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POWER SERIES PROOFS FOR LOCAL STABILITIES OF KAHLER
AND BALANCED STRUCTURES WITH MILD 900-LEMMA

SHENG RAO*®, XUEYUAN WANT® aAnpD QUANTING ZHAO*

Abstract. By use of a natural map introduced recently by the first and third
authors from the space of pure-type complex differential forms on a complex
manifold to the corresponding one on the small differentiable deformation of
this manifold, we will give a power series proof for Kodaira—Spencer’s local
stability theorem of Ké&hler structures. We also obtain two new local stability
theorems, one of balanced structures on an n-dimensional balanced manifold
with the (n —1,n)th mild 0-lemma by power series method and the other one
on p-Kéhler structures with the deformation invariance of (p,p)-Bott—Chern

numbers.
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§81. Introduction

The local stability of some special complex structure is an interesting topic in deformation
theory of complex structures and the power series method, initiated by Kodaira—Nirenberg—
Spencer and Kuranishi, plays a prominent role there. One main goal of this paper is to
present a power series proof for the classical Kodaira—Spencer’s local stability of Kahler
structures, which is a problem at latest dated back to [39, Remark 1 on Page 180]: “A good
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problem would be to find an elementary proof (e.g., using power series methods). Our proof
uses nontrivial results from partial differential equations.”

THEOREM 1.1 ([29, Theorem 15]). Let w: X — B be a differentiable family of compact
complex manifolds. If a fiber Xo := 7~ 1(ty) admits a Kdihler metric, then, for a sufficiently
small neighborhood U of to on B, the fiber X; := 7~ 1(t) over any point t € U still admits a
Kahler metric, which depends smoothly on t and coincides for t =tq with the given Kdhler
metric on Xg.

The other goal is to prove a new local stability theorem of balanced structures when
the reference fiber satisfies the (n —1,n)th mild d-lemma, a new-type d9-lemma, using
the power series method developed above, and also one of p-Kéhler structures with the
deformation invariance of (p,p)-Bott—Chern numbers by two different proofs. Recall that
a balanced metric w on an n-dimensional complex manifold is a real positive (1,1)-form
satisfying d(w™ 1) =0, and a complex manifold is called balanced if there exists such a
metric on it.

This paper is a sequel to [36, 43], whose notions are adopted here. All manifolds in
this paper are assumed to be compact complex n-dimensional manifolds. The symbol
AP9(X, FE) stands for the space of the holomorphic vector bundle E-valued (p,q)-forms
on a complex manifold X. A Beltrami differential on X, generally denoted by ¢, is an
element in A%!(X,T"), where Ty" denotes the holomorphic tangent bundle of X. Then ¢4
or ¢ denotes the contraction operator with respect to ¢ € A%1(X ,T)lgo) or other analogous
vector-valued complex differential forms alternatively if there is no confusion. We also follow
the convention

| =

. 1)

x>

o0
A=y
k=0

where &% denotes k-time action of the operator #. Since the dimension of X is finite, the
summation in the above formulation is always finite.

We will always consider the differentiable family = : X — B of compact complex n-
dimensional manifolds over a sufficiently small domain in R* with the reference fiber X :=
7 Y(tg) and the general fibers X; := 7~ 1(t). For simplicity, we set k = 1. Denote by ( :=
(¢§*(2,t)) the holomorphic coordinates of X; induced by the family with the holomorphic
coordinates z := (2') of Xy, under a coordinate covering {U;} of X, when ¢ is assumed
to be fixed, as the standard notions in deformation theory described at the beginning of
[39, Chapter 4]. This family induces a canonical differentiable family of integrable Beltrami
differentials on Xy, denoted by ¢(z,t), ¢(t), and ¢ interchangeably, to be explained at the
beginning of Section 2.

In [43], the first and third authors introduce an extension map

e“P(‘WW:AP’q(XO) — APY(X,),
which plays an important role in this paper.

DEFINITION 1.2. For s € AP9(Xj), we define
eLv(nILW(S) = Sipeipjrje (2(0)) (€ (dz" A+~ Adz™)) A (%@ (dz7* A+~ NdZ7))
where s is locally written as

§ = Siyipjrojy ()2 Aeo NdzP NdF - N dF
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and the operators e‘»®, e"»® follow the convention (1). It is easy to check that this map
is a real linear isomorphism as in [43, Lemma 2.8].

Now, let us describe our approach to reprove Kodaira—Spencer’s local stability of Kéhler
structures. We will use Kuranishi’s completeness theorem [31] to reduce the proof to
Kuranishi family @ : X — T and a power series method to construct a natural Ké&hler
extension w; of the Kéhler form wy on X, such that @, is a Kéhler form on the general
fiber w~1(t) = X;. More precisely, the extension is given by

erelw s AV (Xo) = AVN(X),  wo — @y = el (w(t),

where w(t) is a family of smooth (1,1)-forms on Xy, depending smoothly on ¢, and w(0) = wp.
This method is developed in [36, 37, 43, 48, 49, 56, 57]. The following proposition will be
used many times in this paper:

PROPOSITION 1.3 ([36, Theorem 3.4], [43, Proposition 2.2]). Let ¢ € A% (X, Ty°). Then
on the space A**(X),

doe%:ebd’(d—i—aow_L¢08_L5¢—%[¢7¢])' )

By a careful use of Proposition 1.3, we can show that d(e*#*#(w)) = 0 with w € AV (X))
is equivalent to

{([a, 1] +0) (1 = pp) w =0, -

([0, 15] +0) (1 — @) 1w =

In this paper, we always use the notations: pp = pLp,pp = ¢_op and 1 is the identity
operator defined as:

1 (S, .0 =, 0
1=—— TR — 7' ®
e <§ dz' @ -~ + Ei dz ®az%>

when it acts on (p,q)-forms of a complex manifold. Obviously, the identity operator is a
real operator. It is worth noticing that this definition is a little different from that in [43],
where for a (p,q)-form « on a complex manifold,

1(a) = (p+q)-a

since the constant factor p—iq did not appear in that definition.
Then one has the crucial reduction:

PROPOSITION 1.4(=PROPOSITION 2.7). If the power series
oo
w(t) = Z Z wz‘d‘tlt_]
k=0i+j=Fk

of (1,1)-forms on Xq is a real formal solution of the system of equations

Ow = O(Ppw — PP w) — Ipw), ()
Ow = 0(PPiw — Papiw) — O(Pw),

then it is also one of the system (3).
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Based on Observation 2.11, one can solve the system (4) easily by the Kéhlerian condition
on the reference fiber inductively. Then the Holder convergence and regularity argument in
Sections 2.3 and 2.4 gives rise to the desired Kéhler form on the deformation X; of Xj.

In Section 3, we will discuss the local stability problem of balanced structures on the
complex manifolds also satisfying various d0-lemmata. The (n— 1,n)th mild d0-lemma is
introduced in Section 3.1: an n-dimensional complex manifold X satisfies the (n —1,n)th
mild 90-lemma, if for any (n —2,n)-complex differential form & on X, there exists an (n —
2,n—1)-form 6 on X such that

006 = O¢.
Then another main result of this paper can be described as follows:

THEOREM 1.5(=THEOREM 3.12). Let Xo be a compact balanced manifold of complex
dimension n, satisfying the (n—1,n)th mild 00-lemma. Then X; also admits a balanced
metric for t small.

Nilmanifolds with invariant abelian complex structures satisfy the (n — 1,n)th mild 90-
lemma as shown in Corollary 3.5. Many examples and results, such as [10, Proposition
4.4, Remark 4.6, Remark 4.7, and Example 4.10] and [23, Corollaries 8 and 9], become
consequences of this theorem.

It is an obvious generalization of Wu’s result [55, Theorem 5.13] that the balanced
structure is preserved under small deformation if the reference fiber satisfies the 90-lemma.
Fu-Yau [23, Theorem 6] show that the balanced structure is deformation open, assuming
that the (n—1,n)th weak dd-lemma, introduced by them, holds on the general fibers X;
for t # 0. Recall that the (n —1,n)th weak 00-lemma on a compact complex manifold
X says that if for any real (n—1,n —1)-form + on X such that d¢ is O-exact, there
exists an (n—2,n —1)-form 6 on X such that 090 = 9v. It is well known from [3] that
a small deformation of the Iwasawa manifold, which satisfies the (2,3)th weak dd-lemma
but does not satisfy the mild one from Example 3.8, may not be balanced. Thus, the
condition “(n—1,n)th mild 90-lemma” in Theorem 1.5 can’t be replaced by the weak one.
In [53, Example 3.7] or Example 3.14, Ugarte—Villacampa construct an explicit family of
nilmanifolds I of complex dimension 3 with invariant balanced metric on each fiber, for
A € [0,1). However, the general fiber X; does not satisfy the (n—1,n)th weak d9-lemma for
t # 0. Fortunately, the mild one holds on the reference fiber and thus, Fu—Yau’s theorem is
not applicable to this example, while ours is applicable.

Based on Fu—Yau’s theorem, Angella-—Ugarte [10, Theorem 4.9] prove that if X, admits
a locally conformal balanced metric and satisfies the (n — 1,n)th strong 9d-lemma, then
X, is balanced for ¢ small. They define the (n— 1,n)th strong dd-lemma of a complex
manifold X as: for any d-closed (n—1,n)-form I on X of the type I' = 9¢ + v, there exists
a suitable # on X with 990 = T'. Interestingly, a complex manifold satisfies the (n—1,n)th
strong 00-lemma if and only if both of the mild one and the dual mild one hold on it, and
the (n—1,n)th dual mild dd-lemma guarantees that a locally conformal balanced metric is
also a global one. The (n—1,n)th dual mild 0-lemma refers to that the induced mapping
L;;;%" CHRES (X)) — Hgil’"(X) from the (n—1,n)th Bott—Chern cohomology group by
the ’identity map is injective. From this point of view, one can understand Angella—Ugarte’s
theorem more intrinsically. Besides, there indeed exist examples that satisfy the (n—1,n)th
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mild 0-lemma but not the strong one, such as a nilmanifold endowed with an invariant
abelian complex structure from Corollary 3.5 and [9, Proposition 2.9].

Similarly to the Kéhler case, we will prove Theorem 1.5 in Section 3.2 by reducing the
proof to Kuranishi family and constructing a power series (¢) € A»~1"=1(X;) such that

d(e=!"> (Q(1))) =
Q(t) =Q(t)

, ()
Q0) =w" 1,

where w is the original balanced metric on Xy. By Proposition 1.3 again and setting
Qt) = e “a-e0 e 0 e o et le (Q(1)),
one reduces the obstruction system (5) of equations to:

(8—&—60%—1—80%0%1 eo)-1pt+ ao LpOlyp Ol(1—gp)—1 )Q(t):(),
(8+8OL(1 Fp) 1@ +60L¢OL(1 )13 )Q()—O (6)
Q(0) =w" 1,

and solves this system formally also by the power series method, when the “(n—1,n)th
mild d0-lemma” just comes from the strategy of using Observation 2.11 to resolve (6).
Inspired by the Holder convergence and regularity argument for the integrable Beltrami
differential ¢(t) in the deformation theory of complex structures, we complete that of Q(t).
The key point is to deal with the Green’s operator in the explicit canonical solution of Q(¢)
there. It is worth noticing that this analogous proof is different in the resolution of the
obstruction equation (6) by use of the Bott—Chern Green’s operator and thus undergoes
more difficult regularity argument. It is also applicable to the (1,1)-case without the Kéhler
or deformation invariance of (1,1)-Bott-Chern numbers assumption on the reference fiber
X essentially in Kodaira—Spencer’s original proof:

PROPOSITION 1.6. Assume that the reference fiber X, satisfies the (1,2)th mild 00-
lemma, that is, any d-closed O-exact (1,2)-form on Xq is also 00-ezact. Then any d-closed
(1,1)-form Qg on Xo can be extended as a d-closed (1,1)-form Q varying smoothly at t on
its small differentiable deformation X;.

Notice that the (1,2)-mild 99-lemma is different from the 9d-lemma on a complex
manifold. It is easy to see that the (1,2)-mild dd-lemma amounts to the injectivity of
the mapping

Ui s Hpe(X) = Hy?(X),
or equivalently, that of

oz Heo(X) = HZH(X).
See Example 3.2 for an example of a non- d9-manifold which satisfies the (1,2)-mild 90-
lemma.

Section 4 is devoted to the local stabilities of p-K&ahler structures. In Section 4.1, by
means of Wu’s result [55, Theorem 5.13], we will use the cohomological method, originally
from [29], to get:
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PROPOSITION 1.7(=PROPOSITION 4.1). Let r and s be non-negative integers. Assume
that the reference fiber Xo satisfies the 09-lemma. Then any d-closed (r,s)-form Qg and
Do0o-closed (r,s)-form Uy on Xo can be extended unobstructed to a d-closed (r,s)-form Q;
and a 0;0¢-closed (r,s)-form Wy on its small differentiable deformation Xy, respectively.

We can also prove this proposition in the (n —1,n — 1)-case by another way inspired
by the results of [10, 23, 55]. It is impossible to prove Theorem 1.5 by this method since
the proof would rely on the deformation openness of (n —1,n)th mild d9-lemma, which
contradicts with Ugarte—Villacampa’s Example 3.14.

Finally, in Section 4.2, we study some basic properties of p-Kéhler structures, a possibly
more intrinsic notion for the local stabilities of complex structures. Based on un-obstruction
of extension for transverse forms and (the proof of) Proposition 1.7, we use two different
approaches to obtain:

THEOREM 1.8(= THEOREM 4.9+ REMARK 4.13). For any positive integer p <mn—1,
any small differentiable deformation X; of a compact p-Kahler manifold Xq satisfying the
deformation invariance of (p,p)-Bott—Chern numbers is still p-Kdhlerian.

