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BOUNDS FOR THE INTEGRAL OF A NON-NEGATIVE FUNCTION
IN TERMS OF ITS FOURIER COEFFICIENTS

By M. S. LONGUET-HIGGINS
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ABSTRACT. The first 2N + 1 Fourier coefficients of an unknown, non-negative function f(9)
are given, and it is required to find bounds for | f(6) d@, where E is some given region of

b4

integration. We also wish to find the interval £ for which the bounds are most strict, when the

width of E is specified. f(6) may represent a distribution of energy in the interval 0<8<2n;
the object is to determine where the energy is chiefly located.

In the present paper we show that if the energy is located mainly in the neighbourhood of not

more than M distinct points, significant lower bounds for | f(6) d6 can be found in terms of the

E
first 2M + 1 Fourier coefficients. The effectiveness of the method is illustrated by applying the
inequalities to some known functions.

The results have application in determining the direction of propagation of ocean waves and
other forms of energy.

1. Introduction. The following problem arises in connexion with the analysis of
ocean waves (Barber (1)). Let,f(6) be an unknown, non-negative function of 4, integrable
and periodic with period 27. We are given the first 2V + 1 Fourier coefficients of f(6):

.

i
(],n=7—];J~ f(0)cosn(9d0 (n=0, 17"'$N)’
0

L pon (1-1)
b, = ;f J(@)sinnBdl (n=1,2,...,N).
0
Can we find upper and lower bounds for the function
) -[_fena, (1-2)
E

where E is some given region of integration ?

In practice f(6), or a related function, may represent the energy density of ocean
waves approaching a recording station from a direction specified by §. Barber (1) has
shown that, if the waves are recorded at m different points, then a,,a,,b,, ...,ay, by,
where N < m(m — 1), can be determined from the correlation coefficients of the com-
ponents of wave motion at the m points; from this information it is required to find,
so far as possible, the angular distribution of the wave energy.

For convenience we shall refer to ¢ as the ‘direction’ and to (1-2) as the ‘energy’
contained in the interval &.

An approximation fy(0) to the required function f(6) might be given by summing
the first 2N + 1 terms of its Fourier series

In0) = 3ao+ sz)(ancosn0+bnsinn0), (1-3)
k=1
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for, under certain conditions, fy(f) tends to f(0) as N —oco. But this approximation
may be inadequate, for it often happens that most of the energy comes from a very
restricted range of directions; f(¢) will then have one or more pronounced maxima
which can be only poorly approximated by the smooth function f(8). In addition,
fn(6) may take negative values, while f(0) is non-negative. (The Cesaro sums Cl,
however, are non-negative; see, for example, Zygmund(12), p. 46.)

In the present paper we make use of the fact that f(f) is non-negative, and it is when
the energy is concentrated in one or more narrow ranges of direction that our method
yields the most information.

f6)

E E E
Fig- 1.

The argument is as follows. Let ¢(0; a4, a,, ...,ay) be a polynomial in cosf and
sin @ of degree N at most, with coefficients involving a,, ...,ay. Then the integral

1 27
I(ay, ...,oq) = = | fO)9(0; 2y, s, ..., 0y5)dO (1-4)
mJo

is expressible in terms of «,,...,a, and the first 2N + 1 Fourier coefficients of f(0).
Suppose that g is always positive, except at 6 = «,, ..., ay, where it vanishes (see
Fig. 1forthe case N = 1). Then I isnever negative, and is small if and only if the energy
is nearly all concentrated in the neighbourhood of the points a,, ..., ay. Forif E denotes
a set of N narrow intervals surrounding «;, ..., ay, the contribution to the integral
from within £ is small, since g is small there, and the contribution from the remaining
regions E’ is also small, since the proportion of energy in B’ is small. Conversely, if
I is small, then the proportion of energy lying outside £ is small, for otherwise there
would be an appreciable positive contribution to I from the regions E’.

