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ON THE SHARPNESS OF TIAN’S CRITERION FOR K-STABILITY

YUCHEN LIU anxDp ZIQUAN ZHUANG

Abstract. Tian’s criterion for K-stability states that a Fano variety of
dimension n whose alpha invariant is greater than n/(n+1) is K-stable.
We show that this criterion is sharp by constructing n-dimensional singular
Fano varieties with alpha invariants n/(n+1) that are not K-polystable for
sufficiently large n. We also construct K-unstable Fano varieties with alpha
invariants (n—1)/n.

81. Introduction

Given a complex Fano manifold X, Tian [Tia87] introduced the a-invariant a(X) of
X which measures the integrability of exponentials of plurisubharmonic functions. In the
same paper, Tian proved that X admits a K&hler—Einstein metric if a(X) >n/(n+ 1) where
n=dim X, known as Tian’s criterion. In this article, we will use the algebraic interpretation
of a-invariants in terms of singularities of pairs due to Demailly [CS08, Appendix A] (see
also [Shil0, Appendix A]).

DEFINITION 1.1. ([Tia87, CS08]) Let X be a Q-Fano variety, that is, X is a normal
projective variety over C, —Kx is Q-Cartier and ample, and X has klt singularities. The
a-invariant «(X) is defined as

a(X) :=1inf{lct(X; D) | D is an effective Q-divisor and D ~g —Kx }.

Tian’s criterion [Tia87] has been generalized and complemented by Demailly—Kollar
[DKO01], Odaka—Sano [OS12] and Fujita [Fujl9a]. The following theorem summarizes their
results in the language of K-stability.

THEOREM 1.2. ([Tia87, DKO1, OS12, Fujl9a]) Let X be an n-dimensional Q-Fano
variety. Then,

(1) X is K-stable if either a(X) >n/(n+1) or a(X)=n/(n+1), n>2 and X is smooth;
(2) X is K-semistable if a(X)>n/(n+1).

The purpose of this article is to study the sharpness of the assumptions in Theorem 1.2.
Our main result goes as follows.

THEOREM 1.3. For any n>>0 (more precisely, n=4 orn>7 for X, andn > 14 for Y),
there exist a hypersurface X C Pt of degree n+1, and a complete intersection Y C P*+2
of a hyperquadric and a degree n hypersurface, such that the following properties hold:

(1) Both X and Y are Gorenstein canonical with only one singular point;
(2) a(X)=n/(n+1) and X is not K-polystable;
(3) a(Y)=(n—1)/n and Y is K-unstable.

Received October 28, 2019. Revised June 27, 2020. Accepted August 5, 2020.
2020 Mathematics Subject Classification: Primary 14J45; Secondary 141.24, 32Q26.

(© Foundation Nagoya Mathematical Journal, 2020

LN
https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press @ CrossMark


10.1017/nmj.2020.28
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/nmj.2020.28&domain=pdf
https://doi.org/10.1017/nmj.2020.28

42 Y. LIU AND Z. ZHUANG

These examples show that the assumptions of Theorem 1.2 are almost sharp. More
precisely, in Theorem 1.2.1, the smoothness assumption cannot be removed, and the lower
bound of «(X) in Theorem 1.2.2 cannot be smaller than (n—1)/n. We remark here that
using different methods, Fujita constructed a log Fano hyperplane arrangement (X, A) that
is not K-polystable and a(X,A) =n/(n+1) (see [Fujl7, Section 9]).

Our construction is motivated by the work [Fujl9al]. It follows from the argument of
[Fujl9a] that if X is a Q-Fano variety of dimension n such that o(X)=n/(n+1) but X
is not K-stable, then X has a weakly exceptional singularity whose corresponding Kollar
component has log discrepancy n. Candidates of such singularities have been proposed by
Kudryavtsev [Kud01] and Prokhorov [Pro00], although both of their constructions contain a
gap (see Remark 4.12). Therefore, a large part of our argument is devoted to rectifying their
construction, which eventually reduces to estimating the global log canonical thresholds of
general hypersurfaces or complete intersections and relies heavily on Pukhlikov’s technique
of hypertangent divisors (see, e.g., [Puk13, Section §3]). As a consequence of this analysis,
we also prove the following:

THEOREM 1.4. Fiz e > 0. Then for n>>0, we have lct(X;|H|g) = 1 where X CP"T1 s
a general hypersurface of degree d < (2—¢€)n and H is the hyperplane class.

