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This paper deals with a fully-coupled thermoelastic problem, in a heterogeneous medium,
arising from the metallurgical industry. The aim is to prove regularity properties of the
solution with respect to space and time. Regularity in space is obtained by means of regularity
properties for elliptic operators. In order to prove regularity in time, a mathematical induction
technique, together with an existence and uniqueness result for this type of problems, is
applied.
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1 Introduction

The present paper deals with the question of regularity with respect to time and space for
the solution to a quasi-static-coupled thermoelastic problem arising from metallurgical
industry processes, such as casting of alloys (see, for instance, Barral and Quintela [5])
or production of aluminium in electrolytic cells (see Bermudez et al. [6]). The knowledge
of regularity properties of the solution for the former problems is important in order to
obtain their qualitative properties and to determine which methods are more suitable for
their numerical solution.

Previously, in Barral et al. [2,3] we studied the existence, uniqueness and regularity of a
mechanical problem when the behaviour law is of Maxwell-Norton type with temperature
dependent coefficients. Afterwards, in Barral et al. [4], we studied the coupling with a
thermal problem, assuming, as a first approach, that the material is linearly elastic and
heterogeneous; there we considered mixed boundary conditions in both sub-models and
also a Robin type boundary condition for the thermal one. This choice was suggested by
some industrial applications such as the aforementioned. In that paper, the existence and
uniqueness of solution were proved and here we obtain regularity properties in space and
time of that solution. Specifically, assuming additional regularity on the data, we prove
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H2,, regularity in space and W"* regularity in time, r € {0} UN, for displacements and
temperature.

In the bibliography, there are many works that deal with regularity properties with
respect to space. We refer the reader to Kafur and ZeniSek [16] and to Marzocchi
et al. [18] for the dynamic case, when the coefficients of the mechanical behaviour law
and the reference temperature are independent of the spatial variable. In Kacur and
ZeniSek [16], the problem is rewritten as two equations defined by means of elliptic
operators and the regularity properties in space are obtained applying regularity results
for these operators. On the other hand, Marzocchi et al. [18] use standard Galerkin
approximations and regularity properties for the elliptic transmission problem. In the case
of quasi-static problems, Copetti and Elliott [7] give regularity properties with respect to
space of the solution of a one-dimensional linear thermoelastic problem with unilateral
contact of Signorini type using a monotonicity method. Later, Mufioz and Racke [20] and
Jiang and Racke [15] studied the interior smoothing effects in the multi-dimensional case,
assuming that all the coefficients are C* smooth. In their works, the problem is decoupled
and the energy equation is transformed into a parabolic one; then, the regularity results
are obtained from the usual regularity for parabolic equations. In the present work, we
apply the techniques introduced by Kadur and ZeniSek [16] to obtain regularity results in
space, when the parameters depend on the spatial point.

With respect to regularity properties in time, we mention the papers of Gawinecki [9-13]
and Gawinecki et al. [14], who present results of regularity with respect to space and
time for dynamic-coupled thermoelastic problems, with homogeneous Dirichlet boundary
conditions. Later, Zhelezovskii [22,23] gave results on the smoothness of solutions con-
sidering the mechanical dissipation term in the energy equation. The proofs are obtained
by mathematical induction. In this paper, following their techniques, we achieve similar
regularity properties in time for our problem. The main difficulty in the quasi-static case
is to establish the appropriate regularity properties and compatibility conditions for the
time derivatives of the solution at the initial instant.

Finally, we prove the same time regularity for the corresponding homogeneous Dirichlet
problem, assuming less smoothness over the solution at the initial instant by increasing the
regularity of the initial conditions. Nonetheless, these considerations cause some difficulties
which will be overcomed using results of Necas [21] and Agmon et al. [1].

The resulting regularity properties in time are the main contributions of this paper.

The outline of this paper is as follows. First, in Section 2, we will introduce the
mathematical model and we will recall the result of existence and uniqueness of solution
given in Barral et al. [4]. Then, in Section 3, we will prove the H? . regularity of
displacements and temperature with respect to space. In Section 4, we will obtain the
W"* regularity properties of the solution with respect to time for r € {0} UN and finally,
some conclusions will be given in Section 5.

2 Mathematical model
2.1 Domain and notation

Let Q = R? be an open and bounded set with smooth enough boundary I' = 0Q. We
refer the motion of the body to a fixed system of rectangular Cartesian axes Opip;ps.
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Let g(p,t) be a scalar function; we represent by g(¢) the function p — g(p,t) and Vg
its gradient with respect to p.

If u, v are vector fields in IR3, their scalar product is represented by u - v. Furthermore,
Vu and Divu denote the gradient and the divergence of u, respectively.

We denote by S; the space of symmetric second order tensors over R? and by : its
scalar product. Furthermore, if 7 is a tensor field, |z|, tr(r) and Divt denote the norm
induced by this scalar product, its trace and its divergence, respectively.

We consider the notation 0 in order to denote the partial derivative with respect to t
of order r, with r € {0} UN. As usual, for r = 1 we will omit the superscript r.

We represent by [0, 7] the time interval of interest. We denote by u(p, t) the displacement
field and by 0(p, t) the temperature field at each (p,t) in Q x (0,¢/].

