
Thus, in order to prove Theorem 1.1, it is enough to estimate (9%/0¢*) HD(pg, ).
Differentiating both sides of (3.2) we obtain
0 (a/ac)XMC (fc) (8/8C)XMC (fc)
- HD(ug,) = =l (feo)———7 52— = —HD(ke,) ———F5— 35
dc ) a 0( (Xugo(fc))2 Xug, (fe) (3.5)
and then
872 HD(,UC ) - (f )(82/802)XM20 (fe) +oh, (f )((8/86))(”20 (fc))2
gz 1PWe) = ~hueg oo 0000 R P A)E
(02/0c*) X, (fe) (0/0c)xpg, (fe) \?
— _HD(us 0% L 9HD(u <> . (36
( 0) Xuﬁo (fc) ( 0) Xuﬁo (fc) ( )

Thus, (3.5) combined with (3.3) and (3.4) leads to the following proposition.
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Proposition 3.1 (Havard and Zinsmeister [4, Proposition 2.1]). If ¢y €
(—3/4,1/4), then

—d(Co) 0
d = — log |29,
(CO) fa]D) IOg |2¢00 | dpfco oD Oc o8 | ‘

Next, (3.6) combined with (3.3) and (3.4) gives us the following lemma.
Lemma 3.2. If ¢y € (—3/4,1/4), then

(0/9)Xpg, (fe)le=ca )2 dleo) [
Xtieg (fCo) Xpreq (fco) ap 02

If c € (—3/4,1/4), then the Lyapunov exponent x, (f.) is positive. In fact, we know
from [4, §§3.2 and 3.3] that

dicy.

Cc=cCq

log |29,

dicy.

c=Cq

d"(co) = 2d(c0)<

lim (£ = tim [ logl20,|df. = [ logl2iilds > 0. (37)
oD oD

c—1/4— c—1/4—
Therefore, Theorem 1.1 follows from Lemma 3.2 and the following lemma.

Lemma 3.3. There exists ¢; < 1/4 such that

82
/a]D @ log IQQPC‘

where ¢y € (¢1,1/4). Moreover, the above integral tends to —oco when ¢o — 1/47.

dfie, <0,

CcC=Co

The rest of the paper is devoted to proving Lemma 3.3.

4. Cylinders

Now we define a partition of D \ {1} onto cylinders C,,. Let

Cr={e"":ac (2" 27"},

where n > 1. The sets CI" form a partition of the upper half-circle. Write C,, := CTJ{;
then

C,:=Clucy.

We see that (J,,, Cn = 0D\ {1}.
We will respectively denote by (. and z. the attracting and repelling fixed points, i.e.

1—+v1—-4c 14++v1—-4c
—_— Ze= ——pf—)

2 ’ 2
where ¢ € (—3/4,1/4). So, we see that ¢, < 1/2 < z. and for ¢ = 1/4 the points (., z.
become the parabolic point 1/2.

Since @.(1) = z., the function @, allows us to define a corresponding partition of
Je \ {zc} onto cylinders Cy,(c).

Cc:
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The set of points that are ‘near’ the fixed point z. is defined as
— U o) = | Cule) Utz
n>N n>N

where N € N. Write
By (c) := J. \ Mn(c).

Hence, By(c) is the set of points that are ‘far’ from z.. Related subsets of 9D will be
denoted by My and By.
Now we give a few basic facts that we will need in the next section.

Lemma 4.1 (Jaksztas [6, Lemma A.1]). For every ¢ € [-3/4,1/4] we have
B(0,1/2) C K,.

Moreover, if ¢ € (—3/4,1/4), then B(0,1/2) N J. = (), whereas for ¢ € {—3/4,1/4} we
have B(0,1/2) N J, = {~1/2,1/2}.

Lemma 4.2.

(1) For every €1 > 0 there exist Ny € N and ¢; < 1/4 such that if ¢ € (¢1,1/4], then
Mn, (¢) C B(1/2,&1).
(2) For every N € N there exists €2 > 0 such that if ¢ € [0,1/4], then

By ()N B(1/2,e5) = 0.

Proof. The Julia set J; /4 is a Jordan curve, so the function @, /4 has homeomorphic
extension to JD (Carathéodory’s theorem). Since &4 ,4(1) = 1/2, the statements hold for
c=1/4.

Next, because of the uniform convergence of . to ;4 (see [4, §3.2.]), the statements
also hold for ¢ € [¢1,1/4] for some ¢; < 1/4.

Finally, since the Julia sets for ¢ € [0, ¢;] are uniformly separated from B(0,1/2) (see
Lemma 4.1), the second statement follows. O

Lemma 4.3. There exists K > 0 such that, for every n > 1 and ¢ € [0,1/4],
diam C),(c) < K dist(Cy(c),[0,1/2]).

