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ON LARGE DEVIATION RATES FOR SUMS
ASSOCIATED WITH GALTON-WATSON PROCESSES
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Abstract

Given a supercritical Galton—Watson process {Z, } and a positive sequence {g, }, we study
the limiting behaviors of P(Sz, /Z, > &,) with sums S, of independent and identically
distributed random variables X; and m = E[Z]. We assume that we are in the Schroder
case with EZ; log Z1 < oo and X is in the domain of attraction of an «-stable law with
0 < o < 2. As aby-product, when Z; is subexponentially distributed, we further obtain
the convergence rate of Z,,+1/Z, tom asn — oo.
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1. Introduction and main results

1.1. Motivation

Let Z = (Z,)n>1 be a supercritical Galton—Watson process with Zop = 1 and offspring
distribution {py: k > 0}. Definem = ) ;. kpr > 1. We assume in this paper that po = 0
and 0 < py < 1. -

It is known that Z,,+1/Z,, — m almost surely (a.s.) and Z,1/Z, is the so-called Lotka—
Nagaev estimator of m; see [13]. This estimator has been used in studying the amplification rate
and the initial number of molecules for an amplification process in a quantitative polymerase
chain reaction experiment; see [11], [12], and [17]. Concerning the Bahadur efficiency of the
estimator leads to the investigation of the large deviation behaviors of Z,,+1/Z,. In fact, it was
proved in [13] that if 02 = var(Z;) € (0, co) then

Z o0
lim P(m"/2<n—+1 — m) < x) = / d><u>a)(u) du, (1)
n—00 Zn 0 g
where @ is the standard normal distribution function and w denotes the continuous density

functionof W := lim,,_, ., Z,/m" a.s. In[1], Athreya showed thatif pyjm” > 1 andIE[ZfH"S] <
oo for some r > 1 and § > 0, then

1 Z
lim —nIPQ 2 m
n—o00 Pq Zn

> s) exists finitely;

see also [2]. Later, Ney and Vidyashankar [15] weakened the assumption and were able to obtain
the rate of convergence of a Lotka—Nagaev estimator by studying the asymptotic properties of
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Large deviation rates 673

the harmonic moments of Z,,, where it was assumed that P(Z; > x) ~ ax!~" for some n>2
and a > 0. See [16] for some further results.

Recently, Fleischmann and Wachtel [10] considered a generalization of the above problem
by studying sums indexed by Z; see also [16]. More precisely, let X = (X,),>1 denote a
family of independent and identically distributed (i.i.d.) real-valued random variables. They
investigated the large deviation probabilities for Sz, /Z,: the convergence rate of

S
]P’( Zn 28n> asn — 0o,
Z

n

where ¢, — 0 1is a positive sequence and S,, := X1 + X2 + - - - + X,. In fact, if X 2 Z1—m,
then Sz,/Z, = Zn+1/Zy, —m. The assumption in [10] is that E[ Z; log Z;] < oo, IE[X%] < 0
and P(X| > x) ~ ax~" for some 1 > 2, which implies that X is in the domain of attraction
of normal distributions.

Motivated by the above mentioned works, the main purpose of this paper is to study the
convergence rates of Z,,;1/Z, under weaker conditions. We shall use the framework of [10]
but we assume that E[Z log Z1] < oo and X is in the domain of attraction of a stable law;
see Assumptions 1 and 2 below. Then we answer the question raised in [10, Remark 11(a)].
In particular, we further obtain the convergence rate of Z,,1/Z, under the assumption P(Z| >
x) ~ L(x)x~# for some 1 < B < 2 and some slowly varying function L, which partially
improves upon [15, Theorem 3].

For proofs, we shall use the strategy of [10]. However, our arguments are deeply involved
because of the lack of high moments and the perturbations of slowly varying functions. We over-
come those difficulties by using Fuk—Nagaev inequalities, estimation of growth of random
walks, large deviation probabilities for sums under subexponentiality, and establishing the
asymptotic properties of

E[Z, L(¢,Zy)], >0, asn — oo. 2)

In the next section, Section 1.2, we will give our basic assumptions on Z and X. Our main
results will be presented in Section 1.3. We prove Fuk—Nagaev inequalities and establish the
asymptotic properties of (2) in Section 2. The proofs of the main results will be given in
Section 3. With C, ¢, for example, we denote positive constants which might change from line
to line.

1.2. Basic assumptions
Define F(x) = P(X; < x).

Assumption 1. We make the following assumptions:
e P(X| > x) ~x"PL(x), where B > 0 and L is a slowly varying function;
e ife, — 0then L is bounded away from 0 and oo on every compact subset of [0, 00);

e X is in the domain of attraction of an «-stable law with 0 < a < 2;

EX1]1=0if1 <a <2;

E[Zilog Z1] < 00, po =0, p1 > 0.