We assume that I'yp, I'un, T'op, oy and 'y g are open subsets of I', such that

o =Ty pUTlyw=TgpUTgnUT gg,
e I'wpNIuyn=0,TopNTon=0,TopNTor=0,TgrNTyn =0,

e meas(I'yp) > 0 and meas(I'gp U I'gr) > 0.

2.2 Problem (P)

The aim of this work is to obtain regularity properties with respect to time and space of
the displacement and temperature fields, which are the solution to the following problem:
Problem (P)

Find u(p,t) and 0(p,t) in Q x (0, ;], satistying

—Dive(0,u) =b in Q x (0,t/], (2.1)

pocr0,0 = —=30,0KDiv O,u+ Div(kVO) 4+ f in Q x (0,¢/], (2.2)
a(0,u) = A" : g(u) — 30(0 — 0,)KT in Q x (0,7, (2.3)

u=up on I'yp x(0,¢], (2.4)

g(@,uy)n=g on I'yn x(0,t], (2.5)

kVO -n=a.(0°—0) on I'gr x (0,tf], (2.6)

kVO-n=h on I'gn x (0,t], 2.7)

0=0p on I'pp x(0,t], (2.8)

u0) =uy, 60(0)=06, in Q. (2.9)

Here,

e ¢(0,u) is the stress tensor given by the thermoelastic behaviour law (2.3). In this law,
A1 is the elasticity tensor defined as

A7V i = tr(e)l 4 2ur, Yt €S, (2.10)

where A, u are the Lamé’s parameters, I is the identity tensor, &(u) denotes the linear-
ized deformation tensor, « is the coefficient of thermal expansion, 6, is the reference
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temperature and K is the bulk modulus of the material
1
K = 5(31 + 2u).

e b is the body force per unit volume at the reference configuration.

e po is the reference density.

e cp is the specific heat at constant deformation.

e k is the thermal conductivity of the material.

e f is the body heating per unit volume at the reference configuration.
e up is the displacement on the Dirichlet mechanical boundary I'yp.

e n is the outward unit vector normal to the boundary of Q.

e g is the density of surface forces on the Neumann mechanical boundary I'y .
e o, is the coeflicient of convective heat transfer on I'gg.

e 0° is the external convection temperature on I'pg.

e /1 is the heat flux on the Neumann thermal boundary I'p .

e 0p is the temperature on the Dirichlet thermal boundary I'gp.

e uy and 6y are the initial conditions, which must satisfy the following compatibility
conditions:

(0o, ug) = A7 s g(ug) — 3a(0p — 0,)KI  in  Q,
—Dive(6p,up) =b(0) in Q,

u =up(0) on TIyp,

o(0p,u))n=g(0) on Tyn,

90 = HD(()) on Fg,D.

2.3 Existence and uniqueness of solution

Let us consider the following variational formulation of Problem (P):
Problem (VP)
Find (u(t),0(t)) € H'(Q) x H'(Q) satistying a.e. t € (0,t;)

a(u(t),v) — m(6(t) — 6,,v) =/ g(t) - vdl +/Qb(t) ~vdp, Vv € H(l),ru,D(Q)a (2.11a)

Fu.N

@001 812+ (010 9) + i 2 + (0. 9) = [ T pdp+ (0. )
+/ " gar, vee L, (@ (2.11b)
Ton 0 o

the boundary conditions (2.4)—(2.8) and the initial conditions (2.9).
Here, the following notation is used:

e H'(Q) = [H'(Q)] and Hj, (@) is the admissible displacement space defined as

Hyr,, (@) ={veH(@Q): v, =0
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° H(;,F.)\D(Q) is the admissible temperature space given by

Hyr,, (@) ={pcH(Q): @I, =0}

e a(-,") is the bilinear form defined on H'(Q) x H'(Q) by
a(u,v) = /Q(/l*1 :8(u)) : &(v)dp. (2.12)
e m(-,) is the bilinear form on L*(Q) x H'(Q) defined as
m(¢p,v) = /93(]505KI :&(v)dp. (2.13)
e (-,*); is the scalar product in L*(Q) given by
o= [ 2L opap (2.14)

k(-,-) is the bilinear form defined on H'(Q) x H'(Q) by

K(, ) =/ka¢~v (g) dp.

e ¢(-,*) is the bilinear form defined on H'(Q) x H'(Q) as
_ ¢
ddp)= [ wcpydl. (2.15)
Tor 0,

Furthermore, from here on, we will write L'(Q) = [L"(2)]°, 1 < r < 0.
Let us consider the following hypotheses:

(H1) The elasticity tensor A~' € [L*(Q)]* and there exists a,,, > 0 such that
A7V 1) it = amlt?, VT € Ss

(H2) The reference temperature 0, € WL*(Q), and there exists 0,,;,;, > 0 such that
Gr(P) = Hr,min in Q.

(H3) The reference density py > 0, the specific heat at constant deformation ¢y > 0 and
the coefficient of thermal expansion o > 0.

(H4) The thermal conductivity coefficient k € W1*(Q), and there exists k,;; > 0 such
that k(p) = k., in Q.

(H5) The body force b € W2%(0,17; L*(Q)).

(H6) The body heating f € W12(0,s; LX(Q)).