More precisely, let p denote the proportion of energy lying outside E (that is, in E’).
Then since the total energy equals 7a,, we have

F(E') = pna,, F(E) = (1—p)7ay. (1-5)
38-2
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In E we shall have 0<g <@, say, and in E', @' <¢g <G”. Thus from (1-4)

I 1
<7%~[GF(E)+G”F(E')] (1-7)
(1]
= G(1—p)+Gp. (1-8)

When the intervals E are so narrow that @ <1, and if at the same time p <1, then it
follows that I]/a,< 1. Conversely, since

_> _f fgdo> ——G’F(E’) = G'p, (1-9)

Ay T
we have < . (1-10)
.p\ Giao'

Thus if I/G’a, is small then p is also small, and so nearly all the energy lies within E.
In general, a knowledge of I/G'a, provides an upper bound for p and so a lower bound
for F(E) (by (1-5)).

The smaller the value of I/G“a,, the greater the amount of energy known to be
contained in E. We therefore seek the values of a,, ...,y which make I(a,, ..., o)
a minimum. (G' depends also on the subsequent choice of E.) The directions «,, ..., ay
which make I(«,, ..., ay) a minimum will correspond to the predominant directions of
the energy, so far as these can be defined. The chief mathematical problem is then to
find the minimum of the integral (1-4) and to determine the corresponding directions
0=a,,...,ay.

The cases N = 1 and N > 1 will be considered in §§2 and 3 respectively. In §4 wegive
some practical examples, where the inequalities are applied to the Fourier coefficients
of known functions f(#). The tests are found to be reasonably effective.

2. N=1. Let 0—a
g(8; o)) = 2sinle (2:1)
= 1—cosfcosa —sinfsina,. (2-2)

g(0; ;) is positive everywhere except at § = «;, where it vanishes (see Fig. 1), and
hence it satisfies the conditions stated in §1. Consider then the function

al)—— f 31n2—-2—a~1d0 (2-3)

= ay—a, cosa, —b;sina,, (24)
which is a function of «;, with known coefficients a,,a,,b,. For E we may take the
interval of width 24 having «, as mid-point. Everywhere outside £ we have

g>2sin23d = &, (2-5)

and so the inequality (1-10) becomes
I(ety)

p<2aosin2 30’ (2:6)
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Now from (2-4) the minimum value of I(«,) is
I = ay— (@3 +5)), (27)
and occurs when cosay:sinay: 1 = —a,:— byt /(a2 +b2). (2-8)
The best possible inequality (2-6) is therefore

Ay — «/(a’%'}'bi)

pPs 2a,sin® 46 (29)

The corresponding direction «,, given by (2-8), defines the ‘predominant’ direction of
the energy.
We may remark that the maximum and minimum values of I(e,) are the roots of

12— 20,1+ (a2 —a%—b3) = 0; (2-10)

also that a necessary and sufficient condition for the energy to be concentrated within
a single interval of infinitesimal width is

ai—a}—b3=0. (2-11)

3. N> 1. Generalizing equation (2-1) we take

— a .
1sin?

0—a,
—5

. 00—
9(0; oy, ay, ..., 0ty) = 2281 sinze sin? 2“”, (31)

which is positive everywhere except at the points 6 = ay, a,, ..., &y, Where it vanishes.

The integral ' 9aN-1
I(a,,...,ay) = ff(&)smz

e (3-2)

9 2a1 ..si_n20—aN

is expressible in terms of &, ..., ay and the first 2NV + 1 Fourier coefficients
@g, @y, by, o0y, By

we have to investigate the minimum values of I(a,, ...,ay). We shall now show that
under certain conditions the maximum and minimum values of I(e,,...,ay) are the
roots of the quadratic

Ay_ol2—20y I +Ay =0, (3:3)

where 4, A, .. Ay
N ”

A A .. 4,
and we have written A, =a,—tb, = %J:?(ﬁ) e~ df. (3-5)

(A} denotes the complex conjugate of 4,,.) When N =1 equa.tlon (3-3) reduces to
(2-10) provided we take conventionally A_; = 1.

