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We investigate some properties of solutions of the Degasperis—Procesi equation,
which is an approximation to the incompressible Euler equation in shallow water
theory. Sufficient conditions for wave breaking are found both on an infinite line and
in a periodic domain by the method of characteristics. Moreover, we show that the
solution enjoys the same decay property as the initial data. Finally, the weak and
strong limits, respectively, of the solution as the dispersive parameter goes to zero are
investigated.

1. Introduction
We are interested in the Cauchy problem of the Degasperis—Procesi (DP) equation
Up — Uppe + 26Uz + dUlUy = BUzlUpy + Ulgre, >0, xz€R, (1.1)

with initial data
u(0, ) = ug(x), (1.2)

where u(t, x) represents the wave’s height above the flat bottom, « denotes distance
in the direction of propagation and ¢ denotes the elapsed time. The parameter k € R
in (1.1) is related to the critical shallow water speed.

The Degasperis—Procesi equation and the Camassa—Holm (CH) equation are two
recently derived models for shallow water waves. The CH equation was first derived
by Fokas and Fuchssteiner [28] as a bi-Hamiltonian equation, and then, in 1993,
Camassa and Holm [5] derived it physically as a model for water waves. It was
also found independently by Dai [22] as a model for nonlinear waves in cylindrical
hyperelastic rods with u(t, z) representing the radial stretch relative to a prestressed
state (see also [47,48]). Solitary waves in solids are very interesting from the point
of view of applications, as they are easy to detect because they do not change their
shape during propagation and can be used to determine material properties and
to detect flaws [19]. The DP equation is also, in dimensionless space-time variables
(z,t), an approximation to the incompressible Euler equations for shallow water
[16,25,34,35] and its asymptotic accuracy is the same as that of the CH equation.
Both solutions u(t, ) of the CH equation and the DP equation are considered as the
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horizontal component of the fluid velocity at time ¢ in the spatial z-direction, but
are evaluated at the different levels of the fluid domain [16]. It is worth pointing out
that, in the context of the CH equation, continuation of a weak solution past the
time of wave breaking was recently considered by Bressan and Constantin [2,3]. This
continuation is not unique, but can be made unique either as a global conservative
solution [2] or as a global dissipative solution [3].

The DP and CH equations have attracted much attention in recent years due to
their integrable structure and intriguing properties caused by the balance between
dispersion and nonlinearity [6,7,10,27,39,40,42,45,46]. These two equations show a
variety of important properties. It is worth pointing out that, in the absence of linear
dispersion (that is, in the limit case k — 0), the equations admit peaked solitary
waves or ‘peakons’, which replicate a feature that is characteristic for the waves of
great height (i.e. waves of largest amplitude that are exact solutions of the governing
equations for water waves [14,43]). Peaked solutions are true solitons that interact
via elastic collisions under the CH dynamics, or the DP dynamics, respectively, and
have proved to be orbitally stable in [18,19, 38]. Another remarkable property of
both equations is the presence of breaking waves (i.e. the solution remains bounded
while its slope becomes unbounded in finite time). Therefore, as mentioned by
Whitham [44], it is intriguing to know which mathematical models for shallow
water waves exhibit both phenomena of soliton interaction and wave breaking.

It is easy to see that the DP equation with x = 0 is reversible, i.e. invariant
under transformation v — —u, t — —t. However, it is not Galilean invariant,
i.e. not invariant under u — u+k, t — t, x — x + kt. It lies in a family of equations
parametrized by the speed x € R of the Galilean frame, namely (1.1). Note that
(1.1) with the linear dispersion is completely integrable for all k € R, as it can be
written as a compatibility condition of two linear systems (which is, sometimes,
equivalent to the Lax pair; that is, a pair of matrices or operators L(t) and A(t)
dependent on time and acting on a fixed Hilbert space, such that dL/d¢ = [L, A],
where [L, A] = LA — AL) [23,24], that is,

(1- 85)@30 = u(y + %"f)@a

1
b+ D, + uby —u, ® =0,
I

where y = u — 0%u and the first equation above is the isospectral problem with a
spectral parameter p which is independent of time ¢. It is noted that unlike the CH
equation, the isospectral problem of the DP equation is a third differential operator,
which makes the isospectral analysis much more difficult than the case of the CH
equation. It is worth pointing out that this problem was discussed recently in [21].