(H7) up 1is the restriction to I'yp X (0,¢y) of a function called @ip such that
ip € W0, 1, H(I)).
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(H8) 0p 1is the restriction to I'gp x (0,ty) of a function called 0p such that
0p € W22(0,t7; H3(I')).

(H9) The surface forces g € W2%(0,t7; L*(Fyn)) and h € W20, 145 LX(FpN)).

(H10) The coefficient of convective heat transfer o, € L*(I'gr), and there exists ot pyin > 0
satisfying o.(p) = demin a.e. on Igg.

(H11) The external convection temperature 0° € W'2(0,;; L*(Igr)).
(H12) The initial conditions uy € H!(Q) and 0y € H'(Q).
(H13) The initial conditions uy and 6, satisfy

a(“Oa V) — m(00 — 9” v) =/
r

Uy = uD(O) on Fl.l,Da 90 = QD(O) on FG,D~

g(0)-vdrl +/ b(0) - vdp, Vv € Hy . (Q),
A .

uN

In Barral et al. [4], the following result is proved:

Theorem 2.1 Under assumptions (H1)-(H13), there exists a unique solution (u,0) to Prob-
lem (VP) such that

ue L7(0,t;;H'(Q)), due L*(0,t;H (Q)), and (2.16)
0 € L*(0,t;; H'(Q)), 8,0 € L*(0,¢7; L*(Q)). (2.17)

3 Regularity of the weak solution with respect to space

In this section, we prove additional regularity properties with respect to space of the weak
solution to Problem (VP). The proof is based on the methodology used by Kacur and
Zenisek [16], which consists in rewriting our coupled problem as two equations defined
by means of two elliptic operators. Then, some results given by Necas [21], Lions and
Magenes [17] and Mizohata [19] can be applied in order to obtain the H? . regularity of
the solution with respect to space.

Definition 3.1 For 1 = (11,12, 13), a 3-tuple of non-negative integers, €' (Q) denotes the vec-
torial space comsisting of all functions ¢ : Q — R which, together with all their partial
derivatives of orders |1| < r, are continuous on Q.

Definition 3.2 If 0 < 6 < 1, we define €"°(Q) as the subspace of €"(Q) consisting of those
functions ¢ for which, for 0 < |1| < r, the partial derivative of order |1| satisfies in Q a
Holder condition of exponent 0.

In order to prove the space regularity, we increase the regularity properties for some of
the hypotheses imposed in the previous section. In particular,

(H1), The elasticity tensor satisfies (H1) and 4~! € [¢*1(@)]*' n [¢'(Q))*".
(H2), The reference temperature satisfies (H2) and 0, € €*(Q) N €' (Q).
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(H4); The thermal conductivity coefficient satisfies (H4) and k € €%1(Q) N ¢'(Q).
(H7), up satisfies (H7) with ap € W22(0,1;; H2(I')).
(H8), 0 satisfies (H8) with 8y € W22(0,¢;; H2(I')).

Remark 3.3 Taking into account hypotheses (H1),, (H2)s and (H4)s, the Lamé’s parameters,
the reference temperature and the thermal conductivity satisfy a Holder condition of exponent
1, with Lipschitz constants a;, a, 0., and ky, respectively.

Theorem 3.4 Under assumptions (H1)s, (H2),, (H3), (H4),, (H5), (H6), (H7);, (H8); and
(H9)—(H13), the solution to Problem (VP ) satisfies

ue L70,t; H(Q)NH? (Q)) and 0 € L*(0,¢;; H'(Q) N Hf,.(Q)). (3.1)

Proof First, we introduce the change of variable by translation
i=u—u dop=u—u0), 0=0-0, 0 =0 —0(0), (3.2)

in order to obtain a homogeneous Dirichlet problem. We notice that the existence of u
and 0 is guaranteed by assumptions (H7);, (H8)y; furthermore, they satisfy (see Duvaut
and Lions [8]),

uc W>(0,t;;H*(Q)), u=up on Iyp x (0,], (3.3)
0 € W*(0,t;; HX(Q)), 0=0p on I'yp x (0,t]. (3.4)

With respect to these new unknowns, we introduce the following problem:
Problem (V' P)
Find (ii(2), 0(1)) € Hyp,,(Q) x H p,, (Q) satisfying a.e. t € (0,t7)

a(ii(e), v) — m(0(1), v) = / g(t) -vdl' + / b(¢) - vdp — a(u(t),v)
TI'un Q
+m(0(t) — 0,,v), Vv € Hyr, (Q), (3.5a)

(@:0(1), §)2 + 1(B(2), §) + m(, 0,(1)) + c(B(r), ¢) = /Q !