If X is a non-K-stable Q-Fano variety of dimension n with a(X) =n/(n+ 1), then Fujita’s
characterization [Fujl9a] also implies that X specially degenerates to a K-semistable Q-
Fano variety X with a(Xg) =1/(n+1) (see Corollary 3.2). Indeed X, has the smallest
a-invariant among all K-semistable Q-Fano varieties by [FO18, Theorem 3.5]. These Q-
Fano varieties have been studied by Jiang [Jial7b] where he showed that P™ is the only
K-semistable Fano manifold with the smallest a-invariant. We provide a full characterization
of such Q-Fano varieties to complement Jiang’s results (see Theorem 3.8).

The following result is inspired by the work of Blum and Xu in [BX19] where it is shown
that the moduli functor of uniformly K-stable Q-Fano varieties with fixed dimension and
volume is represented by a separated Deligne-Mumford stack of finite type.

THEOREM 1.5. Let n be a positive integer and V be a positive rational number. Then
the moduli functor of Q-Fano varieties X satisfying a(X) > % of dimension n and volume
V is represented by a separated Deligne—Mumford stack of finite type, which has a coarse
moduli space that is a separated algebraic space. In particular, Aut(X) is finite for a Q-Fano
variety X satisfying a(X) > 3.

We ask the following question about the sharpness of Tian’s criterion and Jiang’s
conjecture [Jial7b, Conjecture 1.6].

QUESTION 1.6. Let n=dim X > 2 be an integer.

(1) Does there exist a K-semistable Q-Fano variety X such that 1/(n+1) < a(X) < 27

(2) Does there exist a K-unstable Q-Fano variety X such that (n—1)/n < o(X) <
n/(n+1)7

This paper is organized as follows. In Section 2, we collect some preliminary materials
on K-stability, weakly exceptional singularities, Kollar components, and orbifold cones.
In Section 3, we recall Fujita’s characterization on non-K-stable Q-Fano varieties X of
dimension n with a(X)=mn/(n+1). In Section 3, we prove Theorem 1.5. We also provide
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a generalization of [Jial7b, Theorem 1.2] in Theorem 3.8. In Section 4, we estimate the
global log canonical thresholds of general hypersurfaces or complete intersections based
on Pukhlikov’s work [Puk05, Pukl3, Pukl8]. Finally in Section 5, we present our main
constructions to prove Theorem 1.3.

§2. Preliminary

2.1 Notation and conventions

We work over the complex numbers. We follow the terminologies in [KM98]. A projective
variety X is Q-Fano if X has klt singularities and —K x is ample. A pair (X, A) is log Fano
if X is projective, —Kx — A is Q-Cartier ample and (X,A) is klt. If (X,A) is a kit pair,
X is projective and H is an ample Q-divisor on X, then the global log canonical threshold
let(X,A;|H|g) is defined as the largest ¢ > 0 such that (X,A+tD) is Ic for every effective
Q-divisor D ~g H. If A =0, we simply write lct(X;|H|g). The a-invariant of a log Fano
pair (X,A) is defined as o(X,A) :=1ct(X,A;| — Kx — Alg).

2.2 K-stability
DEFINITION 2.1. ([Tia97, Don02, LX14, Lil5, OS15]) Let (X,A) be an n-dimensional
log Fano pair. Let L be an ample line bundle on X such that L ~g —I(Kx + A) for some

[ € Q>o.
(1) A normal test configuration (X,A;L)/A of (X,A;L) consists of the following data:

e a normal variety X', an effective Q-divisor A, on X, together with a flat projective
morphism 7 : (X, Supp(A¢.)) — Al;

e a m-ample line bundle £ on X;

e a G,,-action on (X, A¢c; £) such that 7 is G,,-equivariant with respect to the standard
action of G,,, on A! via multiplication;

o (X\ Xo, Avc|a\ x5 £\ 1) 18 Grn-equivariantly isomorphic to (X, A; L) x (A1\ {0}).