Moreover, we can assume that the constant K is arbitrarily small if ¢ < 1/4 is sufficiently
close to 1/4, and n > N for N large enough.

Proof. We see from Lemma 4.1 and Lemma 4.2 (2) that for every N € Nand ¢; < 1/4
the Julia set J. (for ¢ € [0,¢1]) and the sets By(c) (for ¢ € [0,1/2]) are separated
from B(0,1/2). Since diameters of cylinders are bounded, the assertion obviously follows
(possibly the constant K depends on ¢; and N).
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Now we can assume that z € My, where N is large enough, and ¢ is close to 1/4.
Thus, if z € Cy,(c) (n > N), then it follows from Lemma 4.2 (1) that f.(z) is close to 1. So
diam C), 11 (c)/diam Cy,(c) is also close to 1, and the statement follows from the fact that
cylinders C,(¢) ‘tend’ to the fixed point z. > 1/2 along the repelling direction (i.e. along
the ray (z.,00)). O

We end this section with important results from [4].

Proposition 4.4 (Havard and Zinsmeister [4, Proposition 3.2]). There exist
¢1 < 1/4 and K > 0 such that, for every ¢ € (c1,1/4] and every sequence z, € Cy(c),

Z [Im z,| < K.

n=1

If z, € Cp(c), then, for large n, |arg z,| is close to 2|Im z,|. Thus, convergence of the
above series leads to the following corollary.

Corollary 4.5. For every € > 0 there exist ¢; < 1/4 and N € N such that
larg(f2)' ()] <e,
where z € Cyyn(c), 1 <k <nandcé€ (c1,1/4].
Lemma 4.6 (Havard and Zinsmeister [4, §4]). There exists ¢; < 1/4 and for
every N € N there is a constant A(N) > 0 such that if z € J. and ¢ € (¢1,1/4], then

f&(z) € By(c) =

5. Partition of By

For every N, Ny € N we define a family of sets {A%?n}ngo, which forms a partition of
By (cf. [4, Proof of Proposition 4.1] and [6, §12]). Let

A%?n =1 No (Cnin)NBy forn>1
and
A%?o =T (By) N Buy.

The sets A%‘)n(c) are defined as the images of A%‘)n under @..
Let us recall from [4, §3.3] (cf. [6, Lemma 7.1]) that there exists A > 1 such that, for
every n > 1,

AT We(Cr) < ie(Cn) <A We(Ch), (5.1)
k=n k=n
and also [4, §4] (cf. [6, Lemma 7.3])

dic
du,

<A(N), (5.2)
By

where ¢ < 1/4 is close to 1/4 and A(N) depends on N.
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Now we will give two estimates of ﬂc(A%?n). First, in Lemma 5.1, is a stronger version
of the estimate from [4, proof of Proposition 4.1].

Lemma 5.1. There exist K > 0 and ¢; < 1/4 such that for every N € N, Nyg,n > 1
and ¢ € (¢1,1/4] we have
/-Zc(A%?n) < KNO('JC(ON"F’IL)'

Proof. The preimage of Cy,(c) under f, consists of Cy,41(c) and the set C;,, ;(c), which
is placed symmetrically to C),+1(c) with respect to 0.
Since C},(c) C Bo(c), (5.2) gives us

pe(Cr(€)) < A0)we(Cr(c))-

By the uniqueness of w. we get w.(C}(c)) = we(Cn(c)). Thus, the fact that p. is
fe-invariant leads to

pe(fH(Ch(e)) < AMO)we(Cn(©)). (5-3)

The set f7No(Cnin(c)) can be written as

No
FoN(Cran(€)) = Cngneno (€ U (U FE7N(C gk (€))-

k=1
Thus, the above combined with (5.3) leads to
No
fie(ANS) = (N (Cnn(€) N B (e) < Y pe(fE7 N (Cly i (0)))
k=1
No
CA0) Y welCrtnti ()
k=1

S AM0)Nowe(Cn4n(€)),
and the lemma follows. O
Lemma 5.2. For every € > 0 there exist n € N, ¢; < 1/4 such that
We(Cn) < efic(Cr),
where n > 7 and ¢ € (¢1,1/4].

Proof. Using Lemma 4.2 (1) we can assume that f. is as close to 1 as necessary on
the set My (c), where N is large enough and ¢ < 1/4 close to 1/4. Thus, it follows from
(2.2) that w.(Cp41(c))/we(Cr(c)) is close to 1, and the assertion follows from (5.1). O

Lemmas 5.1 and 5.2 lead to the following corollary.

