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Abstract

We consider the Bayesian over-dispersed Poisson (ODP) model for claims reserving in general
insurance. We choose two different types of prior distributions for the parameters and then study
the different Bayesian predictors. This study leads, on the one hand, to the classical chain ladder
predictor and, on the other hand, to Bornhuetter & Ferguson predictors. We highlight (either
analytically or numerically) how these predictors are obtained and how their prediction uncertainty
can be determined.
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1 Bayesian over-dispersed Poisson model

1.1 Introduction

A number of papers have appeared in the recent literature looking at stochastic models related to
the Bornhuetter & Ferguson (BE, 1972) method of claims reserving, see for example Alai et al.
(2009), Mack (2008), Saluz et al. (2011), Verrall (2004). The basic philosophy underlying these
papers, and the BF method, is that there is external knowledge about the ultimate losses that is not
contained in the runoff triangles of data. In statistical methodology, the usual way to incorporate
such external knowledge is to use Bayesian methods. This paper examines the use of Bayesian
methods for over-dispersed Poisson (ODP) models. The Bayesian ODP model treated in this paper
was briefly covered in England & Verrall (2002), the present paper provides a much more detailed
analysis and examines the use of different prior distributions and posterior estimators. We provide
analytical results, where possible, which allow for intuitive interpretations. Where it is not possible
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to derive analytical results, we use Markov chain Monte Carlo (MCMC) methods to obtain
numerical results.

Although this paper is related to the BF method, in that the underlying philosophy is similar, the
results are not the same as the results from applying the conventional BF method. The reason for
this is that the BF method uses the same runoff pattern as the chain ladder (CL) technique, whereas
the application of Bayesian prior distributions to the rows of the claims development triangle
naturally affects the posterior distributions of the parameters for the columns (i.e. the runoff
parameters) of the claims development triangle — even if non-informative prior distributions are
used for the latter. It is possible to construct a Bayesian BF model where the runoff pattern is exactly
the same as in the CL technique, see Verrall (2004), but in that case it is not clear that this is a
statistically optimal estimator. Thus, the purpose of this paper is to examine Bayesian models which
incorporate prior knowledge about ultimate losses (as the BF method does), but it is 7ot the purpose
to reproduce the results from the BF method exactly, as in Alai et al. (2009).

The model assumptions are set out in full in Sections 1.2, 2.1 and 3.1, but the basic idea is to use an
ODP model for the incremental claims with cross-classified means pi;y;, where ; is the row parameter in
accident year i (related to the exposure of accident year i) and v; is the column parameter for
development period j (related to the runoff pattern), and to apply prior distributions to these
parameters. We will assume that there is no prior knowledge about the runoff parameters, and we use
non-informative prior distributions for ;. By assuming informative prior distributions for the p;’s we
can incorporate external knowledge about the ultimate losses. We investigate a number of different
formulations of these informative prior distributions, and examine the properties of the resulting
posterior estimators. We also compare our results with the traditional BF method.

An important observation will be that although we choose non-informative prior distributions for
the parameters, their shapes may have a significant influence on the resulting claims reserves.

Organization of the paper. In the remainder of this section we define the general Bayesian ODP
Model and we discuss prediction in a Bayesian framework. In Sections 2 and 3 we then specify two
different types of prior distributions (the uniform prior model with log link function and the gamma
prior model). Parameter estimates, e.g. for v;, are always denoted by 7; in the uniform prior model
with log link function and with 77 in the gamma prior model. In Section 4 we discuss parameter
estimation via simulation methods and in Section 5 a numerical example is provided. All the
statements are proved in the appendix.

1.2 Model assumptions

The model assumptions are similar to those in the Bayesian claims reserving models presented in
England & Verrall (2002, 2006), Verrall (2004) and Wiithrich & Merz (2008), Section 4.4. We
assume that the parameters are modelled through prior distributions and, conditional on these
parameters, the incremental claims X;; have independent ODP distributions for accident years
i €{0,...,I} and development years j € {0,...,I}. The final development year is given by I and the
observations at time [ are given in the (upper) runoff triangle

D]Z{X,’IZ+]§I}

Our goal is to predict the future claims in the lower triangle Df = {X;; : i +j>1,i < I}.
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Model 1.1 (Bayesian ODP model)

® L40s..-sH, Yos--->Y1, @ are independent positive random variables with joint density (- ).
e Conditionally, given parameters @ = (ug,..., {1, Vg,---57> @), Xi; are independent random
variables with

X,‘" (d) .
—L| ~Poi (1;y;/9).
[C)

The parameter g, plays the role of the row parameter (related to the exposure of accident year i,
see (1.2)), the vy’s describe column parameters (related to an incremental claims development
(runoff) pattern that is not necessarily normalized, see (1.2)) and ¢ describes the dispersion
parameter. We obtain the following first two conditional moments

E[X;;|®] = pyy; and Var(X;;|®) = ouy;, (1.1)
and the conditional total ultimate claim of accident year i is given by

I
E LZ Xij
2

(¢}

I
=1y (1.2)
j=0

We analyze the Bayesian ODP Model 1.1 for different types of prior distributions for @ and
different types of parameter estimates for @ (see (1.3)—(1.4) below).

1.3 Bayesian predictors

Assume the Bayesian ODP Model 1.1 to hold. Using Bayes’ Theorem we find the posterior density
of O, given the observations Dj, by

o ()
u(0|Dy) oc H exp {— ﬂ;)//} ‘”7'”(0)’

i+j<I »

where the proportionality sign oc means up to normalization w.r.t. the random vector @. In
Bayesian theory there are two commonly used predictors, the minimum mean square error (MMSE)
predictor and the maximum a posteriori (MAP) predictor for @, given Dj. These are given by

~MMSE
0 E[®| D], (1.3)

argmax u(0| D). 1.4

~ MAP
(0]

~ MMSE
The predictor @ minimizes the conditional prediction variance (see also (2.7) below) and the

predictor ©® " is the maximum likelihood estimator (MLE) for the posterior density #(01D;). The MAP
predictor (E)MMSFhas AtlAl/IeA Iz}dvantage that it can often be calculated analytically. On the contrary, it has a
bias term @ — 0@ | relative to the posterior density #(01Dy), that can, in general, only be calculated
numerically, for example, using the MCMC methodology. This is discussed in the rest of this paper.

2 Uniform prior distributions and the chain ladder method

In this section we start with uniform priors and log links for the parameters y; and ;. Such a model
has already been studied in England & Verrall (2006), Section 7.1. The crucial consequence of the
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uniform priors assumption is that if we make them non-informative we obtain the classical CL
estimate from the MAP predictors. In this spirit, this model is another example that replicates the
CL reserves (see also Subsection 2.3).