Constantin and Escher investigated the Cauchy problem for the CH equation on
an infinite line R and on a unit circle S = R/Z in [11] and [12], respectively. Local
well-posedness and some global existence as well as blow-up criteria for solutions of
this family of CH equations were given. Recently, we studied the Cauchy problem
for (1.1) on R and on S in [29] and [30], respectively. The local and global well-
posedness and blow-up scenarios were established. There are similarities to, but
also structural differences from, the limiting case k = 0, the rest Galilean frame.
The analysis made in [41] showed that there are smooth solitary wave solutions
to (1.1) for all K > 0. When x — 0, these smooth travelling-wave solutions to (1.1)
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recover the existing peakon solitons to the DP equation. It is found that the periodic
solution of (1.1) exists at any time if it is small initially in the Sobolev space H3(S)
controlled by the parameter . This is very different from the limit case k = 0, since
the lifespan of the solution in the case £ = 0 is not affected by the smoothness or
size of the initial profiles, but is affected by the shape of the initial profiles [30]. On
the other hand, we showed in [30] that blow-up occurs in finite time if the initial
profiles in L? are bounded away from zero depending on the parameter .

The goal of this paper is to study some properties of the solutions of (1.1) on
the line R and in a periodic domain S. In §3, using the method of characteristics
and a continuous family of diffeomorphisms of the line associated to (1.1) (see §3),
which was introduced by Constantin and Escher [8,13] to study the CH equation,
we present sufficient conditions guaranteeing the development of breaking waves
in finite time on R and S, respectively. Then, in §4, it is shown that if the initial
profile decays exponentially, the corresponding solution inherits this decay prop-
erty. Finally, based on the global existence, the issue of passing to the limit as
the dispersive parameter tends to zero for the solution of the DP-x equation is
investigated.

Notation. Throughout the paper, function spaces are assumed to be over R or S,
and both are dropped in function space notation if there is no ambiguity. We denote
the convolution by *. For 1 < p < oo, the norm in the Lebesgue space L? is

i = [ |f<z>|pdx)l/p.

The space L consists of all essentially bounded, Lebesgue measurable functions
f equipped with the norm

[flle = inf — sup |f(z)].
m(e)ZOmER(or S)\e
For a function f in the classical Sobolev spaces H*, s > 0, the norm is denoted by
Il flls- We write (f,) for the Fourier series of f € L?. The inner product in H* is
denoted by (-,-)s; in particular, the L? inner product is denoted by (-, -).

2. Preliminaries

In this section, we recall some results on the local/global well-posedness and blow-
up results of (1.1) obtained in [29,30].

Let p(z) := 2e71#l, 2 € R. Then (1 —02)"'f = px f for all f € L?*(R) and
P (U —Ugy) = u. It is convenient to rewrite the initial-value problem (IVP) of (1.1)
with the initial data (1.2) on the line R in its formally equivalent integral-differential
form:

ut+uux+azp*(%u2+2nu):0, t>0, xER,} 2.1)

u(0,x) = uo(x), xr eR.
On the other hand, set
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where [7] denotes the integer part of € R. Then (1 — 92)71f = G x f for all
f € L*(S) and G * (u — uy,) = u. Using this identity, we can rewrite the periodic
IVP (PIVP) of (1.1) with the initial data (1.2) on S as

ut—i—uug;—&—awG*(%uQ—l—Qmu):O, t>0, x€R,
(0, z) = ugp(z), z € R, (2.2)
u(t,z) =ult,x+1), t=>0, xR

In [29,30], we obtained the following result, which shows that the IVP (2.1) and
the PIVP (2.2) are locally well posed (in Hadamard’s sense: they show existence,
uniqueness and continuous dependence).

THEOREM 2.1. Givenug € H®, s > %, there exits a mazimal T = T(ug, k) > 0 and
a unique solution u to the IVP (2.1) or the PIVP (2.2), such that

u=u(-,up) € C([0,T); H*) N C*([0,T); H*™1).
Moreover, the flow map is continuous from H?® to the class defined above.

It is shown that the first blow-up can occur only in the form of wave breaking.
More precisely, we have the following result.

THEOREM 2.2. Assume ug € H%(s > %) and T is the existence time of the corre-
sponding solution u to (2.1) (or (2.2)) with the initial data ug. Then blow-up of the
solution u to (2.1) (or (2.2)) in finite time 0 < T < oo occurs if and only if

1iminf{ inf [uw(t,x)]} = —00.
1T z€R(or S)

The above result was proved in [29,30]. Here, for the IVP (2.1) with s > 2, we
give another proof.
Indeed, set the momentum density y = u — 5, Then (1.1) can be rewritten as

Yt + Yy + 3uzy + 26u, =0, t>0, xR (2.3)

From the identity

lyl2. = / (112 iz = / (u? + 202 + u2,) du,

we deduce that
lull3 < llyllZ: < 2lull3. (2.4)

Due to (2.3) and integration by parts, we calculate

d
—/yz(t,x)dm:2/yytdx

= 2/ Y(—uy, — 3ugy — 2ku,) da
R

= —5/uwy2 dz.
R
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If u, is bounded below, one can deduce that the H?-norm of u is also bounded by
Gronwall’s inequality and (2.4). Since

u(t,z) =p*y = /Rp(x —n)y(n) dn,

taking into account (2.4), we obviously have

tall e < ' [ oo - 77‘ < Ipellzelvllze < lulle.