Notation Without specially mentioned, the hermitian metrics will be identified with
their fundamental forms. We only consider the small differentiable deformations in this
paper, that is, the parameter t is always assumed to be small. All subindices in the power
series, such as 4,7,..., are set no less than zero, while Einstein sum convention is adopted
in the local settings and calculations. In many places, we fix a Kédhler metric or a balanced
one on the reference fiber of the differentiable family to induce the dual operators and the
associated Hodge decomposition with respect to d and @ on it. A complex differential form,
linear operator or current is called real if it is invariant under conjugation.

82. Stability of Kéahler structures

We introduce some basics on deformation theory of complex structures to be used
throughout this paper. For holomorphic family of compact complex manifolds, we adopt
the definition [28, Definition 2.8]; while for differentiable one, we follow:

DEFINITION 2.1 ([28, Definition 4.1]). Let X be a differentiable manifold, B a domain of
R¥ and 7 a smooth map of X onto B. By a differentiable family of n -dimensional compact
complex manifolds we mean the triple 7 : X — B satisfying the following conditions:

(i) The rank of the Jacobian matrix of 7 is equal to k at every point of X.

(i) For each point t € B, m~1(t) is a compact connected subset of X'

(iii) 7~ 1(¢) is the underlying differentiable manifold of the n-dimensional compact complex
manifold X; associated to each t € B.

(iv) There is a locally finite open covering {U; | j =1,2,...} of X and complex-valued
smooth functions C} (p),... NG (p), defined on U; such that for each ¢,

{p— (¢ (p),---,CJ'(p)) | Uy N7 (t) # 0}
form a system of local holomorphic coordinates of X;.

Let us sketch Kodaira—Spencer’s proof of local stability theorem [29]. Let F; be the
orthogonal projection to the kernel Iy of the first fourth order Kodaira—Spencer operator
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(also often called Bott—Chern Laplacian)
Opc,: = 01010, 0; +0,0; 0,01+ 0, 8,0; 0, + 0; 0,0, 0, + 9, 9y + 0; 0 (7)
and G; the corresponding Green’s operator with respect to a; on X;. Here
oy = \/jlgﬁ(c,t)dfi Adfj

is a hermitian metric on X; depending differentiably on ¢ and «aq is a Kahler metric on Xj.
By a cohomological argument with the upper semi-continuity theorem, they prove that F;
and G; depend differentiably on ¢. Then they can construct the desired Kéhler metric on
X; as

~ 1 -
o = §(Ft04t —I—FtOét).

See also [54, Section 9.3].

Now let us describe our basic philosophy to reprove the Kodaira—Spencer’s local stability
of Kéhler structures. By (the proof of) Kuranishi’s completeness theorem [31], for any
compact complex manifold X, there exists a complete holomorphic family w : K — T of
complex manifolds at the reference point 0 € T in the sense that for any differentiable family
7: X — B with 77 1(s9) = @~ 1(0) = Xy, there is a sufficiently small neighborhood E C B of
S0, and smooth maps ® : Xg — K, 7: E — T with 7(s¢) = 0 such that the diagram commutes

Xy —2 oK

| lw

(EaSO) — (T>0)7

® maps 7~ !(s) biholomorphically onto w~!(7(s)) for each s € E, and
P 7T71(So) =Xg— wil(O) = Xy

is the identity map. This family is called Kuranishi family and constructed as follows. Let
{n,}7_, be a base for HO’I(XO,T)lg(?), where some suitable hermitian metric is fixed on X
and m > 1; Otherwise the complex manifold Xy would be rigid, that is, for any differentiable
family k: M — P with so € P and k™ 1(s¢) = Xy, there is a neighborhood V C P of sy such
that x: k= 1(V) — V is trivial. Then one can construct a holomorphic family

p(t) =Y prt’ = me, I="(i1,.. im), t=(t1,...,tm) €C™, (8)

[I]=1

for |t| < p a small positive constant, of Beltrami differentials as follows:

Wl(t) = Ztunu (9)
v=1
and for |I]| > 2,

1+
pr= 58 G Z [, L] (10)
J+L=I
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It is obvious that ¢(t) satisfies the equation

o(t) = o1+ 50 Glp(t), (1)
Let

T = {t | Hlp(t), p(t)] = 0},
Thus, for each t € T', p(t) satisfies

1

dp(t) = S0, (0)]; (11)

and determines a complex structure X; on the underlying differentiable manifold of Xj.
More importantly, ¢(t) represents the complete holomorphic family w : £ — T of complex
manifolds. Roughly speaking, Kuranishi family o : L — T contains all sufficiently small
differentiable deformations of Xj.

By means of these, one can reduce the local stability Theorem 1.1 to the Kuranishi family
by shrinking E if necessary, that is, it suffices to construct a Kéhler metric on each X;.
From now on, one uses ¢(t) and ¢ interchangeably to denote this holomorphic family of
integrable Beltrami differentials, and assumes m =1 for simplicity.

Using this reduction, we should construct a natural Kahler extension @, of a given Kéhler
metric wy on Xy, such that @; is a Kihler metric on the general fiber w=!(¢) = X;. More
precisely, the extension is given by

el e AV (X)) = AVY(XY),  wo — @y = et T (w(t)),

where w(t) is a family of smooth (1,1)-forms on Xy, depending smoothly on ¢, and w(0) = wo.
As we need to construct a Kéhler extension, the following conditions appear:

(1) d(el=(w(t))) =0 and
2) w(t)=w(d).

As t is sufficiently small, w(t) is positive by the convergence argument and thus e‘!*#(w(t))

is a Kahler form on X;. Here, we will use an elementary power series method to complete
the construction.

2.1 Obstruction equations

We will discuss the obstruction equation to extend the d-closed pure-type complex
differential forms on a complex manifold to the ones on its small differentiable deformation
in this subsection. The argument in this and next subsections is applicable to a general
differentiable family of complex manifolds.

For a general a € AP9(X,), by Proposition 1.3 and the integrability condition (11), one
has

d(e‘*"“?’ (a)) =doe'voe™ "¢ oetelte (@)
=e'% 0 ([0,1,] +0+0) oe v oetle(a)
= etele o (e*‘*"lﬂﬂz’ o€ o ([0,1,]+0+0)oe " oe‘*”"“”(oz)) . (12)
Here,

et e TR L API(X,) = AP(X)
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is the inverse map of e*#® %@, defined by

et =5 (5)
=8i1ipiria () <€_Lw<t) (WZ“ +ep(t)adz" ) Ao A (de' + sO(t)JdZ“’)) A (13)
e—LW((dgjl +de§jl) A A (d?jq +90(t)Jd§jq))>’

where s € AP9(X,) is locally written as
8= Si . iyfie G (O)(dz™ +@(t)adz ) A--- A (d2' + @(t) adz')
A(dZ 4+ o(t) 3dZT ) A - A (dZP9 + o(t) 2dZe),
and the operators e *¢® e “#® also follow the convention (1) as in the proof of [43,
Lemma 2.8]. We introduce one more new notation 4 to denote the simultaneous contraction

on each component of a complex differential form. For example, (1 — @@+ @) Ja means that
the operator (1 —@p+ @) acts on « simultaneously as:

(L= +@)3(fi.iygr-5.02" A Adz' AdZ - N dZ)
=firiyiog; (L= @+ @) adz™ A A (L =+ @) sdz™
AL =@+ @)adz Ao A (L= @+ p)adz’s, (14)
if « is locally expressed by:
a=f; ;5 gd2 A AdR NAZ A NdF

This new simultaneous contraction is well-defined since ¢(¢) is a global (1,0)-vector valued
(0,1)-form on Xy (See [39, pp. 150-151]) as reasoned in [43, Proof of Lemma 2.8]. Notice
that (1 —@p+ ¢)da # 1da— @gpda+ pda in general. Using this notation, one can rewrite
the extension map e*¢!*# in Definition 1.2:

eele = (1+p+@)4.
Then one has:
LEMMA 2.2. For any a € AP9( X)),
et oetele () = (1 — @y + @) da. (15)
Proof. Following the above notations and the definition of e‘#!*#, we have
etele (a) = Firiy i g7 @)adz™ A A (L4 @) a2
AL+ @)adz A A (1 + @) udZa. (16)
On the other hand,
e?o(l—pp+¢)da
=€ (fz‘l---ipji...ﬂ(]l — G+ @)adz A A (1 — Go+ @)adz'
AL —@p+@)odz A A (L —¢¢+@)szjq>
=fiyi i e L) o(1 - gp+ @)adzt A ANA+@)o(1 — Go + @) adz'
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AL +@) (L= G+ @)adz” Ao A(L+9)a(1 = G+ @) adz”
=fir iy i e (@) adz" Ao AL+ @) ad2 A (L4 @) udZ A A (L +@)adZ’s,  (17)
where the last equality holds by

(T+¢)i(1—pp+ @)adz* = (1+ gO)szi’“

and
(1+¢)o(1 — G+ @)adz’ = (1 — @p+ @) 1dZ7 + (Gp) 1dZ7 = (1 + @)dz'*.
Therefore, (15) is proved by (16) and (17). 0
Similarly:

LEMMA 2.3. For any a € AP9( X)),
et ot () = (L—pp) ™! — (L - pp)'p) o, (18)
where (1—@p) ' — (1 —pp)~'¢) acts on a just as (14).

Notice that the more intrinsic proofs of (15) and (18) can be found in the proof of [43,
Proposition 2.12]. Substituting (15) and (18) into (12), one has

PROPOSITION 2.4. For any a € AP1(X,),
d(e'#1* (a))
=7 ((L-gp) ™! = (1= 09)"'9) 4(10,14] +0+0) (1~ pp+ @) da).
From (18), we know that

(19)

e bl Tt oete s API(X ) — {ég_p} APFTHATH(X0Y,
i=0
Thus, by carefully comparing the form types in both sides of (19), we have
De(etel? (@) = el (1= @) T1 H([0,14] +0) (1 — pp) 3ar) . (20)
The d-closed condition d(e*#*#(a)) = 0 amounts to
{@(ew'w (a)) =0,
i(evelve (a)) = Byoerelis (a) =0,

which, together with (20), implies that
_ B (21)
o=

by the invertibility of the operators e‘¢l*#, (1 — @)~ 4 and their conjugations. Remark that
the operator 4 in (21) is just the ordinary contraction operator o when acting on A1 (X)
of a complex manifold X. Actually, one can obtain an equivalent expression of (19)

d(eb“’lb‘; (a))
— etele (1= gp) 1 3([0, 1)+ O) (1 — Bp) da+ (1 — 9) 1 3([F, 5] +0)(1 — pp) ).

https://doi.org/10.1017/nmj.2021.4 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.4

POWER SERIES PROOFS FOR LOCAL STABILITIES 315

From the original proof of the stability theorem sketched at the beginning of this section,
one knows that the system (21) of obstruction equations indeed has a real solution a(t) €
Ab(X,) with a(0) = w(0). To get this solution by a power series method, we will formulate
an effective obstruction system (23) of equations in Proposition 2.7 for (21).

We will use the commutator formula repeatedly, which is originated from [50, 51] and
whose various versions appeared in [11, 13, 21, 34, 37] and also [35, 36] for vector bundle
valued forms.

LEMMA 2.5. For ¢,¢ € A%Y(X,Ty") and o € A**(X) on a complex manifold X,
[6,0]s0 = =0t :(6a)) — ($200) +¢0(th50) +s0(goa). (22)

There are several formulae to be established, whose proofs are given in Appendix 4.2.

PROPOSITION 2.6. Let ¢ € A% (Ty°) and o€ AP9(X) on a complex manifold X. Then
we have:

(1) ¢upoa—(66)sa = dapoa— (3u6)a.

() [6.6]2620 = 20.,0(p610) — 626,0(Ba0). .

(3)  Forape A™(Ty°), 8(va) = (Bh)ac+ (—1) 5+ Lda.
In particular, if 1 € AYO(T°) or AYY(T), then

O(Yaa) = (0Y) s+ 20

(4) Gt — Papadaa = 2(Papdaa — pdaga).
In particular, if « € AYY(X), then one has
Papadaa = 2(dapdoa),
since ¢upapoa =0 and ppoduo =0.
We first explain the homogenous notation for a power series to be used here and
henceforth. Assuming that «(t) is a power series of (bundle-valued) (p,q)-forms, expanded

as

o0

Oé(t) = Z Z Oéi,jtzfj,

k=0i+j=k
one uses the notation
a(t) =332 o,
A — Zi+j:k ()éi7jti¥j,

where oy, is the k-degree homogeneous part in the expansion of a(t) and all «; ; are smooth
(bundle-valued) (p,q)-forms on Xy with a(0) = ag . Similarly, according to the expansion
(8), one will also adopt this notation to other terms related with ¢, such as

1-20) o => ((L—70) ' 1p),,
k=1

where ((]1—@@)7140) , stands for the k-degree homogeneous part of the power series

(1 —@0)_1_1@ in ¢,t. Then we come to the crucial reduction:
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PROPOSITION 2.7. If the power series

w(t) = Z Z wi,jtifj

k=0i+j=k

of (1,1)-forms on Xq is a real formal solution of the system of equations

4 (23)

0w = O(Ppw — papw) — O(piw),
0w = (pPpiw— @upiw) —O(pw),

up to the degree N, then O(¢(t)ow(t))r =0 for each 0 <k < N +1 and thus w(t) is also one
real formal solution of the system (21) up to the degree N.

We will realize the importance of the d-closedness (¢ (t)iw(t))n+1 = 0, which fulfills
(26) in Observation 2.11 under the Kéhler condition and guarantees the existence of a real
solution of (23)n41, the equation (23) at the (N +1)th degree.

Proof. Comparing the power series expansion of the equations (21) and (23), we use
induction on the degrees to complete the proof.