2.1 The (non-informative) uniform priors model with log link

We define the parameters on the log scale: o; = log(y;) and f; = log(y)).

Model 2.1 In addition to Model 1.1 we assume that o; = log(y;) are uniformly distributed on (—m, m)
for m>0, and f; = log(y,) are uniformly distributed on (—b,b) for b>0 and ¢ >0 is constant.

Remark. It might be more appropriate to use different uniform priors for each parameter, e.g. o; are
uniformly distributed on (—m;,m;). However, if we choose non-informative priors for o; = log(y;)
and f; = log(y,) (i.e. we will let m— oo and b— o0), then the specific prior differences between the
a;’s and between the f’s are not relevant.

With (1.1) we obtain
log E[X,;|®] = 10g<w/,-) =% + B,

which illustrates the role of the log link function, see also England & Verrall (2002), Section 2.3.
That is, with the log link function we derive the generalized linear model form.

The posterior density under Model 2.1 is given by

% P
uo ) ] exp{—“”; } ) Hz—n mm>(a,)H2b1< b ).

i+j=<I

If we assume that m and b are sufficiently large (we comment on this below) then the MAP
predictors for ¢; and f; can be found by maximizing the posterior log-likelihood function log #(01Dy)
analytically, see Section 2.3. This provides MAP estimators o; and B;‘ for «; and p;, respectively, that
correspond to the solution of the following system of equations, see also e.g. (2.16)—(2.17) in
Wiithrich & Merz (2008),

ey el =" Xy, fori = 0,...,1, 2.1)
j=0 j=0
I—j I-j

My e =Xy forj = 0,...,1. (2.2)
i=0 i=0

Remarks 2.2

e Cij = 22:0 X, is called the cumulative claim of accident year i up to development year j. The
(total) ultimate claim of accident year i is denoted by C;; and the outstanding loss liabilities at
time I for accident year i are given by

R; = Z Xij = Cii—Cir—i, (2.3)

=I—-i+1

under the assumption that X;; denotes claims payments. The final goal is to predict these out-
standing loss liabilities R; and to determine the prediction uncertainty.
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e The solution to (2.1)—(2.2) is not unique, i.e. whenever %; and ﬂ, solve the system (2.1)—(2.2), then
for any K € R also @; + K and ﬁ, K solve the system (2.1)—(2.2). The requirement 7 and b
sufficiently large now means that there exists at least one K € R such that the solution (%y +

K,...,0; + K, [30 /3 K) of (2.1)=(2.2) is within [-m,m]' *' x [—b,b]' T'. We fix such a
constant K and then denote the resulting MAP predictor by

~ MAP “MAP TMAP MAP MAP

(0] = (e‘o B R )

The MAP predictor for the outstanding loss liabilities R; in (2.3) is then defined by

ﬁf\/IAP _ e’oplvmp Z e/ifvmp.

j=I—i+1

We see that K cancels in this product and hence the specific choice of K is not important as long as at
least one such K exists.

e The MAP optimization problem (2.1)-(2.2) can be solved analytically. This is discussed in
Section 2.3, below.

e For the priors of &; we can either use informative priors (i.e. 7 < o0) or non-informative priors
(i.e. m— o0). However, since we have only one parameter, namely m, we always have prior
expected value E[e;] =0 and variance Var(e;) = m?/3. Because we would like to have more
flexibility in these parameter choices (if we have prior knowledge on «;), we consider different
priors in Section 3, which then leads to a Bayesian BF model. For the BF method we refer to
Bornhuetter & Ferguson (1972).

¢ Note that the MAP predictors do not depend on the explicit choices of 71, b and ¢, once m and b
are sufficiently large. On the other hand the MMSE predictors will depend on these parameter
choices.

The MMSE predictor for R; in (2.3) is given by

I
RMMSE — E[R;|D)] = E[ Z Xi;|Dr
i=I—i+1

1

Z E [Mz‘“/,‘

j=I—i+1

1

D;} = Y Ele"e|D].24)

j=I—i+1

Due to the posterior dependence between «; and f;, given Dy, this cannot be further decoupled and
calculated in closed form, see also Verrall (2004). Therefore, the MMSE predictor can only be
calculated numerically.

We analyze the right-hand side of (2.4) in more detail. We denote & = (0, ..., %1), B = (Bos---»P1)s

# = (o, 1), Y = (Yo, - -, 71). Doing the following change of variables y; = ¢* and y; = el we
obtain

ﬁfv;MSE = E[eo‘xeﬁ/ﬂ)l] = / e“"eﬁfu(oc,ﬁ‘DI)dadﬁ
K RZI

1
= / Ri]u,-v,-u(ﬂ 7|Dr) kl;[

|
H/—du dy, 2.5)

‘:|H
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with posterior density

1 1 . it
13%13% [T e {~ 22} (u3)"

iti<I
k - (2.6)
H —m e"‘)(:uz) H 2b 1(e b eh)(//)
Maximizing the right-hand side of (2.6) provides the MAP estimators @M4” and yMAP
Remarks 2.3
e Basically the same remarks about the uniqueness of the MAP estimators iMAF and ;)MAP apply as

in Remarks 2.2: (i) they are only unique up to multiplication (and division, respectlvely) with a
positive constant; (ii) we choose 72> 0 and b > 0 so large that the mode of the density (2.6) lies
Sl e—m myl 1 b byt
within [e™™, ¢™] x [e77, e°]
e The MAP optimization problem (2.6) can be solved analytically. This is discussed in Section 3.2, below.

e The MAP predictor for the outstanding loss liabilities R; in (2.3) is then defined by
I
BRMAP __ ~MAP SMAP
RYAT = gt > g
j=I—i+1

This now leads to a slightly unpleasant observation. Note that the MMSE predictor in (2.5) does not
depend on the parametrization. This is not true for the MAP predictor! The MAP estimators z4F and
ﬂMAP solve the system of equations (2.1)~(2.2), whereas the MAP estimators iMA" and VMAP will solve the
system of equations (3.11)—(3.12), below. Because these two systems of equations dlffer we find

MAP pMAP AP L . . ~ -
e el o4 pMAr V?AAP which in general implies RMAP - RMAP,

This property is well known in Bayesian statistics, see for example Smith (1998). It gives us a first
indication that the MAP predictor is not always suitable in a Bayesian context.