Corollary 5.3. For every Ny € N and £ > 0 there exist n € N, ¢; < 1/4 such that

ﬂc(A%?n) < elle(Cnn),

where N +n > n and ¢ € (c1,1/4].
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Let f.% be an inverse branch of f¥ defined on C\ (—o00,1/2], where k € N. Since the
trajectory of the critical point 0 is included in the interval [0,{.) C [0,1/2], Lemma 4.3
and the Koebe distortion theorem lead to the following lemma.

Lemma 5.4. There exists K > 0 such that for every c € [0,1/4], n > 1, z,y € C,(¢),

and an inverse branch =% we have

c,v

K'< ‘E :

—k
V@)

)/
) ()

Lemma 5.5. There exists K > 0 such that for every ¢ € [0,1/4], n > 1, and an inverse

branch

c,v’

K71

v, where k €N, if z,y € B = f_F(Cy(c)), then

<P /Lo < K

dw, dw,

Proof. The density du./dw. is the limit of L}, (1) (see [13, Theorem 4.1]), where
e = —d(c)log |2P.|. Since 2P, = fL(D.), (2.1) leads to

Ly (W)= > (2 (@e(5) .
s€T—"(s)
Thus, the assertion follows from Lemma 5.4. (]

Lemma 5.6. There exists K > 0 such that for every ¢ € [0,1/4], m > 1, an inverse
branch f*, and a continuous function F: C,,(c) — R*, we have

v

o ) L o)

where B = fF(C,.(c)). Moreover, the statement remains valid if we replace B by

c,v

A%?n(c), which is a union of images of Cy,(c) under f_}, where m = N +n and k = Ny.

v

Proof. Let C' C Cpy(c) and let A = fZF(C) (i.e. A C B). Because w, is a conformal
measure (see (2.2)), Lemma 5.4 leads to

—1
1

Next, Lemma 5.5 gives us

Ky' <=
2 ,LLC(B)

and the lemma follows.

G.(4) | 6.(C)
g@@/

LJC(Cm) X 1

(4) / i(C)
/M%ﬁ2’
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6. The functions 4'5(; and siic
Let . = u + iv, and let &, := (9/c)P.., . := (8?/0c?)P... Then we have

0 ut + vv &,
—log |20, = ——— = — . 1
ac Ogl C‘ u2 +’l)2 Re <d§c) (6 )

Moreover, the key expression whose integrals are to be estimated (see Lemma 3.3) can
be rewritten as

87210 126, = (wii + v + a4+ 00) (u? + v?) — 2(ut + v0)?
§14%cl = (W2 + 02)2

Oc?
. . . .\2 . . \2
_uu—|—vv_ uu + v n UV — VU
T w2402 <u2+v2> (u2+v2)
éc 2 éc 2 (Z.SC
= — — —— I _°
Re <¢c> Re (¢c>+ m <¢C)

() e (). 6

Now we will deal with &, and &.. The function @, conjugates T(s) = s* to f.(z) =
22+ ¢, SO

D.(s?) = P2(s) +c.

Differentiating both sides with respect to ¢, we have

Bo(5%) = 20, (5)Po(5) + 1, (6.3)
and therefore
bo(s) = — L ! b, (s?)
AT 20,(s)  20.(s) ¢

Next, replacing s by s2,s%,..., 827”71, we obtain

) m—1 1

D.(s) =—

(s) kZ:O 2B.(s) - 20,(s2) - - - 2B, (52"

+ 2@6(8) . 247)@(82) ..... 24’)6(82177,—1)
We have f/(z) = 2z, and then 29.(s) = f.(P.(s)). Thus,

. m 1 1 .
%)= =2 @) T v e 64

Let N € N. If s € Cnyn, then define

n

W'N’C(S) ==
k=

,_
—
SR
NI

<
B
(]
—
»
NP
Nt
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Differentiating (6.3), we get

B (s%) = 20%(5) 4 2B.(5)Dc(5).

Thus,
_20%(s) 1 )
2e(3) = 55,5 T 28.05) o)

Similarly to before we obtain

" 292 Tk 1( ) 1 .
L U@ g (65)

If N e Nand s € Cnyy, then we define

~ 207 T’“ 1( )

On.els UH@u(s)

HM

and
- 2k‘712v7c(T’“ 1( )

Ao e 77
o 2 (fE) (@.(s))

M

(6.7)

7. Comments and Theorem HZ

From (6.2) we have

02 b, &, \
/ 8210g|2¢ |ducf/8DRe (@C)dup/aDRe (@C) dfic. (7.1)