This shows that if the H2-norm of u is bounded, then so is |Juz| pe.
The following L2- and L>-estimates of (2.1) and (2.2) play very important roles
in studying breaking and permanent waves.

THEOREM 2.3. Assume ug € H®, s > % Let T be the mazimal existence time of
the solution u to (2.1) or (2.2) guaranteed by theorem 2.1. Then E(u) = [yvdx is
a conservation law, i.e.

[vtt.rottn)do= [ unajuao)d.

where y(t,x) = u(t, ) — uze(t,x) and v(t,x) = (4 — %)~ tu. Moreover, for any
t € [0,T] we have two estimates,

illuollze < llu(t,)lIZ2 < 4fuollZa (2.5)
and
lut, Mpeery < 3(llwollZa gy + Isllluoll L2 )t + lluoll o< (ry (2.6)
or
[ult, )l s) < At + [luol|L=(s) (2.7)
where
A= 3/\||u0||2L2(S) + 2[K[AlJuol| L2 (s) (2.8)
and
A i coth(d) = Zfﬁﬂ(%;

Using a continuous family of diffeomorphisms of the line associated to (2.1) (see
§3), we can establish the global existence result.

THEOREM 2.4. Suppose that ug € H*(R), s > 2 5, and k = 0. If mg = ug — Uo,zx >
—2K on R, then the IVP (2.1) admits a unique global solution

u € C([0,00)H*(R)) N C*([0,00); H* 1 (R)).
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3. Wave-breaking phenomena

In this section, we shall use the method of characteristics to study the blow-up
phenomena for solutions of the IVP (2.1) and the PIVP (2.2).
The associated Lagrangian scale of (1.1) is established by the Cauchy problem

dg
— =u(t t T
q(0,z) =z, r R,

where u = u(-,ug) € C([0,T); H*) N C([0,T); H5~1) is the solution of the Cauchy

problem (2.1) or (2.2) with initial data up € H® with s > 2, and T > 0 is the

maximal time of existence. Direct calculation yields g (t, ) = u. (¢, ¢(t,2))qs(t, x).
Thus,

¢z (t, ) = exp </o uw(s,q(s,x))ds> >0 forall (¢t,2) €[0,T) xR, (3.2)

which implies that ¢(¢,-) : R — R is a diffeomorphism of the line for every ¢t € [0,7T),
and the L*-norm of any function f(¢,-) € L, t € [0,T), is preserved under this
family of diffeomorphisms, namely

1)z = 1£(E gt DlL<, ¢ €]0,T).
Furthermore, setting y = 4 — ., we have
(y(t,q(t,2)) + 2K)2(t, ) = yo(z) + 2k for all (¢,2) € [0,T) x R. (3.3)

We note that, in the context of the CH dynamics, use of the ¢-family of functions
was motivated by the fact that the CH equation can be recast as a geodesic equa-
tion [15,20], using a similar method to that in which the Euler equation of hydro-
dynamics can be viewed as a geodesic equation [1,17]. An analogous but slightly
more involved geometric interpretation for the DP equation is given by Escher and
Kolev [26]. More precisely, they show that the periodic Degasperis—Procesi equation
can be regarded as the geodesic flow of a right-invariant symmetric linear connection
on the diffeomorphism group of the circle.

3.1. An infinite line case
We obtain the following blow-up result for the IVP (2.1).

THEOREM 3.1. Lete > 0 and let ug(z) € H®, s > % Suppose that Ty is the smallest
positive Toot of

2AK(t) = log (1 + i) (3.4)

where

E2(t) = F (luollZ + IsllluollL2)*t?
+ Olluollzee + 12[6]) (luollZ- + [llluollL2)t + (FlluollZoe + 4lrllluoll o).
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Suppose, furthermore, that there exists an xo € R such that
uy(zo) < —(1+e)K(TY). (3.5)

The the solution u(t,z) of the IVP (2.1) blows up in a finite time T € (0,T}) in
the sense of wave breaking.

Proof. Using theorem 2.1 and a simple density argument, we need only to con-
sider the case s = 3. Let T > 0 be the maximal time of existence of the solu-
tion u(t,z) to (2.1) with the initial data ug € H®. By theorem 2.1 we know that
u € C([0,T); H) N CL([0,T); H?).