2.2 Prediction uncertainty

We measure the prediction uncertainty in terms of the conditional mean square error of prediction
(MSEP) which for a Dj-measurable predictor R; for R; is given by, see also Section 3.1 in Wiithrich
& Merz (2008),

msepgp, (Ri) = E{(Ri—ﬁi)zml} = Var® D) + (R -R)" 2.7

From (2.7) we see that the MMSE predictor IAQ?AMSE = E[R;|D] minimizes the conditional MSEP.
The conditional MSEP for the MAP predictor is given by

msepg,p, <1€z‘MAP> =E |:(Ri - R\iMAP)ZIDI}
= msepg,p, (ﬁiMMSE) + (ﬁ;MMSE —ﬁiMAP>2 > msepg,p, (ﬁiMMSE). 2.8)

The MMSE predictor and the conditional MSEP can, in general, only be determined numerically,
using e.g. the MCMC methodology.
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. . L : . MAP

First conclusions. In many situations the MAP predictor R; has the advantage over the MMSE
i ~MMSE . . .

predictor R; that it can be calculated analytically. The MMSE predictor on the other hand has the

advantage that it minimizes the prediction uncertainty if we use the conditi(z)nal MSEP as uncertainty
) ) L ~MMSE  ~ MAP o
measure. The MAP predictor obtains a positive bias term (Rl- —R; ) , see (2.8). This bias term

however needs to be interpreted carefully: it is always measured w.r.t. the posterior density u(61Dy).

2.3 Link to the chain ladder algorithm

The remarkable property of the MAP predictor IA{?/IAP in Model 2.1 with non-informative priors and
log link is that it is equal to the CL reserves ﬁlCL That is, the non-informative priors Bayesian Model
2.1 with MAP predictors is another stochastic model that leads to the CL reserves: since our system
(2.1)=(2.2) of equations is exactly the same as the one for the ODP model, see (2.16)—(2.17) in
Wiithrich & Merz (2008), we have

RMAP — RO, 2.9)

In the literature this was, for example, proved by Mack (1991). Therefore, we define for
j=0,...,]-1 the CL factor estimators

Corollary 2.18 and Remarks 2.19 in Wiithrich & Merz (2008) then imply that (for the appropriate
normalizing constant K)

I—i
X,
~ 1 I-1 1 R “ i
ﬁIMAP = log (1—A) 7 and @M4P = log /_,07 .
il k

_ (2.10)
f/'—l k=j

MAP
eli

=0

That is, we can explicitly calculate the MAP predictors. Moreover, this gives another stochastic model
that allows for the calculation of the conditional MSEP given in (2.8). Unlike in Mack’s (1993)
distribution-free CL model and in the ODP model (see England & Verrall (2002), Section 7.2) we do not
need any approximations here for the estimation of the MSEP, but we calculate the exact conditional
MSEP value (2.8) numerically in this Bayesian inference model (using the MCMC methodology).

In this spirit the parameter uncertainty of the estimate @ is part of the model, see (2.8). Moreover,

because we have all key figures in terms of the full posterior distributions, we can calculate any risk
measure of interest (not only the conditional MSEP).

3 Gamma prior distributions

In Section 2 we have used uniform priors with log links in order to obtain the CL reserves. In this
section gamma prior distributions (with the identity link) are used, especially for the modelling of
the row parameters ;. This allows us to incorporate prior expert knowledge about the model parameters
and we obtain claims reserves in a similar spirit to the BF method. However, in our model, we still have
the freedom to determine how much credibility weight we give to the prior knowledge. A similar
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Bayesian ODP model with gamma priors has, for example, already been studied in Section 7.11 of
England & Verrall (2002) and Example 4.51 of Wiithrich & Merz (2008).

3.1 Informative priors for the row parameters
Model 3.1 In addition to Model 1.1 we assume that y; are U-distributed with mean m;> 0 and shape
parameter a;> 0, v; are I-distributed with mean ¢; > 0 and shape parameter b > 0, and ¢ > 0 is constant.

In contrast to Model 2.1, we now extend the prior model for y; to a two-parameter distribution.
Our aim is to keep the mean m; fixed and study the sensitivity in the shape parameter a;. The priors
for vy; will be chosen to be non-informative (i.e. b—0).

The posterior density (likelihood function) in Model 3.1 is given by

by
u(0IDy) oc Hexp{ ’”}(w,) Hu*exp{ }Hy exp{ C’} 3.1)

i+j=<I U

The MAP predictors using non-informative priors for v, (i.e. b—0) are then found by solving

I—i _ I—i
u,-<Zy7~ + z’:’) = ZX:’;- + a;p, fori =0,...,1, 3.2)
i=0 i i=0

Z le/, forj = 0,...,1, (3.3)

i=0

with adjusted incremental claims

Xij forj > 1landi > 1,
XZ: Xij— ¢ forG =0andi > 1)or(j > 1andi = 0),
X;j + (I-1)¢ forj=0andi =0,

]
and adjusted cumulative claims Cf; = >~ Xf,.
b e

Therefore, the MAP predictors for non-informative claims development pattern -y; will be a function
of the parameters ¢, m = (my,...,m;) and a = (ay,...,ar).

Lemma 3.2 We assume Model 3.1 is fulfilled, and we assume that Zl : X >0foralli=0,....I
and ZI ! X5 > O for all j=0,...,I. The solution to (3.2)—(3.3) satzsﬁes u,> 0 and v;>0 for all
a; >0 and ij=0,...,1

We first state a CL type result. Note that in the following lemma we do a CL argument on the rows
instead of on the columns; and for a = 0 we obtain the CL method on rows. Its proof is similar to
the classical CL result, see e.g. Section 2.4 in Wiithrich & Merz (2008).

Lemma 3.3 In Model 3.1 equations (3.2)—(3.3) imply for j=0,...,I—1

> M X CGito dk<1 ,’;‘k)
= _ =0 k=0

I—j—1 T I—j-1 I—j—1
Lomo X Gite X a(l-5)
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The statement of Lemma 3.3 can also be written in incremental form, i.e. for i=1,...,I

wo o Gt oa (1-%) _ (3.4)

i—1
P Z e ,+¢Zak( —,‘,,‘—’;)
=0

This implies the following theorem:

Theorem 3.4 In Model 3.1 equations (3.2)—(3.3) imply for i=1,...,I

C:'lfz_i‘f'ai(/)

Wi =

i—1 i—1 Z“k’ 3-5)
ZCZ‘I_1+<pEuk(“—k—“k+“’)=
=0 E=o %

and

Z“’“’ Za, (3.6)

Theorem 3.4 is now the key to obtain the MLE which are the same as the solutions of equations
(3.2)—(3.3). Note that the right-hand side of (3.5) only depends on u,...,u;—1. Therefore, once we
know the initial value p, the remaining estimators for py,...,u; are calculated iteratively by (3.5).
This is discussed in more detail below.