Since 0—a,
gin2——= 3 = }(e¥ —¢ien) (=10 — e~ten), (3-6)
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we have

I(ay,...,an) = 2if F(6) (€ — ei) ... (€% — gian) (e=10 — e~i1) .., (e~10 — e~ian) dB (3-7)

-5 f JO) =) .. (=) (7 =2 . (7~ 6, (38)
where t = ¢ and z,, = ¢**». Thus
(=N (2 ¥, 2
Zy...xnd = P f(H YN —x,)2... (E—xy)2do. (3-9)
. ol e, O .
At a stationary value of /, N = —je " P 0, (3-10)

and so on differentiating both sides of (3-9) with respect to z,,,

ey (ZDTEE 16) yoow Gm) - )y (3:11)
z, /4 tl—x

n n

‘We shall make use of two lemmas:

LeEMMma 1.
ATy .. Ty XXXy .. BTy AT
V-2 xN-2 N2 (—1)¥1D, (m =0),
xN—3 xN—3 xN—3 =
1 2 N 0 (m=1,2,...,N-1),
1 1 1 (3-12)
where | -1 21 L 2t
N2 N -2 N—2
_DN - xl. xz- vas x{v — H (xn_xm) (3.13)
: : : n>m
1 1 .. 1

For the value of the left-hand determinant is unaltered by dividing the first row
by #,%,, ...,Zy and multiplying the first column by z,, the second by z, and so on.
If m = 0, the determinant is then identical with Dy, except for an interchange of rows.
Ifm=1,2,...,N —1, two rows of the determinant are identical.

LEvmA 2. Whenm = 0,1,...,N-1,

P xg %
t—xz;, t—mx, Tot—ay
V-3 -3 U I\ (B—x) (E—2) ... (E—2y)
1 1 1

For on multiplying the top row of the left-hand determinant by

(t—z) (E—=5) ... (E—2N),
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the first term, for example, becomes
TP —,) ... (E—xy) = 2P[SPV-1 - SPN-2 L 4 (= 1)¥-18Q), (3-15)
where S denotes the symmetric sum, of degree =, of the roots =,, ..., zy, and 8§, by

convention, equals 1. S may be expressed in terms of the symmetric sums S, of all
the roots z,, z,, ..., £y by successive substitution as follows:

SP =8, —-z,8P = 8, —=,8,,
8P = 8,—, 8P = 8, — 1,8, + 218, l
8P = 83— 2,8 = 83— 2,8, + 238, - 2} 8,, (3-16)

SR —m-1= Sy-m1— 518Nzt oo+ (= DN 2] _m_ISo:]
all the powers of x, on the right-hand side being of degree less than or equal to
(N —m—1). For the remaining coefficients we start from the other end:

8Py = z'Sy,
SV = 27 (Sy_1 —8W_1) = 27 Sy_1 — 27 S,
SH s =27 (Sy_p—SY_p) = 27 y_s— 21 %Sy _1 + 27 Sy _ss (317)

........................................................................

On substitution in (3-15) we see that the first term of the top row of the determinant
is of the form

Pal¥-14+ Pal2+ ...+ Py, - (3-18)
where the P, are symmetrical expressions in x,,@,, ..., zy and
P =m (3-19)

Each of the terms P,z¥—"™(m = 2,3,...,N—1) can be eliminated by subtracting P,
times the nth row from the first row of the determinant. Only the first term P21
remains. By (3-19) this proves the lemma.