Denote by wy the homogenous k-part of the power series w(t), that is, wy =
Diti—h w; ;1. Without danger of confusion, we will use ¢ and w to denote ¢(t) and
w(t), respectively.

The case N =0 is trivial. By induction, assuming that the proposition holds for the
degrees < N — 1, we need to show the proposition for the degree N. That is, if (23); has a
real solution and

Ipaw) =0

for the degrees k < N, then we will show that this solution is also one for the system (21)n
and satisfies O(pw)n41 = 0. Without loss of generality, we always assume that N > 4 since
the lower-degree cases are also obtained by the same formulation as follows.

Here is an important observation to be proved in Appendix 4.2. U

OBSERVATION 2.8.

I(puw) =0, k<N+1.
So by Lemma 2.5, Proposition 2.6.(1) and the induction assumption, we have

p10((1 — pp) w)
= p10(w— PPiw+ PP_iw — PY_w)
= p(=0(Pup-w) — 0(P-w)) +p0(pPw — P )
= —QDJ@(QO_@_IUJ) — @Ja(@w)
= —gma(gwgfuw) — 5((,0_@_100) + 6(,0_1@_1(,0
= —p10(p1pw) — O(papw) + %[% plopw

1 1
= —8(g04<ﬁ4w) — §(p_lg0_Ja(LﬁJw) — 58((,0_190_1(,5_100).
Here, the subscript N is omitted. Using Proposition 2.6.(4) and Observation 2.8, one has

(0(pappw) + p10(w — Pow) + O(ppw)) ~=0
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whose left-hand side is exactly the difference of the first equations in (23)x and (21)y.
Therefore, this real solution of the first equation in (23) y is also that in (21) 5, and similarly
for the second equations in (21)y and (23)y.

2.2 Construction of power series

For the resolution of the system (23), we need several more lemmas. As usual, the 90-
lemma refers to: for every pure-type d-closed form on Xg, the properties of d-exactness,
0J-exactness, 0-exactness and d0-exactness are equivalent.

LEMMA 2.9. Let X be a complex manifold satisfying the 00-lemma. Consider the system

of equations:
or =3,
{x 7 (24)
oxr =7,

where 3,7y are (p+1,p)-forms on X. The system of equations (24) has a solution if and
only if the following three statements hold:

(1) 98+07=0.
(2) The 0-equation Ox = 3 has a solution.
(3) The O-equation Ox =7 has a solution.

Proof. If the system (24) has a solution 7, then both the d- and J-equations have
solutions. And it is easy to see that

9B+ 05 = 00n+ 00n = 0.

Conversely, let n; be a solution of the d-equation, 75 a solution of the d-equation with 3,
satisfying 08+ 07 = 0, which yields that dn, = 3.

We claim that there exists some 7 € APP~1(X) such that 1y + O7 satisfies the system
(24). In fact, it is obvious that 1, + 07 satisfies the second equation of (24). As to the first
one, we only need to show that 3 — dns is 00-exact. It is easy to check that

(B —0n2) =0B+07=0.
And note that g — 0ns is 0-exact by the equality
B—0nz = 0(m —n2).

From the 90-Lemma, there exists some 7 € APP~1(X) such that 8 —dny, = 90T, equivalently
saying that 7o + 07 satisfies the first equation of (24). Therefore, the claim is proved and
no +O7 is the solution of the system (24). 0

COROLLARY 2.10. Let X be a complex manifold satisfying the 00-lemma. The system

of equations:
or = p,
9z=p (25)
or = p3,

where B is a (p+ 1,p)-form on X, has a real solution if and only if the following two
statements hold:

(1) 55+§B=0. -
(2) The 0-equation Ox = [ has a solution.
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Proof. 1If 1y is a solution of the d-equation and 08+ 0B = 0, it is clear that 7 satisfies
the 9-equation 07z = . Then Lemma 2.9 assures that the system (25) of equations admits
n+m

2

a solution, denoted by 7. And will be a real solution of the system (25). 0

Since B and 7 involved in this paper are mostly J-exact and O-exact, respectively, such
as (23), we have:

OBSERVATION 2.11. Let B =0C and 5 = 0¢ for some suitable-type complex differential
forms ¢ and &, respectively, which automatically fulfill the condition (1) in Lemma 2.9. The
conditions (2) and (3) rely on the equalities

08 =0(0¢) =0,
93 =900 o)
0y =0(0¢) =0.
Then the 00-lemma will produce pn and v, satisfying the equations
d0u = 0¢ = j3,
Wp=0¢=p (27)
Qv = 0 =7.
The combined expression
Op+ov (28)

is our choice for the solution of the system (2 ), which will be slightly modified to
Ou+0p
as the real solution of the system (25), when B happens to equal to .

Recall a useful fact that E*Ggy is the unique solution, minimizing the L?-norms of all
the solutions, of the equation

Ox =1y

on a compact complex manifold if the equation admits one, where z,y are complex
differential forms of pure types and the operator Gz denotes the corresponding Green’s
operator of the d-Laplacian [. In the Kéhler case, we choose

O =0*Gp(8C) = 0*Gpf and v =10 G5(3€) =8 G,

where Gy and Gy coincide, with a uniform symbol G used afterwards. Then an explicit
solution of the system (24) can be taken as

z=8*GIC+8 GIE =*GB+ GA.
When § happens to equal to v, one takes the real solution of the system (25) as
2=0"GO(+0 G =9*GB+d GB (29)

and accordingly, notices that the operator G is real in this case.
By these, one is able to obtain the main result of this section:
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THEOREM 2.12. The system of equations

d(ev"# (w(t))) =0,
w(t) =w(t), (30)

w(0) = wo,

admits a smooth solution w(t) € AV1(Xy), where wy is a Kdhler metric on the complex
manifold Xo. Therefore, we can construct a smooth Kihler metric e**1*¢(w(t)) on X;.

Proof. We are going to present such an explicit expression for the solution of the
obstruction equation (23), whose existence is assured by Proposition 2.7 and the remarks
after it, with the initial metric w(0) = wp. The first-order system of equations

Qwy = —0(p1w0),
8(«)1 = —5(@1_1(#0),

admits an explicit real solution, as given by (29),
= 85*(@((,01_1(.«)0) +58*G((,51_1w()).

By induction, we may assume that (23) has an explicit real solution wy, for £ < N —1. Based
the construction (29) above, one gets a real solution of the Nth order equation (23)x

= (PyYiw — papiw) N + (85*G(QO_M) +58*G(95_:w)) N
using Proposition 2.6.(1).

Hence, we complete the induction and get a formal solution w(t) of (30) with explicit
expressions. By the Holder C*®-convergence and regularity argument in Sections 2.3 and
2.4, the formal power series w(t) constructed above is smooth and solves the system (30)
of equations. 0

2.3 Holder convergence
Consider an important power series in deformation theory of complex structures

"~ m
1672 3 ._mZAmt , (31)

=1

where (3,7 are positive constants to be determined. The power series (31) converges for
|t] < % and has a nice property:

Alt) < <§)i_1A(t). (32)

See [39, Lemma 3.6 and its Corollary in Chapter 2] for these basic facts. Here, we use the
following notation: For the series with real positive coeflicients

= i amt™, b(t) = i bt™,
m=1 m=1

https://doi.org/10.1017/nmj.2021.4 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.4

320 S. RAO, X. WAN AND Q. ZHAO

say that a(t) dominates b(t), written as b(t) < a(t), if by, < a,,. But for a power series of
(bundle-valued) complex differential forms

oo
i+35>0
the notation

() |50 < A(E)

means
> Imiglka < Am
i+j=m
with the C**mnorm | - ||, as defined on [39, p. 159]. In this manner, for a power series of
Beltrami differential 9 (t) = Y77 ;_ 1 jt't/, the notation

[0 [k,0 < A(2)

indicates Ziﬂzm %3 jllk,0 < Am, and similarly for ¢(¢). This notation is also used to
compare two or more power series of (bundle-valued) complex differential forms degree by
degree, such as ||[¢(t)||k,a < |[|1()]|k,0 - |2(t)||k,o for three such power series.

For any complex differential form ¢, we have two a priori elliptic estimates
—*
10 ¢llk-1.0 < Crl@llk.0 (33)
and

1GPllk.a < Cr.a

9llk—2,a; (34)

where G is the associated Green’s operator to the operator 9, k > 1, C; and Ch,o depend
on only on k£ and «, not on ¢. (See [39, Proposition 2.3in Chapter 4].)
According to the proof of Theorem 2.12, for r > 1, one real solution of the obstruction
equation (23) is
wr = (PP — PP )y + (aé*G(M) +56*G(@_nw)) , (35)

and obviously
- — (r)
w™ = (Gow — pa@gaw) ) + (88 G(pw)+ 88*G(<ﬁ_nw)) (36)

are real complex differential forms. Here for a power series of (bundle-valued) complex
differential forms

o0
n(t) = Z it

i+j=0

one denotes by 7(") the summation

D migtt =t
i+j=1
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Recall the holomorphic family
oo ) oo
p(t) = it ==Y o;(t), (37)
i=1 j=1
for |t| < p a small positive constant, of Beltrami differentials representing Kuranishi family
develop as in (9) and (10):
p1(t) = tn,
where 7 is a base of for HO’I(XO,T}(’(?), and for i > 2,
1
pi=50G > leireil-
=i
Then it satisfies a nice convergence property:
le@ k.0 < A(t)

as given in the proof of [39, Proposition 2.4 in Chapter 4]. In this proof, § and g should
satisfy that

B >b, fébka (38)

where the constants b,b; > 0 and by depends on k. Here, we follow the idea of proving the
convergence of ¢(t) there to obtain that

Hw(T)Hk,a < A(t), for any r > 1,

which implies the desired convergence ||w(+°)||; o < A(t) immediately. Assume that they
are chosen so that

o2l [l V0 < ALE).
By the expression (36) and the two a priori elliptic estimates (33) and (34), one has

- — (r)
0 0 = (P00 = o™= D)) 1 (856 (pw" V) +80°G(p ™))
(r)

k,a
<22 kalle" 2 [kl P k0 +2C1Challe" ™ 1,0l
+2”95(T_1)Hk,aH‘P(T_1) ”k,aHWOHk,a +2010k,a”90(r) ||k,an0Hk,a'

+ (Bpwo — 9@ wg) ™) + (85*G(cp4w0) +58*G(¢JWO))

k,a

Then, we use induction and (32) to get:

o™l ,0 < 2(A(t) + C1C0k,a) A% (8) + 2] wo | k.0 (A1) + C1Ck,a) A(t)

<« 2(A()+ CrChn) (f n Hwonk,a) A(t).

Hence, we may choose f3,7, ||wo||k,a so that the following inequalities hold:

Q(A(t) +Cle7a) <f + ||U-)O||k,a> < 17
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Equation (38) and w®,w(® < A(t) according to the above formulation, which are obviously
possible as long as t is small and we notice that the Holder norm depends on the choice of
the local coordinate charts when defined a differential manifold as pointed out on [28, p.
275]. Therefore, for small ¢, w(t) converges in the C*“-norm and thus its positivity follows.

2.4 Regularity argument

In this subsection, we proceed to the regularity argument for the power series constructed
as above since there is possibly no uniform lower bound for the convergence radius obtained
in the last subsection in the C*“-norm as k converges to +00. We resort to the elliptic
operator, the 0-Laplacian

O0=90+00 . (39)

Here, the dual operators are defined with respect to the fixed original Kéhler metric wg. By
the classical Kéhler identity, Hodge decomposition and the induced commutativity of the
associated operators, one has

Ow = O(@paw — pa@w) + 000" G(pw) + 000 G(pw)
= O(@paw — pa@aw) 4+ 00 (pw)+ 00 (pw)

according to the solution (35).
Consequently, w is a solution of the two-order partial differential equation

Dw — O(@pw — pipw) — 08 (pw) — 00 (pw) = 0. (40)

Similarly to the argument on [28, p. 281], writing out the last three terms in the left-
hand side of (40) locally, we can find that the expressions of their principal parts (i.e.,
the highest-order terms) contain factors from ¢, ¢, or @. Since ¢(t) — 0 as t — 0, taking
sufficiently small e-disk A, C C, we can assume that the equation (40) is a linear elliptic
partial differential equation of w on Xy when noticing the ellipticity of an operator only
concerns about its principal part. Thus, the interior estimates [20] for elliptic systems of
partial differential equations give rise to the desired regularity of w(t), that is, w(t) is
smooth on X for each ¢ smaller than a uniform upper bound to be obtained similarly to
[28, Appendix 8]. Then w(t) can be regarded as a real analytic family of (1,1)-forms in ¢
and it is smooth on ¢ by [30, Proposition 2.2.3].

§3. Stability of balanced structures with (n —1,n)th mild 89-lemma

In this section, we will discuss the local stability problem of balanced structures, satisfying
various 00-lemmata. Recall that a balanced metric w on an n-dimensional complex manifold
is a real positive (1,1)-form, satisfying that

dw"™ ) =0,

and a complex manifold is called balanced if there exists a balanced metric w on it. Note
that the existence of a balanced metric w is equivalent to that of a d-closed real positive
(n—1,n—1)-form Q with the relation Q =w"™! (see [38, (4.8)]).
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3.1 The (n—1,n)th mild 89-lemma and examples

We are going to study a new kind of “00-lemma,” its relations with various analogous
conditions in the literature and its examples involved.

Let X be a compact complex manifold of (complex) dimension n with the following
commutative diagram

H—nfl,n(X)

0
n—1,n n—1,n
n—
tBc

Hpe™(X) Hi " (X)

BC,d B9,A

n—1,n
Hy (X))

1,n
,A

Bott—Chern and Aeppli cohomology groups of X are defined as

ker & Nker & ker 00
O (X) = —ONETO hd HY (X)) = L0
Bo(X) mog A HY(X) = sss

respectively, while H3*(X) is defined similarly. Note that the inequalities
dime Hy™"™(X) < dime Hy "™ (X) < dime Hpg "™ (X)
hold on any compact complex manifold [10, Corollary 3.3].