D dp + (00, )

+ /F %’éf)¢df —(@,0(1), )2 —1(0(¢), ¢) — m(¢p, Bu(1)) —c(0(1), P),

Vo € Hyr,,(Q) (3.5b)

with the initial conditions

(0) =iy, 0(0) = 0. (3.6)
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Since Problems (VP) and (ﬁ) are equivalent, /frvom Theorem 2.1, we get the existence
and uniqueness of i and @ solution to Problem (V P) such that

e L0t Hyp,, (2), i€ LX0,t7;Hyp, (Q)), and (3)
0 € L*(0,t7;Hyp, (R), 0.0 € L0, 175 L*(R)). '
Taking into account equations (3.5a), (3.5b) of Problem (ﬁ) and applying a Green’s
formula, we can deduce that its solution (ii(t), 0(t)) € H'(Q) x H'(Q) is a weak solution
in the sense of distributions of the equations

Auii(r) = by(t),  AgO(t) = fo(2), (3.8)
where
Ayii(r) = —Div(/rl :s(ﬁ(t))), Ay0(1) = Div(gvé(t)),

bu(t) = —Div(3a§(t)KI) +b(¢) + Div (A—1 : s(u(t))g — Div(3u(0(t) — 0,)KT),
Fol) = —P2F 5 8(0) — 30K : £(@,ii(1)) — kVO() - Yo 4 T8 _ pocrO0(D)
0

0, 02 0, 0,
+Div (gVH(t)) — kVO(t) - Z—

+ — 30KT : &(du(1)).

r

Theorem 1.1 of Chapter 4 given in Nefas [21], guarantees the H? . regularity of the
solution to equations (3.8), due to the following properties:

e The operator A, is H}(Q)-elliptic with coefficients of #*!(Q) thanks to hypothesis
(H1)s.

e The operator Ay is also H}(Q)-elliptic with coeflicients of *!(Q) taking into account
Remark 3.3 and assumptions (H2); and (H4),.

e by(t) € LA(Q) ae. t € (0,;) from hypotheses (H1),, (H2),, (H3), (H4),, (H5), (H6),
(H7)s, (H8), and (H9)—(H11).

o fo(t) € L2(Q) ae. t € (0, tr) thanks to assumptions (H1),, (H2),, (H3), (H4),, (H5),
(He6), (H7)s, (H8); and (H9)—(H11).
Therefore, (ii(t), 0(t)) is the weak solution in the sense of distributions to problem (3.8),
satisfying a.e. t € (0, tf)
((1), 0(1)) € H1,(Q) X HE,o(Q).
Finally, from equalities (3.2)—(3.4), we can conclude the regularity properties (3.1). O

4 Regularity with respect to time

The aim of this section is to prove the W"* regularity of the solution to Problem (VP)
(see equations (2.11a), (2.11b)) with respect to time for r € {0} UIN. The main difficulty is
to establish the assumptions of regularity at the initial instant. In the first subsection, we
study the regularity in time of the solution when the smooth properties of the data and
the solution at the initial instant are increased. In the following subsection, we analyse the
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regularity with respect to time of the solution to the associated homogeneous Dirichlet
problem; in this case, we propose to improve the smooth properties in space of the initial
data of the problem instead of increasing the regularity properties of the solution at the
initial instant.

4.1 Regularity of the weak solution with respect to time

Let us generalize assumptions (H1), (H5)—(H9) and (H11)-(H13) as follows:

H1); The elasticity tensor satisfies (H1) and A~! € [W-2(Q)]*.

H5), The body force b € W22(0,t,; L*(Q)).

6). The body heating f € W20, t;; L*(Q)).

7). up satisfies (H7) with iip € W22(0,¢;; H2(I')).

8) Op satisfies (H8) with 8y € W+22(0,1;; H2(I')).

H9), The surface forces g € W'+22(0,¢7; L*(I'yn)) and h € W20, ¢, L2(FpN)).
H11), The external convection temperature ¢ € W1-2(0,¢;; L2(I'g g)).

T T T

)
)
)
)
)
)

-

(
(
(
(
(
(
(
(

H12); The displacements and temperature satisfy at time t = 0
0'u(0) e H'(Q) and 3!0(0) e H'(Q), 0<I<r.

(H13); The displacements and temperature satisfy at time t =0 forall 0 <[ < r

a(d'u(0), v) — m(0!0(0) — 0!6,,v) = /

I'yn

0'u(0) = dlup(0) on I'yp,  0'0(0) = 8'0(0) on I'yp.

0lg(0) - vdI' + /Q d;b(0) - vdp, Vv € Hyr, ,(Q),

Furthermore, for 0 <1 <r,

(910(0), )2 + K(31710(0), ¢) + m(¢, 0'u(0)) + c(d7'0(0), )

-1 -1
— [+t tvonar+ [ gar, e e, @
Q r TFon r

Remark 4.1 We notice that in hypothesis (H13), the term aie, of the first member of the
first equality is only not null when | = 0.

Theorem 4.2 Let r € {0} UN be a fixed parameter. Under assumptions (H1),, (H2)—(H4),
(H5)—(H9);, (H10) and (H11)—(H13);, the solution to Problem (VP) satisfies

ue W0, HY(Q)), 0 a e L2(0, ¢, H'(Q)) and (4.1)
0 € W (0,1 H'(Q), 010 € LA(0,1;: LA(Q)). (42)
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Proof We prove this result using the methodology of mathematical induction. For this
purpose, we show the induction from r = 0 to r = 1 and the induction from r to r + 1
runs in the same way. The proof is divided into two steps following the scheme:

e Step r = 0. This is directly deduced from Theorem 2.1.

e Step r = 1. In order to obtain the regularity of the first derivative with respect to time,
we define an auxiliary problem, where the second members are the derivatives in time of
the Problem (VP). We will prove that this problem satisfies the assumptions of Theorem
2.1, and we will show that its unique solution is the derivative in time of the solution
to Problem (VP).