Now let the nth of equations (3-11) be multiplied by =™ times the cofactor of the nth
term of the first row of Dy, and let the equations be added. For m = 0 this gives

(= 1)V+1 2

(= 1¥1DyI = 07}(0) N(t—2,) ... (t—2y) Dydb, (3-20)

and therefore, if Dy 0,

27
I= 71—, FO)[L =8, + 8,2 — ... + (— 1)V S,y t-N]dO
0

= AOSO—A1S1+‘A282—"’+(—1)NANSN' (3'21)
Similarly, for m = 1,2,..., N —1, we have
0=A4r8,—A4% 8i+...+(-1)¥YAy_.Sn (3-22)

Finally, we add the equation for m = N, which is most conveniently obtained by
taking the conjugate of equation (3-21) and using S% = Sy_,/Sy:

ISN = AI*VSO—A:/—ISI-*-"'_I_(—l)NAOSN‘ (3'23)
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These equations may be written in matrix form:

'AO_I Al A2 Xl AN SO O
A¥ 4, A, .. Ay, -8, 0 ‘
Ar  A* A, ... Ay, S, ={ o (3:24)
A% A%, A%, ... A,—1/ \(-1"V8y 0

The diagonal terms of the square matrix are all 4, except the first and last, which are
Ay—1. Since the symmetric sums S, are not all zero (S, = 1), it follows that

Ag—I A, A, .. Ay

Ar A, A, ... Ay,

Ar  Ar A, ... Ay, |=0 (3:25,
A% A% A%, ... A,-T |

which on expansion is seen to be identical with (3-3), the result to be proved.
To find the corresponding angles a,,, we first choose the smaller root I of equatior

The roots Xy, Zgy ..., Ty Of
SotN_SltN_1+...+(_1)NSN = 0 (3'26:

then give the required angles, through the relations z,, = ein,

It was assumed in the proof that Dy + 0, i.e. that all the roots z,, are distinct. Since
I{a,, ..., ay) is a bounded function of «,, ...,ay, it must always possess at least one
maximum and one minimum; but only if these correspond to unequal values oi
ay, ...,y does the present theorem necessarily hold.

In one important case, however, the above analysis is certainly valid, namely wher
the energy is concentrated in NV infinitesimal intervals surrounding N distinet directions
0,,0,, ...,0y, say. For, when (a,...,ay) = (0, ...,0y), I vanishes, from (3-2), anc
further oI 92N-1

27 6—a 0—ay
oo, T Jo

s a2 -4 . _ .2
f(@)sin —5 ...sin(@—a)...sin 3

46 =0. (327

Therefore (o, ...,ay) = (6, ..., 0y) is a solution of equation (3-11) and hence also o
equations (3-25) and (3-5), with I = 0. The determinant (3-25) is of rank N, as will b«
shown in the appendix, and so the ratios §;,:8,:...: 8y are uniquely determined
Therefore ¢ = ¢¥» satisfies (3:26). But (3-26) has not more than N roots, which mus
therefore be identical with the N distinct quantities e, e®s, ..., e¥x,

When the minimum value of I is small, equation (3-3) shows that it is given by

Ay

T= 2

(328

very nearly. Therefore by (1-10) all except a proportion p of the energy is containec
in E where

Ay
T -2
PSS Ay Ays (8-29

https://doi.org/10.1017/5030500410003067X Published online by Cambridge University Press


https://doi.org/10.1017/S030500410003067X

Bounds for the integral of a non-negative function 597

If Ay ,
S <O, (3-30)
then nearly all the energy is contained in E.
Suppose that we take as E the set of N intervals of width 24 with mid-points
&y, ...,y If 8 is small compared with the distances between successive «’s we have,

in the nth interval,

2

a"H’sinza"‘—;“—” (3-31)

g(0; ay, &, ..., ay) = 22N-15in?
very nearly, where in the product m runs from 1 to N excluding n. Thus, outside F,
g > 22N-1gin® 18 min (n' sin? ‘-"-m;;“") =@ (3-32)

A rough estimate of G’ may be obtained by replacing sin 4 by 44 and each of the terms
sin? (o, — &,) by a mean value }. Thus

G = 2N-252, (3-33)

Ay

and (3‘30) becomes M—O—A:v:

<82 (3-34)
If one of the distances |, —a, | is only of order ¢ or less, then G will be an order of
magnitude less than (3-33). But in that case we may expect that a smaller number of
directions o, would give a significant inequality, for the same value of d. Therefore
a criterion for the energy to be grouped mainly in N separate intervals of width ¢ is
that N shall be the least integer for which (3-34) is true.