Define U(t,z) = u(t,q(t,z)) and V(t,z) = uz(t, q(t, z)), respectively, along the
characteristics defined by (3.1). By theorem 2.1, V (¢, x) is absolutely continuous
and almost everywhere (a.e.) differentiable on (0,7") x R.

In view of 92(px f) = p* f — f, for any f € L?, differentiating (2.1) with respect
to x yields

Uty + Ulgy = fui + %UQ + 2ku — p * (%u2 + 2Ku).

Since p * (3u?)(t,q(t,x)) = 0 and ||p||z: = 1, using the estimate (2.6) and Young’s
inequality, we obtain the a priori differential inequality along the characteristics

dv : :
= = —V?+3U% 4+ 25U — p = (3u® + 2ku)

< =V2+ 302 + 2|6 (U] + 2lsllp * u|

< -V2+ 302 + 4x||U|

<-V24+ K1) (3.6)
by involving the definition of K (t).

Because ug(z) is continuous and zero mean on R, in view of (3.5), for fixed € > 0
there exists an Zg such that

V((Lfi’o) = —(1 + E)K(Tl)
Noting (3.6), V/(t) := V (¢, Zo) satisfies

dVv 2 2
o VAW KX ae te 0,100, T), (3.7)

V(0) = —(1+2)K(Th).
Consider another Cauchy problem

dv.
d—: = —V2(t)+ KX(Tv), tel0,Ti,

Vi (0) = —(1+ &) K (TY).

(3.8)

This Cauchy problem has a solution that satisfies

Vi) + K(Th) _ Vi(0) + K(Tl)QQK(Tl)t
Vi(t) = K(Th)  Vi(0) — K(Ty) ’

te[0,11).
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Let t 1 T and recall T} is the smallest positive root of (3.4). We have

Vi) + K(T) e

= KTy 1.
Vi(t) - K(Th) 2+ e’

This implies that limgp, Vi (8) = —oo, since Vi(¢) < 0 for t € [0,T1] N [0,T),
whereas, by the well-known comparison theorem for ordinary differential equations,
from (3.7), (3.8) we get

V() <Vi(t) <0 foralltel[0,71]N[0,T).

Hence, there exists a T € (0,T}) such that lim,,7 V/(t) = —oo. The proof is thus
complete. O

3.2. A periodic domain case

We now turn our attention to PIVP (2.2). In a different form, we have the fol-
lowing blow-up result. As long as the solution u to the PIVP (2.2) is defined, we
consider

#) = minfuy (¢, )], t) = Lt ).
ma(t) = minfus (t, z)] ma(t) = maxlus (¢, )]
Furthermore, we let z1(t) € S and z2(¢) € S be points where these extrema are

attained, i.e. m;(t) = ug(z;(t),t), ¢ = 1,2. We shall make use of the following two
lemmas.

LEMMA 3.2 (Constantin and Escher [12,13]). Let [0,T") be the mazimal interval of
existence of the solution u(t) of (2.2) with the initial data uo € H®, s > 3, as given
by theorem 2.1. Then the function m;(t), i = 1,2, is absolutely continuous on (0,T)
with
dmi
dt

= U (t,zi(t)) a.e. on (0,T).
LEMMA 3.3 (Constantin and Escher [12]). Let g be a monotone function on [a,b].

Furthermore, let f be a real continuous function on [a,b]. Then there exists a £ €
[a,b] such that

b 13 b
s)g(s)ds = g(a s)ds b s)ds.
/af()g() g()/af() +g()/£f()

With these two lemmas in hand, we can prove the following blow-up result, which
shows that for an initial profile with an asymmetric hump, the wave may break in
finite time.

THEOREM 3.4. For k € R and § > 0. Assume ug € H*(s > 3) such that

mi1(0)+ma(0) < min{—16]x] — 2V3(ATy + [[uo| = ), —4|k| — 2(1+8)Q(T2)}, (3.9)
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then the solution of (2.2) with the initial data ug blows up in finite time, and the
mazimal time of existence is estimated above by Ty, where

- (—B + VB2 +3421n2(1 + 2/9) )1/2
6A2 ’
B = 4|w|* + 3luol|7
Q(t) = (3A%% + B)'/?
and A is defined by (2.8).

Proof. As before, we only need to consider the case s = 3. Equation (2.2) can be

rewritten as
w4 uuy = —26(G * uy) — 0,G * (3u?).