From the assumption, it is easy to see that « < S. The last point in the assumption means
that we are in the Schroder case. In fact, we only need to assume that 0 < po + p; < 1.
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Remark 1. The second point in the assumption is technical. In fact, by [3, Theorem 1.5.6] for
any n > 0 and a > 0, there exist two positive constants C), such that, forany y > a,z > a,

n -
5 zem((:)6))
L(y) y y

If L is bounded away from 0 and oo on every compact subset of [0, 00), then (3) holds for any
y>0,z>0.

Remark 2. Under Assumption 1 it follows that there exists a function b(k) of regular variation
of index 1/« such that

b(k)~'S > Uy, 4)
where Uy is an a-stable random variable; see [8] and [20]. Without loss of generality, we may

and will assume that function b is continuous and monotonically increasing from R* onto R
and b(0) = 0; see [8]. We also have

b(x) = x/%s(x), x>0,
where s: (0,00) — (0, 00) is a slowly varying function. Then (3) also holds for s with
y=lz>1
Define
X X 2
M(1;X)=/ yF(dy), n(2; x):/ Yy F(dy). ®)

—x —X
Under Assumption 1, by the arguments in [8], we have, as x — 400,

1—F(x) F(—x)
- P+,
1—F(x)+ F(—x) 1—F(x)+ F(—x)

- p-, pP+t+p-=1,

and
X[l = F(x) + F(=x)] 2—«
—

’

n(2; x) o
%xz_“R(x) if py =0,
w(2;x) ~ %xz_ﬂL(x) if0 < py <1, )
B

X2 PL(x) ifpy =1,

2-p

where R is a slowly varying function. Furthermore, the function b in (4) must satisfy, as
X — +00,

2—«o 2—«a

x[1 = F(b(x))] = Cpy ot xF(=b(x)) - Cp- o (7N

see [8, Equation (5.25)]. In particular, it is implied in the above that if p = 0 then F(—x) ~
Xx7YR(x) as x — +o00.
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Assumption 2. For technical reasons, we also need to make the following assumptions:
o U is strictly stable;
e ifl <« < 2, we assume that liminf,_, ;o s(x) € (0, +00];
e if0 < py < 1and o =1, we assume that ;1(1; x) = 0 for all x > 0;
o if p =0, we assume that ¢ < f;
e ifl <a <2and p+ > 0, we assume that
Jim sup F(—=b(n)/[logn]"/*) <1
n—too  (logn)F(—=b(n))

Remark 3. The assumption that Uj is strictly stable implies that, when o = 1, we must have
a = B and the skewness parameter of Uy is 0. The second point in Assumption 2 will be used
to deduce (32) which is required in Lemma 5. The third point is used in Step 2 in Lemma 6 to
find a good upper bound for P(x), which appears in [14, Theorem 1.2]. The last two points are
required in [6, Theorems 9.2 and 9.3], which are needed in our proofs.

From now on, Assumptions 1 and 2 are in force.

1.3. Main results

Before presenting the main results, we first introduce some notation. Recall b(x) from (4).
Define J(x) = xb(x)~! and I(x) = inf{y € [0,00): J(¥) > x}. According to [3, Theorem
1.5.12], I(x) is an asymptotic inverse of J, i.e.

I(J(x)) ~J(I(x)) ~x asx — +oo.

Define I(g,; 1y = 1,. Note that [ is also regular varying function with index (e — 1)/c. Denote
by f(s) the generating function of our offspring law. Define y (Schréder constant) by

fO)y=m™ = py.
Forl <a <2anda < B, let

_ P, b(l)
LW 'paymmy (eam™Y P L(gum™ymt

Xn -

For0 <t <y + 1, define
o0
[t=/ u' o) du.
0

Remark 4. As u — 0+, there exist constants 0 < C; < C, < oo such that

w(u)
C < g

< Cy. ®)
See [4] and [7] and the references therein for related results. The assumption E[Z; log Z1] < oo,
together with (8), implies that I; is finite; see [3, Theorem 8.12.7].

We are ready to present our main results. As illustrated in [15], there is a ‘phase transition’
in rates depending on y. Thus, we will have three different cases in regard to y and 8. We first
consider the case of y > 8 — 1.
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Theorem 1. Let O < o < 1. Assume that e,m™b(m™)~! — 400 and &, — 400 asn — oo.
Ify > B —1then

S
lim m(ﬂ_l)"efL(snm”)_lP(% > 3n> = I 9)

n—0o0 n

Theorem 2. Let | < o < 2. Assume that e,m"b(m™)~! — +ooasn — oo and y >
B — 1L
(1) Assumethatl <o <2, py =0, and e, — 0. Iflim,_, o, x» = O then (9) holds.

(ii) Assume thatl <o <2, p; =0,and &, — 0. Iflim,_, ., x, = 00 then

_ S o S
Vi< lim L;7m""P( 22 > ¢, ) < Tim [ 7m""P( 222 > ¢, ) < Vs,  (10)
n—00 Zy n—>00 Zy

where

o0
Vi =1i_mul_Va)(u)/ w T 'PUg > u @D/ dy,
ul0 0

x
Vg = mul_yw(u)/ u? 'PUy > u @) du.
ul0 0

(iii) Assume thatl <o <2, p+ =0,and &, — 0. Iflim,,_, ., x» =y € (0, 00) then

_ S _— S
Vi + ylg < lim I, VmV"IP<ﬁ > an> < Tim I, VmVnIP(ﬁ > g,,) < Vs + ylp.
n—00 Zn n—00 Zn
(iv) Assume that py > 0and e, — ¢ € (0, 00). Then (9) holds.