Solution to (3.2)-(3.3) for ae(0,00). We apply Theorem 3.4. Choose an initial value fio(1t) = ¢ > 0,
then using (3.5) we define iteratively for i=1,...,I

C'kl i T aip

A = 7= Zukw) 7 )Z T (),
Iez—:o kr—i *0 Z Ha2) (mu) — it “’) =0

where we have defined
-1

CH_ .+ aip
L = | ol

1

kZ k,,+¢2uk(u)( ,‘i,—i+,‘;—’,)
=0

AW

Note that the vector (fy(p), . . ., fi;(1)) is now a function of one single parameter u>0. The MAP
predictors for (3.2)—(3.3) are then found by using the normalizing condition (3.6), that is, choose
>0 such that

! aiNi( ) L
Z—fn_u ZmlI(H)Zuk(u) Za, (3.7)

i=o
We denote the resulting MAP predictors for 0 < I, 7 < I by
[MAP% (2) — MAPH (2 m, ) and ')MAP*(a) MAP*(a m, o),

where EJ}MAP*(a) is obtained from (3.3).
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Remarks 3.5

W9

Predictors in the gamma priors Model 3.1 are denoted by a superscript
predictors in the uniform priors Model 2.1 are simply denoted by f; and %;, respectively,
depending on the parametrization (2.5).

, €.8. ?;“, whereas

Note that the MAP predictors can now easily be found by a simple (one-dimensional)
root searching algorithm (it only depends on one single parameter x>0, see (3.7)). This is
slightly more involved than the closed form solution (2.10) in the uniform prior case, but it is
a lot simpler than the multi-dimensional generalized linear model (GLM) claims reserving
problems where one either uses the Newton-Raphson algorithm or Fisher’s scoring method to
find the roots for the multidimensional problems, see for example Chapter 6 in Wiithrich &
Merz (2008).

For the special case of m; = m and a; = a we obtain a closed form solution. Equation (3.5)
implies for constant m; and a;

k=0
I-j
Ct, + ag -1 -1 kgo (CZ,/ + “‘P)
= 1—1—+1 ;#iz"'zl__l()l—'—l Uo- 3.8)
L (Gorar) )" =R (Gt ao)

Hence, from this we can explicitly calculate the MAP predictor

I—j
I-1 kzo (CZ,,' + ‘“P)
m @) = mI + | []55 ,
=0 5 <C"k"7_ + aqo)

k=0

and the iteration then provides the remaining MAP predictors.

We can now study the MAP predictors as a function of the degree of information a contained in

the prior estimates m;, in particular, we obtain a smoothed claims development pattern ?/MAP *(a),

where the degree of smoothing depends on a.

The MAP predictor for the outstanding loss liabilities of accident year >0 is then given by

I
R?/IAP*(a) — A?AAP*(Q) Z fy\/MAP*(a). (39)
j=1—i+1
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3.2 Non-informative prior case

For the non-informative prior case we let @;— 0 for all . The posterior density (likelihood function)
in Model 3.1 for non-informative priors is then asymptotically given by

u(0)Dy) oc H exp{

i+j<I

X;

}(w,)#]_i[ 1j (3.10)

There are two important observations: (i) The non-informative prior case in Model 3.1 has exactly
the same posterior density as the non-informative prior case in Model 2.1 “under the change of
variables”, see (3.10) and (2.6) for m,b — co. Therefore, the predictive posterior distributions of the
outstanding loss liabilities R; in these two non-informative priors models will coincide as well as
their MAP predictors. (ii) Note that in the case (3.10) the last terms on the left-hand side and the
right-hand side of (3.2) disappear. Therefore, we are left with

I—i
Wy v = ZX”, fori=0,....,1, (3.11)
j=0

I—-
Z le,, forj=0,...,L (3.12)

Similar to the solution of (2.1)-(2.2) we find the following solutions to (3.11)—(3.12)

V] AP*(O) — eK 1— —— HA—* and ﬁfVIAP*(O) 7: >
_71 e fk Z AP*(O)
for any positive constant eX and CL factors ?* for the transformed observations C;“ i1
I-j-
N Z t/+1
£ = L
j —-j- ’

Therefore, we obtain a CL model for the incremental claims X* However, in this case we can find a
“natural” normalizing constant eX. Theorem 3.4 1mplles
i—1

1(0) = lim @) = == u(0). (3.13)
Z CkI i k=0

Proposition 3.6 In Model 3.1 equations (3.2)—(3.3) imply
I-n
-1 4 -1 2 G

l1muMAP*(a) =T+ D . > - ,_11” II =
iz 0m1 j Z C* n=j+1 Z C;knn
m=0 ’

-1

Therefore, Proposition 3.6 provides a natural scaling constant eX > 0 if we let the degree of
information a converge to 0.
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3.3 Strong prior case

For the strong prior case we let @;— oo for all i and obtain from (3.2)—(3.3)

ﬁ:l, fori = 0,...,1,
mi
I—j I—j
yjzui:Zij,, forj = 0,...,1
i=0 i=0

Therefore, iMAP*(c0) = m; and

I—j I—j

SMAP:

TR CORD DB
i=0 i=0

In this case we can explicitly calculate the posterior distributions of v;, given D;. These posterior
distributions are independent with

y]|D (in,/go,z:m,/(p> (3.14)

This immediately implies that

1-j
7S o0) = =0, (3.15)

> m;
i=0

and the bias of the MAP predictor of v; is given by

1-j
Z Xij— 2 Xjj
1= J—

%
'V, MSE*(OO) V/ AP*( ) = /

I—-j )
> m; > m;
i=0 i=0

Therefore, in the strong prior case we obtain closed form posterior distributions which allow for an
analytical analysis of the model, both for the MAP predictor

RMAP*(OO) = m; Z 'VMAP*(OO)
j=1—i+1

and the MMSE predictor
R I
RlMMSE*(: ) = m; 2 /7 MSF*(OO)

j=I—i+1

3.4 Link to the Bornhuetter & Ferguson (1972) method

The BF method, as applied in practice, uses as claims development pattern ; the one implied by the
CL factor estimates given in (2.10). Therefore, the classical BF predictor for the outstanding loss
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liabilities is given by
I

SBF j=1—i+1
R = m;

1

aMAP
el

(3.16)

MAP

I
>
j=0

where the E?AAP s solve (2.1)—(2.2). IAQ?F exactly corresponds to the BF predictor studied in
Alai et al. (2009).