DEFINITION 3.1. The compact complex manifold X satisfies the (n—1,n) th mild 90 -
lemma, if the mapping L%Eé" CHp"™M(X) — Hgil’"(X)7 induced by the identity map,
is injective. Equivalently, for any (n —2,n)-complex differential form ¢, there exists an
(n—2,n—1)-form € such that

000 = O¢.

Since L%fc%é" CHESM(X) — Hy~V™(X) is always surjective, the following conditions are
equivalent:

the (n—1,n)th mild 9d-lemma <= 55" : Hypo"™(X) — H~""™(X) an isomorphism
— dimg Hjyg"™(X) = dime Hy ™" (X).
Let us give an example of a non- dd-manifold which satisfies the (1,2)-mild d9-lemma.

ExamMPLE 3.2 ([40, p. 90] and [27, Example 1]). Let X be the manifold in the case
(73) of the completely-solvable Nakamura manifold as given in [7, Example 3.1]. Then the
manifold X satisfies the (1,2)-mild d9-lemma, but not the 9d-lemma.

Proof. Tt is shown in [7, Table 5 in Appendix A| and [27, the case B in Example 1] that
the bases of H%’é(X ) and Hg’l(X ) can be illustrated as follows:

H?g’é(X) = ([dz193) BC, [e > d2193) BO, [€77 d2133) B, [d2103) Bos [d2133] B,
1

;’ (X> = ([dzl23]57 [672z1d2122]57 [ezzldzlszé}@ [d2123]57 [d213é]5>a
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which indicates that Lgl — is actually an isomorphism. It is obvious from [7, Table 6 in

C,0
Appendix A] that dimc Hgé(X ) =3 and dimc H%’l(X ) = 5, which implies that the 90-
lemma doesn’t hold on X. 0

There are three more similar conditions in relevance with the local stability of balanced
structures. The (n—1,n)th weak A9-lemma on the compact complex manifold X, introduced
by Fu-Yau [23], says that if for any real (n—1,n — 1)-form 1 such that dv is d-exact, there
exists an (n—2,n—1)-form 6, satisfying

006 = 0.

And the (n—1,n)th strong dd-lemma, proposed by Angella-Ugarte [10], states that the
mapping L}?Cl,gl CHpo"™(X) — H~V"™(X), induced by the identity map, is injective, which
is equivalent to that for any d-closed (n —1,n)-form I' of the type I' = ¢ 4+ ¢, there exists

an (n—2,n— 1)-form € such that
990 =T.

Angella-Ugarte [10, Theorem 3.1] show that the (n— 1,n)th strong 9d-lemma amounts to
the sGG condition, carefully studied in [42], and the vanishing of the first 90-degree A!(X),
introduced in [8], with the deformation openness of the (n— 1,n)th strong d-lemma proved
in [10, Proposition 4.8]. They also show in [10, Corollary 3.3] the equivalence:

the (n—1,n)th strong 99-lemma <= dim¢ Hjy,"™ (X)) = dime H} " (X)
= dimg Hyh(X) = dime HY'(X)

by = 2dime HY' (X).
Besides, the condition that the induced mapping LZ;%" CHEGM(X) — Hgil’”(X ) by
the identity map is injective, is presented by Angella—Ugarte [9] to study local conformal
balanced structures and global ones, which we may call the (n—1,n)th dual mild d9-lemma.
After a simple check, we have the following observation:

OBSERVATION 3.3. The compact complex manifold X satisfies the (n—1,n)th strong
00-lemma if and only if both of the mild one and the dual mild one hold on X.

And the mild one and the dual mild one both imply the weak one. All the four “90-
lemmata” hold if the compact complex manifold X satisfies the standard 90-lemma.

We refer the readers to [7, 32, 45, 53] as the background materials on the theory of
nilmanifolds and solvmanifolds to be focused on in the rest of this subsection.

Recall that a nilmanifold M with left-invariant complex structure is a compact quotient of
a simply-connected nilpotent Lie group G of real even dimension by a lattice I' of maximal
rank, whose Lie algebra g admits an integrable complex structure J. It is clear that the
invariant complex structure J on G descends to M in a natural way and it is given by an
endomorphism J : g — g of the Lie algebra g such that J? = —1, satisfying the “Nijenhuis
condition”

[JX,JY]=J[JX, Y]+ J[X,JY]+[X,Y],

for any X,Y €g.
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Let gc be the complexification of g and g its dual. We denote by g"? and ¢! the
eigenspaces corresponding to the eigenvalues £1/—1 of J as an endomorphism of gg,

gt =0""Po™

gives rise to a natural bigraduation on the complexified exterior algebra

respectively. The decomposition

p,q p

A =@As =B DA

p,q

We will still use the Chevalley—FEilenberg differential d of the Lie algebra to denote its

*+1

extension to the complexified exterior algebra, that is, d: A" g& — A" g&. It is well known

that the endomorphism J is a complex structure if and only if

2,0 1,1
i N DA
As for nilpotent Lie algebras g, Salamon [46] proves the equivalence: J is a complex structure
on g if and only if g"? has a basis {w’}?_; such that dew! =0 and

do' e I(w',.... @), fori=2.....n
( 9 9 9 9 9 Ily

where Z(w!,...,@w'" 1) is the ideal in A*g} generated by {w!,...,@'"'}. The work [16]
shows that a complex structure J isnilpotent if and only if g*% admits a basis {ew}?, with
dw! =0 and

i~ A2/ 1 i—1 =1 —i—1 -
dw' e N (w™,...,w' @ -, 1)), fori=2,....m;

otherwise J is non-nilpotent. Abelian complex structures satisfy additionally that dg® C
/\1’1 g*. A nilpotent complex structure is complex parallelizable if and only if dg'® C /\2’0 g*.
Inspired by Ugarte—Villacampa [53, Proposition 3.4 and Corollary 3.5], one has:

PROPOSITION 3.4. Let M =T'\G be a 2n-dimensional nilmanifold endowed with an

invariant complex structure J (i.e., complex n-dimensional M) and g the Lie algebra of G.
If (g,J) satisfies the (n—1,n)th mild 90-lemma and Hg_2’n(M, J) = Hg_z’n(g,J), then
(M, J) satisfies the (n—1,n)th mild 00-lemma.

Proof. Let & be an (n—2,n)-complex differential form on M. From the isomorphism

n—2,n ~ rn—2,n =« 1 _ —1)-
Hy ="(M,J)=H; ~"(g,J) and [53, Remark 3.3], there exists an (n—2,n—1)-form 6 on

M such that
5 = 51/ +59>

where ¢, denotes the image of £ under the symmetrization process AP4(M) — AP (g*).
The (n —1,n)th mild d9-lemma on (g,.J) implies that

900 = O¢,
for some 6 € A" >" ' (g*). It follows that

E=09(0+6). 0
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COROLLARY 3.5. Let M =T\G be a 2n-dimensional nilmanifold endowed with an
invariant abelian complex structure J. Then M satisfies the (n—1,n)th mild d9-lemma.

Proof. 1t is known that the isomorphism HZ(M,J) = HZ%(g,J) holds for any (p,q)
with the abelian complex structure J (cf. [14, Remark 4], [45, Theorem 1.10] and the
discussion ahead of [53, Remark 3.3]). And the abelian complex structure J implies that

n—2mn, _x
(A (")) =0. 0
Similarly with [53, Proposition 3.2], we have

PROPOSITION 3.6. Let M =TI'\G be a 2n-dimensional nilmanifold endowed with an

invariant complex structure J with g the Lie algebra of G. If (g,J) does not satisfy the
(n —1,n)-th mild 00-lemma, then (M,J) does not satisfy the (n—1,n)th mild dd-lemma
either.

Proof. Suppose that the (n —1,n)th mild d-lemma holds on (M, .J), that is, for any
(n—2,n)-form & on M, there exists an (n—2,n— 1)-form 6 such that

990 = O¢.

Using the symmetrization process (cf. the proof of [53, Proposition 3.2]) on the both sides,
we have

900, = 9%,
which contradicts the assumption on the Lie algebra level (g,.J). Here, the equalities
(0a), = 0a,, and (da), = da,
for any a € AP9(M) are used as in the proof of [53, Proposition 3.2]. 0

The following result of the (n —1,n)th dual mild dd-lemma is almost the same as the
mild one in Propositions 3.4 and 3.6, for which we omit the proofs.

PROPOSITION 3.7. Let M =T\G be a 2n-dimensional nilmanifold endowed with an
invariant complex structure J and g the Lie algebra of G. If (g,J) satisfies the (n—1,n)th
dual mild 39-lemma and Hiye"™ (M, J) = Hpo " (g,J), then (M, .J) satisfies the (n—1,n)th
dual mild d9-lemma. Similarly if (g,J) does not satisfy the (n—1,n)th dual mild d0-lemma,
then (M,J) does not satisfy the (n—1,n)th dual mild dd-lemma.

ExAMPLE 3.8. The complex structure in the category (i) of [53, Proposition 2.3], that
is, the complex parallelizable case of complex dimension 3, satisfies the (2,3)th weak 90-
lemma and the dual mild one, but does not satisfy the mild one. The Iwasawa manifold
belongs to the category (7).

Proof. Let J be the complex structure in the category (7), which satisfies the (2,3)th
weak d0-lemma by the proof of [53, Proposition 3.6]. It is easy to check that, on the Lie
algebra level,

However,
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and thus (2,3)th mild d9-lemma does not hold on the nilmanifold, from Proposition 3.6.
Here, w3123 denotes w3 Aw! Aw? Aw? as the notation used in [53]. Also, it is clear that (g, .J)
satisfies the (2,3)th dual mild 99-lemma, with H%& (M, J) = HE2(g,J) for any p,q assured
by [6, Theorem 3.8]. Therefore, the (2,3)-th dual mild d9-lemma holds on the nilmanifold

by Proposition 3.7. 0

An invariant balanced Hermitian structure F' on a nilmanifold M is the one, coming from
a balanced Hermitian structure on the Lie algebra g*.

PROPOSITION 3.9. Let M be a siz-dimensional nilmanifold endowed with an invariant
balanced Hermitian structure (J,F). Then (M,J) satisfies the (2,3)th mild 9-lemma if and
only if J is abelian or non-nilpotent, and (M,.J) satisfies the (2,3)th dual mild 00-lemma if
and only if J is complex parallelizable.

Proof. Tt is known, from [53, Proposition 3.6], (M,J) satisfies the (2,3)th weak 90-
lemma if and only if J is abelian, complex parallelizable or non-nilpotent. Example 3.8
shows that the complex parallelizable case satisfies the (2,3)th dual mild 99-lemma but does
not satisfy the mild one. Corollary 3.5 and [9, Proposition 2.9] say that a 2n-dimensional
nilmanifold endowed with an invariant abelian complex structure satisfies the (n —1,n)th
mild d9-lemma but never satisfies the (n —1,n)th dual mild 99-lemma, especially for the
situation of the six-dimension (i.e., complex dimension 3) here. Hence, the only left to check
is the non-nilpotent case.

As shown in the proof of [53, Proposition 3.6], the equality holds

1,2 o 1,3
00(\(g9) = @) =9 \(g"),
according to the category (ii7) of [53, Proposition 2.3|, and the natural inclusion

(A@),9) = (4 (0),d)

induces an isomorphism in the d-cohomology in this case. Therefore, (M, J) with the non-
nilpotent complex structure J satisfies the (2,3)-th mild d9-lemma by Proposition 3.4.
Meanwhile, it should be noted that

5&)1323 — :E\/j&)wﬁg and 8&112123 -0
according to the category (ii7) of [53, Proposition 2.3]. Hence, we have
1,2
the d-closed (2,3)-form 0w'3?3 = £1/—1w'?!123 ¢ 65(/\(9*)) = (W31%),

Then Proposition 3.7 tells us that (M,.J) with J non-nilpotent does not satisfy the (2,3)th
dual mild 90-lemma. 0

Explicit examples of different complex structures in Proposition 3.9 have been provided
in [53]. Directly from Observation 3.3 and Proposition 3.9, one has:

COROLLARY 3.10. Let M be a siz-dimensional nilmanifold endowed with an invariant
balanced Hermitian structure (J,F). Then the (2,3)th strong 0-lemma does not hold on M
except for a torus, that is, the mild one and dual mild one never hold simultaneously on M
except the torus case. Especially, the (n—1,n)th mild 00-lemma and the dual mild one are
unrelated.
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REMARK 3.11. The (2,3)th strong dd-lemma can hold on the completely-solvable
balanced Nakamura manifolds, with one concrete example given in [10, Example 4.10],
which is of complex dimension 3 and satisfies dime H Y% (X) = dime HY'(X) = 1.

Let 7: X — B be a differentiable family of compact n-dimensional complex manifolds
with the reference fiber 771(ty) = X and the general fibers X, := 7~ 1(¢). Here, B denotes a
sufficiently small domain in R*. Fu-Yau [23, Theorem 6] show that the balanced structure is
deformation open, assuming that the (n—1,n)th weak d9-lemma holds on the general fibers
X; for t # 0. Angella-Ugarte [10, Theorem 4.9] prove that if X admits a locally conformal
balanced metric and satisfies the (n — 1,n)th strong 9d-lemma, then X, is balanced for t
small. Our main result in this section, whose proof is postponed to the next subsection, is

THEOREM 3.12. Let Xy be a compact balanced manifold of complex dimension n,
satisfying the (n — 1,n)th mild d0-lemma. Then X; also admits a balanced metric for t
small.