Remark 5. The assumption p; = 0 implies that U; is a spectrally negative «-stable random
variable with mean O and skewness parameter —1. By [20, Equation (1.2.11)], we have

o0
f WP > u @V du < 0.
0

As an application of Theorem 2(iv) by taking &, = ¢, we immediately obtain the following
result, which improves the corresponding result in [15, Theorem 3], where it is assumed that L
is a constant function.

Corollary 1. IfP(Z; > x) ~x PL(x)for1 < B <2andy > B — 1, then
o (B=Dny omy—1p( L+l -8
lim m L")y " P\ ——-—-m=>¢| =1Ige". (11
n— o0 Zn

Remark 6. In fact, by (37) below, one may prove that

Z
lim m(ﬁ_l)"L(m")_IIP’<m — ;H > ,9) =0.

n—od n
Proof. Theorem 2(iv) implies (11). O

Next, we consider the case of y = B — 1. Let d be the greatest common divisor of the set
{j—iti#Jj.pjpi >0}
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Theorem 3. Suppose that0 < « < 1 and B > 1. Assume that e,m"b(m™)~" — +oo and
&n —> +ooasn — oo. Ify = B — 1 then

ePP(Sy /2, >
dliminf u' ™" w(u) < liminf (8z,/ €n)
ul0 n— 00 Zl<k<m" L(gpk)/ kmvn

i eNP(S2,/Zn = &)
im su
n—>oop 1<k<mn L(gnk)/kmv"

<dlimsupu' =" o). (12)
ul0

Define
IV B

Dt <kzmn L(enk) /K

Theorem 4. Let | < « < 2. Assume that &, — 0, e,m"b(m")~! > +oo.

Ty, =

(1) Assume that py =0andy = 8 — 1. If 1, — O then (12) holds.
(ii) Assume that py =0andy = B — 1. If 1, — +o0 then (10) holds.
(iii) Assume that py =0andy = — 1. If m, — y € (0, 00) then

_ S
Vi + ydliminf u'~ w(u) < liminf I, me"lp(ﬁ > s,,)
ul0 n— 00 Zn

_ S
< limsup/, ymV”P(% > 8,,)
n

n—oo

< Vs + ydlimsupu' ™7 w(u).
ul0

@iv) Assume that py > 0andy = B — 1. Then (12) holds with ¢, replaced by any ¢ > 0.

Remark 7. If L is a constant function then (12) can be replaced by

. _ Sz _
lim n 1z?’ng”IE”(—" > ¢ ) / Ele " Dof2dv,
Tim nle] 7z F(ﬂ_l) OE[e™"])
where
0(s) = 2 :qksk lim Ju(s ), 0<s<1, gr = lim P(Z, = kym""
n—oo Mm— n—o00

and f;, denotes the iterates of f. See [1, Proposition 2] for Q(s) and (gx)x>1. The key is the
limiting behavior of E[Z,, YL(enZy)] as n — o0; see [15, Theorem 1] and Remark 10 below
in this paper.

Finally, we consider the case of y < § — 1.

Theorem 5. If1 <a <2andy < f —1or ]E[X{+V1{X1>0}] < 00, where 1 is the indicator
function, then for any ¢ > 0,

S
lim m””]P’(% > g> =" P (Sk > ek).
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Remark 8. It is difficult for us to find a simpler form of the right-hand side of this equation.
In fact, P(S; > ¢k) could be represented via a convolution formula and g is determined as
Q(s) is the unique solution of

Q(f () = p1Q(s), 0<s<l.
See [1, Proposition 2].

Corollary 2. IfP(Z; > x) ~x PL(x)for1 < B <2andy < B —1 orIE[leer] < o0, then

s) =Y ap(k.e),

k>1

Zn+l
— —m

v

lim m”"[P’(

n—o0

n

where ¢ (k, €) = ]P’(|(l/k)2f=1 & —m| > ¢) and (§;);>1 are i.i.d. random variables with the
same distribution as Z1.

Remark 9. When L is a constant function and P(Z; > x) ~ x P L, the above result has been
proved in [15]. Athreya [1, Theorem 1 and Corollary 1] also proved the same result under the
assumption E[Z]Z“+8] < ooand pym® > 1 forsomea > 1 and § > 0.

We also generalize (1) to the stable setting.

Theorem 6. Assume that 0 < o < 2. Ifsnm"b(m")*l — x € (—00, +00) then

S o0
lim ]P( ZZ" > Sn) =/ PUs > u“ D)0 (1) du.

n— 00 n 0

As an application of the above theorem, the following result generalizes (1); see [13,
Theorem 3].