Thus, in order to prove Lemma 3.3 (and consequently Theorem 1.1), it is enough to show

that . )
AN &,
Re dfic - oo and Re dfic = —o0, (7.2)
oD @, oD @,

where ¢ — 1/47. Sections 8 and 9 are devoted to proving these two facts (see Proposi-
tions 8.1 and 9.1).
Note that the right-hand side integral of (7.2) diverges faster, and therefore it has a
decisive influence on (7.1). But it is convenient to prove divergence of both the integrals.
The schemes of these two proofs, and some ideas, are very similar to that of the proof

that ]
D,
/ Re ( ) dpg. — —o0. (7.3)
oD Qc

This is the main ingredient in the proof of Theorem HZ (i.e. [4, Theorem 1.1]). Although,
in order to obtain Theorem HZ, the following more precise result is needed.
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Proposition 7.1. For every N € N there exist K > 1 and ¢; < 1/4 such that

d(1/4)—3/2 : d(1/4)—3/2
1 D, . 1/1
-K(--— < — |dpg. < ——=| = — .
(4 ) /8DR6<¢C) 8 K(4 )

Indeed, we know that d(1/4) < 3/2, and thus the integral tends to —oco, and Theorem
HZ is a consequence of the formula from Proposition 3.1 and (3.7).

The rest of this section is devoted to a presentation of the scheme of the proof of
Proposition 7.1.

We will need three lemmas. Note that Proposition 8.1 as well as Proposition 9.1 will
be obtained in a similar way as a consequence of related lemmas. Moreover, we will use
some ideas from the proofs of Lemmas 7.3 and 7.4 (especially Lemma 7.3), and we will
draw a conclusion from Lemma 7.2.

Let us divide 0D into two sets, By and M y.

Lemma 7.2. For every N € N there exist K > 1 and ¢; < 1/4 such that

1 /1 d(1/4)—3/2 ' 1 d(1/4)—3/2
—=-- < UNeldpe < K - — :
wlime) o, o< n (=)

In particular, lim,_, /4~ ‘[MN Uy e

dyie. = oo.

Lemma 7.3. There exists ¢; < 1/4 such that for every N € N there is a constant
A(N) > 0 such that

/ ol it < AN,
BN

provided that ¢ € (c1,1/4).

Lemma 7.4. There exists ¢; < 1/4 such that for every N € N there is a constant
A(N) > 0 such that

/ b — Wy o] diie < A(N),
Mn

provided that ¢ € (c1,1/4).

By using Corollary 4.5, we can assume that ¢N7c is close to —\QN,C| on the set My
(where N is large enough). So, the above lemmas and the fact that the function @, is
separated from zero on By, whereas @, is close to 1/2 on My, lead to

b\ - b\ - Une\ - : N
Re () dg. =< / Re () dyi, =< / Re ( . ) dyi, =< —/ |Un | dyic.
n/B]D) QC My QC My QSC Mn
Thus, Proposition 7.1 follows, and we see that the integral of —|¥n .| over My has a
decisive influence on [, Re(®./P.) dic.
We will not prove Lemma 7.2. But let us note that the proof relies on estimates of

diameters of cylinders C,,(c). Indeed, if z € C,,(c), then 1/(f¥)'(2) can be estimated by
diam C,, (c)/diam C,,_1(c), whereas /i.(Cy,) can be estimated by (diam C,,(c))®*).
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Proof of Lemma 7.3. Let us fix N € N. For every Ny > 1 and s € AN° , using (6.4),
we can get

No+n 1

. ) No+n (o
; (fE)(Pe(s)) * (fCJVO‘*‘")/(@C(S))@C(T (s))-

@c(s) = —

So, we have divided &, into two parts, the finite sum and the ‘tail’.

First, in Step 1, we will prove that the integral of the ‘tail’ is less than fB |€Z5 | die
(for Ny large enough, depending on N). Next, in Step 2, we will see that the integral
of the finite sum is bounded by a constant K (N, Np) (depending on N and Ny), which
means that

[ tbdai < KN+ [ de
Since Ny depends only on NV, the assertion follows.

Step 1. The measure /i, is T-invariant, and TN0+”(A%?n) C By, so

/ b (TN dgie < / [be| .
A0 Bn

N,n

Next, if s € A%On, then fNotn(¢,.(s)) € By(c). Thus, Lemma 4.6 leads to

B(TNH) | M) [
Am(ﬂHW@&Mm“><wmmyAU®mmmm.