It is well known from [3] that small deformation of the Iwasawa manifold, which satisfies
the (2,3)th weak d9-lemma but does not satisfy the mild one from Example 3.8, may not
be balanced. Thus, the condition “(n —1,n)th mild d9-lemma” in Theorem 3.12 cannot
be replaced by the weak one. It is an obvious generalization of Wu’s result [55, Theorem
5.13] that the balanced condition is preserved under small deformation if the reference fiber
satisfies the 90-lemma. Based on Corollary 3.5 and Proposition 3.9, one obtains:

COROLLARY 3.13. Let M be a 2n-dimensional nilmanifold endowed with an invariant
abelian balanced Hermitian structure. Then small deformation of M is also balanced.
Moreover, in the case of siz-dimension, this result still holds when M is endowed with the
non-nilpotent balanced Hermitian structure.

Examples and results such as [10, Proposition 4.4, Remark 4.6, Remark 4.7, and Example
4.10] and [23, Corollary 8 and Corollary 9] become consequences of Theorem 3.12 and
Corollary 3.13. And it is interesting to note that six-dimensional nilmanifolds endowed
with an invariant abelian or non-nilpotent balanced Hermitian structure provide solutions
of the Strominger system with respect to the Bismut connection or the Chern connection
in the anomaly cancellation condition, respectively. See [53, Section 5] and [52, Section 4]
for more details.

EXAMPLE 3.14 ([53, Example 3.7]). Ugarte—Villacampa constructed an explicit family
of nilmanifolds with invariant complex structures I for A € [0,1) (of complex dimension
3), with the fixed underlying manifold the Iwasawa manifold. The complex structure of the
reference fiber Ij is abelian and admits an invariant balanced metric, satisfying the (2,3)th
mild 90-lemma by Proposition 3.9. The complex structures of Iy for A # 0 are nilpotent
from [15, Corollary 2|, but neither complex-parallelizable nor abelian. And thus they do
not satisfy the (2,3)th weak 9d-lemma by [53, Proposition 3.6]. However, the nilmanifolds
I for X\ # 0 admit balanced metrics.

The example above proves that neither the (n—1,n)th weak dd-lemma nor the mild one
is deformation open. And it shows that the condition in [23, Theorem 6] is not a necessary
one for the deformation openness of balanced structures as mentioned in [53, the discussion
ahead of Example 3.7]. Fortunately, Corollary 3.13 can be applied to this example. See also
[10, Remark 4.7], where Corollary 3.13 can also be applied.
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Meanwhile, from Corollary 3.5 and [9, Proposition 2.9], a 2n-dimensional nilmanifold
endowed with an invariant abelian complex structure satisfies the (n — 1,n)th mild 90-
lemma but never satisfies the (n — 1,n)th dual mild dd-lemma. It implies that the
deformation openness of balanced structures with the reference fiber a 2n-dimensional
nilmanifold endowed with an invariant abelian balanced Hermitian structure can be
obtained by Corollary 3.13, but it cannot be derived from [10, Theorem 4.9].

Besides, it is known that the deformation invariance of the dimensions of the (n—1,n —
1)th Bott—Chern group Hgal’"_l(Xt) can assure the deformation openness of balanced
structures as shown in [10, Proposition 4.1]. See also Proposition 4.1, which is a kind of
generalization of this result. However, [10, Example 4.10] shows that small deformation of a
completely-solvable Nakamura threefold, which is balanced and satisfies the (2,3)th strong
00-lemma, is also balanced. The (2,2)th Bott—Chern number varies along this deformation.
Fortunately, Theorem 3.12 is applicable to this case and also possibly to some cases with
deformation variance of (n —1,n —1)th Bott—Chern number.

Finally, from the perspective of Theorem 3.12, we may have a clear picture of Angella—
Ugarte’s result [10, Theorem 4.9], which states that if X, admits a locally conformal
balanced metric and satisfies the (n —1,n)th strong 00-lemma, then X; is balanced for
t small. Actually, the (n —1,n)th strong d0-lemma decomposes into the mild one and
the dual mild one, according to Observation 3.3. A locally conformal balanced metric can
be transformed into a balanced one by the (n —1,n)-th dual mild 9d-lemma, from [9,
Theorem 2.5]. Then the (n—1,n)th mild dd-lemma assures that the deformation openness
of balanced structures starts from the transformed balanced metric on the reference fiber,
thanks to Theorem 3.12.

3.2 Proof for stability of balanced structures with mild 89-lemma

In this subsection, we will prove the local stability Theorem 3.12 of balanced structures
with the balanced reference fiber X with the (n—1,n)th mild 9d-lemma. Similarly to the
Kahler case, we will reduce the proof to Kuranishi family as described in the beginning of
Section 2.

Our goal is to construct a power series (t) € A"~ 1"71(X,) such that

d(e#l> (Q(t))) =0,
Q(t) = 1), (41)
Q0) =w™ Y

and show the Holder C*®-convergence and regularity of the power series Q(t). Then it is
clear that e‘¢l*#(Q(t))) will be a positive (n—1,n —1)-form on X, for ¢ small, due to the
positivity of its initial complex differential form w”~! and the convergence argument. By
the real property of e*#|*# as in [43, Lemma 2.8], it suffices to solve the following system of
equations

{d(ew'% @) =0, (42)

Q0) =w™ Y
since @ from one solution () of (42) becomes one of the system (41). The resolution

of the system (42) below is a bit different from the one for the Kéhler case, which relies
more on the form type (n—1,n—1).
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As both e't-#¢)='¢ and e'¢ are invertible operators when ¢ is sufficiently small, it follows

that for any Q € A"~ 171 Xy),
(43)

et ll? (Q) = et oe'i-2e)le oe li—pe) T le 0 el o etel e ()

(44)

Set
Q —e Ya-gp)"le o le OeL‘f’IL*Z (Q),

where Q and  are apparently one-to-one correspondence. And it is easy to check that the

operator
e la-s0) 1o g te g etelle
preserves the form types and thus € is still an (n—1,n—1)-form. In fact, for any (p,q)-form

o on Xq, we will find
e_L(ﬂ—Jw)*lv’v oe ‘Yo e%‘% (a>
=0, . 775,02 N N2 AN (L= @) adZ? A A (L= @) adz’e € AP 9(X),
where o = oy, . +~dz A~ NdzP NdFA -
1 pJ1-"Jq
obtain that

-Adz%a. Together with (43) and (44), we

d(e"!"# (Q)) = doe™ oe'a-s0-15(()
=e'% 0 (40,1, +0)oe a—s0"12(Q)
(45)

=evo (5—1— [é),w] +8) (Q—i-é(n—@go)—l@(()))?

where Proposition 1.3 is used in the second equality of (45) and the third equality results

from the form type of .
By the invertibility of the operator e‘¢ and the form-type comparison, the equation

d(e*!*#(2)) = 0 amounts to
(46)

(0410,1,))Q =0,
IQ+(0+dory)o L(ﬂ—séw)‘lsﬁ(ﬁ) =0.

Then the second equation in (46) and Lemma 2.5 imply

Ly 00 = —Lp O (5+8OL¢) OL(H—@p)*l@(Q)
= _(5OL§0 - L%[go,ga] tip anl’ﬂo) O[’(ﬂ—@ﬂ)*l@(ﬁ)

_ 1 1 s
=—(0ot,+ 580 bpOlyt+5tp oty 00)oL1—zp)-15(82)
_ 1 _
:—(80%—1—580 LpOly) O l(1—gp)-15(82), (47)
where the form type of €2 is also used in the fourth equality of (47). Substituting (47) into

(46), one obtains that (46) is equivalent to
(5+ Doty +dou,o0 La-gp)-te T %80 LpOly© L(ll—@/ﬁ)‘ls??)Q =0, (48)
(0+00L1—gp)-15 Tty 0 L—pp)1 ‘)Q =0.

@
For the resolution of dd-equations, we need a lemma due to [41, Theorem 4.1]:
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LEMMA 3.15. Let (X,w) be a compact Hermitian complex manifold with the pure-type
complex differential forms x and y. Assume that the 00-equation

00x =y (49)
admits a solution. Then an explicit solution of the 00-equation (49) can be chosen as
(85)*GBC:1/7

which uniquely minimizes the L?>-norms of all the solutions with respect to w. Besides, the
equalities hold

Gpo(09) = (09)Ga and (99)*Gpe = G4(99)",

where Ggo and G4 are the associated Green’s operators of Ugc and [, respectively.
Here, Opc is defined in (7) and Oy is the second Kodaira—Spencer operator (often also
called Aeppli Laplacian)

04 =00 00+ 000*0 +d9* 99 +0d 90"+ +9d".
Proof. We shall use the Hodge decomposition of Upc on X:
AP9(X) =kerOpe @ Im (89) @ (Im 8* +Im 8 ), (50)

whose three parts are orthogonal to each other with respect to the L?-scalar product defined
by w, combined with the equality

I =Hgc+UpcGae,
where Hpc is the harmonic projection operator. And it should be noted that
ker Opc = ker d Nker d Nker(99)*. (51)
Then two observations follow:

(1) Opcdd(99)* = 99(99)*Upe.
(2) Gpcdd(00)* =00(90)*Cpe.

It is clear that (1) implies (2). Actually, (1) yields
GpcOpcdd(00)* Gpe = Gpcdd(90)* UpcGpe.

A routine check shows that

Gpcpcdd(00)*Gpc = (1 —Hpc)00(09)*Gpe = 00(00)*Gpc
and

Gpc0d(90)*OpcGpe = Grcdd(90)* (1 —Hpe) = Gpcdd(90)*;
while, the statement (1) is proved by a direct calculation:

Ope0d(90)* = (00)(9)* (09)(99)" = 99(90) Dl
Hence, one has
(90)(99)* G oy = Gpc(99)(99)*y = GpeOpoy = (1 -Hpe)y =,

where y € Im 00 due to the solution-existence of the d0-equation.
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To see that the solution (99)*Gpgcy is the unique L?-norm minimum, we resort to the
Hodge decomposition of the operator [4:

APUX) =kerOa @ (Im 0+Im 0)@® Im (09)*, (52)

where ker (4 = ker(99) Nker 9* Nkerd . Let z be an arbitrary solution of the d9-equation
(49), which decomposes into three components z; + z3 + 23 with respect to the Hodge
decomposition (52) of (04. By the Hodge theory of (4, the equality holds

ker(99) = ker4 & (Imd +Imd),

which implies that 99(z1 + 2z2) = 0. Hence, it follows that
00z = 0023 = y.
After noticing that 0 25 =0%23 = 0, we get
(00)*y = (00)*00z3 = O azs,
which implies that
GA(00)* y =G 0023 = (1 —H4)z3 = 23.

Then it is obvious that

Opc(00) = 00(00)*00 = (09)T 4 (53)

with Gpc(90) = (00)G 4 established as well. Taking adjoint operators of both sides in (53),
we will find that

(00)* Upc =04(89),
implying the equality

(00)*Gpe = Ga(99)".
And thus, we obtain that

23 =G 4(90)"y = (90)*Gpcy.
Therefore,
120 = Nl 1 + l2ll® + l2s]* > ll2s]1* = [1(89)* G syl
and the equality holds if and only if 2; = 2o = 0, that is, z = 23 = (09)*G pcy. O
Now we arrive at:

PROPOSITION 3.16. Let w be a balanced metric on X, which satisfies the (n—1,n)th
mild 00-lemma. Then the system (41) of equations is formally solved.

Proof. Tt suffices to resolve (48) with initial value Q(0) = w” . Actually, the solution
Q(t) of the system (48), satisfying that Q(0) = w™ ™!, corresponds to the one of (42), by the
relation below as in (44)

Q(t) —e ta-go)le ety OeL‘PIW’ (Q(t))
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Therefore, we focus on
(04001, +001,0t1-gp)-15T 500 L0, OL(ﬂf@a)*@)Q(t) =0,
(0400 11—pp)-1p T 00150 La—pp)—15) A =0,
Q(0) = w1,

and solve this system of equations also by the iteration method used in the Kéhler case.
Assume that €(¢) can develop into a power series as follows:

OED It
Qk = Zi—i—j:k Qi,jtl{],

where €, is the k-degree homogeneous part in the expansion of Q(t) and Q,;, ;j are all smooth
(n—1,n—1)-forms on X,. Here, we follow the notation described before Proposition 2.7.
And in (37) the holomorphic family of integrable Beltrami differentials on X develops a
power series of Beltrami differentials in ¢ as

p(t) = Z%’ti-
=1

Hence, we need to solve

((54—80 Lot 00 Lp0l(_gp)-15 T 500 Lp0L,o L(n_@w)—l¢)§2(t)> =0,

k
((3+5°L(n—wrl@+30Lwob<n—w>fl¢)9(t)>k =0, (54)
Q0) =w" 1,
for any k£ > 0.