A normal test configuration is called a product test configuration if
(X, A0 L) = (X x AL A x ALpriL@prOu (k-0)

for some k € Z. A product test configuration is called a trivial test configuration if the
above isomorphism is G,,-equivariant with respect to the trivial G,,-action on X and
the standard G,,-action on A' via multiplication.

A normal test configuration (X, A¢c; L) is called a special test configuration if £ ~q
—I(Kx/ar +Age) and (X, X + Agc) is plt. In this case, we say that (X,A) specially
degenerates to (Xp, A¢c,0) which is necessarily a log Fano pair.

(2) Assume 7 : (X,A¢;L) — Al is a normal test configuration of (X,A;L). Let 7 :
(X,A4c; L) — P! be the natural G,,-equivariant compactification of 7. The generalized
Futaki invariant of (X, Ac; L) is defined by the intersection formula

1 no (Y (L7 (Kgp+Ak)
(—Kx—A) " |

Fut(XaAtc;ﬁ) = n+1 ’ [n+1 [n

(3) e The log Fano pair (X,A) is said to be K-semistable if Fut(X,Ay;L) > 0 for any
normal test configuration (X, A¢;£)/A! and any [ € Qs such that L is Cartier.

https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2020.28

44 Y. LIU AND Z. ZHUANG

e The log Fano pair (X,A) is said to be K-stable if it is K-semistable and
Fut(X,A¢;£) = 0 for a normal test configuration (X,A;L)/Al if and only if
it is a trivial test configuration.

e The log Fano pair (X,A) is said to be K-polystable if it is K-semistable and
Fut(X,A¢; £) = 0 for a normal test configuration (X, Aqc;L)/Al if and only if it
is a product test configuration.

e The log Fano pair (X, A) is said to be strictly K-semistable if it is K-semistable but
not K-polystable.

e The log Fano pair (X, A) is said to be K-unstable if it is not K-semistable.

By the work of Li and Xu [LX14], to test K-(poly/semi)stability of a log Fano pair
(X,A) it suffices to test on special test configurations (see [Fujl9b, Section 6] for precise
statements).

Next we recall the valuative criterion of K-stability due to Fujita [Fujl17] and Li [Lil7].

DEFINITION 2.2. ([Fujl9b, Definition 1.1 and 1.3]) Let X be a Q-Fano variety of
dimension n. Let F' be a prime divisor over X, that is, there exists a projective birational
morphism 7 : Y — X with Y normal such that F'is a prime divisor on Y.

(1) For any ¢t > 0, we define volx (—Kx —tF) :=voly (—n*Kx —tF).
(2) The pseudo-effective threshold T(F') of F' with respect to —Kx is defined as
7(F) :=sup{7 > 0|volx (—Kx —7F) > 0}.

(3) Let Ax(F) be the log discrepancy of F' with respect to X. We set

7(F)
B(F) := AX(F)-((—KX)")—/ volx (—Kx —tF)dt.
0
(4) The prime divisor F over X is said to be dreamy if the Zzzo—graded algebra

P H(X,Ox(~klKx —jF))
k,jEZZO

is finitely generated for some [ € Z~ with —[Kx Cartier. Note that this definition does
not depend on the choice of [.

The following theorem summarizes results from [Fujl9b, Theorems 1.3 and 1.4], [Lil7,
Theorem 3.7], and [BX19, Corollary 4.3].

THEOREM 2.3. ([Fujl9b, Lil7, BX19]) Let X be a Q-Fano variety. Then the following
are equivalent:

(1) X is K-stable (resp. K-semistable);
(2) B(F)>0 (resp. B(F)>0) holds for every prime divisor F over X;
(3) B(F) >0 (resp. B(F)>0) holds for every dreamy prime divisor F over X.