By differentiation we obtain that
Uty + ui + Wy = —2K(G * Ugy) + %u2 — G x (%uQ)

In view of lemma 3.2 and the definitions of m;(t), i = 1,2, setting = z;(¢), for
1 = 1,2, we have that

d /G Yz (zi — y,t) dy

= 3u? (x4, t / G(z u?(y,t)dy a.e. on (0,7), (3.10)

as Uge(2;(t),t) =0,4=1,2.
The function

9(y) = G(y) — %%h(l)’ y €R,

is continuous decreasing on [0, 1] and increasing on [3, 1], with g(3) = 0, g(0) =
g(1) < < =. Note the spatial periodicity of u,,. We find for i = 1,2 that

\ /0 Gl = 1)
‘/ Y) U (2 yvt)dy‘

1/2
‘/ umm % y, dy‘ ’/ umm i yat) dy
/2

To estimate each of the two integrals on the right-hand side, applying lemma 3.3,
we find that

Y)tge (Ti — Y, t) dy‘ <ma(t) —my(t), tel0,T). (3.11)

Note that G(y) > 1 on R. From we may infer that

(25) w
! 1
| ca—unwnay> | [aod= > Hwli. 612
0
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Due to the a priori estimate (2.7), we have
u?(24,t) < [(BA||uollZz + 2| luoll )t + [lull =] = (At + [Jull=)?.  (3.13)

Combining (3.10)—(3.13), we deduce, for a.e. t € (0,7,

dm

— < —mi + 2|k|(ma — ma) + (At + [luol| =) — 3l|uoll?s,

ddt (3.14)
m

g < m3 2w (my —ma) + §(AL+ [luo| 1) — FluollZ-

Summing these expressions yields

d
A0 EM2) 3 sl + o)
~ 8wl + 3(A1 + Juolls=)? — HluolZs (3.15)

for a.e. t € (0,T). Hence, if (m1 + ma) < —16|x| — 2v/3(ATy + ||Ju|| ) initially,
it remains so for all ¢ € (0,7) N (0,Tz]. Indeed, since (m1 + m2) < 0 and m; <
ma, we have my; < —8|k| — v3(ATy + ||ul 1), and the right-hand side of (3.15)
is less than [—m? — 8|k|my + 3(At + |lug||r=)? — Flluol|22], which is negative by
the estimate obtained on m;. Substituting the information obtained into the first
equation of (3.14), we infer that

dm1 (t)
dt

< —mi + 2|w|(my +mz) — 46lmy + § (At + Juol|=)* — glluoll7-
< —mi —dlklmy + 5 (At + [luoll L) — glluol7-

ma + 2|k])* + 4ls|* + 3 (At + [luollz~)® — FlluolZ:

—(
for a.e. t € (0,T) N (0,T3]. Let M(t) := my(t) + 2|x| for a.e. t € (0,T) N (0, T3]
Then

dM (t)
7 < M) A7 + F(AL+ fluollp<)® = FlluollZ:
< —M2(t) + 3A%% + 4|k[* + 3|uo||3
< —M?(t) + 3A’T3 + B
—MR(1) + Q3(T), (3.16)
by recalling the definition of Q(t). Using this assumption, it is easy to check that
2
2Q(T2)T5 — In (1 + 5) >0 (3.17)
and
M(0) < —(1+6)Q(Ty).
Clearly,
s MO-Q@) 0@ 2
M(0) + Q(T3) M(0) + Q(T3) g
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This inequality and (3.16) lead to
L MO -Q)
2Q(Tz) ~ M(0)+Q(Tz) ~
From (3.9), we obtain M (0) < —(140)Q(T2) < —Q(T%). Therefore, using (3.18) we
can prove that M(t) < —Q(Tz) by the argument of continuous deduction. Other-

wise, since M (¢) is continuous on [0,T»), there exists some ¢y € (0,73) such that
QZ(TQ) < M2(T2) on [O,to), while QQ(TQ) = MQ(to). r]:‘hllS7

dMm
W <0 ae.te (O,to).

Being locally Lipschitz, the function M is absolutely continuous on [0, %], and
therefore an integration of the previous inequality would lead to

M(to) < M(0) < —M(Ty),

(3.18)

which contradicts our assumption Q?(Ty) = M?(t).
Solving the inequality (3.16) gives

M(0) + Q(T2)62Q(T2)t 1< 2Q(1z) <o.
M(0) — Q(T>) M(t) — Q(Tz)
e M(0) +Q(T))
+ 2
0< 227 ],
M(0) — Q(T3)
we deduce that there exists a T satisfying
. 1 M(0) — Q(T3)
0<T* < n <
2Q(T) ~ M(0)+Q(Tp) ~*
such that limyp+ M (t) = —oo and this leads to blow-up. O

REMARK 3.5. Using the mollifier, it is not difficult to construct initial data satis-
fying the above blow-up condition. For n > 4, let p,, be the usual mollifier on R,
i.e. pp(z) = np(nz), x € R, where

1
aexp| ——= |, |z| <1,

0, x| > 1,

/Rp(:c) dz =1.