Corollary 3. Assume that 1 < B < 2 and P(Z; > x) ~ xPL(x) as x — 4o0. Then for
every x € (—00, +00),

lim IP( m” (ﬂ —m) < x) = /oo P, <u® V' Bw@)du.  (13)

n—00 b(m™) Zy 0

Proof. Obviously, Z1 —m is in the domain of attraction of a 8-stable law. Using Theorem 6
with &, = xb(m™)m ™" gives (13). O
2. Preliminaries

2.1. Fuk—Nagaev inequalities

The following result is parallel to [10, Lemma 14] where X has finite variance.

Lemmal. ForanyO <o <1, r >0, andk > 1,

KP(X1 > r=le,k) +c e, PTkA-Br g <1,

P(Sk > epk) <
( k Z &n ) — kP(Xl > r_lgnk)+0r8,1_trk(l_[)r’ IB > 1,

(14)

hold fort € («, 11N (&, B).
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Proof. By [14, Theorem 1.1], we have, forany 0 <t < 1,

eE[X": 1,9 _ r
P(Sk = ek) < KP(X) = re,h) + ( o 18”"”) - (1)
ri-tel k=
Noting that as x — 400, P(X| > x) ~ x_/gL(x), we have, for x > 1,
Cx'=F, B<t
E[Xx!:1 < ’ ’ 16
(X715 Lo<x,<x}] = {C;, [ < p. (16)
And if x < 1, obviously we have
E[X!; 1jo<x,<x)] < C(1 v x'7P). (17)
Then if B < 1, applying (15) with 8 < t, together with (16) and (17), yields (14). If 8 > 1,
with the help of (16) and (17), taking any « < ¢ < 1 also implies (14). O
2.2. Harmonic moments
It is well known that W, := m™"Z, — W a.s. Furthermore, we have the global limit
theorem
o0
lim P(Z, > xm") = / w(t)dt, x > 0. (18)
n—oo x

In particular, one can deduce that, for0 <6 <1 < A < o0,

5
EL(Wn) 1w, <s)] — / u' o) du, > —y. (19)
0

We also recall here a result from [10, Lemma 13]. There exists a constant C > 0 such that

1 kvt
]P’(ank)§C<;/\ mvn)’ k,n>1. (20)

Lemma 2. Assume that ,m" — oco. Then as n — o0,
o
E[Z! L(enZy)] ~ m”tL(snmn)/ u' o) du, —y <t<l, (21)
0

and

E[Z,” L(e,Z
dli_mul_”a)(u)f lim [Zy (enZn)]
ul0 n—00 ZlSkSm" L(epk)/kmrn
—  E[Z,"L(e,Zn)]
< lim
n—oo Zlfkfm” L(8nk)/km7’"

<dIimu'"" o). (22)
ul0

Proof. We first prove (21). Recall that W,, = Z,,/m" . Note that

L(g,m" Wn)]

L(e,m™") @3)

E[Z,L(enZs)] = m"’L<snm")E[<Wn)’
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Thenfor0 < § < 1 < A, by (3) and (19), we have for some 0 < 1 < y small enough,

L(g,m"Wy)

5
Lo, 1{W,,<6}i| < CE[(W,)" Mw, <51 = (1 + 0(1))C/0 u' M (u) du.

E [( W)
Meanwhile by the dominated convergence theorem, we have

L(enm" Wy)

A
1 < ! du.

IE3[(Wn)’

Finally, using (3) with n = 1 — ¢, we have

L(enm" Wy)

t
E[(Wn) Le,m™

o0
1{Wn>A}:| < CE[W,Liw,~ay] = (1 + 0(1))C/ uw(u)du.
A

Letting 6 — 0 and A — oo, together with (23), we obtain (21).
The remainder of this proof is devoted to (22). Let {k,} be a sequence such that k, — oo
and k, = o(m™). Then, forany 0 < § < 1,

EIZy” L(enZy)] = (Z + Y o+ >L(8;'k)1p(zn K= lo+ 1+ b

k
k<k, kp<k<ém" k>8ém"

By [9, Corollary 5], we have

h=0+ond Y L(Snk)m_”a)<i),

y n
kp<k<&ém" k m

which is larger than
L(gnk)

a +o(1))dguww(u> > o

kp<k<ém"

and less than
L(enk)

kmyn

(1 +oM)dsupu' Vo) Y

u=é K <k<m™

On the other hand, by the dominated convergence theorem, together with (3), we have
o
L ~m™""L(g,m™) f u Vo) du.
8

We also have
Zy " L(enZy)

m~Y"L(e,m'")

whose expectation is infinite by (8). Then Fatou’s lemma yields

(Zy<smny = W ' Liw<sy as.

limsup,_, ., >

=0. 24
Ip+ 1 e
By (20), we also have
L(enk)
=Y o (25)
k<ky,

https://doi.org/10.1017/apr.2016.22 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.22

Large deviation rates 681

Then one may choose k;, such that

L(gnk) L(ga) ™!
Z . [Z . } — 0. (26)

k<ky, k<m"