Auxiliary problem.
If we formally differentiate the second member of equations (2.11a) and (2.11b)
of Problem (VP) with respect to time, we can define the following problem:

Problem (V' P),
Find (u(t),0(1)) € H'(Q) x H(Q) satistying a.e. t € (0,t;)

a(@i(t), v) — m(0(t) — 0,,v) = / [0i8(1) + (320,K)n| - var
T'un
+ / [a[b(t) - 3ocV(6,K)} “vdp, WeH) (Q), (4.3a)
Q
u(t) = dup(t) on I'yp, (4.3b)
—~ N R N o
©(1), $): + K(D(1). §) + m(b, 08(1) + c(D(r), ) = /Q 10 4p
+¢(0,0°(1), ¢) + / Ochi() ¢dI', V¢ € Hyp, (Q), (4.3c)
I'gn r '
0() = 8,0p(1) on Typ, (4.3d)

and the initial conditions (0) = 6y, 0(0) = 0, in Q, where these initial condi-
tions are defined as uy = 9,u(0) and 0y = 3,0(0), which satisfy assumption (H12)
of Theorem 2.1 thanks to hypothesis (H12);.

Existence and uniqueness of solution for Problem (ﬁ)t.
Next, we prove that the data of Problem (V P), satisfy the assumptions of Theorem
2.1. Indeed,

o Taking into account hypotheses (H1),, (H2), (H3) and (HS5),, we deduce that

—

the body force associated to Problem (V P), satisfies

o:b(t) — 3V (0,K) € W(0,1;;L*(Q)).

o Thanks to assumption (H6);, the body heating for Problem (ﬁ), satisfies

d.f € WH(0,t1; LA(Q)).
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o Considering hypotheses (H1);, (H2), (H3) and (H9),, the density of surface

g

forces associated to Problem (V' P), satisfies hypothesis (H9):

0ig(t) + (300,KT)n € W>(0,t;; L*(Muw)), and d,h(t) € W0, t; L*(Fon))-

o Under hypothesis (H11),, the external convection temperature for Problem
(V' P), satisfies

0,0°(t) € WH(0,t7; L*(IpR))-

o Finally, thanks to hypotheses (H12); and (H13), for r = 1, the initial conditions
up and 0y satisfy hypotheses (H12) and (H13) of Theorem 2.1

a(ﬁO7 V) — m(/éo — Qr,v) — /

{6[g(0) + (300,K1) n] -vdr
T'un

+ / (3:b(0) — Div(30,0K1)) - vdp, for all ve Hj, (Q),
; .

) = 0up(0) on I'yp, 0o = d,0p(0) on I'yp.

Therefore, we can deduce the existence of a unique solution (u, 5) to Problem
(V' P); such that

ue Wo(0,t,;H(Q)), du e L*0,¢;;H (Q)) and (4.4)
0 Wo(0,1;;H'(Q)), 0,0 € L*(0,t; LA(Q)). (4.5)

The solution to Problem (I//F), is the derivative in time of the solution to Problem (VP).

Let us introduce the helpful functions

w(t) = ug + /0 [ﬁ(s)ds and  O(t) = 0y + /0 t@(s)ds. (4.6)
From the regularity properties (4.4) and (4.5), we deduce that
we Wh(0,t;;H(Q)), 02w € L*(0,¢;; H'(Q)) with w(0) = u,
and

0 € Wh(0,t;; H(Q)), 9260 € L*(0,t;;L*(Q)) with ©(0) = 6,.
f t f
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Therefore, if we integrate the equations of Problem (ﬁ)z over (0,t) and we
apply a Green’s formula to term m(0,,v) of equation (4.3a), we arrive at

/Ot a(u(s), v)ds — /Ot m(@(s), V)ds = /Q (b(t) — b(O)) “vdp
+ /r (8(t) —g(0)) -vdI', WveHy,,,(Q), 4.7)
(@(1) — B(0). )2 + / k(O(s). d)ds + m(. (1) — W(0)) + / e(0(5). )ds
0 0
—f(0
= [ VOOV 4y 4 e 0, )
- /r (h(t)gwqﬁdf, Vo € Hyp,, (Q)) (4.8)

On the other hand, considering hypothesis (H13); for [ = 0 in displacements and
for [ = 1 in temperature, we get

/ b(0) - vdp + /g(O) ‘vdl' = a(uy,v) —m(0y — 0,,v), Vv € H(l)’r“D(Q),
Q Tun '
f(O

(0o, ¢)> = —1(00, P) — m(¢h, o) — (0o, ¢

0
=+ ¢(0°(0), ¢) +/ )d)dF, Vo € HO,F{;,D(Q)'

T'on 0,

Thus, if we replace the previous equalities in expressions (4.7), (4.8), we obtain

a(uo+/0 u(s)ds, v) — 90+/ 0(s)ds — 0,,v)

- / b(t) - vdp + / g(t)-vdl', WveHl. (Q), (4.9)
Q I'yn )

t t
(000 912+ K00+ [ DM )+ m(@ie) + ¢ (90 + [ asis <b)
0 0
t h(t
= [Hodpr o+ [ Glear. voeni @1 @
Q 0;‘ 1"61,\7 gr
Therefore, w and @ solve Problem (VP) (see equations (2.11a), (2.11b)). Since this
problem has a unique solution, we can conclude that w(t) = u(¢) and @ (t) = 0(t).