Now define the function f,, € C*°(S) by

(o). eefe)
|

and « > 0 satisfies

,04(£C+%), S [%71]
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Then
. no 4o
wgflm) == mashle) =
and therefore
(4—n)a
mi+mo = o

such that for sufficiently large n the blow-up condition is satisfied.

4. A decay property

Himonas et al. studied the persistence properties of the CH equation in [33]. They
proved that a strong solution of the CH equation, initially decaying exponentially
together with its spacial derivative, must be identically equal to zero if it also decays
exponentially at a later time. We shall follow their idea to study the decay property
of solutions of the IVP (2.1). However, we have a different proof by the method of
characteristics here. The main result in this section is as follows.

THEOREM 4.1. Let ug(z) € H® with s > 2, where u € C([0,T]; H®) is a strong

solution of the IVP (2.1) for some T > 0. If there exists a 6 € (0,1) such that

a0 (2)],10utio(2)] ~ O(e™%%) as 21 o0, (4.1)
then

lu(t, )|, |ug (t, z)| ~ O(e™%) asx 1 oo (4.2)
uniformly in [0,T).

Before proceeding with the proof, a few comments are in order. Firstly, by theo-
rem 2.1, the IVP (2.1) admits a unique strong solution with the initial data ug € H?®,
s > %, which inherits at any later time the spatial smoothness of the initial data,
measured on a Sobolev space scale with integer index s. Secondly, for the CH and
DP equations, with x = 0, the finite propagation speed was established by Con-
stantin [9] and Henry [31], respectively. They claimed that any classical solution of
both equations will have compact support if the initial datum has this property.
Their proof relied on the invariance of the scale y(t, x) associated to (2.1). However,
due to (3.3), (1.1) does not have this property; it seems that any classical solution
of this equation cannot propagate at finite speed. Henry [32] showed that certain
exponential decay properties of the initial data persist as long as the solution of the
IVP (2.1) exists. Note that, for the CH equation with x # 0, an (inverse scattering
transform) approach which makes great use of the integrability was taken in [37] to
investigate the infinite speed property. Finally, the persistence of decay properties
to the b-family of equations was recently studied in [4].

Proof. We introduce the notation

F(u) = 3u® + 2ku (4.3)
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and the weight function
1, <0,

on(r) =6, 0<z <N, (4.4)
"N, x> N,

where N is a positive integer. Obviously,

0 < ¢y (x) < Opn(z) for ae. xR, (4.5)
Along the characteristic defined by (3.1), set
U(t) = ult,q(t, ) én (q(t, ) (4.6)
and
V(t) = us(t, q(t, 2))on (a(t, @)). (4.7)

A direct calculation shows that there exists a ¢y > 0, which depends only on 6,
such that, for any positive integer N,
onta) [ ey <00 = 1 (48)
—o0 ¢N(y) 1-0

Thus, for any appropriate function f we have

|[onOep * [2(2)| =

Sonta) [ " sgn(e — gl =YL (y) dy’

— 00

< lon(@) / Tl L) F) ) dy

—oo ¢N(y)
1 oty 1
<5 (on@) [ et ay Y low ol
< collon fllpellfllze (4.9)
and
|énOzp * f(x)| < collon fllLo- (4.10)

Noting (4.3), multiplying ¢ on both side of (2.1) gives

ut¢N + UUI¢N = _¢N8mp * F(u)
By (3.1) and (4.6), we calculate

dU
P WON + Uzt ON + UPN Q1

= wpN + uty N + uly
= —oNOup * F(u) +u?¢ly.
In view of (4.3) and (4.5), by (4.10) we have

dU
S (3coM + 2|k|co + OM)||pnull L~ = c1llpnul e,
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where M = sup;c(o 77 [[u(t, -)||s. In the remainder of the proof, let ¢;, i = 2,3,...,
be the positive constants depending on M, s, ¢y, 8 and T. Therefore,

1T @)L= < 61/0 lug (5)l| o= ds + [T (0)] o= (4.11)

Differentiating (2.1) with respect to z and multiplying by ¢y, and noting that
2(pxf)=px* f— f for any f € L%(R), yields