The case k =0 of the equations (54) holds since w is a balanced metric. By induction,
we assume that the system (54) of equations is solved for each k <[ and the solutions are
denoted by {Q}r<; € A" 5"~1(X;). By the form-type consideration, one observes that
the (n —1,n)th mild 9-lemma produces p and v, such that the following equalities

00 = —5(%1—@)—1@(@@)))”17
— 1 A
900 = 0 {10+ 5000100 101- 0 15)90)

hold as the ones (27) in Observation 2.11. Then Lemma 3.15 enables us to determine the

+1

two explicit solutions
/,L - — ((95)*@305(%1_@@)71@ (Q(t)) ) l+1,

_ 1 . (55)
v = (00) Goed((1p+ 50p0 s 0t pp15) 1))

41
Hence, the (I+1)th order of the system (54) is solved, yielding that

Ql+1 + (l’@ Ol(1—@yp)-1¢ (Q(t))) 1 = g,u—i‘ ov,

in the same manner as (28), where p and v are given by (55). Therefore, we complete the
proof. 0
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Then we come to the Holder convergence argument for Q(t) Forl1=1,2,..., one I-degree
canonical formal solution of (54) is given by induction:

Y =- (bcp OU1-pp)1p (Q(t))>l —5(85)*(}305(%1[_@)71@ (Q(t)))

_ 1 ~
+0(00) Gped( (1o + 5100 tp 011y 15) A1) )

: (56)

l

and obviously
(1) ~ O < = — ~ U]
G0 == (1011 16(20)) = 0(00) Gcd (11 pp)-15(21)) ) -
— 1 ~ U]
+0(00) Gcd (15 + 5050150 U1—gp)12) D)

In this proof, we follow the notations in Section 2.3.
We use an important a priori estimate for the three terms in the left-hand side of the
above equality: for any complex differential form ¢,

IGcdllk,a < Crallollk—1,a (58)

where k > 3 and Cj o depends on only on k and «, not on ¢. See [28, Appendix Theorem
7.4] for example. Assume that

17 1 12772 [0 127 1,0 < AR).

So, by the expression (57) and the a priori estimate (58),

~ (r)
= (LsooL(ﬂ—w)—l@(Q(t)))
=[| = (p2(1 =) " e 2D — (01(1 - 6) 5 220) Ik

<2/l DR 0 1P 0+ 20107 VR o Q0] 0

<2(2) (Z+19la ) 400

~

k,a

I N®
| =8(99) G5cd (11— p)15(2D) ) ke

—||8(99) G cd((1 - 3) @20 + (1 - pp) 150 ) "

k,a)

k,a

b+ 20 [1,all0

<CECa (206 a2
<«202C (f n ||s”zo||k,a) Aft)
and similarly,

_ 1 ~ (r)
10(00) GBca<(Lsa+5%0%“(1*@@)*1@)52@)) 1.0

2
<C2Cha (5 i HQon,a> <1 n (ﬁ) ) Alt).
Y Y
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Hence, we choose (3,7, ||Q0Hk’a so that the following inequalities hold:

2
2(2) (2 +190l.a ) 203010 (24 10l ) C20ka (24 I9l (1+ (2) ) L
VAN g v 7 s

(38) for the integrable Beltrami differential ¢(¢) and
129 k05 122 k0 12 |10 < A1)

according the above formulation, which are obviously possible as ¢ is small. Thus, we obtain
that

19,0 < A(t), for any r > 1,

which implies the desired convergence ||Q(T°)|, o < A(t) immediately.

Finally, inspired by the elliptic argument [28, Appendix 8], we will apply the interior
estimate to obtain the regularity of Q(t), which is a local problem. By the canonical formal
solution expression (56) of (54), one just needs to use the following strongly elliptic second-
order pseudo-differential equation

() = — m(% o L(l,ww(m))) _%*é(a@*@mé(m,w),l@(Q@)))

N (59)

+00(99)" Gped( (1o + %L@ Otp ot g 15) D)),
where [ is the O-Laplacian defined by (39). Recall that an elliptic partial differential
operator of order 2m is pseudo-differential and so is its inverse, whose order becomes —2m
as a pseudo-differential operator.

We cover X := X, by coordinates neighborhoods Xj, j =1,...,J. Let z; = (z},...,z}‘)
be the local holomorphic coordinates on X; with z;-“ = :1:]; + lexf+” and put t = 22"t 4
V—12?"*2 € A, a e-disk in C. By these 2n + 2 real coordinates, X; x A, is identified with
an open set U; of a (2n+ 2)-dimensional torus T2,

Choose a partition of unity subordinate to X, that is, a set {p;} of C*° functions p;(x)
on X so that supp; C X; and for any x € X, ijlpj(x) =1. For each [ =1,2,..., choose

a smooth function n'(t) with values in [0,1]:

l(t) _ 1, for |t| < (%—1— 2,1“)7“;
0, for |t| > (%—i—%)r,

(60)

where r is a positive constant to be determined. Notice that r is crucially used to give the
uniform bound for the convergence radius of (¢).
Set

Py (a,t) = pj(2)n' (t). (61)
Recall in the proof for ¢(t) in [28, Appendix 8|, one should also set
X, t) = x; (@)’ (¢),

where the smooth function x;(x) with supy; C X, is identically equal to 1 on some
neighborhood of the support of p;. But here we will replace its role directly by 7(t) to
avoid the trouble caused by the presence of Green’s operator Gpc.
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First we will prove that n3Q is C**1:%_ Consider the equation:
O(AFp3Q) = Fl + Fy + Fj, (62)

where F', F} F} denote the three terms with respect to the ones in the right-hand side
of (59) after the corresponding operations, respectively, and i = 1,...,2n. Here A is the
difference quotient as [28, Appendix (8.14)]. In particular,

Fl=-nh (p?%*é(@é)*((}];cg(L(]l,@p)qga(Q(t)))) + lower-order terms of €(t).

In this proof, the “order” refers to the one of a pseudo-differential operator. Since [ is an
elliptic linear differential operator whose principal part is of diagonal type, by [28, Appendix
Theorem 2.3] and (62), one obtains the a priori estimate

18203 k0 < Cu(IFL +F3 + F5 i—2,a + 1147 030 l0)

_ - (63)
< Cu(lFY lk-2.0 + 1 F3 llk-2,0 + | F5 lk—2.0 + A7 03€0),

where CY is a positive constant, possibly depending on k. Now let us estimate the first three
terms in the right-hand side of the above inequality. Here, we just estimate the second one,
the most troublesome one, since the other two terms are quite analogous.

We need an equality for the Green’s operator: Let E := E(x, D) be an elliptic linear partial
differential operator on a smooth manifold and G g, Hg its associated Green’s operator and
orthogonal projection to ker E' defined such as in [28, Appendix Definition 7.2]. Then for
any smooth function f and differential form w on this manifold,

fGrw =Gr(fw)— Ge(fHpw)+Hg(fGgw) + lower-order terms of w. (64)
Applying this equality to p?%*g(ﬁg)*GBCE(L(IL,@@)A@(Q(t))) with F=0pgc, f= pé’.’ and
w = 5(L(]1,¢<p)71¢ (Q(t))) , one obtains

p?%*g(ag)*GBcg(L(ﬂ_@P) -1p (Q(t)))

e _ . (65)
=00 8(88)*(@308(%1,@@71@(p?Q(t))) + lower-order terms of Q(t),

where we use the fact that 5(1/(1_@@)71@(9(‘[:))) is d0-exact and the equalities (50) and
(51). Thus, by (65) and the useful formula

T = =12, (66)
one gets the estimate on the first term of F:
H — A? (,O?%*g(ag)*GBcg(L(ﬂ_@p)flgz,(Q(t)))) Hk—Q,a
< Ll n"elloll AF (0320 k.0 + L' 0* Q) 5,01 @l
where L, L’ are positive numbers. Hence, one obtains:

1F2 k-2, < My AIAL (0FO)) 1k, + Micll 7 2O 1,0l @l ,a (67)

https://doi.org/10.1017/nmj.2021.4 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.4

POWER SERIES PROOFS FOR LOCAL STABILITIES 337

where M3, My, are positive numbers. Similarly, we are able to get the analogous estimates
for F} and F} with the positive constants M{ and M;. Thus,

[ G)] [P
< Cr(Mj + My + Mz)A(r) [ A7 (072(1)) |0+ Crll 20 1+ CrMi 1720 k.0 17" 1,0

(68)
Choose a sufficiently small r such that
Cr(M{ + My + M3)A(r) < % (69)
and if |t| <r
Q(t),p(t) € C*. (70)
Then

n*Q(t), 0" p(t) € OB
Therefore, by (68), one knows that
18T (P32 k0 < 2CkllPFAD) |1 + 20K MillP32D) k.0l ¢ llk.as
where the right-hand side is bounded and independent of h. Hence, we have proved
p3Q(t) € CFHhe

by [28, Appendix Lemma 8.2.(iii)]. Summing with respect j, one knows that 1>Q(t) € CF+1.e
by (61).
Next, we shall prove that 7°Q is C**2:%. Consider the equation:
O(A?Dg(p3Q)) = F + F3 + F3,

where Dg = 837[3 and F?,F2 F2 denote the three terms with respect to the ones in the
right-hand side of (59) after the corresponding operations, respectively. In particular,

F? = DgF) +lower-order terms of Q(t).
By [28, Appendix Theorem 2.3], one obtains the a priori estimate
127 D (03 k0 < Cr(IFF + F5 + F5|lk—2,0+ [ A} Da(p})|o) 1)
< Ok FE k=20 + 15 k-2, + I1FF [ k-2.0 + [ A7 Da(05) o),

where CY is the same as in (63). Now let us estimate the first three terms in the right-hand
side of the above inequality. Here, we just estimate the second one since the other two terms
are quite analogous. We use the equality (64) for the Green’s operator again. Then one gets
the estimate on the first term of F2:

| = 2D (p500°8(90) Gred (1x-pp)-15(AD) ) ) 2.0
< Llln*elloll A7 Da (o3t k.0 + L 102 k1,010 @l 41,0

where L,L" are positive numbers. Hence, one obtains:

15 52,0 < M3 A()[AF D (0320 k0 + Mia 1) 1,017 0 4 s (72)
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where M3, My 41 are positive numbers. Crucially, Mj is exactly the same as in (67), since
the range of the function n'(t) is [0,1] by (60), although M} is possibly different from My,
in (67). Similarly, we are able to get the analogous estimates for F? and FZ with the positive
constants M and M;, which are the same as in the above argument for n*Q(t) € CFthe,
Thus, by (71) and (72),

IAFDs(03Q() ke
< Cr(M{ + My + M3)A(r) | AP Ds(032(8)) 1k, + Crll 032(8)] 2 (73)
+ CeMit1 [0° Q) k41,0 7@l k41,0

Choose the same sufficiently small r as in the above argument for 7]3Q(t) € OFthe given
by (69) and (70). Therefore, by (73),

18T Ds(32(E)

kia < 20k 02Q1) |2 + 2Ck M1 [0° Q) s 1,010 @l 41,05

where the right-hand side is bounded when we use the formula (66), n2Q(t) € C*+1* that
we just proved in the above argument and also the fact that n3p(t) € C*T5< proved in [28,
Appendix 8|. Hence, we have proved

Da(pE(1)) € O+ e
by [28, Appendix Lemma 8.2.(iii)] and thus
pg’Q(t) € okt

Summing with respect j, one obtains that n°Q(t) € C*t2 by (61). Notice that in this
procedure r has not been replaced.

We can also prove that, for any [ =1,2,..., 772”1(2 is C**tbe where r can be chosen
independent of I Since n?'*!(¢) is identically equal to 1 on || < 5 which is independent of
I, Q(t) is C* on Xo with |t| < §. Then €(t) can be considered as a real analytic family of
(n—1,n—1)-forms in ¢ and it is smooth on ¢ by [30, Proposition 2.2.3] again.

84. Stability of p-Kéahler structures

This section is to prove a local stability theorem of p-Ké&hler structures with deformation
invariance of Bott—Chern numbers. We will first study obstruction of extension for d-closed
forms and then the un-obstruction of real extension for transverse form via its two equivalent
definitions.

Consider the differentiable family 7 : X — B of compact complex n-dimensional manifolds
over a sufficiently small domain in R* with the reference fiber Xg:=m~1(0) and the general
fibers X; := m~1(¢). Here, we fix a family of hermitian metrics on X;.

4.1 Obstruction of extension for d-closed and 88-closed forms
Inspired by Wu’s result [55, Theorem 5.13], one has:

PROPOSITION 4.1. Let r and s be non-negative integers. Assume that the reference fiber
X satisfies the 00-lemma. Then any d-closed (r,s)-form Qg and 9yOg-closed (r,s)-form Vg
on Xo can be extended unobstructed to a d-closed (r,s)-form Q; and a 0:0;-closed (r,s)-form
W, on its small differentiable deformation X;, respectively.
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Proof. By use of the extension map e*»|*#, we can construct two (r,s)-forms e*#!#(Qy)
and e*»'#(¥y) on X, starting with Qg and ¥, respectively.
Let F; be the orthogonal projection to IF;, the kernel of

Ope, = 0,000, 0; + 8,0;0,0; + 0, 8,0, 01 + 8 0,0, 0, + 0, 01 + 0} 0,

and G; denote the associated Green’s operator with respect to a smooth family of Hermitian
metrics on X;. Then F; and G; are C'* differentiable in ¢ since the dimIF; is deformation
invariant, thanks to [55, Theorem 5.12]. Therefore, the desired d-closed (r,s)-form is

Qt = (8@@:8:(% + Ft) (eb“PlL?(Qo)) (74)
as long as one notices that
Q| 1=0 = (OBc,0Go + Fo) Qo = Qo

by the Hodge decomposition of the operator Upc o and the d-closedness of €. N
The construction of W; is quite similar to the one of Q; in (74). Denote by F; the
orthogonal projection to Iy, the kernel of

Oay = 0,0,0,0; + 0,87 0,0, + 0,0, 0,0; +0,0; 8,0, + 8,0, +0,0;

and by Gt the associated Green’s operator with respect to a smooth family of Hermitian
metrics on X;. By the same token, Ft and (Gt are also C'*° differentiable in ¢ since the dim IFt
is deformation invariant. Then the construction of ¥; goes as follows:

U, = (01019, 0; +0,8;0,0; +0,0;0,; + 0,8, +0,07) Gy + F, ) (% (W) )
where it is easy to see that

Wil 4=0 = (DA,O@O -l—ﬁo)\llo =Vy. [

REMARK 4.2. It follows easily from the proposition above that any small deformation of
a pluriclosed manifold, satisfying the 90-lemma, is still pluriclosed. Recall that a compact
complex manifold is called pluriclosed if it admits a 9-closed positive (1,1)-form. Moreover,
it follows from the proof that the theorem still holds when the 9d-lemma assumption
is replaced by the infinitesimal deformation invariance of (r,s)-Bott—Chern and Aeppli
numbers, respectively. These results are possibly known to experts.