Meanwhile, one can also deduce that

L(enk) _
“ <E[Z, VL(SnZn)l{Sm"SZnSm"}]

. 1—
(1+o(I)d inf u'™ () Yo o S

Sm" <k<m'"
1
'vm_V"L(anm")/ u Vo) du,
)

which, together with (24)—(26), gives limsup,,_, o, Io/I1 = limsup,,_, o, I>/I; = 0. Thus,

E[Z,” L(e,Z
d inf uliya)(u) < lim [Zn (enZn)]
u<s§ n— 00 Zlﬁkfm" L(gnk)/kmyn

< Tm IE[Zn_yL(EnZn)]

T =00 Yy g LEnk)/ km"

<dsupu' " w)
u<§

holds for any § > 0. Letting § — 0 implies (22). We have completed the proof. (]

Remark 10. Lemma 2 could be compared with [15, Theorem 1] where L = 1. Under the
assumption E[Z|In Z;] < oo, when —y < ¢ < 0, our result completes the result in [15].
However, when t = —y, a precise limit is obtained in [15].

3. Proofs

We only prove Theorems 1, 2, 5, and 6. The ideas to prove Theorems 3 and 4 are similar to
Theorems 1 and 2, respectively. We omit the details here.

3.1. Proof of Theorem 1

Lemma 3. Suppose that all the assumptions in Theorem 1 hold. Then there exists n > 0 small
enough such that, forany 0 < § <1 < A,
B (myB=D
Jim sup 2 3" B(Zy = WP(S; > key) < C87FHI1; 27)

n—00 L(g,m")

k<ém"
B/ ny(B—1) 00
lim sup M Z P(Z, = k)P(S; = key) < C/ uw(u)du. (28)
n—oo  L(gym") k> Am" A

Proof. Wefirstprove (27). Considerthe caseof 8 < 1. Applying (3) with0 < n < y—B+1,
together with (14) and (20), gives

> P(Zy = P(Sk = ken)
k<ém™"

<C Z P(Z, = k)(kP(X| > r e k) + k1=Pre—Pr)

k<ém"

< C(L(gym™)ey P (m™)! =P 5y —PHI=n 4 sU=Prty (gymy(A1=Por g -Bry,
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Choosing r > 1 and noting &,m"b(m™)~' — 400, one can check that

L(e,m™)

(=B g—pr _LEnm7)
R L

o(1). (29)

Then (27) follows readily if 8 < 1. The 8 > 1 case can be proved similarly by applying (14)
againwithr = /(1 —a)+ B+ land (1 —t)r = 1.

Following a similar reasoning also yields (28) by applying (3) with n = B. Infact,if 8 < 1,
(14) and (20) imply that

> P(Zy = P(S = ken)
k>Am"

L(g,m™) [
=C+o(1)—5————

uew(u) du + C A=A gy A=Pr g —br.
ebmn6-1 Ja

which, together with (29), proves (28) in the 8 < 1 case. Applying (3), (14), and (20) suitably
also proves the 8 > 1 case. We omit the details here. O

Lemma 4. Suppose that all the assumptions in Theorem 1 hold. Then there exists n > 0 small
enough such that, forany 0 < § <1 < A,

Am"
timsup [m P~V el L(g,m™) ™" Y P(Sk > e,k)P(Zy = k) — I
n—o00 k=Sm"

oo
< C(/ uw) du + 8’/’5“'7).
A

Proof. Using [6, Theorem 9.3] for « < B and [5, Theorem 3.3] for « = B, it follows that

P(Sy = x)

lim sup m

n—00 x>x,

~1 =0

holds for any x, satisfying
nF(—x,)=o0(l) ifa<p or n(l—F(x,))=o0() ifa=23.
Since g,m"b(m")~! — oo, we have
m"F(—egym™) =0(1) ifa <pB and m"(l — F(eg,m™)) =0(1) ifa=8.

In fact, if @ < B, we could denote by b~ the inverse of b. Then snm”b(m")*l — oo implies
m"/b_1 (e,m") — 0 and, hence, by (7), we have

m n

-1
Wb (enm")F(—e,,m") — 0.

m"F(—g,m") =
If « = B, the argument is similar. Define

Ny = sup sup
Sm"<k<Am" x>epk

P zx) |
kP(X1 = x) .
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Then one can check that ,, = o(1) as n — oo. Thus, as n — o0,
Am" Am"
Y P(Zy = P(Sk = k) = (1 +0(1) Y KP(Zy = KP(X1 = e,k)
k=8m" k=8m"
Am"
= +oW)e,” Y Lienk' PP(Zy = k)
k=8m"
Am"
= +oe,? Y Lk PR(Zy=k).  (0)
k=ém"
Meanwhile, applying (3) with some 0 < n < y — 8 4 1 and (20) yields