2.3 Weakly exceptional singularities and Kollar components

DEFINITION 2.4. Let x € X be a klt singularity. We say that a proper birational
morphism o : Y — X provides a Kolldr component F), if o is an isomorphism over X \ {z}
and o~ 1(x) is a prime divisor F on Y such that (Y, F) is plt and —F is Q-Cartier s-ample.
We denote by A the different Q-divisor on F, that is, Kp+ Ap = (Ky + F)|p.
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DEFINITION 2.5. Let X be a Q-Fano variety. Let x € X be a closed point. Suppose
0:Y — X provides a Kollar component F over x € X. Then the Seshadri constant e(F') of
F with respect to —Kx is defined as

€(F) :=sup{e > 0|c"(—Kx)—eF is ample}.

The notion of weakly exceptional singularities in the sense of Shokurov is crucial in our
construction.

DEFINITION 2.6. ([Pro00, Definition 4.1]) A klt singularity « € X is said to be weakly
exceptional if there exists only one Kollar component over it.

The following criterion connects weakly exceptional singularities with a-invariant of
Kolldr components. Its present form first appeared in [CS11, Theorem 3.10] which essentially
follows from [Pro00, Theorem 4.3] and [Kud01, Theorem 2.1].

THEOREM 2.7. ([CS11, Theorem 3.10]) A kit singularity x € X is weakly exceptional if
and only if there exists a Kollar component F over x € X satisfying o(F,Ar) > 1.

2.4 Orbifold cones
DEFINITION 2.8. Let V be a normal projective variety. Let M be an ample Q-Cartier
Q-divisor on V.

(1) The affine orbifold cone C,(V,M) is defined as

Ca(V, M) :=Spec @ HO(V,0v (|mM))).

m=0

(2) The projective orbifold cone Cp(V,M) is defined as

Cp(V, M) :=Proj ) P H*(V, Oy (ImM]) - s,

m=0 7=0
where the grading of H°(V,Oy(|mM|)) and s are m and 1, respectively.

For the projective orbifold cone Cp,(V, M), we denote the Q-Cartier divisor corresponding
to (s=0) by Voo. If {M} = Zle 3-M; for some prime divisors M; on V and 0 <a; <b;
coprime integers, we denote A,s := Zle biblei. The pair (Vs,Diffy_(0)) obtained by
taking adjunction of the pair (C,(V, M), V) is isomorphic to (V,Ap).

Let us illustrate some basic properties of orbifold cones from [Kol04] and [LL19, Section
3.3.1].

PROPOSITION 2.9. Let V be a normal projective variety. Let M be an ample Q-Cartier
divisor on V.

(1) Both Co(V,M) and C,(V,M) are normal.

(2) The following conditions are equivalent:

(i) Co(V,M) is klt;
(if) (Cp(V, M), Vo) is pli;
(iii) (V,Apr) is a log Fano pair, and M ~g —r~*(Ky + Apy) for some r € Q.

(3) If the conditions in (2) are satisfied, then Ko, v,ary ~g —(1+7) V.
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The following proposition has appeared in [LX20, Section 2.4]. Here we provide a proof
without using stack constructions.

PROPOSITION 2.10. Let x € (X,A) be a kit singularity. Suppose o :Y — X provides a
Kolldr component F over x. Denote by a; :={f € Ox, | ordp(f) > j} for j € Z. Then we
have an isomorphism of graded rings

PBaj/ai0 =@ H(F,Or(|-5F|F])),
=0 =0

where F|p is the Q-divisor class on F' defined in [HLS19, Definition A.4].