U N + W N = —u50N + F(u)pn — p* F(u)gn.
With (3.1), from (4.7) and the above identity we deduce that

dv
E = uwt(bN + uwwqt¢N + uw(é;\/'qt
= umt(bN + umxuqu + uum(bl]\]
= uuy ¢y — uZdn + F(u)dn —p* F(u)py.
Then _
dv
| < calluonlon + usonlo-)
and
~ t ~
[V(®)llLe < 02/0 ([lupn |l + luzdn o) (s) ds + [[V(0)]| Lo (4.12)

Combining (4.11) and (4.12) leads to
1T Oz + 1V ()]

t
< 63/0 (lupnllLe + luadnllL=)(s)ds + [U(0)]| L= + [V (0) -

Gronwall’s inequality shows that
1T @)z + VOl < (U0 |z +[[V(0)][=)e**  for all ¢ € [0, T],
or, equivalently,
lugn Lo + fuspn ||z < e (||ug max{l,e?}| oo + [|ug,, max{L, " }|1=).

Since ¢(t,-): R — R is a diffeomorphism of the line for every ¢ € [0,T], letting
N — oo yields

lue® || Lo + fuze® || < e (lug max{1, e’ }|| e + [luo . max{1, "} L),

which is the desired result. O

5. Limit behaviour as Kk — 0

In this final section, based on the global existence result (theorem 2.4), we shall
study the weak- and strong-limit behaviour of the solutions to the IVP (2.1) as x —
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0, respectively. In the following, let u” be the solution of the IVP (2.1) corresponding
to k in H*(R) with s > % We get the following result concerning the weak limit of
the solutions to the IVP (2.1).

THEOREM 5.1. Suppose that ug € H*(R), s > 3

5, and £ = 0. If yo = uo — ug za =
—%/{ on R, then, for any fited T > 0,

sup ||(u®* —u”2)(t,-)||lr2 =0 as k1, k2 — 0. (5.1)
t€[0,T]

To prove this theorem, we recall Kato and Ponce’s result [36] on estimating
commutators.

LEMMA 5.2. Let A° = (1 —02)%/2. If s >0, 1 < p < o0, f,g € S(R™), then there
exists a constant C = C(s,n,p) such that

I114%, flglle < CUVFlle|A°  gllLes + [14° Flles gl s ) (5.2)
and
[ACf e < CU[fllLr (Al ez + A% fllLes lgll Lea), (5.3)
where 1 < pa,p3s < 00 and 1/p=1/p1 +1/pa =1/ps + 1/p4.

Proof of theorem 5.1. Since yo + %I{ remains non-negative on R, according to the-
orem 2.4, the IVP (2.1) admits a unique global strong solution. Throughout this
section, fix T' > 0, and let C' denote generic positive constants depending only on
T and |Jug|ls (but not on ), whose meaning may change from line to line. Since
Kk — 0, we restrict our proof to the case 0 < k < 1.

The proof will completed in three steps.

STEP 1. We first prove that, for any ¢ € [0, T,
llua(t, )l < C. (5.4)

Indeed, from the relation u = p * y, we deduce that

u(t,z) + 26 = Lo~ / M (y(t,m) + 2r) dny + Le® / e (y(t,n) + 2r) dy

and
x o0
Uy (t, ) = —%e_””/ e"(y(t,n) + 2r)dn + %ex/ e (y(t,n) + 2k) dn.
Then
o0
u(t.o) +u(t) + 3x = [ e yltn) + 30)dy
x

and

u(t, z) — uz(t,x) + %K = e_w/ el(y(t,n) + %Fé) dn.
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Since yo + 2k > 0, it follows from (3.3) that y + 2k > 0 on R for all ¢ € [0,T]. It
follows from the combmatlon of the two identities above that

—u(t,z) — 2k <uy(t,w) <u(t,x)+ 2k forall (t,x) € [0,T) x R.
In view of the L>-estimate (2.6), we then get

lus (t, )] < |u(t,z)| + 35

<
< 3(Jluol|7= + Klluollz2)t + lluoll Lo + 35

< 3(JJuol|F2 + lluollz2)T + [Juol|p= + 2 for all (¢,z) € [0,T] x R.
STEP 2. We next prove that, for any ¢ € [0, T, the solution u(¢, x) of (2.1) remains

bounded in the space H*(R), s > 3.
Indeed, taking the H?® inner product with u on both sides of (2.1) gives

|| ONZ = = (u, (u®)a)s = (3 + 45)(u, Dup * (u?))s.