Z/ ‘ Ng’]jo:;)c)‘dﬂc < (i (]\21:{\2)2) /BN \B.| dji..

n=0

So, we get

For Ny large enough (depending on N), we obtain

S am
a0 (No+n)? ’
Step 2. Lemma 5.1 and [4, Remark 3.5] lead to
fie(AR®,) < K1 No@e(Cy4n) < KaNo(diam C 1, (€))"? < K3No(N +n) 724,

where n > 1. Since |f!(z)| > 1, we obtain

No

1
s o
Amg%ﬂﬂ |0 Z vo | 2= THV(@9)
NQILLC A%O Z N() +n KgNQ(N+Tl) d(c)
< K(N, Ny),
where the constant K (N, Ny) depends on N and Nj. O
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Proof of Lemma 7.4. The definition of ¥y . and (6.4) give us

/ ‘Qsc_W-N,Jd,ujc - /
CNin CNin

1

(fe) (@) *

— ¢ (T")’ die.

925

Thus, similar to in the proof of Lemma 7.3 (Step 1), Lemma 4.6 and the fact that

T™(Cntn) C By lead to

oo . &AW L
‘@C - WN,C| dﬂc - / |¢c| Cl/.LC
> /CM >

n=1

Since Y o2 | A(N)/n? is finite, the assertion follows from Lemma 7.3.

8. The integral of Re(®./$.)? is positive

Proposition 8.1. There exists ¢; < 1/4 such that

d‘s 2
Re [ — | dg. > 0,
/BD <@C)

provided that ¢ € (¢1,1/4). Moreover,

AN
/ Re () dg. — oo
oD P

when ¢ — 1/47.

In order to prove Proposition 8.1 we will need the three following lemmas.

Lemma 8.2. For every N € N we have

lim |Ll'./1\77c|2 dyi, = co.
c=1/47 Jmy

Lemma 8.3. For every N € N we have
- Jon |Pel? diic
c—1/4— fMN |W.N7c|2 d/Zc
Lemma 8.4. For every N € N we have

im f_/\/lN |¢)37W]2\/',c|dﬂ(' _
c—1/4- fMN W |2 i

Now, using the above lemmas, we will prove Proposition 8.1.
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Proof of Proposition 8.1. Let us fix N € N (large enough) and ¢; < 1/4 (close
to 1/4).

We see from Corollary 4.5 and (6.5) that Q/JQ\,C(S) is close to [Fy .(s)[?, where s €
My and ¢ € (c¢1,1/4). Because we can also assume that &.(s) is close to 1/2 (see

Lemma 4.2 (1)), we conclude that
B \2
295 < L Nee ) dji.
d,LLc X 3 /MN Re ( (pc dILLC

/ |j/N,c
My

Next, Lemma 8.4 allows us to replace LbN,C by &, on the right-hand side of the above
inequality (possibly after changing constant). So, we get

~ 1 AN
/ |WN,C|2d/Ic < */ Re (c) d,lZC
MN 2 ./VlN QSC

We know that the function &, is separated from zero. Thus, Lemma 8.3 leads to

. &\
/ o i, < / Re (qﬁ) diie,
Mn oD c

and the statement follows from Lemma 8.2. O

So, we see that the integral of |W'N7C\2, over My, has a decisive influence on
Jop Re(Pc/®.)? dji. (cf. scheme of the proof of Proposition 7.1).

The main difference between the proofs of Proposition 8.1 and (7.3) (or Proposition 7.1)
is that we do not know if the integrals

/ @CP d/an / |¢§ _!p12\fc|d:“~c

BN My ’

are bounded or not (cf. Lemmas 7.3 and 7.4). So we will prove that these integrals are
small with respect to fMN N |2 dfie.

Now we will prove Lemmas 8.2 and 8.3, and Lemma 8.5, which is a stronger version
of Lemma 8.4.

Proof of Lemma 8.2. Since [, is a probability measure, the assertion follows from
Lemma 7.2. (]

Proof of Lemma 8.3. Let us fix N € N and € > 0. For every Ny > 1 and s € A%"’n
we can write

) No 1 No+n 1 éC(TN"J""(S)) 2
29 "kzl TT@) 2 T T oy @,s)
Yooy N 1P| @e@Norns)) |
<2 G| Y, 2, @) ’( Ty (@.(s))
=:3A(s) + 3B(s) + 3£2(s). (8.1)

Note that the sum in B(s) is empty when n = 0.

https://doi.org/10.1017/50013091516000481 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091516000481

The Hausdorff dimension is convex on the left side of 1/4 927

First, in the same way as in the proof of Lemma 7.3, we will show that the integral of
the expression (2(s) (the ‘tail’) is less than

1 / C g
= |¢C| diic
6 By

Next, we will estimate the first two expressions (squares of sums) on the right-hand
side of (8.1). In the proof of Lemma 7.3 related sums were considered together, and each
inverse of a derivative was bounded simply by 1. In our case this estimate is not enough.
Of course the integral of A(s) is bounded (see Step 3), but we would get an infinite upper
bound of the integral of B(s).