We can also prove this proposition by another way inspired by the results of [10, 23, 55]
in the (n—1,n—1)-case, that is, any d-closed (n —1,n — 1)-form © on a complex manifold
X satisfying the d9-lemma can be extended unobstructed to a d-closed (n—1,n — 1)-form
on the small differentiable deformation X; of X.

Let f;: Xy — Xo be a diffeomorphism depending on t with fy = identity. And then one
obtains a d-closed (2n —2)-form Q; = f;Q on X, which is decomposed as

Qt o Qn—2,n + Qn—l,n—l + Qn,n—Q
=34 t t
with respect to the complex structure on X;. It is easy to check the following properties:

(1) Q5" approaches to Q as t — 0.
(2) Q'>" and Q"% approach to 0 as t — 0.
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Recall that [55, Theorem 5.12] or [8, Corollary 3.7] says that if X, satisfies the 90-
lemma, so does the general fiber X;. So we can choose an (n—2,n—1)-form ¥; and an
(n—1,n—2)-form ¥, on X; such that

8t5t1111 = th?_Ln_l = —875(2?_2’”,

—0,0, Wy = 0, Q)P = 9,02,
where ¥, and ¥y can be set as
Uy, Wy ly, ker(0;0;).
Put
Q= 5" 49,0, 48,0,

Obviously, Q is a d-closed (n— 1,1 —1)-form on X,. Then Fu-Li-Yau proved the following
highly nontrivial estimates in [22, Sections 4and 5]: for some 0 < o < 1

10: ¥ 1 lloo () < ClOE ™" | o )
and similarly

10 W2llco ) < CIA™ 2 [ com (w),

where C' is a uniform constant. By use of these two estimates, one knows that Q, is indeed
d-closed extension of  since 8;Q)"*" and 8,Q"" 2 approaches to zero uniformly as t — 0.

It is easy to see that Theorem 1.5 is impossible to obtain by Fu—Yau’s result since
the proof would rely on the deformation openness of (n —1,n)th mild d9-lemma, which
contradicts with Ugarte—Villacampa’s Example 3.14.

4.2 Un-obstruction of extension for transverse forms

In this subsection, we study some basic properties and local stabilities of p-Kahler
structures, which seem more pertinent to the nature of the stability problem of complex
structures.

Let V be a complex vector space of complex dimension n with its dual space V*, namely
the space of complex linear functionals over V. Denote the complexified space of the exterior
m-vectors of V* by A& V*, which admits a natural direct sum decomposition

AVi= 2 AV
C r+s=m

where \"®V* is the complex vector space of (r,s)-forms on V*. The case m = 1 exactly
reads

1

NV =v-Evr

C
where the natural isomorphism V* =2 /\1’0 V* is used. Let ¢ € {1,...,n} and p=n—q.
Obviously, the complex dimension N of /\q’0 V* equals to the combination number C{.
After a basis {8;}Y, of the complex vector space A“°V* is fixed, the canonical Pliicker
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embedding as in [24, p. 209] is given by

p: Glgn) <= PNV

Here, G(q,n) denotes the Grassmannian of ¢g-planes in the vector space V* and P( /\q,o V*)
is the projectivization of /\q’o V*. A ¢-plane in V* can be represented by a decomposable
(¢,0)-form A € /\q’O V* up to a nonzero complex number, and {A;}Y; are exactly the
coordinates of A under the fixed basis {8;}.,. Decomposable (q,0)-forms are those forms
in A?°V* that can be expressed as v; A --- Nvq with v e V* = AYOV* for 1 <i<q. Set

k=(N-1)-pg (75)

to be the codimension of p(G(g,n)) in P(A?" V*), whose locus characterizes the decompos-
able (¢,0)-forms in P(A?°V*).

Now, we list several positivity notations and refer the readers to [18, 25, 26] for more
details. A (q,q)-form © in AT?V* is defined to be strictly positive (resp. positive) if

N
©=o04 Z ©:58i A Bj,
ij=1

where ©;; is a positive (resp. semi-positive) hermitian matrix of the size N x N with N = C{¢
under the basis {3;}YY, of the complex vector space A*’V* and o, is defined to be the
constant 2_q(¢j1)q2. According to this definition, the fundamental form of a hermitian
metric on a complex manifold is actually a strictly positive (1,1)-form everywhere. A (p,p)-
form T' € AP V* is called weakly positive if the volume form

IANogT AT

is positive for every nonzero decomposable (g,0)-form 7 of V*; a (¢,q)-form T € AT?V* is
said to be strongly positive if T is a convex combination

T=Y yV=Tlog i Aasi A AV=Tog g Al g

where a,; € V* and 75 > 0. As shown in [18, Chapter III, Section 1.A], the sets of weakly
positive and strongly positive forms are closed convex cones, and by definition, the weakly
positive cone is dual to the strongly positive cone via the pairing

p,p q,9
AV x AV —C;

all weakly positive forms are real. An element = in A”* V* is called transverse, if the volume
form

HENogTAT

is strictly positive for every nonzero decomposable (g,0)-form 7 of V*. There exist many
various names for this terminology and we refer to [4, Appendix]| for a list.

These positivity notations on complex vector spaces can be extended pointwise to
complex differential forms on a complex manifold. Let M be a complex manifold of
dimension n. Then:
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DEFINITION 4.3 ([2, Definition 1.11], for example). Let p be an integer, 1 <p <n. Then
M is called a p-Kdhler manifold if there exists a d-closed transverse (p,p)-form on M.

The duality between the weakly positive and strongly positive cones of forms is used to
define corresponding positivities for currents.

DEFINITION 4.4. A current T of bidegree (q,q) on M is strongly positive (resp. positive)
if the pairing (T,u) > 0 for all weakly positive (resp. strongly positive) test forms u €
APP(M) at each point. Clearly, each positive current is real.

We are going to discuss several basics of transverse forms, such as the equivalent
characterizations of one-Kéhlerness and (n — 1)-Kéhlerness by a slightly different approach
from Alessandrini-Andreatta [2, Proposition 1.15]. Let V be furnished with a Hermitian
inner product and V* with the dual inner product, which will extend to A" V*. Denote by
AR?V the (real) vector space of real (p,p)-forms of V*, which consists of invariant complex
(p, p)-forms of V* under conjugation. Then it is well known that, for every Q € AR” V*, there
exist real numbers {Aq,..., Ay} and an orthogonal basis {n1,...,nn} of A”°V* satisfying
In;|? = 2P for 1 <j <N, such that

N
Q:O'pZ)\jﬂj A7y,

j=1

which is called the canonical form for real (p,p)-forms (See [26] for more details). The
positive (resp. negative) indexr of Q is the number of positive (resp. negative) ones in

{A\1,.. ., AN}
PROPOSITION 4.5. Let § be a transverse (p,p)-form of V*. Then the positive index of
Q is no less than N —k, where k is given by (75).

Proof. 1t is clear that
0= Up()\l"?l A+ +ANTN /\ﬁN)
for some real numbers {Ay,...,Ay} and some orthogonal basis {n1,...,nn} of AP°V*,
satisfying that |n;|> =2P for 1 <j < N.

Suppose that the positive index Q < N —k—1. Without loss of generality, we may assume
that {An_k,...,An} are all nonpositive real numbers.

Apparently, AP Oy* and /\q’0 V* are dual vector spaces. And thus, the zero loci of
M, IN—(k+1) define N — (k+1) hyperplanes in P(A?°V*), denoted by nf-,...,n]{-,_(kﬂ),
respectively. Since the codimension of p(G(q,n)) is k and the complex plane ni-N---N
nﬁf(k 41y 18 of dimension k, there exists some nonzero decomposable (g,0)-form 7, which

lies in ni-N--- ﬁnj%,_(kﬂ). Then it follows that
QNogT AT <0,
which contradicts with the definition “transverse.” 1

COROLLARY 4.6 ([2, Proposition 1.15]). A complex manifold M is one-Kdhler if and
only if M is Kdhler; M is (n— 1)-Kdhler if and only if M is balanced.

Proof. Both cases follow from the expression formula (75),

N—k=N—(N—1)+(n—1)-1=n. 0
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EXAMPLE 4.7. There exists a transverse (p,p)-form Q of V*, whose positive index is
exactly N —k.

Actually, let {n1,...,nn} still denote the orthogonal basis of A" 01+ as above. We shall
construct an element © in AR* V* below

N—k
Q=0, Y Nimi AT

i=1

with A1,...,An_g > 0. It is clear that the dimension of the complex plane ni-N--- ﬂn]%,fk is
k — 1. Hence, we can slightly change the orthogonal basis {71,...,nn} to another one with
the same feature, such that ni- N---Nnx_, has no intersection with p(G(q,n)). Let us check
that Q is transverse. It is easy to see that

QNogTAT >0

for each nonzero decomposable (g,0)-form 7. Now suppose that QA o,7 AT =0 for some
decomposable (g,0)-form 7 # 0. Then it follows that

771/\7':0,

NN—k AT =0,

which implies that 7 € ni-N---Nnx_,.. This contradicts with the choice of the orthogonal
basis {71,...,nn}. Therefore, Q is a transverse (p,p)-form.

EXAMPLE 4.8 (See also the example on [26, p. 50]). There exists a transverse (p,p)-form
Q of V*, whose negative index is larger than 0.

In fact, let us slightly modify the example above. Consider the element in AR? V*,
Q=0,( MM AN+ FANIN-k AN -k F AN k1IN —k+1 AN —k+1), (76)

where A1,...,An_g >0, Any_g+1 is some negative number to be fixed later, and the complex
plane ni-N---Nnyx_, has no intersection with p(G(g,n)) in P(A2°V*). Construct a function
over p(G(g,n)), defined by

f([T]) _ Up(>‘1771 AT +"'+>\N—k77N—k /\ﬁN_k) /\O'q7‘/\7_‘
OpNIN—k+1 ANTIN—k+1 NOGgT AT '

It is easy to check that f is well-defined on p(G(g,n)). The function f has positive values
when [7] € p(G(g,n)) \n5_j,, and attains to +o00 when [7] € p(G(g,n)) NNy _jy1- Then f
can obtain its minimum value over p(G(g,n)) by an elementary analysis, which is denoted
by a > 0. Let —a < Any_g+1 <0. Then Q constructed in (76) is transverse.

In [3], Alessandrini-Bassanelli proved that (n — 1)-Kéahlerian property is not preserved
under the small deformations for balanced manifolds nor, more generally, for p-Kahler
manifolds (p > 1), while, based on the above argument on the p-Ké&hler structures and
Proposition 4.1, we have the following local stability theorem of p-Kéhlerian structures:

THEOREM 4.9. For any positive integer p <n—1, any small differentiable deformation
X, of a p-Kdhler manifold Xo satisfying the 00-lemma is still p-Kdhlerian.
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Alessandrini—Bassanelli [5, Section 4] constructed a smooth proper modification X of
CP®, which will be p-Kihler for 2 < p < 5, but non-Kéhler. It is clear that the non-
Kahler Moishezon fivefold X is p-Kéhler for p = 2,3 (the most interesting parts in this
theorem), satisfying the dd-lemma due to [17], which indicates that Theorem 4.9 does
not just concern Kihler or balanced d0-structures. It is worth noticing that Alssandrini—
Bassanelli conjectured on [5, p. 299] that a p-Kéhlerian complex manifold is also ¢-Kahler for
p < g < n. Besides, Theorem 4.9 might help to produce examples of p-Kahler d0-manifolds,
which are not in the Fujiki class, since being in the Fujiki class is not an open property
under deformations thanks to [12] and [33].

We will present two proofs for this theorem and use the following trivial lemma of Calculus
in both proofs.

LEMMA 4.10. Let f(z,t) be a real continuous function on K x A, where K is a compact
set and A, ={t € R* | |t| <€}. Assume that

f(2,0) >0, forzekK.
Then there exists some positive number 6 > 0, such that
f(z,t) >0,
for ze K and t € Ay.

Proof. 1t is clear that for each z € K, there exists an open neighborhood U, in K and
some ¢, > 0, such that

f(z,t) >0,

for z € U, and t € A;,. Compactness of K enables us to find a finite open covering of K,
say U,,,...,U,, . Then we may set J to be

min{d,,,...,0, }.
Therefore, it follows that
f(z,t) >0,
for z€ K and t € Ay. U

Next, we proceed to the first proof of Theorem 4.9, which is based on an equivalent
definition of transverse (p,p)-forms via strongly positive currents and their extension
property.

Let w: X — B be a differentiable family of compact complex manifolds with the reference
fiber X :=m"1(0) and the general fibers X, := 7~1(¢). It is known from [43, Lemma 2.8]
that the extension map in (1.2)

ete® i L AP (Xg) - ATTPITY(X)

is a linear isomorphism, depending smoothly on ¢, and its inverse map e~ “¢® =45 is defined
by (13). Since the dual spaces of A" P"79(X,) and A" P"~9(X,) are exactly the spaces
of (p,q)-currents on X, and X, set as D79(Xy) and D”?(X;), with the weak topologies
respectively, the adjoint map (e_b“"“)l_bm)*, given by

(e_b*"(”l_bm)* D" Xo) = D(Xy), (77
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is defined by the following formula:

<(ew(t>|ﬂm)*T7 Qt> _ <T,€w<t>|ﬂm(gt)>, (78)

where T is a (p,q)-current on Xy, € is an (n —p,n— q)-form on X; and the pairing (e, e) is
the natural pairing between currents and smooth complex differential forms of pure type on
Xo or X;. It is clear that every (n—p,n—q)-form €; on X; can be expressed as e"*® L o) (Q),

for some (n—p,n—q)-form Q on Xy, due to the linear isomorphism e *® %@ Then the
formula (78) now reads:

<(ew<t)\ﬂm)*T, ew(w"W(Q)> = (T,Q), (79)

which can be regarded as the defining formula of the adjoint map (77). It is easy to see that
this adjoint map is a linear homeomorphism, depending smoothly on ¢. Using this map, one
obtains the following extension proposition, to be also of independent interest.