Mack (2008) provides a different BF predictor where he uses a different method for the estimation of
the claims development pattern ;. We include a comparison of the results with two versions of the
Mack (2008) method. In the first case we define the raw pattern, see formula (3) in Mack (2008),

-
> Xij

~raw _ i=0 __ oSMMSEs%

e = =0 = SR,
> m
i=0

This pattern is not normalized, i.e. does not add up to 1. Therefore, we can also study a second
development pattern defined by

?mw
ororm ]
Vi I
raw
ZV,‘
=0

We then define similar to Mack (2008)

I I
7 Mack1 ora D MMSE:# P Mack2 o
R = m; E 7 = R; (c0) and R =m; E A
j=I—i+1 j=1—i+1

These BF predictors IAQZBF , IAQfVI“kl and IA{f\A‘”’ZZ can now be compared to the CL predictor IAQICL = IAQfVIAP as
well as to the MAP predictors IAQfVIAP *(a), for a;€[0,00] and the corresponding MMSE predictors. In this
spirit, the Bayesian predictors can be viewed as BF predictors where a; determines the degree of
information contained in the prior value 7,. These predictions and estimators are compared in Section 5.

Moreover, ?IMAP *(a) and ?IMMSE*(a) can be viewed as smoothed claims development patterns where
we account for the prior information 2, according to its degree of information a; for smoothing.

4 Bias, prediction uncertainty and MCMC

4.1 Gibbs sampler

In general, Models 2.1 and 3.1 do not allow for analytical calculations of the posterior
distributions. In most cases the posterior distribution of the parameters can only be determined up
to the normalizing constant. This is then the ideal situation to apply MCMC simulation methods
which provide empirical posterior distributions. These empirical posterior distributions then allow
for the calculation of claims reserves, cash flows and any desirable risk measure. For an
introduction to MCMC methods we refer to Gilks et al. (1996), Asmussen & Glynn (2007) and
Spiegelhalter et al. (1995, 2002). We mention that in recent actuarial literature MCMC methods
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became rather popular, see e.g. Scollnik (2001) and the literature therein, England & Verrall (2002,
2006) and Section 4.4 in Wiithrich & Merz (2008).

Here, we use the Gibbs sampler, see Gilks et al. (1996), page 12. The Gibbs sampler is a simplified
version of the single-component Metropolis-Hastings algorithm (Metropolis et al., 1953, Hastings,
1970). Our aim is to sample from the posterior density #(01D;) with 0 = (u,7) = (Ugy - -+ » 1> V05 - -+ 5715
see (3.1). This posterior density has the special property that

I—i I—i
. . . Xij - Y
u(p|Dy, ) are independent gamma densities with parameters a; + E 2 and 4 + E ﬁ,
=0 @ mi o 5P

Six. o =i
u(y|Dy, p) are independent gamma densities with parameters b + ZJ and — + Z&
izo @ G iz

Thus, from these conditional posterior densities # (ulDy,y) and u (y| Dy, p) we can directly sample from.
The Gibbs sampler then goes as follows:
1. Initialize @© = (u©@,yO),
2. Fort>1do
(a) generate p® ~ u(-| Dy, y*~V);
(b) generate y ~ u(-|Dy, u?);
(c) set @Y = (u»,y).

Then, this algorithm provides a Markov chain (G)(t))tzo whose stationary limit distribution is given
by u(01Dy), see Gilks et al. (1996) and Asmussen & Glynn (2007).

4.2 Empirical distribution from Gibbs sampling

Using the Gibbs sampler we obtain (after burn-in T) an empirical distribution from the sample

(0 = W29), . ¢ = (W ot 3 o)

t>T

which is an estimator for the posterior distribution u(-|Dy). Therefore, we estimate the MMSE
predictor RMMSE by the sample mean

7 MSE 1¢ ~ 0.0
SRR D )
T-T, 711j=1"1+1

To indicate that this is the sample mean we use two hats in the notation. The conditional MSEP of
the MMSE predictor is estimated similarly. Note that

. MMSE
msepg,p, (Ri ) = Var(R;|Dy)

= E[Var(R;|D1, ©)|D1] + Var (E[R;|D;, ©]|Dy)

D,>.

“4.1)
1

= @E[R|Dy] + Var( S wy

j=1—i+1
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Therefore, we get the estimator

- 5 R
—= ~ MMSE ~ MMSE 1 T 1 ~ MMSE
mSepg,p, (Ri ) = ¢R; + 5 E E uﬁ”vﬁ” - (Ri ) .

Tt:T+1 j=1—i+1

Remarks 4.1

e We would like to emphasize that using the Gibbs sampler we do not only estimate the conditional
MSEP. The Gibbs sampler provides an approximation to the full posterior distribution u(-1Dy)
and one can calculate any desirable risk measure.

e The empirical sample (@), . allows for the simulation of the payments X;;: for any ¢>T we
may sample for i +;>1

@y
X /0 Poi (1" /). (42)

This provides the simulated cash flows. The sampled outstanding loss liabilities R; are then obtained by

I
RO = 3 x9. (4.3)

if
j=I—i+1

The sample (REI)) . 7 then provides the empirical posterior distribution of R;, given Dy, see also Figure 2.
Moreover, it also allows for the direct estimation of (4.1), simply by calculating the sample variance of
the simulated values.

5 Example

5.1 Univariate example

Before we start with a real data example (in the next subsection) we illustrate the behaviour of the
MAP and the MMSE predictors in a univariate example. This example highlights the importance of
the choice of the prior distribution, the link function and its implications.

Assume conditionally, given A, Xj,...,X,,, X,,+1 are i.i.d. Poisson distributed with parameter A. We
assume that X1,...,X,, are observed and we would like to make Bayesian inference for A and X, 1.

We now make different choices for the distribution A:
Case 1. I" =log(A) has a non-informative uniform prior distribution. In that case the posterior

distribution of T, given X = (X4,...,X,,), is given by

n

i

u(T[X) oc e*"er(er); . 5.1

This implies

~MAP 1 n —MMSE
I _ - . _ r _
e _n§ X; and A = E["[X] =

1 n
=1 ni

Xi.

In this case the MAP and the MMSE predictors coincide.
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Case 2. We make the same assumptions as in Case 1 but we do a change of variable in (5.1). We set
A =¢" this provides posterior density

Xi—1

u(A1X) oc e’”AAf;

This implies
~MAP 1< 1 ~MMSE 1 &
AT ==3"X;—= and A ==Y X
ni4 n ni3

) . ~MAP  ~MMSE __ . ) , ,
That is, we obtain A <A . This shows that the MAP predictors are not invariant under re-

parametrization and therefore are often not appropriate. This is well-known in Bayesian theory, see
for example Smith (1998).