Nevertheless, the expression B(s) can be estimated by [@y .(T™°)[2, whereas A%"n C
T~No(Cnyy). Thus, roughly speaking, the integral

/., B

N,n

for Ny large enough (see Step 1).

turns out to be small with respect to

/ |L.pN,c 2
CnNin

because ﬂc(A%?n) < efic(Cn+n) (see Step 2). This is the key fact that we need to complete
the proof (see Step 4).

Step 1. We have TNot7(AY0 ) < By, so fNot"(®.(s)) € Bn(c). Therefore,
Lemma 4.6 and the fact that the measure /i, is T-invariant give us

N,n

D (TN (s))
(f&O) (@e(s))

Wiuls) < ot [T ) o)

M (N .
< L)Al/ |@c|2d/~zc'
(N0+7’l) By

Hence, we obtain

>l

Thus, for Ny = No(N) large enough, we have

S [ s

TN0+H)
No+n (q)c)

2 (e’
~ 1 . ~
duc<A1(N)(§ M)/B |®.|? dfie.
N

’n:No

2
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Step 2. The second sum on the right-hand side of (8.1) is non-zero for n > 1. Since
|(f5)(@.)] > 1, for every f > 1 we can get

o No+n 2
STl Y G| v
n=1 A%?n k=No+1 fc) (QSC)
n No+n 1 2
< dyi,
7;1 A%?n k:;oJrl ( Ck)/( C)
+ i / . zn: ! i d,
nert1 AN ( CNO)/(@c) k=1 (fE) (e (TN)) ¢
n [e’) n 1 2
S 5 LS gt
7;1 n:zﬁﬂ Ao, Zl (f&)/ (De(TN))
<ita Y [ TP
n=n-+1 N,n
By Lemma 5.6 we have
I ~c ANU .
/ Wy o(TN) 2 dji, < KW/ W |2 djie,
A%(‘)n /"LC(CNJF'"A) CN4n
where K > 0 is a universal constant. Next, we see from Corollary 5.3 that
i, ANO
M <e form>n
MC(CN-HL)
(where n = 7(Np) is large enough) and ¢ < 1/4 is close to 1/4. Hence, the above estimates
lead to
NO*" 1 .
Z / | e <A ek [ Wiy Pdi. (83)
2 |, 22, T .

Step 3. The first expression on the right-hand side of (8.1) can be easily estimated as

No 1 2
— | dji. </ | No|? dgi. < NZ. (8.4)
/BN ; (fck)/(¢0) By 0
Step 4. Combining (8.1) with (8.2)—(8.4), we see that for every N € N and ¢ > 0
there exist No = No(N), n = (NO) such that
/ | |” dyie < 3<N§ +7° +eK N | dii +%/ Isiic|2d;lc>, (8.5)
By MnN+a By

where c is close to 1/4. Because

/ |¢N,c 2
MnN+a

> / [Un e |* dfie — o0,
N+n
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when ¢ — 1/4~ (see Lemma 8.2) we obtain
l/ ‘éc|2 d/;c < 4e K |W.N,c|2 d/-Zc < 4eK |L~pN,c|2 d,dca
2 BN MnN4ia MnN

where the parameter ¢ < 1/4 is close to 1/4. Since K is a universal constant, the assertion
follows. O

If 2 € Cn+n(c), then we define the function fy . by setting
Ine(z) = fi(2).

We need to prove Lemma 8.4, but it is an immediate consequence of the following fact,
which will be also used later on.

Lemma 8.5. For every N € N we have
o (R0 (@192 — OR, | die.
c—1/4— fMN |¢N,c|2 dyie
Proof. Let N € N. If s € Cn4p, then

Thus, we see that
|0 @12 - 4
Mn

Z/ 2l b, T"\dchrZ/ @T”()))'”dﬂc. (5.6)

CNin CN+n

First, we will estimate the rightmost expression. Note that this part of the proof is similar
to the proof of Lemma 7.4 (and estimates of ‘tails’).

Step 1. The measure i, is T-invariant, so the fact that T"(Cn4p,) C By and
Lemma 4.6 lead to

(@ (T2 )\1 .
Z/CM I(f")( C\Z /BN 16,2 di.

n=1

Since the series > > | 1/n? converges, using Lemma 8.3 we observe that the latter expres-
sion is less than or equal to

Ky(N) / o2 i < On ()KL (V) / o2
Bn M

N

where dx(c) is a positive function such that dx(¢) — 0 when ¢ — 1/4".
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Step 2. If s € Cn4p, then write T*(s) := T™(s). By the Schwarz inequality, we obtain
Z/ 2|W.N,C‘¢C(Tn)|d/i0:2/ |WNC’ C( *)| dfic
n=17CnN+n My

. 1/2 ' 1/2
<2( / |wN,c|2dﬂc) ( / @C(T*)IQdﬂc> .
My Mn

Now, we need to estimate the integral of |#.(T*)|2. Using Lemma 5.6 and then Lemma 8.3

we get

Bo(T) 2 i, = / (T2 i
/MN Z CN+n
c C n - ~
ZM - / |Pel? die
n=1 Cn

NC(MN) / £ 12 1.~
< K——= D | dyic
/’L(/(CN) BN | | Iu

g]:{2“\7)/ |Q'Sc|2d,dc
By

< Sn (K (V) / iy o de.