4. Applications. To illustrate the method we shall discuss some examples when the
energy distribution f(6) has certain simple forms; we shall find how much information

about f f(6)dO can be obtained from a knowledge of the first five Fourier coefficients.
E

Ezxample 1. Suppose that

T
6) = % if 0,—e<0<0,+e, 1)

0 elsewhere,

that is, the energy is evenly distributed in a narrow interval of width 2¢ and mid-point
0, (see Fig. 2a). Then we have

Ag=1, A, =emn "8 (12 N, (4-2)
and so Ayg=1,
1 2
A, = 1_(5“‘_6) ~le2,
€ (4.3)

sin 2¢ gine\?  sin 2¢\ |
A2=(1~ 2 )(1—2(7) 3¢ );1_%66'

Since A,/AZis of order €2, we know at once that the energy is mainly grouped in a single
interval whose width is of order e.
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Let us apply the test when N = 1. From (2-8) we find that the predomma,nt
direction is given by a; = 6,, and further from (2-9) that
€2
P<3m (44)

(sin 46 has been replaced by 44). Thus, taking § = ¢, we could tell that not more than
one-third of the energy lies outside the original interval, or taking & = 2¢, that not
more than one-twelfth lies outside an interval of twice this width.

fo) f16)

» 'r

nf2e -

v
(=]
v

o L
0 n 0 0, 0,  1a
(®)
f@)
4
2e
nf2e b
0 in_ 8
0 g, i
()
Fig. 2.
To apply the test when N = 2 we have to solve
(1-1I) So—e—wnS‘zeSl+e—wlsm %8, =0,
¢, smeSO_ S, + e_wlslne 8, = 0, (45
i S0 2E g ewxsmes +  (1-I)8,=0.
On subtracting the first equation from the third we find
S, = €201 8, (4+6)
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and so from the second sine
S; =2 -

€18, (4+7)
Equation (3-26) then becomes
29 weiel t+ 202 = 0, (4-8)
€

of which the solution, to order ¢, is
¢t = i, £elV), (4-9)

The predominant directions a,, a, are therefore given by
&y, = 0 +€/4/3. (4-10)

The separation of &, and a, is 2¢/y/3. If we take as E two separate intervals of width
28 surrounding «, and «,, & being less than ¢/y3, we shall obtain a bound G’ of order
82¢2. Thus (3-29) will be of order €%/62, and no advantage is obtained by taking § much
smaller than ¢ (as, indeed, we should expect from the actual form of f(8)). If, on the
other hand, we take for E a single interval (6, — 8, 0, + 8), where 8 > ¢/y3, we have

— 2 __ 1.2)2
@ = 23sin26 e/\/3L=zin26_*_e/\/3 _ (3¢ (4-11)
2 2 3
approximately, and so from (3-29)
4 ¢
PS3EeE—eap (#12)

If § = ¢, we have p<1/5, showing that not more than one-fifth of the energy lies
outside the interval (compared with one-third in the previous test). If & = 2¢, we have
p<1/180, showing that only about 0-59, of the energy lies outside the interval
(compared with one-twelfth previously).

Thus the test for N = 2 provides a stricter inequality than the test for ¥ = 1, but
not by an order of magnitude.

Example 2. Let if 0,—e<0<0,+e,

(413)

T
4€
1) = 416 if G,—e<b<0O;+e¢,
0 elsewhere,
where 2¢<8,— 0, <2m—2¢, so that the energy is evenly distributed in two non-
overlapping intervals of width 2¢ (see Fig. 2b). For simplicity we shall suppose also

that 6, — 60, = 4w, i.e. the average directions for the two intervals are at right angles.