Case 3. A has a non-informative gamma prior distribution. In that case the posterior distribution of
A, given X, has exactly the same form as in Case 2 and therefore we obtain the same inference
picture as in Case 2.

Case 4. A has the non-informative Jeffrey’s prior distribution 2~'/2. In that case the posterior
distribution of A, given X = (X4,...,X,), is given by

Y X;—1/2
u(A|X) oc e A Z )

Jeffrey’s non-informative priors are often used because they have invariance properties under
parameter transformations. This implies

~MAP 1 1 ~MMSE 1 1

AT =2 Xi—os and AT =S X 4 o

ni4 2n ni3

In this paper we do not further investigate Jeffrey’s priors.

. . ~MMSE . i . L
Conclusion. The MMSE predictor A has always minimal posterior variance and is invariant under
re-parametrization. Therefore the optimal Bayesian predictor for X,,+1, given Dy, is always given by

E[Xn+1|X} = E[E[XnJrl!/\,X”X} = E[AIX] = /’{MMSE.

5.2 Real data example

We revisit the BF example given in Tables 2.2-2.4 of Wiithrich & Merz (2008) (this is the example
also considered in the BF analysis in Alai et al., 2009)), see Table 1. We analyze this data set for non-
informative uniform priors according to Model 2.1 and for gamma priors according to Model 3.1.
In order to compare the results to the results in Wiithrich & Merz (2008) and Alai ef al. (2009) we
choose a fixed plug-in estimate ¢ = 14,714.

5.2.1 Non-informative priors and the CL method

In this subsection we study Model 2.1 with non-informative uniform priors and log link as well as
Model 3.1 with non-informative gamma priors. The Gibbs sampler allows us to numerically
calculate the MMSE predictors

~MMSE ~ MMSE ~MMSEx ~ MMSEs
R = Z R, and R = Z R, ,
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Table 1. Observed incremental claims X;j, i +j < I, and prior values ;.

ij 0 1 2 3 4 s 6 7 8 9 m;
0 5,946,975 3,721,237 895,717 207,760 206,704 62,124 65,813 14,850 11,130 15,813 11,653,101
1 6,346,756 3,246,406 723,222 151,797 67,824 36,603 52,752 11,186 11,646 11,367,306
26,269,090 2,976,233 847,053 262,768 152,703 65,444 53,545 8,924 10,962,965
35,863,015 2,683,224 722,532 190,653 132,976 88,340 43,329 10,616,762
4 5,778,885 2,745,229 653,894 273,395 230,288 105,224 11,044,881
S 6,184,793 2,828,338 572,765 244,899 104,957 11,480,700
6 5,600,184 2,893,207 563,114 225,517 11,413,572
7 5,288,066 2,440,103 528,043 11,126,527
8 5,290,793 2,357,936 10,986,548
9 5,675,568 11,618,437

Table 2. Claims reserves predictors with corresponding conditional MSEP'? in Model 2.1 (with non-informative
uniform priors and log link) and in Model 3.1 (with non-informative gamma priors). The figures in brackets

are obtained by Gibbs sampling, the others are exact. The results are compared to the frequentist’s CL model of
England & Verrall (2002) and of Mack (1993). Note that Mack (1993) is a rather different model, so we include
Mack’s (1993) results only for comparison purposes.

claims posterior
reserves bias term MSEP'2
Model 2.1 (non-informative uniform priors with log link)
pMAP _ pC 6,047,059 (—2,339) (430,166)
EMMSE (6,049,398) (430,160)
Model 3.1 (non-informative gamma priors)
pMAP 5,783,089 (—266,229) (505,881)
IQQMMSE* (6,049,398) (430,160)
frequentist’s CL model of England & Verrall (2002) and of
Mack (1993)
ﬁCL from ODP, England & Verrall (2002) 6,047,059 425,891
R from Mack (1993) 6,047,059 462,960

for Model 2.1 (with m,b— o) and Model 3.1 (with a; = a — 0 and b—0). In Model 2.1 the
posterior density is then given by (2.5)—(2.6) with m,b— co. In Model 3.1 the posterior density is
then given by (3.10).

Note that for these two non-informative prior cases the posterior densities coincide, see (2.6) and (3.10).
Therefore, we only need to run one Gibbs simulation to solve both of these two cases numerically.

We have used the Gibbs sampler and we have run 1,000,000 simulations after the subtraction of
burn-in costs T'=100,000. This provided the empirical posterior distribution of the parameters

O CI O} from which the MMSE predictors and their empirical
((Ho, o B R ) #=100,001,...,1,100,000 p P

uncertainty msepgp,(-) were provided, see Section 4.2. For the estimation of the prediction

uncertainty of the MAP predictor we have used formula (2.8). The results are presented in Table 2.
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Observations 5.1

e We observe that the predictors of the outstanding loss liabilities are all rather similar in these non-

~MAP
informative prior situations. The MAP predictor R = 6,047,059 coincides with the CL
~MMSE ~ ~MMSEs

reserves R and it is also in line with the MMSE predictors R =R = 6,049,398
obtained by Gibbs sampling. Only the MAP predictor in the non-informative gamma priors
Model 3.1 gives a prediction RM 5,783,089 that deviates from the others. This prediction
seems too low and moreover, as mentioned in Remarks 2.3, the MAP predictor is not invariant
under re-parametrization. Therefore its use is questionable.

¢ Note that although the MAP predictors for Models 2.1 and 3.1 (with non-informative priors) are
different, the distributions of the reserves are identical since they are from the same Gibbs
simulation. This highlights the danger of focusing solely on the MAP predictors, and not on
the distribution.

¢ Prediction uncertainties in terms of the conditional MSEP: We compare our Bayesian calculations
to the frequentist’s estimates found in the literature: (i) ODP (constant scale) analytical
approximation using asymptotic normality of MLEs, see Section 7.2 in England & Verrall (2002),
(i) distribution-free CL method, see Mack (1993):

ODP (constant scale) approximation, England & Verrall (2002),

_ ~CL
MSEPR p, (R ) =
according to Mack’s distribution — free CL model (1993).

We observe that our Bayesian models provide a prediction uncertainty in the range of 430,000.
This is very similar to the estimate of England & Verrall (2002) in the asymptotic normality
approximation. Mack (1993)’s model is a rather different model, therefore we include Mack’s
(1993) results only for comparison purposes.

¢ The Bayesian models now have the advantage that they provide the full posterior parameter
distributions. Therefore, we can calculate the predictive distribution of the outstanding
loss liabilities (not only the claims reserves and the conditional MSEP). This is further outlined
below.