N

where K5(N) is a constant that depends on N and dny(c) — 0 if ¢ — 1/47. Thus, we
conclude that

Z / i b (T < 2008 F(N)2 [ i o
CN4n

MnN

Step 3. Since we can assume that dx(c) < (Ox(c))*/?, (8.6) combined with the above
and the estimate from Step 1 gives us

/ (Fhro) (@) - (82— 02 )| djie < Ks(N) (B (c)) /2 / Uy (87)
My

MnN
Thus, the statement follows. O

Lemmas 8.3 and 8.4 lead to the following corollary.

Corollary 8.6. For every N € N we have

faD |¢C|2d/‘z€ —
c—1/4- fMN |Q’N,c 2
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9. The integral of Re($./®$.) is negative

Proposition 9.1. There exists ¢; < 1/4 such that

P
Re [ = ) dsi. <0,
/8]D) (Qsc)
provided that ¢ € (c1,1/4). Moreover,

/Re(qjc)dﬂc%oo when ¢ — 1/47.
D 4

In order to prove Proposition 9.1 we will need the following facts.
Lemma 9.2. For every N € N we have
(1) .
Jyp |92 dii
c—1/4— fMN |AN,C| dﬂc
and, in particular, fMN |An .| dfic — co when ¢ — 1/47;

@) A
fMN |@N,c - AN,C| d,dc

lim = — =0
c—1/4— f./\/lN |AN,c|d,uc

Lemma 9.2 (2) leads to the following corollary.
Corollary 9.3. For every N € N we have

fMN |éN,C|d/Zc B
e=1/47 [ |An | djic

Lemma 9.4. For every N € N we have
sy Pl die
c—1/4— fMN ‘AN,C‘ dﬂc
Lemma 9.5. For every N € N we have

. fMN ‘éc—éN7C|dlZc
im = —
e—1/4- fMN |AN | dfic

Now we will prove Proposition 9.1.

931

Proof of Proposition 9.1. Let us fix N € N (large enough) and ¢; < 1/4 (close

to 1/4).
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We see from Corollary 4.5 and definition (6.7) that —Ay .(s) is close to |Ay .(s)],
where s € My and ¢ € (¢1,1/4). Because we can also assume that @.(s) is close to 1/2
(see Lemma 4.2 (1)), we conclude that

i} A
/ Aol dfie < —g/ Re( g) /e
My MnN c

Using Lemma 9.2 (2) we get

/ |Ane| dfic < —9/ Re <9N’C> dfie.
MN 8 MN QC

Combining this with Lemma 9.5 we see that

. &,
/ Ao diie < —%/ Re (@ ) djie.
Mn Mn c

Next, Lemma 9.4 leads to
3,
< - R dyie.
fore () o

/ ‘AN7C
MnN

We see from Lemma 9.2 (1) that fMN |An | djie — 0o when ¢ — 1/4. Thus, the state-
ment follows. O

Let us note that Lemmas 9.4 and 9.5 play similar roles to Lemmas 8.3 and 8.4, respec-
tively. So, we will prove that the integrals

/ |¢c|d/-zcv / |¢c - @.N7c|dﬂc
BN MnN

are small with respect to the integral f M |AN | dfie, which has a decisive influence on
Jop Re(De/D.) di.

Moreover, the schemes of the proofs of Lemmas 9.4 and 8.3 are the same, whereas the
proof of Lemma 9.5 is similar to the first step of the proof of Lemma 8.5 (which is a
stronger version of Lemma 8.4).

On the other hand, the formula for @, is more complicated than the formula for P,
(cf. formulae (6.4) and (6.6)). Thus, in particular, we will have to deal with ‘tails’ of the
functions #2(T*~1) (see Lemma 9.2 (2)).

Proof of Lemma 9.2. Fix N € N and € > 0.

Step 1. We can assume that cylinders with sufficiently large indexes are as close to
the point 1/2 as we want (for ¢ < 1/4 close to 1/4). Thus, the derivative f. is close to 1
on these cylinders, and then we can find n € N and ¢; such that

|q7Nr e
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where s € Cn4pn,n > 7, and ¢ € (¢1,1/4). So, combining this with Corollary 8.6 (possibly
changing ¢;), we get

/ o2 die < (1+¢) / iy o i,
oD MnNii

€<1+5)/ |AN,c|d/~Zc

MN 7

<e(1 +5)/ | AN | die. (9.1)
Mn

Hence, the first statement follows.