L(eam™) 'm0 3" Lenh)k' PP(Z, = k) < c87 P11

k<&m"

and applying (3) with n = g and (20) gives

o0
L(gym™)~'mP=0m %" L(enk)kl—ﬂp(znzk)5(1+o(1))c/ uow(u) du.
k>Am" A

Thus, by Lemma 2, we have

m P Lem™) ™ Y Lienk)k! PB(Zy = k) — I

‘ > ‘
k=8m"

<+ 0(1))c</oo uw ) du + 5V—ﬁ+1—’7>.
A

Then by (30), as n — oo,

Am"
‘m(ﬂ_l)"st(enm")_l Z P(Sk > enk)P(Z, = k) — Iﬂ‘
k=5m"
Am"
= '(1 +oW)m =" N7 Leak)k! P P(Z,y = k) _Iﬂ)
k=ém"

< (1 +o(1)C (/OO uw ) du + 3V—ﬂ+1—’7).
A

The desired result follows readily. ]

Proof of Theorem 1. Letting § — 0 and A — oo in Lemma 3 and Lemma 4 gives the
theorem. 0

3.2. Proof of Theorem 2

Recall that /(x) is an asymptotic inverse of x +— J(x) = xb(x)~! and l(sn_l) =1, If
o < B, we may write

I(x) = x*/@Dg'(x) 31)
for some slowly varying function s’. Note that Assumption 2 implies that
liminf s’(x) > 0. (32)
X—>+00
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Lemma 5. Assumethatl <a <2, py =0,y > B—1, e,m"b(m™)~' — 400, and &, — 0.
Then, forany) < <1 < A,

Y B(Zu=RP(Sk = key) < CO7Lim ™", (33)
1<k<él,
L n
S P(Zy = OP(Sk > ke) < CoH1=p-1 LoD oy (34)
ePmB—1n
k<ém" n
> P(Zy = PS> ken) < CePm =P Ligum™) + CA™m™", (35)
k>Am"
and for any large enough A,
D P(Zy=k)P(Sk > ken)
Al <k<Am"
< CA+ AV TPy =By =B (em™y + CA™H I m™7", (36)

Proof. The proof will be divided into three parts. (i) We shall prove (33), by noting (20),
whose left-hand side is less than

Y PZy=ks 0 0 KT <o m
1<k=él, 1<k=él,

(i) We shall first prove (34) and (36). By [14, Corollary 1.6], if s > 1,1 <t < B, and
k > (4IE[X’1l{xlZo}]s’)l/(’_l)ei/(l_t), then

P(Sk > ken) < kP(X1 > s 'kep) + C(e,) 152k 1572 (37)

Furthermore, (32) implies that there exists A; > 0 such that (37) holds for 1 = « and all
k > Ajl,. Thus,

> P(Zu=kP(Sk = ken)

k<ém™"
< D PEZi=bPSizke)+ Y P(Zy=kP(Sk = ken)
1<k<Al, Al <k<dm"
=11+ L. (38)
Applying (20) again gives
C _ —
I < Z P(Z, = k) < — Z kYl < cAllmTrn. (39)

1<k<Al, 1<k=<Ajl,
Note that [,,&,, — oo. Applying (37) witht = «, (3) withn < y — B8 + 1, and (20), we have

L= Y P(Zy=lKPX) = 57 key) + Clen) /2017072

Agly <k<8m"

C _ _ _ _
< myn< D KPXy = s ke + Y () 02Ky 1)

Al <k<dm" k> Ajl,

¢ n —Brv—>B kT —as/2(1—a)s/2+y—1

< — L™ 30 e PP ) Y e Tk
k<sm" k>Al,

< C8V+]*ﬁ*’?g;ﬂm(]*ﬁ)nL(Enmn) 4 CAZ_2Vl})l’n,lf)/ns/(gnf1)72;/7 (40)
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where in the last inequality, we use (31), (32), and choose s = 4y /(e — 1). Substituting (39)
and (40) into (38), together with (32), gives (34). Replacing A; and é by A and modifying the
last two steps in (40) accordingly, we immediately obtain (36).

(iii) We shall prove (35). Note that &,m"b(m")~! — +oo implies that [, < m". Using (37)
with s =4y /(e — 1) and (3) with n = B, we have
> P(Zn = bP(St = ken)
k>Am"
< D P(Zy = KP(X1 = 5™ ken) + Clen) 2R3

k>Am"

< c( > P(Zy=k)e, Pk P LT ken) + Y (e,,)—“‘/zk“—“)s/”y—lm—V">
k>Am" k> Al,

< Cep Pm P L(eym™) + CA™ [m™"s' (e, 1) 7,

where the second term in the last inequality is deduced according to similar reasonings for (40).
Then (35) follows readily. |

Lemma 6. Assume that 1 < o < 2, pr > 0,y > B — 1, e,m"b(m™)~! — 400, and
&n — € € [0, 00). Then there exists n > 0 small enough such that, for any 0 < § < 1,

> P(Zy = OP(Sk = key) < C87PHTIL(e,m™)e, Pm 1P, (41)

k<ém"

Proof. The proof will be divided into three steps. (i) Note that p; > 0 implies « = 8. We
first prove that