5.2.2 Informative gamma priors

We turn to Model 3.1 (gamma priors) with informative priors, that is, we implement prior
knowledge about the exposure parameters u;. We choose the degree of information a constant for all
accident years, i.e. a; = a € [0,00]. Then the MAP predictors in Model 3.1 are given by

ﬁMAP*(a) _ Zﬁ?/mp*(a) _ Z MAP*(a)AMAP*(a)
i i+j>1

These are calculated by the root searching algorithm given in (3.7) for ae(0,0), the cases a = 0 and
~MAP
a= oo can be solved explicitly. Figure 1 gives the MAP predictors R *(a) for different degrees of

, , , , ~ MAPs , ,
information a€[0,00]. We see that in our case the claims reserves R (a) are an increasing
function in the degree of information a. This comes from the fact that the prior estimates mz; are
rather conservative (this will be further highlighted below).

Next, we determine the MMSE predictors and the prediction uncertainties in the gamma priors

model. Therefore we again apply the Gibbs sampler. After subtracting the burn-in costs
T = 100,000 we again simulate 1,000,000 samples. The results are provided in Table 3.
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6.4

6.3
6.2

6.1 /
6.0 /
5.9

5.8

Amounts (millions)

5.7
0 1000 2000 3000 4000 5000 6000 7000 8000

degree of information a
— MAP reserves(a) MAP reserves(a=infinity)

~MAP:
Figure 1. MAP predictors R *(a) for different degrees of information a € [0, co].

Table 3. Claims reserves predictors with corresponding conditional MSEP'? in the gamma Model 3.1 for
different degrees of information a. The figures in brackets are obtained by Gibbs sampling.

claim reserves posterior bias term MSEP'2
~MAPx%
R @=0 5,783,089 (—266,229) (505,881)
~MMSEs
R (=0 (6,049,398) (430,160)
R @ = 100) 5,878,911 (—266,615) (499,621)
~MMSEs
R (a = 100) (6,145,526) (422,526)
~MAPx%
R (a=00) 6,367,134 —-276,913 482,406
~MMSEs
R (@a = ) 6,644,047 395,012

Observations 5.2

o The first observation is that in the Gibbs sampler we obtain long-range dependencies for later
development periods. This comes from the fact that we have large variances (for non-informative
priors) and only a few observations. Therefore, we need many simulations (T large) for the
convergence of the empirical mean.

¢ Similar to the non-informative gamma prior case we see substantial posterior bias terms in the
MAP predictors. This comes from the fact that the dispersion ¢ is fairly large compared to the
incremental payments X;; in later development periods. For a = o0, for example, this results in
7MAP (00) = 0.01% and 7MMSE*(00) = 0.14% which explains the posterior bias terms. This

again indicates that the MAP predictors should not be used.

o We see that the MMSE predictors are increasing in the degree of information a. This comes from
the fact that the prior means 7, were chosen rather conservative and the more weight we give to
these conservative prior means the more the MMSE predictors increase.

e The conditional MSEPs are decreasing in the degree of information a. This is rather obvious
because the less uncertainty we have in the prior distributions the less prediction uncertainty we
obtain. We see that the conditional MSEP'/? decreases from 430,160 to 395,012.
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Histogram of Total Reserves
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Figure 2. Histogram for R|p, in Model 3.1 for a =100 from 100,000 simulations.
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Figure 3. Confidence intervals of Rjlp,, i=1,...,10, in Model 3.1 for a=100. The different
quantiles correspond to: minimum, Sth percentile, 10th percentile, 25th percentile, 50th percentile,
75th percentile, 90th percentile, 95th percentile and maximum.

As mentioned above, we obtain the full posterior distribution from the Gibbs sampler for the
outstanding loss liabilities R = Y, R;, conditional on Dy, see (4.3). We consider in Model 3.1 the
case a = 100. The histogram of the total reserves from 100,000 simulation of the outstanding loss
liabilities R is given in Figure 2.

This empirical distribution now allows for the estimation of any risk measure, not only the

conditional MSEP. Moreover, we can also plot confidence intervals, for example, in Figure 3 we
show the confidence intervals per accident year i. As expected, we observe that the uncertainty in
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old accident years is rather low, because they are already well developed, whereas for younger
accident years we obtain bigger ranges.

The Gibbs sampler not only provides the conditional distribution of the outstanding loss liabilities
R;, given Dy, but we also obtain the conditional distribution of the cash flows X;;, conditionally
given Dj. From these cash flows we can determine how the uncertainty evolves over time (over the
development years). In Figure 4 we show the development of the uncertainty over time for the
youngest accident year. We see that the payment for the first development year is given (contained
in Dy). This is why there is no uncertainty at time 1. After this first development year we obtain the
corresponding confidence intervals. Figure 5 describes the same development uncertainty but for the

Claims Development

Amounts (millions)

6 7 8 9 10
Development Period

o
-
™ A
w
A
(6]

Figure 4. Development of C;j, i =1 and j >0, over time in Model 3.1 for a = 100. The different gray
scales correspond to: 10th percentile, 25th percentile, 50th percentile, 75th percentile, 90th percentile.

Claims Development

Amounts (millions)

o
-
N 4
w
N

5 6 7 8 9 10
Development Period

Figure 5. Development of C;;, i =I-1 and j >0, over time in Model 3.1 for a = 100. The different gray
scales correspond to: 10th percentile, 25th percentile, 50th percentile, 75th percentile, 90th percentile.

278

https://doi.org/10.1017/51748499512000012 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499512000012

Bayesian over-dispersed Poisson model

second youngest accident year. Of course, we observe a smaller uncertainty, because we have more
observations compared to the case in Figure 4.

5.2.3 Strong gamma prior case and the BF method

Finally, we compare the gamma priors Model 3.1 with strong priors for p; to the classical BF
predictor. In the literature the classical BF predictor is given by (3.16). We also compare the classical
BF predictor to the BF predictors obtained from Mack (2008):

~Mack1 ~ .
R = Z RMackl — Z m;;"  (BF-Mack predict or from raw pattern),
1 i+j—1

~Mack2 =~ . .
R = Z RMack2 — Z m; 7™ (BF-Mack predict or from normalized pattern).
1 i+j—1

For the calculation of the prediction uncertainty of the BF predictor there are different methods in

the literature: The conditional MSEP msepgp, (R of the classical BF predictor is calculated with
. .. ~Mackl ~Mack2

Alai et al. (2009) and the conditional MSEPs mseppg p, ( R and msepgp, (R of the

BF-Mack predictors are calculated according to Mack (2008). The results are presented in Table 4.
Observations 5.3

o The different BF predictors are rather diverse. This comes from the fact that the prior values ;
are too high, which has the rather unpleasant effect that we do not obtain reliable estimates
for the claims development pattern vy,. For the raw pattern wi obtain Z praw Z?]MAP *(o0) < 1.