Step 2. We have

FUFETH@E)) - (F2) (o) = f(fE7H(Pe)) - (FE7F) (FE (o)) - (f&)'(@e)
= (fo7F N (fE7H (@) - () (). (9-2)

Let

: 5 o BT (s) = B (T (s))
T ola) = Onele) = Awele) == 2 (75 (@.(s))

Then, using (9.2), we obtain

(2T (fE (@) IR IR (T

/C,N+n |QNC|dMC \/ Z n k+1 / k 1(43 ))‘ dﬂc
)
(

Cnin i | c (&) (2c)]
</ Zm Y (@(TE)| - [92(TEY) — W (TR
ONtn p=1

die.

Next, the fact that 7% '(Cnin) = Onin_rs1 and Lemma 4.6 lead to the following
estimate of the latter expression

[(F27R(@e)] - @7 — ¥R | djie
CNtn—k+1

AMN . .
) /MN (Fe) @0)] - 162 — 02, | die,

<

n

where fX .(2) = f(2) if 2 € Cnym(c).
The above estimates, Lemma 8.5 and then Corollary 8.6 give us

|‘(“2N,C|d:u:C: / |QN,c|dﬂc
/MN ngl CN+7L

— AV L
Ik BRI

n2

n=1
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AN . -
<on(e)) ) / [V | diic
MnN

n2

n=1

—in(OK () [ | dit
oD
where dy(¢) — 0 when ¢ — 1/47. Thus, we conclude from (9.1) that
| 1ol < ox@EW) [ vl de
N Mn

So, the second statement follows from definition (9.3). O

Proof of Lemma 9.4. Let us fix ¢ > 0 and N € N. For every Ny > 1 and s € A%"n
we have

No+n QQE(Tk_l(S)) giv;c(TNo—‘rn(S))

s R 2BR(Th N (s)
P =L i) 2, U | ey O

Note that if n = 0, then the second sum is empty.

Step 1. We have TN0+”(A%?H) C By and fNotn(&.(s)) € By(c). Thus, Lemma 4.6
and the fact that g, is T-invariant lead to

B(TNs) [ M) [
/Ax (fév°+")’(@c(8))‘dMC( )< e el i)

So, for Ny = Ny(N) large enough, we obtain

> fo o7

NrL

(oo}

_ A (N) wo 1/ .
< gzsc c< 5 @C c: .
dic (HE_ (NOJrn)g)/BNI [ dpie < 3 BN\ | dsic. (9.5)

=0

TNOJrn)

N0+n (@c)

Step 2. First, note that

Z / ai. <y [ b an =2 [ (@Ldi. (©00)
— Jop oD

Next, the fact that |(fN0)(®.)| > 1, Lemma 5.6 and Corollary 5.3 lead to

N“*” 2$2(TH1)

kw TH @)

Nn

202 (TNo+k=1y |
o) @) 2= Y @) ’ e

n=n-+1
"‘c ANO o0 n 2@2 Tk—l
,uc(CNJrn) n=n+1 CN4n k=1 (fc) (@C)
< KE/ ‘éN,c|d/;ca (9'7)
Mnii

where K is a universal constant.
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Step 3. We have

o 262(TH1)

2 (7E (@)

Jo

Step 4. Combining (9.5)—(9.8) with (9.4) we obtain

di. < 2N / b, 2 dji,. (9.8)
oD

[l <2mo [ b a2n [ bR
Bn oD oD

. ~ 1 . ~
4K el dic + & / LA
MnN 7 Bn
Thus, Lemma 9.2 leads to
1/ \B.| dji. <e/ On.c| A + K 1On.c| A
2 By Mn MnN s
<e(K+ 1)/ 1Ol i
Mn
< 25(K + 1)/ |A'N,c| d/va
N
and the statement follows. O

Proof of Lemma 9.5. Since T"(Cn4,) C By, we see from Lemma 4.6 and then
from Lemma 9.4 that
"(s))

L _2e(T"(s))
/MN |¢c - @N,c|d/’60 - nz—:l/CN'*'" (fcn)/(dsc(s))

2 A (N) . R
<y e /BN@CMMC

n=1

o

< K(N) / e i
By

< Sn (K (N) / Ao diie,

N

where K (N) is a constant that depends on N and dy(c) — 0 when ¢ — 1/4". O

Thus, Theorem 1.1 follows from Propositions 8.1 and 9.1 combined with formula (6.2),
and Lemmas 3.2 and 3.3.
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