Then we have 07 sin ne

A,=1, A,= e"’""ocosz (n=12,..N), (4-14)
where 0, = (6, +6,), and Ay=1,
lsine
Ay =1-—5—=4,
1 3¢ ~1 (4-15)
ine\2
A, = 1—(512—6) %%62,
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approximately. Since A,/2A,A, is of order €2, <1, whereas A, /A2 is of order unity, we
can tell at once that the energy lies mainly within fwo separate intervals whose width
is of order €.

In the test for N = 1, I(a,;) is a minimum when a, = 6, = }(, +6,). But since A,/A}
is of order unity the test gives a barely significant result. If we take, for example,
0 = 4m, so that E is the interval of width 7 and mid-point 6,, we have from (2-9)

p<1—yh = 0-293, (4-16)

so that only about seven-tenths of the energy certainly lies in this semicircle.
Now let us apply the test for N = 2. We have

e~%osine

(I—I)SO—WTSI =0,
€% sin e e~%ogin e
?/E—E_So— Sl+ VQ—T‘S’z:O,? (4'17)
eogine
- J—2781+ (1-I1)S, = 0.
Proceeding as before, we find
oy = 0;+4€2,  a, = 0,— 36 (4-18)

Thus the two ‘ predominant’ directions differ from the directions 6, and 8, by quantities
of order €2 only. If E is taken to be two small intervals of width 2§ surrounding «, and

take
% WO Y G’ = 23sin?}4 sinz% = §? (4-19)

2
approximately, and so from (3-29) ~ p< :_3%—2 (4-20)

Thus we could tell that at least two-thirds of the energy comes from within two
intervals of width 2¢ almost coinciding with the original intervals, or that eleven-
twelfths of the energy comes from within two intervals of twice this width.

As expected, there is a marked improvement in the inequalities obtained from the
test for N = 2 compared with those obtained from the test for N = 1, in this example.
However, from the experience of Example 1 we should expect that tests of higher
order would give only a smaller improvement.

Ezample 3. In the two previous examples we assumed that the energy was erntirely
confined to one or two narrow intervals, that is to say there was no ‘background’ of
energy outside those intervals. To investigate the effect of such a background we may
add to the energy distribution of Example 1 a small constant term. Thus

f(0)={%17+216 if 6,—e<0<6;+e, (4-21)
31 elsewhere,

where 7 is a small quantity (see Fig. 2¢). The effect of this is to increase 4, by 7 but to
leave the other Fourier coefficients unaltered:

sinne

Ay=1+75, A,=enbh (n=1,2,...,N). (4-22)
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Equation (2-9) then gives 29 + 3€°

)

P< (4-23)

(higher powers of &, €, being neglected).

In order that the background shall be negligible, therefore, we must have 5 <2, or
in other words the background must be an order of magnitude smaller than the square
of the width of the interval. It appears, therefore, that the effectiveness of the present
tests depends rather critically on the absence of such a background.

APPENDIX

Properties of Ay

We now prove the result used in § 3. This is part of a more general theorem (Theorem

A 9) which was first proved algebraically by Toeplitz (11); other proofs have been given

by Fischer (6), Schur (10) and Frobenius (7)1. The proof we now give is more direct than
any of those mentioned, and brings to light more clearly the significance of A,

First we establish the identity

22N(N+1)

27 2m i o

where, in the double product, # runs from 1 to N + 1 and m from n+ 1 to N+ 1. From
(3-4) and (3-5) we have

2n 2 2w .
, f(6,)do, fo f(By)e0adl, ... fo f(Onyy) e Nome1dOy

em_an

db,...dby,,, (A1)