Furthermore, from (4.6) we deduce that u(r) = d,u(r) and 5([) = 0,0(¢).

Finally, from the regularity properties (4.4) and (4.5), we obtain (4.1), (4.2) for
r=1.

O

To conclude this subsection, we summarize the regularity properties in time and space for
the solution to Problem (VP) from Theorems 3.4 and 4.2. To do so, we replace (H7), and
(H8), by the following hypotheses with r € {0} UN:
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(H7) up satisfies (H7) with iy € W20, 1;; H2(I)).
(H8)y 0 satisfies (H8) with 8y € W +22(0,t;; H(I')).

Theorem 4.3 Let r € {0} UN be a fixed parameter. Under assumptions (H1);, (H2);,
(H3), (H4)s, (HS), (H6),, (H7)st, (H8)st, (H9), (H10) and (H11)—~(H13);, the solution (u,0)
to Problem (VP) satisfies

ue W0, H'(Q) NH,(Q),  8]"'ue LX(0,¢;;H'(Q)) and
0 € W0, t;: H (Q) N H},(Q)), 9710 € L*(0,t;; LX(Q)).

Proof The proof is deduced directly from Theorems 3.4 and 4.2. O

4.2 Regularity of the Dirichlet problem with respect to time

In this subsection, we consider a particular case of Problem (P) with homogeneous
Dirichlet boundary conditions in displacements and temperature. We are going to prove
that if we replace hypotheses (H12), and (H13), on the initial data by others, we can also
obtain the W"® regularity in time for the Dirichlet case. For this purpose, we introduce
the following results.

Definition 4.4 Let y be a non-negative scalar function defined in Q. We define the operator
A=Y as the perturbation of the tensor A~ given by

At =A" 491, TESS, (4.11)
where T denotes the spherical part of t.
Lemma 1 Let us consider m € N a fixed parameter. We suppose that
e the elasticity tensor satisfies
_ 93 _ 93
Al e {%O’I(Q)} and, if m=2, A\ e [(gm—l(g)} : (4.12)
and there exists ap;, > 0 such that

(Ail )T = amin|7‘2a Vt € 833

e the body force b € HX ™ 1(Q);

e v is a non-negative scalar function such that

ye @™ (@) and, if m>2, ye@™ Q). (4.13)

Then, there exists a unique weak solution & € Hj(Q) "H?™(Q) of the following equation:

— —

—Div(4~1 :g(m) =b in Q.
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Proof Notice that, since A4~! satisfies (4.12) and y satisfies (4.13) then

=g [%0’1@)} g if m=1,

34

{(gm(ﬁ)} " {(gm—l(ﬁ)] if m>2.

Indeed, from definition (4.11) the Lamé’s parameters of A1 are wand 1+ g, which belong
to €*1(Q) if m = 1 and €%1(Q) N > 1(Q) if m > 2.

Thus, the result is true for m = 1 thanks to Theorems 3.7.2, 2.4.10 and Lemma 3.2 of
Chapter 5 of Necas [21]. For m > 2, the H*™ regularity is obtained thanks to Theorem
10.5 of Agmon et al. [1]. O

From here on, let us denote by r € N a fixed parameter. We define the following static
problem:

Problem (P")
Find @ in Q, satisfying

=b in Q, (4.14)
0 on I, (4.15)

where A-1 is the perturbed operator defined in expression (4.11), with

270,02K?>
= and
POCF

- (30K (3K
b =07b(0) — Dlv(3“—Dlv (kV@’*I)I) - Dlv(wl). (4.16)

POCF POCF

Here, 0° = 0 and for r > 1
: ar—1 r—1
or = 30K o ¢ DVEVOT) L8 TO ) 4.17)
POCF POCF POCF

Corollary 1 Let 1 <[ < r. Under hypothesis (H3) and the following assumptions:
(h1) 0., 2 and p are strictly positive functions in €%(Q) N €*~(Q),

(h2) k € H"(Q),

(h3) 0y € H*1(Q),

(h4) O7b(0) € (@),

(hS) 07'f(0) € H>2HH1(@),

there exists a unique weak solution & € H)(Q) N H*~2+2(Q) to each Problem (P').

0
0

Proof This result is proved using the methodology of mathematical induction on the
parameter [ for a fixed r € N.

o If r =1 then | = 1 and the result is deduced from the previous lemma taking m = 1.
Indeed, thanks to assumptions (H3) and (h1)—(hS) for r = 1, the body force associated
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with Problem (P!), given by (4.16), belongs to L*(Q). Furthermore, under hypotheses
(H3) and (h1), we get
- - 279rmin ZKZ
y € €Y(@) N (@) and y(p) = +(m >0, forallpeQ.
0CF
e If r > 2, we show the induction from [ = 1 to [ = 2 and the induction from [ to
I + 1 runs in the same way. Notice that, at each step [, we can apply Lemma 1 for
m=r—I1+41.

o Step | = 1. It is obtained directly from Lemma 1 for m =r.

o Step | = 2. In this case, the body force of Problem (P?) depends on 0! (see equation
(4.17)) and, therefore, on i, solution to Problem (P!). Since from the previous step
ul € H{(Q) N H*(Q) and 0' belongs to H*~!(Q), we can deduce that b*> € H*~4(Q)
(see equation (4.16)). Thus, the existence and uniqueness of w* € H{(Q) N H¥2(Q),
solution to Problem (P?), is deduced from Lemma 1 with m = r — 1.