PROPOSITION 4.11. The natural map e *WIS® sends each kind of positive (p,p)-forms
(defined in this subsection) on Xo bijectively onto the corresponding one on X;; the map
(e_b*””'_bm)* sends strongly positive and positive (p,p)-currents homeomorphically onto
the corresponding ones on Xy, respectively.

Proof. What we need to show is that the map etelGm actually sends smooth forms
or currents, satisfying some positive condition, to the ones with the same positivity, since
it can be similarly proved that the inverse map of e * WG shares the same property.

It is clear that the map et e %@ sends strongly positive (p,p)-forms X to the strongly
positive ones on Xy, by the very definition of e ®IGm and strong positivity. As to the
positive case, we may choose a positive (p,p)-form €2 on X, which can be locally written as

O=0, >  Qzdz'ndz’,
11=1J|=p

where (2; 7 is a semi-positive hermitian matrix of the size N x N with N = C? everywhere
and varies with respect to the local coordinates {z}7_;. The local expression of e“#*) (=0} (Q)
amounts to

Z Qete® (dz") Aete (dz )
IIl—IJI =p

where
{e“f’(t) (dz") netew (dz7) }

is a local basis of (p,p)-forms on X; as shown in [43, Lemma 2.4] for example. And thus,

[=IJ|=p

eLW)lLW(Q) is clearly a positive (p,p)-form on X;. To see the case of weak positivity, let

Q be a weakly positive (p,p)-form on X,. We need to show that e‘“”‘“)lbm(ﬁ) is weakly
positive on X;. Fix a point w on X; and a strongly positive (n —p,n — p)-form

n—p,n—p
me N T;jf;g?).
(p, )

Let X Xo X B be the diffeomorphism for the differentiable family 7 : X — B, which
induces the integrable Beltrami differential form ¢(¢) (cf.[13]). Then 7; can be expressed as
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ele(® |Lm (77) for some

n—p,n—p
#(1,0)
UIS T w), xo°

Besides, the equality holds
6L<p(t)|LW(Q) ‘ w AN = eLv(t)lbm (Q) ‘ w N\ ebcp(t)“m(n) = ebv(t)‘bm( Q’ p(w) /\7]).
From the very definition of weakly positive (p,p)-form Q on Xy, it follows that

Q’p(w) An

is a positive (n,n)-form at p(w) on Xy and thus
eb”’(“‘bm(ﬁ) ‘ w A\t

is also a positive (n,n)-form at w on Xy, by the definition of e * G . Therefore, the
(p, p)-form ete ety (Q) is weakly positive on X;, since w and 7; can be arbitrarily chosen.

The statements on the currents can be proved directly from the Definition 4.4 for the
positivities of currents, the formula (79) and the results of smooth forms shown above. [J

To study local stabilities of transverse (p, p)-forms, we need an equivalent characterization
of them, as in [1, Claim on Page 5] or implicit in [2, The proofs of Lemma 1.22 and Theorem
1.17]: a (p,p)-form Q is transverse on an n-dimensional compact complex manifold M if
and only if

/ QAT >0,
M

for every nonzero strongly positive (n —p,n — p)-current T on it.

ProproOSITION 4.12. Let w: X — B be a differentiable family of compact complexr n-
dimensional manifolds and Q; a family of real (p,p)-forms on X;, depending smoothly on
t. Assume that Qg is a transverse (p,p)-form on Xo. Then € is also transverse on X; for
t small.

Proof. Fix a hermitian metric wy on Xy and define a real function f(7,t) as follows:
f(T’ t) = / Qt A (e_bw(t)l_bm)*T’
Xt

where T varies in the space of strongly positive (n —p,n — p)-currents on Xy, satisfying

/ wh AT =1,
Xo

and t € A.. As pointed out in [2, Proposition 1.7] or [47, Proposition 1.5], the space of
strongly positive (n—p,n —p)-currents T on Xy, satisfying on wy AT =1, is a compact set,
denoted by K here. Then it is obvious that the function f(7,t) is continuous on K x A..
The assumption that the real (p,p)-form € is transverse on X implies that

f(T,0) >0,
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for each T' € K. Hence, Lemma 4.10 provides a positive number § > 0, such that
f(T,t) >0,

for T € K and t € As. This indeed shows that §2; is transverse for ¢t € Ag, by Proposition
4.11 and the following application of the formula (79):

[
Xt

= / eL“”(“'LW(wg) A (e_b“’(t”_bm)*T = / wh AT =1,
X, Xo

where e'¢®|%® (wo) can be regarded as a fixed hermitian metric on X;. 0

The first proof of Theorem /.9. Let Qo be a d-closed transverse (p,p)-form on the p-
Kaéhler manifold X. Proposition 4.1 assures that there exists a d-closed real extension €2; of
Qg on X;, depending smoothly on t. Therefore, by Proposition 4.12, 2, is actually a d-closed
transverse (p,p)-form on X, for small ¢, which implies that X; is a p-Kéhler manifold. [

Then one also has another proof:

The second proof of Theorem /.9. Let Qg be a d-closed transverse (p,p)-form on Xy and
), its d-closed real extension on X; constructed in (74) by Proposition 4.1. To prove the
theorem, we just need: there exists a uniform small constant € > 0, such that for any t € A,
and any nonzero decomposable (¢,0)-form 7 at any given point x € Xy with p+ ¢ =mn,

Q(x) Noge#(T)Ne?(T) >0, (80)

where ¢ := ¢(x,t) is induced by the small differentiable deformation. Since e‘¢ induces
an isomorphism between decomposable (gq,0)-forms of Xy and those of X, Q; will be the
desired d-closed transverse (p,p)-form on X;.

In fact, let w be a Hermitian metric on Xg. For any fixed point x € Xy, we define a
continuous function f,(¢,[7]) on A, x Y, by

Qi(x) Nogets (1) Net?(T)

‘ﬂi(m) -w(x)n ’

fa(t,[7]) = (81)
where Y, = p(G(g,n))|. € P(A"° T%,|z) is compact. Notice that ; Aogets (1) Ae'?(T) can
be considered as an (n,n)-form on Xy. Then by the transversality of Q,

~ Qo(z)NogT AT

7.
w(z)

f2(0,[7]) > 0.

2 w(@)”

Thus, by the continuity of f,(¢,[7]) on ¢ and [r], Lemma 4.10 gives rise to a constant €, > 0
depending only on z, such that

f(xvxez/%yz) = f:v(ZEL/%Yz) > 0.

Let {U;}/_, be trivializing covering of AT %, and choose any x € U; for some j. Then
one can identify Y, and Y}, for any point y C U;, and f, is defined on Y,.. So by Lemma 4.10,
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there exists an open neighborhood V,, C U; of x such that
f(vzazsz/%ym) >0

since f is continuous on A, 2 X Y.
Noticing that X, is compact, one obtains a finite open covering V,,, i =1,...,m, Xo =
U, Vg, . Set

€:= min €,;,/2>0.

1<i<m

Then
f(l'az&ym) = fI(Z&'?YI) >0

for any = € Xj.
Therefore, by the definition (81), for any |¢t| <e,

Qu(z) Aoges@ (1) Ne'#@ (7) = fult, [T)IT[ 0y -w(@)" > 0

for any nonzero decomposable (g,0)-form 7 at 2. This is exactly the desired
inequality (80). 0

REMARK 4.13. Proposition 4.12 and the second proof of Theorem 4.9 actually show
that any smooth real extension of a transverse (p,p)-form is still transverse, which also
plays an important role in [44]. So the obstruction to extend a d-closed transverse (p,p)-
form on a compact complex manifold lies in the d-closedness. Hence, by Remark 4.2, the
condition of the 80-lemma in Theorem 4.9 can be replaced by the deformation invariance
of (p,p)-Bott—Chern numbers. Moreover, this condition may be weakened as some kind of
the O0-lemma if the power series method works, just similarly to what we have done in the
balanced case in Section 3.

Finally, we have to mention an interesting conjecture proposed by Demailly-Paun for
the “global” stability of Kéhler structures, that is, the Kéhler property should be open for
the countable Zariski topology on the base.

CONJECTURE 4.14 ([19, Conjecture 5.1]). Let X — S be a deformation of compact
complex manifolds over an irreducible base S. Assume that one of the fibres Xy, is Kdhler.
Then there exists a countable union S C S of analytic subsets in the base such that Xy is
Kabhler for t € S\ S’. Moreover, S can be chosen so that the Kdhler cone is invariant over
S\ S’, under parallel transport by the Gauss—Manin connection.

Appendix A: Proof of Proposition 2.6

One chooses a holomorphic coordinate chart (z!,...,2") on the complex manifold X
throughout this proof.
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(1)  Set ¢ = ¢idz" 825 and a = ﬁaljdzf Adz” locally. One calculates:
Gagaa— (¢ag)aa

B
= qugbt apgdz' Ao A (dz'), A <¢l¢tdzl )

1<u<q

=¢a| > p'q|¢§“audz A A(d2f), A

u
l<u<q

- > e 'qst(;si"audz A A(dZY), A
1<u<q
= Z - l¢§“a1j.../\(d§l)i /\--~dzlp/\d2]1---/\(dzt)j A
1<'u<ppq : “
1<u<gq
while

badac— (dag)aa

_ 1, _ ) 1,
=2 Y ol Papg-AdE), Aendz? —<¢tq§l—dzt

=)
0z% -

=¢a [ D L papg--(d2), A---ndz’

lg!
15v<p
L, t _J
— Z ﬁéf% I an---/\(dz )Z.v/\mdz
1<v<p P
1 P . .
= Z — ;“qﬁi orye- (dz )l /\~-dz”’/\d2“~-A(dzt)j /AREE
150sp U7
1<u<q
(2)  This follows directly from the generalized commutator formula (22) and

9(¢¢19) =0.

(3)  This is proved in [13, Appendix B].
(4)  Set ¢ = ¢idz! 823 and a = ﬁaljdzl/\dé‘] locally. Thus,

bbb — P

=¢ipo Zpllql Oélj"'/\(dit)iv/\"'/\d?]

1<v<p

262 > p'q|¢3“¢” r7dz A A (d2) A A (d2T) A

1<u<i<q
=92 Z p'q'gbh ¢ ¢ A (dzj)iv A-eodzt AdFIL .. A (dzi)ju Ae--
1<v<p
1<u<q
+2 ) e 'gb”qb Spary--A(dz'), A-eedz AdZT A (d2), A A (d2) A
1<o<p P ) " ’
1<u<i<q
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-2 ¢ ¢> ‘ppagg A(dZY), Aed2 N A (d2) A A (d2T) A
1<v<p plq Y “
1<u<i<gq

-2 > p!1q!¢§<z>f“¢j7audzf A=A (dZf), A (d2) A

1<u<li<q

+ > ]“qu & ozt A A (d2 ), A A(dz) A

1<u<l<q

2(pappc — ¢¢_|$_|a).

Appendix B: Proof of Observation 2.8
We will omit the sub-index in many places without danger of confusion. By use of (3)
and (2) in Proposition 2.6, the integrability condition (11) and the commutator formula
(22) repeatedly, one has

A(pw

—

)

[0, @] aw + 10w

l\D\'—‘

1 _
= —itp_ngo_:(‘)w + p10(pw) + @ (8(@904&) — YIPpIw) — 8(90_nw))

1 _
= =5 Pps (6(@4,5_nw — Pupiw) — a(w)) + 0 10(PYiw — Y@ iw)

1 _
:—ﬂpJgo_n(@((pcp_nw Pupiw) — a(apr))

2
_— 1 . 1
+0(pappw) = S lp plappaw — g

5 [go, QO]J@_M — gO_lgo_lg(@_:w).

Then (1) and (4) in Proposition 2.6 yield that

O(pw)

1 — 1-—- 1
= —5()0_1@_1 (8((,0_1@_100) + a(@w)) + 56(@%@4@ + 59@4@4@48(@4@

1 — 1 1 — 1
= —iapJgo_n (8((,0_1@_100) + a(@w)) + §<,O_l[g0, @]J@_lw + igo_ngzua(gmw) + igmgzugo_na(@m))

1
= — = (pa0(papapw) — pip10(pipw)).
2

Note that the equality ¢, 01, ) = ¢ holds (cf. [13, p. 361]). Then the last equality

0] Ol
but one above is also equal to

1

_ 1 1 — 1
- §g0_lg0_l (8(g0_1(,5_|w) + 8(@_1(4))) + 5[@, (,0]_|<,04g5_1w + §@J¢J8(@Jw) + igo_lcp_lgo_@(@_lw)

1 _
=5 (gmc;ugm@(gmw) +2(p10(pppw) — gm(pJa(apJ(pr))) :
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Hence, we get the equality

1 ) .
-5 (20(papapw) — i 0(papw))

1
=3 (@wa@(@w} +2(p10(pppw) — wsoﬁ(sm@w))) ,

which implies that

1
O(pw) = =5 (920(pap 10 w) = pap D (papw))

1
= égo_ngo_ncp_@(gb_nw).

Therefore, 0(p_w)n = 0 reduces to the equality

d(pw)p =0, for k=1,2,3,

which are easily to be checked by the above formulation. This concludes the proof of
Observation 2.8.
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