2a 27 27 .
Ay = L jo f(6) e db, fo f(6,)d0, fof(9N+1) e~ MNDOri1dly

o on 2n :
| 700 ean, 10 cvnde, .. [ FOv oy

27 27
=7TNL+IJO ...jof(el)...f(ﬁm)
1

e~ .. e NOwn
2! 1 oo €TUN=DOx4,
: 5 ) do, ...d0y,
€0 giN-D0; 1

1 27 2 0 0 . oio o
= N1 —i03 g—210; = o—t
7rN+1_f0 of( D) - f(Oyyr) ePe205 . e w1

1 | T |
16 16 16

et e e :”“ do,...dby.,. (A2)

eiNOy  giNGy,  giNOyy,

t Some equivalent geometrical conditions on the Fourier coefficients were given by Cara-
théodory(2, 3). The equivalence of the algebraic and geometrical conditions was established by
Carathéodory and Fejér(4). See also Riesz (8, 9) for related results.
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Interchanging any two of the 6, does not affect the value of the left-hand side, but
interchanges two rows of the determinant on the right-hand side. The two rows can be
changed back if at the same time the sign of the right-hand side is changed. Hence,
adding all the (¥ + 1) ! possible permutations we have

2n 27
V1)1 8y = s [ o 00 - fOn)

! 1 .. 1 1 1 ... 1
eifr g% .. eWrn || e e | e ¥Wrn
¢iNOy  giNOy | giNOyiy | | g=iNO,  —iN6y | o—Noyy

1 2m on . X ) )

= ﬂN—-x-lfO 1o f(6y) - 'f(gN-H)ml;In(ewm —ein) (e=¥m —e~n) dO, ... Ay ,. _

; (A3)
If equation (3-6) is now used, the identity (A 1) follows immediately.

Since f(€) is non-negative, the whole integrand on the right-hand side of equation

(A1) is non-negative, from which it follows that
Ay 0. (A4)
Suppose now that f(0) consists of N ‘pulses’ of energy, that is, f(6) is zero everywhere
o
except near N points 0 = 0, where it becomes infinite in such a way that f J)de

has a finite discontinuity C,, at this point. In Dirac’s notation(s) we may write
N
f(a) = Elomé\(a - 0m)' (A5)
m=

The function f(6,) ... f(@y.1) is zero everywhere except where each @, equals some 6™,
But since there are only N 6, this implies that at least two of the §,, must be equal.
The part of the integrand under the product sign then vanishes, and the contribution
from the neighbourhood of this point is zero. Hence

If f(0) is the sum of N pulses, then Ay = 0. (A6)

Conversely, if it is assumed that f(0) is continuous except possibly for a finite number
of pulses, we may show that

If Ay, = 0 and if f(0) = 0, then f(O) is the sum of at most N pulses. (A7)

For, suppose that f() is continuous and positive, or has a positive pulse, at more than
N points, say 6 = 69, ..., 6%+D. When 6,, ...,0y.,, are in the neighbourhood of these
points there will be a positive contribution to the integral (A 1), and since the integrand
is never negative A, must be greater than zero, contrary to hypothesis. Therefore
f(6) cannot be different from zero at more than N distinct points.

The first part (A 6) of the theorem can also be quite simply proved algebraically.
For if f(0) is given by (A 5) then from (3-5)

1 X —ind,
An = 7_T > Cme m. (A 8)

m=1
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If these expressions for 4, are substituted in (3-4) it will be found that Ay vanishes
identically. However, the converse (A 7) is necessarily more difficult to prove, since
it depends upon f(#) being non-negative.

From (A 7) we deduce that if f(f) is the sum of just N pulses, then Ay_, > 0; for if
Ay_; vanished f(0) would consist of no more than (N — 1) pulses. Now Ay_, is a minor
of Ay, so that Ay must be of rank N (which is the result used in §3). Conversely, if
Ay = 0 but Ay_; >0, then f(0) consists of just N pulses. Hence

A necessary and sufficient set of conditions for a non-negative function f(6) to consist of

just N pulses is that
DNy>0, A;>0, ..., Ay_;>0, Ay=0. (A9)
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