Note that, by (5.4), applying lemma 5.2 and the Schwarz inequality, we obtain the

estimates
[(u, (u?)2)s| = |2(u, uuy) |
— [204° (un ), A%

< 2[(udug, A*u)| + [([A%, ulus, A7u)]

< C |t oo [[ullZ + 1[A%, w]ue || 2| A%u] £2)

< Cllug || L (Jull + |4%ulF2) < Cllull? (5.5)
and

[(u, Bup x (u®)) ] < Nlullsl|Oep * (W)« < lJullsllu?(|ls—1 < Cllull2. (5.6)

The combination of (5.5) and (5.6) yields

d 9 9
— . < . .
dt”u(t? )”s ~ C”U(t, )”s

Gronwall’s inequality guarantees that there exists a constant K (||ugl/s,T) > 0 such
that

llu(t,-)||ls < K forall t € [0,T7. (5.7)
STEP 3. Finally, we prove that ||(u"* — u"2)(¢t,-)||2 — 0 uniformly for all ¢ € [0, T],
as K1, ke — 0. For simplicity, set v = u"(¢,2) and v = w2 (¢,z) and w = u — v.
Then w satisfies

W = —UWz — VW — 2610, % W — 2(K1 — K )Opp * U — %&Cp * ((u+v)w).

We multiply the above equation by w and integrate over R with respect to z.
Integration by parts, Holder’s and Young’s inequalities, yield, by the estimate (2.5)
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and (5.4), that

1d
ianH%z :—/uwwxdx—/wzvxdx—infwaxp*wdx
R R R

—2(/@1—ﬁg)/waxp*vdx—§/w8xp*(w(u—|—v))dx
R 2 Jr

:l/uwadx—/w%wdm—Zm/waﬁp*wdx
2 Jr R R
—2(/61—mg)/wﬁwp*vdx—g/w&cp*(w(u—i—v))dx
R R

< O(l[uall = l[wlZe + vall < w22 + [lw]| 22]|02p * (w(u +v)) L2
+ [lwllL2[|0zp * w2 + |51 — Kalllw]|L2(|0zp * vl L2)

< Olfuall = llwlZe + lvall o< w22 + [lwl]| 22 [[w(w +v) | 21 | 92p]| £2
+llwlZe10upll s + |K1 — wolllwl 2 [[v]| 22 (10pl| 1)

< Olllusllpellwlzz + llvallze lwlZ2 + wllZzlu + vl £2]|0:p]l 2
+ w22 ll0zpllcr + K1 — Ralwll 2 [Jvll 22| 02p] £1)

< O(lwlge + lky = k2l?).

Therefore, by Gronwall’s inequality, we obtain
lu=vlZ2 = [wlZ: < Clyn =2l

which implies that {u"} is a Cauchy sequence in L? as k — 0, uniformly with
respect to t € [0, 7. O

We now consider the strong-limit behaviour as k — 0. Using theorem 5.1, as
k — 0, it is claimed that the Cauchy sequence of solutions of (2.1) locally strongly
converges to the solution of the Cauchy problem of the DP equation.

We thus consider the corresponding Cauchy problem for the DP equation, namely,

U — Utgr + AU, = BUgUpy + Ulgey, >0, x € R,} (5.8)

u(0, ) = up(x), z €R.

THEOREM 5.3. Under the assumptions of theorem 5.1, u™ converges to the solution
of the Cauchy problem (5.8) in H*(R) as k — 0.

Proof. According to theorem 5.1, {u"} is a Cauchy sequence in L? as k — 0. Let
u* = lim,_ou® in L?. We now prove that u* is the strong solution of (5.8).
Since u” is the solution of (2.1), we may infer that

u”(t) = S"(t)uo + /0 St (t — )G (u”) dr, (5.9)
where )
Ry = — ei(&wff-cﬁt)ﬁ
st =5 | (€)de, 510

G(v) = —vv, — Opp * (30% + 2kv).
Moreover, S*(t) satisfies ||.S*(t)v||s = ||v||s for all v € H®, s > 0.
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For t € [0,T] and 7 € [0,¢], by (5.4) and (5.7) we may infer that

[5%(t = )G (") < ||S™(t = )G (u")[s-1
= [|G(u")[[s-1
= || = uFulf — 8pp + (5 (u®)? + 250" || 51
< oo luflls—1 + 113 (u")? + 2ku||5 o
< (Bl oo + 26) u”]s
< CK.

Let kK — 0 in (5.9). In view of the above estimate, it follows from the Lebesgue
dominated convergence theorem that

u*(t) = S(t)uo + /0 S(t—7)G(u*)dr,

where S(t)v = Sp(t)v. Hence, u* € L>([0,T]; L?) is the solution of (5.8). However,
by theorem 2.1, we know that (5.8) admits a unique solution in C([0, 00); H*), s > 3.
This implies that «* is the strong solution of (5.8) and completes the proof. O
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