O

Remark 4.5 We notice that the result is also valid when 0,, A and u are strictly positive
functions in W2 ~12(Q)n&%1(Q).

As we have stated, throughout this subsection we consider the following Dirichlet problem:
Problem (Pp)
Find u and 6 in Q x (0, t/], satisfying (2.1)—(2.3), the initial conditions (2.9) and

u=0, 0=0 on I' x(0,¢].

Following the reasoning used in Barral et al. [4], we propose the following weak variational
formulation:

Problem (VPp)

Find (u(t), 0(t)) € Hé(Q) x HL(Q), satisfying a.e. t € (0,17)

a(u(t),v) — m(0(t) — 0,,v) = /Q b(t)-vdp, Yve HY(Q), (4.18a)
f@

(0:0(1), @)2 + k(0(1), §) + m(¢,0u(1)) = , o Pdp. Vo< Hy (), (4.18b)
and the initial conditions (2.9).

Under hypotheses (H1)—-(H6), (H12), (H13), Theorem 2.1 implies the existence and unique-
ness of solution (u, #) to Problem (VPp), satisfying (2.16), (2.17), or equivalently (4.1), (4.2)
for r =0.

In the following, we modify some hypotheses to successfully treat this second result of
regularity in time:

13 93
(H1);, The elasticity tensor satisfies (H1) and 47! € [(60’1(9)} N [(52’_1(9)} .
(H2);» The reference temperature satisfies (H2) and 0, € $%'(Q) N 6>~ 1(Q).
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(H4);, The thermal conductivity coefficient satisfies (H4) and k € W2*(Q).

(HS5)a The body force b € W'+22(0,¢,;L*(R)), and 8'b(0) € H¥2(Q), 1 <1 < 7.

(H6),» The body heating f € W20, t;; LX(Q)), and 8'f(0) € Hy'"**(Q),0 <1 <r—1.
(H12),, The initial conditions uy € H}(Q) and 0y € HZ(Q).

(H13);; The initial conditions uy and 6, satisfy

a(ug,v) —m(0y — 0,,v) = / b(0) -vdp, Vve H(l](Q).
Q

(H14),. For 1 < <r, the solution & to each Problem (P') satisfies

Divi' € HY 21(Q).

Remark 4.6 We notice that in hypotheses (H1), and (H2),, it would be enough to consider
A7 € [ @) N [WELH(@)] and 0, € €°1(@) N WX-L(Q),

Theorem 4.7 Let r € N be a fixed parameter. Under assumptions (H1)y, (H2)p, (H3),
(H4),—(H6)» and (H12),—(H14)12, the solution to Problem (VPp) satisfies

ue W00 HY(Q), O ue LA(0, ¢ HY(Q)) and
0. € W0, HY(Q)), 07710 € LA(0.17; LA(Q)).

Proof The proof follows the scheme of Theorem 4.2. Therefore, we give the proof for
r=1

Auxiliary problem.
Using formal derivation with respect to time in Problem (V' Pp), we define the
following problem:

Problem (VPp),
Find (U(1), 0(t)) € H)(Q) x H}(RQ), satisfying a.e. t € (0,):

a(u(t), v) — m(0(t)—0,, v)= /Q [a,b(t)—3av(9,.1<)] “vdp, Vv € H\(Q), (4.19a)

0uf (1)
0,

(@:0(t), §)2 + x(0(2), §) + m(, 0,(1)) = / ¢dp, V¢ € Hy(Q), (4.19b)
Q
and the initial conditions 1(0) = 1y, 0(0) = 0 in Q, where

= 1

o=1u', 0p=0" (4.20)

Here, ui! is the weak solution to Problem (P') and 0' is defined from equality (4.17).
Notice that uy and 0y are defined to coincide formally with the derivatives with
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respect to time of u and 6 at t = 0. In effect, if we evaluate energy equation (2.2) at
time t = 0, we obtain

_36,4KDivom(0) | Div(kVh) | f(0)

POCF POCF POCF

0,0(0) = n Q.

In addition, if we formally differentiate motion equation (2.1) with respect to time,
we consider t = 0 and we replace the previous expression, we obtain equation (4.14)
for @' playing the role of d,u(0) with b' given by equality (4.16).

Lemma 2 Under assumptions of Theorem 4.7 for r = 1, the initial conditions Uy
and 60y, given in (4.20), are well defined.