P(S; > £,k) < C(kP(X| > r~ e k) + & kTP L(g,k)), k=>1. (42)

Recall (5). By [18, Lemma], we have for k > 1 and x > 0,

2; 1;
P(Skzx>sck<P<|x1|zx)+“( 0 I x)'). 3)
X X
Then (6) implies, for 1 < 8 < 2,
(2 x) =Bl X1 x,j<n] < ex® PLGx), x>0 (44)

According to [8, Chapter XVII, Equations (5.17), (5.21), and (5.22)], as x — oo,

X
—E[|X;]1 - 0,
e X1 1gx sx)] = ¢ #

which, together with E[X] = 0, yields, for 1 < 8 < 2,
(1 )| = [E[X 1 1)x,1<0)]] < BIOX 11 x, )50 ~ ex 7P L(x).

Thus, for I < B < 2, we have |u(1; x)| < cx! =P L(x) for all x > 0. Then according to (43),
it follows that (42) holds for 1 < 8 < 2.
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(ii) We shall prove (42) for « = 8 = 1. By [14, Theorem 1.2] and Assumption 2, we have

ek (2; x)

P(Sk = x) = kP(X; > x) + 5 (45)
X

Then (45) and (44) yield (42).
(iii) We shall prove (41). By using (3), (20), and (42) accordingly,
> P(Zy =Pk = eak) < Cey P Y P(Zy = k)k' P L(gak)
k<ém" k<sm"

< CL(g,m™)e Pmr+mn Z KY—P-n
k<ém™"

< C8"PHIN L (g um™ye Pm 1P,

We have completed the proof. (]

Lemma 7. Supposethatl <o <2,y > B—1, e,m"b(m")~! — 400, ande, — ¢ € [0, 00).
If B > «, we further assume that

lim x, =y € [0, 00). (46)

n—o0
Then there exists n > 0 small enough such that, for any 0 < § < 1,

mb~ney y—p+1-1
_ P(Sk = e k)P(Z, =k) — Ig| < C§" P71, 47
T > P(Sk = enk)P(Zy = k) ﬁ'_ (47)

k>8m"

lim sup
n—oo

Proof. First,if 1 < a < 2 and p4 = 0, then by [6, Theorem 9.2], it holds that

P(S; > _ (a=1)/a
lim sup M — 1‘ =0 forany x; = t(ﬂ logk) bk), t >0. (48)
k—oox>x | kKP(X1 > x) -1
Define
sup su PGSk = ) 1‘
M = —— =" 1.
" k>8§1" stl:k kP(X1 > x)

Then one can apply (48) with x; = ke, to ensure that 1, = o(1). To apply (48) it suffices to
show that

.. m"e,
lim inf —
n—oc b(sm")(In(m"))@—D/a

In fact, since L and s are slowly varying functions, then for any 7, " > 0, there exists C,, Cyy
such that L(ln_lb(ln)m”) < C,,l,,_"b(ln)”m"” and

+o00. 49)

lr)l/*ﬁm(ﬂ—l—y)nb(ln)ﬂ N lrll/fﬁJrﬁ/aJrnfn/a s(l,)P e /lr)l/fﬂJrﬁ/aJrnfn/afﬂn/fnn’
L bymmy = " m=BrEn sy = T

my—B+1+mn
(50)

Since o < B, then one could choose 7, " small enough such that

y—B+14+n

0< A= - S <
y—B+B/a+n—n/a—Bn —ny

1. ShH
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Thus, (46) and (50) imply that

in

lim sup
n—oo n

€ (0, +o0]. (52)

We also note that, for any n” > 0,

_1 _1 "
dm"e, _ sm" (@=b/a s(ln) > Cor s\l (Sm(l—k)n)(a—l)/a l_n !
b(Sm™) In s@mm) — T\ 1, Smn

Choosing 1” small enough in the above, together with (52) and (51), yields that (49) holds.
We obtain 1, = o(1). The remainder of the proof for the case of | < @ < 2 and 8 > « is
similar to Lemma 4. We omit it here.

When 1 < @ = 8 < 2 and p; = 1, (48) holds for x; satisfying x;/b(k) — o0; see [19]
and the references therein. Obviously, in this case 1, = o(1).

When 1 < o = f < 2and 0 < py < 1, (48) holds for x; satisfying kP(X; >
x;) — 0 and (k/xk)ff’;k xdF(x) — 0; see [5, Theorem 3.3]. By using (3), (7), and the
fact &,m"b(m")~! — oo, one can check that 17, = o(1). Then the desired result can be proved

similarly. ]
Lemma 8. Assumethatl <o <2, py =0,y > B8—1, é,‘,,m”b(m")’1 — 400, and &, — 0.
Then
Vi@, A) < lim m?",7 Y7 P(Zy = kP(Sk = ken)
n—00 Sly<k<Aly,
< im m"," Y P(Zy = K)P(Sk > key)
n—oo
8l <k<Al,
< Vs(8, A), (53)
where