Mac / .
If we normalize this raw ]%/'flttern we get predictors R and R that are too high. Also
= Mack1 .
the non-normalized ones R (a = o0) and RM seem to be too high because of the large
values of m;.

e The predictors IAQMMSE*(a = 00) and IAQMMH coincide because they use the same parameter esti-
mates. However, the underlying reasoning is slightly different which can be seen in the prediction
uncertainty. For the MMSE predictor IAQMMSE*(a = 00) there is no uncertainty in m; (because we
assume perfect information a = o), whereas in R\MMH we also add uncertainty to m,.

e The gamma priors Model 3.1 is consistent in the sense that it also uses the prior knowledge on p;
to estimate the claims development pattern v; (whereas the other BF methods are not). In this
spirit our Bayes model should be preferred. Moreover, we also have the flexibility to attach
credibility weights in terms of a to this prior knowledge which then results in Table 3.

Table 4. Claims reserves predictors with corresponding conditional MSEPY? according to Model 3.1 with
strong priors, Alai et al. (2009) and Mack (2008).

claims reserves MSEP'?

IQQMMSE*(a = 00) from Model 3.1 6,644,047 95,012
R™ from BF (1972) with Alai et al. (2009) 7,356,578 471,973
AMMM from Mack (2008) raw pattern 6,644,047 339,678
IAQM“LZ from Mack (2008) normalized pattern 7,505,435 726,531
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6 Conclusions

The Bayesian ODP claims reserving model with uniform priors and log link (Model 2.1) and with
gamma priors (Model 3.1) give mathematically consistent ways to estimate claims reserves in the
Bornhuetter & Ferguson (1972) spirit:

¢ they use prior knowledge ; for the expected ultimate claim;

7. to obtain

e they combine the prior knowledge 72; with an estimated claims development pattern 7;

the reserves;

e this claims development pattern is estimated using a credibility weighted average between the
observations D; and the prior knowledge #1; according to the degree of information a contained in
the prior knowledge. Complete prior knowledge (a = o0) leads to a BF model similar to Mack
(2008), no prior knowledge (a = 0) leads to the CL case, and for ae(0,c0) we can model any
intermediate case.

The advantage of such full Bayesian models is that they allow for a complete analysis and for the
calculation of any risk measure, whereas the frequentist’s approaches (Alai et al. (2009) and Mack
(2008)) need additional approximations for the determination of the conditional MSEP, and are
unable to provide additional information such as predictive distributions of cash flows.

Limitations and outlook for further research. This paper only considers the ODP model with
constant scale factor ¢, and the BF model in the context of the CL model without a tail factor. In
many cases the choice of a constant scale parameter ¢ should be checked. Often data suggests that
¢; depends on the development period j. Furthermore, it should be checked whether the conditional
independence assumption between the X;’s is appropriate and whether one should include tail
factors beyond the latest development period.
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A Proofs

Proof of Lemma 3.2. This is an immediate consequence of the assumptions and
(3.2)-(3.3). O

Lemma A.1 In Model 3.1 equations (3.2)—(3.3) imply for j=0,...,1
I-j j I-j I—j L
S Y= NGt o Y a(1- )
k=0 m=0 k=0 k
Proof of Lemma A.1. We first prove the two statements (an empty sum is set equal to 0)

I-j I-j i I

u
Y=y dre S a(i-p) @
k=0 k=0 m=0 k=I—j+1 k

1
ailli ,
; s Za (A.2)

If we sum (3.2) over i=0....,I and (3.3) over j =0....,I we obtain
L i
Dot e t-ed a= ) Xi= > gm
ivi<I i=0 " ic0 ivj<I ivji<I
This immediately implies statement (A.2). We now turn to (A.1). The proof is similar to the proof of

Lemma 2.17 in Wiithrich & Merz (2008) and goes by induction.

We start with j = 0: using (3.3) in the second step we have

I
ZCZ,O =

1
k=0 k=

1
Xz,o =% Z:“k-
0 k=0

This proves the claim for j = 0.
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Induction step j—;j + 1. We assume that the claim holds true for j < I — 1, then we prove the claim

forj+1:
I—(+1) I—j—1 j+1 I-j i i
D Char= 2 D Xiw =D > Xiw— X Xij Z G
k=0 k=0 m=0 k=0m=0 m=0 k=0

To the first term on the right-hand side we apply the induction assumption

I=j J — I-j I
SPILIED WS W ST I (B3]
k=0m=0 =0

-0 k=I—j+1

and to the second and third term (3.2) and (3.3), respectively. This implies

I-G+1) I-j i ! Ly
SIS RS M(_J)
k=0 m=0 k=1—j+1 k

=0

~

—j—1
+ V7+1 :uk

j
Hr—j
=M= Ve + (MI—'( - )
{ ’;;o o
I-(G+1) j+1 I M
PR WETIDS ak(l—;).
k=0 m=0 k=I-(G+1)+1 k

This proves (A.1). If we now combine (A.1) and (A.2) we obtain

‘ i I I—j I-j
Hi Hi
W= e 3 a(i-8) =S eYa(i-2)

This proves the claim. t

Proof of Lemma 3.3. Choose j < I-1 then we have from Lemma A.1 and equation (3.2)

I—j—1

7~
Il
S
3
Il
)
=
Il
S)
3
Il
IS
3
Il
IS

-7

I—j I—j i
_ K My
=> Ci+o ﬂk(l - m—k) — Y Xt arip (1 - ) (A3)

E=0 k=0 k=0
I—j—1 I—j—1 i
= Z Ci.+ o Z ay (1 k)
P S k=0 e
If we divide the equality in Lemma A.1 by (A.3) we obtain the claim. O

Proof of Theorem 3.4. We solve (3.4) for p;. In a first step we obtain for i =1,...,I

[ Ealeo2)] - () o)
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Moreover, we have

i—1 i—1 i—1
Hi ai¢
K ZCZ,H + (Pzak(l— m—k> + ﬁz#k]
k=0 k=0

' k=0

(i Mk) [C?jl—i + ﬂi€0]~
k=0

Therefore, if we divide by the bracket on the left-hand side we obtain

i—1
(Z .“k) [C:I—i + a,-(p]
k=0

i =57 i1 ‘
TGt o X m(l -t s
k=0 k=0
But then the first claim easily follows. The second claim was already proved in (A.2). O

Proof of Proposition 3.6. The proof follows from the normalization condition (3.6) and (3.13)
similar to the derivation (3.8). |

283

https://doi.org/10.1017/51748499512000012 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499512000012