Proof Under hypotheses (H1)p, (H2)w, (H3), (H4)o—(H6) and (H12),, for r = 1,
the assumptions of Corollary 1 are true for r = 1 and we can conclude that
Uy € H)(2) N H%(Q) is the unique solution to equation (4.14) for r = 1. Therefore,
0y = 0' can be defined from equality (4.17) and 0y € H'(Q). O

Existence and uniqueness of solution to Problem (V/Fp)t.
In the following, we prove the existence and uniqueness of solution to Problem
( V/P\D)t from Theorem 2.1; the main difficulty is to verify that the initial condition
of this problem, (ﬁo,@o), satisfies the required hypotheses. Indeed,

e Taking into account hypotheses (H1);, (H2),, and (HS);, we easily deduce

e

that the body force associated to Problem (VPp), satisfies 9;b — 3aV(0,K) €
W22(0,¢;; LA(Q)).

e In the same way, considering assumption (H6),, we obtain O,f €
WL2(0,17; L(Q)).

e From Lemma 2, iy € H}(Q) N H3(Q) and 0, € H'(Q).

e Finally, it is necessary to check hypothesis (H13). From definition of Uy, we can
deduce that (uo, 0y) satisfies the weak equality

a(lio, v) — m(0p — 0,,v)= /Q (9,(0) — Div(36,0K1)) - vdp, (4.21)

for all v € Hy(®). Indeed, since Uy is the weak solution to Problem (P'), given
by equation (4.14), considering the definition of b! (see (4.16)) and taking into

212
account Definition 4.4 for y = 270,2°K7
POCF
- / Div(Al ‘#(tio) — 30K [—30’“K Div (iig)1 + 2 (V0L 7O 1} ).V i
Q POCF POCF POCF
= / 0,b(0) - vdp, for all v e H)(Q). (4.22)
Q
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Furthermore, considering expression (4.17) and taking into account that @0 =
0', equation (4.22) can be rewritten as

—/ Div (A“ :s(ﬁo)—3ocK(§0—0r)I) -vdp
Q
_ / [0,b(0) — Div(300,K1)] - vdp, for all ve HY(Q),
Q
which proves (4.21).

Then, by definition of Problem (P'), iy = 0 on I" and thanks to (H2)», (H3),
(H6):2, (H12); and (H14)y,, from equality (4.17) we deduce that §p =0 on I'.

Summing up, from Theorem 2.1, we can conclude the existence of a unique weak
solution (u. 0) to Problem (VPD)t satisfying (2.16), (2.17).

The solution to Problem (VPD)[ is the derivative in time of the solution to Problem (V Pp).
Following the proof of Theorem 4.2, we introduce the helpful functions w(¢) and
O (t) defined in (4.6).
Let us integrate the equations of Problem (V/FD)I over (0,¢), and apply a Green’s
formula to the term m(0,,v)

/t a(u(s), v)ds — /t m(0(s), v)ds = / (b(t) —b(0)) - vdp, Vv € H)(Q),  (4.23)
0 0 Q
(0(1) = 0(0), ¢)> + /0 k(0(s), @)ds + m(6, u(r) —6(0))
= /9 (f([);if(o))qs dp, V¢ € Hj(Q). (4.24)
On the other hand, considering (H13),, we have
/ b(0) - vdp = a(ug,v) —m(0y — 0,,v), Vv € H)(Q).
Q
In addition, due to expression of 50 = 0! (see equation (4.17)), we can deduce
(0 612 = —m(oiio) — ion.9) + [ TPy v < i

Thus, if we replace the previous equalities in expressions (4.23) and (4.24), we obtain

a(uy + /Otﬁ(s)ds,v) —m(0y + /01 E(s)ds —0,,v)= /Qb(t) ‘vdp, Vve H(l)(Q),
f(@
o 0

(0(), $)2 + (6o +/0 0(s)ds, §) + m(, (1)) = ¢dp, V€ Hy(Q).

Therefore, w and @ are solution to Problem (V' Pp). An argument similar to that of
Theorem 4.2 completes the proof.

O
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In order to conclude this part, we summarize the regularity properties in space and time
for the solution to Problem (VPp) given in Theorems 3.4 and 4.7. For that purpose, we
replace (H4),, by the following hypothesis:

(H4)s» The thermal conductivity coefficient satisfies (H4) and k € ¢%1(Q) N > (Q).

Theorem 4.8 Let r € N be a fixed parameter. Under assumptions (H1)g, (H2)p, (H3),
(H4)st2, (HS)12, (H6)12, and (H12)1,-(H14)y, the solution (u,0) to Problem (VPp) satisfies
the following regularity properties:

u € Wr(0,1;; Ho(2) NHL, (Q)), 97w e L2(0,t;;Hy(Q)) and

Loc

0 € W (0,17 Hy(Q) N HE,o(Q)), 9710 € LX(0,17; L7(2)).

Proof The proof is deduced directly from Theorems 3.4 and 4.7. O

5 Conclusions

In this paper, we have obtained regularity properties of the solution to a quasi-
static fully-coupled linear thermoelastic problem for heterogeneous materials with mixed
displacement-traction boundary conditions for the mechanical sub-model and mixed
Dirichlet-Neumann—Robin for the thermal one.

Specifically, we have proved H?,, regularity in space for displacements and temperature
assuming additional regularity on the data, and we have achieved W"* regularity in
time, r € {0} UN, assuming also more regularity of the solution at the initial instant.
Furthermore, for the corresponding homogeneous Dirichlet problem, we have obtained
the same regularity in time by increasing the smooth properties in space of the initial data
without considering smoother properties of the solution at the initial instant.
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