A
Vi(5, A) = lim u‘*Vw(u)/ u’ ~"PU; = u@ D) du,
1)

u—0
s A
Vs(8, A) = 1imou1—yw(u)/ u? 'P(Uy > u@V/%) du.
u— (S
Proof. Define
Hy, ={8l,, <k < Al,: k = (mod)d}. (54)
By [9, Corollary 5] and (20), we have
1 Kyt
A+oMd inf  u' Vo) Y ——P(S = e.k)
u<Al,m=—" mvn
keH>
< Y P(Zy = OP(Sk = £4k)

keH,

=+ o(1))d Z m‘”w(%)]}”(&c > e,k)

keH)

-1
< ({1 +o(l))d sup ulfya)(u) E k}/T]P’(Sk > e,k). (55)
m

u<Al,m=" keH,

https://doi.org/10.1017/apr.2016.22 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.22

688 H.HE

Recall (4). Then, for any § > 0,

k
P(S; > ke,) —]P’(U > Len )‘ =0

lim sup o > )

n—-o0 ke Hy

Recall that J(x) = xb(x)~! and [ is the asymptotic inverse function of J. Then, as n — oo,

k
SRR 2 ken) = (L+o(1) Y K TB( U 2 o
b(k)
keH, ke H,
Clyy— key \,_
= +o()I Y (ki) 1]P’<Ua > b(]:))lnl
keHy
A
:(1+o(1))d‘113{/ u’ " '"PUs > u' V) du, (56)
$
where the last equality follows from the facts that
kep k@D ple=Dia gy g\ s(ln)
=3 ~ = (—) , lim sup =
by~ erlsky  JUnstk)  sk) \Un n—co ket S(k)

Then by letting n — oo in (55) and (56) implies the desired result by noting the fact that
[ym™ — 0. U

Proof of Theorem 2. (i) If x, — 0 then we have
l,);m_y"m(ﬁ_D”:s:,’?L(snm")_1 =o(1).
Thus, letting § — 0 in (34) and Lemma 7 yields the desired result.
(ii) Recall H; from (54). By taking A large enough in (35) and (36), we have

Y P(Zn = OP(Sk = ken)
k¢ Hy

=( o+ >+ )P<Zn=k)P<Skzken>

1<k<él, Al <k<Am" k>Am"
< CQ+ AV TPy By =PI (e,m™y 4 C(A™Y + 8 m™7".

Since x, — 00, we have s,,_ﬁm(l_ﬂ)”L(enm”) = o(I)m~Y™"). Thus,

Iim ;" m”"" Z P(Z, = k)P(Sk > key) < C(A2 +87).
n—o00 ket

Furthermore, by (53), we have

Vi(8, A) < lim I, "m""P(Sz, > Znen)

n—0o0

< Tim 1,"m""P(Sz, = Znen) < C(A™7 +87) + Vs(3, A).
n— o0

Letting 6 — 0 and A — oo yields (10).

https://doi.org/10.1017/apr.2016.22 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.22

Large deviation rates 689

(iii) Note that x, — y € (0, co) implies that
m=rm ~ yefm(ﬂfl)"L(e,,m")fl .
Then the desired result follows from (36), (41), (47), and (53).

(iv) Combining Lemmas 6 and 7 and letting § — 0 yields the desired result. We have completed

the proof of Theorem 2. O
Proof of Theorem 6. First, note that [;;° P(Uy > u®~D/%x)w(u) du < co. Then by (4), for
any 6 > 0,

lim sup
n—o0 k>§m"

&
P(S; > e,k) — ]P’(US > ;(k)>’ =0

Thus,

enk
k;n P(Z, = k)P(Sk > e,k) = (1 +0(1))k§”n P(Z, = k)P(US > = (k)).

Denote F;(x) = P(U; > x). Then, we have
Y B(Zy = bP(Sk = eqk)

k>8m"

(a=1)/a n
— (1 +o) Y Pz, :k)Fs<8nm"b(m”)1< k ) s(m ))

S mn s (k)
n n ny\— a—1)/a ( n)
=(1+o<1)>E[Fs(snm b(m™) " (W)@ s(svéf—mn))l{wnza}}

o
— / Fyu D) (u) du.
s

On the other hand, by (18), as n — oo,
8
> PZy=KPSk z ek) = Y P(Zy =k) = (1+0(1) f o) du.
k<ém" k<ém" 0
Letting 6 go to O yields the desired result. ]

Proofs of Theorem 5 and Corollary 2. Applying (37) with &, = &, k > Cye'/07) =
A(s,t,e)and s = 2y +2)/(t — 1) > 1 implies that

m?" Y "P(Zy = k)P(S, > ek)

k>1
<CY KPS, = ek)
k>1
<C Y RTHC Y KPS, = ek
k<A(s,t,e) k>A(s,t,¢)
<CAG.t.8) +CY K'P(X) =s7'ek)+C Y & "k2,

k>1 k>A(s,t,€)

which is finite under the assumption of the theorem. Then the dominated convergence theorem
yields Theorem 5. Corollary 2 follows from the same argument as above. ]
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