Proof. Since X is normal, we have a; = 0,0y (—jF). Thus we have the following exact
sequence

0= a1 — a; = 0.(Oy(—jF) /Oy (—(j+1)F)) = R'0.0y (—(j + 1)F).
Since
—(+1)F —(Ky +0,'A)=—0"(Kx+A)— (j+ A(x,a)(ordr))F,

the divisor —(j +1)F — (Ky + o0, 'A) is o-ample whenever j > 0. Hence R'0,Oy(—(j +
1)F) =0 whenever j > 0. Thus for every j > 0 we obtain a canonical isomorphism

aj/aj+1 gU*(OY(_jF>/OY(_(j+1)F))-

Since (Y,F +o0,'A) is plt and F is Q-Cartier on Y, the sheaf Oy (—jF) is Cohen—
Macaulay by [KM98, Corollary 5.25]. Hence the sheaf Oy (—jF)/Oy(—(j+1)F) is also
Cohen—-Macaulay whose support is F. By [HLS19, Lemma A.3], we know that over an
open set F° of F with codimpF \ F° > 2, there is a canonical isomorphism between
(Oy (=jF)/Oy(=(j+1)F))|re and Opo(|—jF|r|). Thus this isomorphism extends to a
canonical isomorphism

Oy (=jF) /Oy (=(j+ DF) = Or([—jF|Fr]).

This implies a;/a;11 = HY(F,Op(|—jF|r]) for every j > 0. Since all the isomorphisms
above are canonical, they are all compatible with the obvious product structure of the
graded ring. Hence we finish the proof.

The next result is a slight generalization of [LX20, Proposition 5.3] (see [LL19,
Proposition 3.5] for an analogous result in terms of conical Kdhler—Einstein metrics).

PROPOSITION 2.11. Let (V,A) be an (n—1)-dimensional log Fano pair where A has
standard coefficients, that is, its coefficients belong to {1 — % | m € Zso}. Let M be an
ample Q-Cartier Q-divisor on V satisfying M ~g —r~Y(Ky + A) for some 0 <1 <n and

An = A Denote by X :=C,(V,M). Then
(1) the pair (X, (1— )Va) is K-semistable if and only if (V,A) is K-semistable;
(2) the pair (X, (1—T)Va) is K-polystable if and only if (V,A) is K-polystable.
Proof. For the “if” part of (1), we follow the proof of [LX20, Proposition 5.3]. Let
7 (X,(1—L)V;L) — A be a special test configuration of (X,(1— Z)Vi;L) where
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L ~g —l(Kx +(1—7)V,) is an ample line bundle on X. By definition, we have
(—Kg/p — (1= 1)V
(1) (~Fx —(1— Ve
Since (1+7)Vo ~g —Kx, we know that there exists k € Q such that
(1+7)V ~g — K /p1 + 7 Opa (k).

Fut(X,(1-2)V; L) = —

Therefore,

(n+l7"v—ﬂ'*0]p1 (k))”H‘l . T(vn-ﬁ-l)

n

(n+1) (v )n 0 (VR

Fut(X,(1—Z)V; L) = —

Denote by V¥ and V" be the normalization of V and V, respectively. Then by adjunction,
we have (K /p + V)lpr = Kyv 1 + Apv where Agv > 0 s the different. Denote by
Ayv = Agpv|ye. Since (X,V) xp1 (P1\ {0}) = (X, V) x (P*\ {0}), we know that A [y
corresponds to A x (P\ {0}). Denote by A. the Zariski closure of A x (A\ {0}) in V.
Then clearly Ay > Aqe and (WY, A¢.)/A! is a normal test configuration of (V,A). It is clear
that L]y ~q (n%l)l(—Kv —A). Denote by I’ := w Then

| 1 (€ R Ky o+ i)
A)n—t n

Fut(VVvAtC;E‘Vu) = (—KV— Im l/n—l

1 n—1 (L%) (L (Kpvp +Apr))
A)n—1 n

<
— (_KV _ ['m l/n—l

n—1

_ 1 n—1 (£"V) (L -V (Kgp+V))

(—Kv _ A)n—l n ['n + J/m—1

Since —Kz p1 ~q (1 +7)V —1*Op1 (k) and L ~q I'rV — n*Op: (Ik), we have

Zn' nont+1 TL2 n—1,/3" %
( i ):r (Y )anr YY" 7 Opi (k)

and
7n71 p— —
(L -V-(Kyﬂpl +V))

n?+1

n+1

Since (V) = (M™ 1) = (=Ky —A)" " /r"=t and (V" - Op1 (k) = k(V2), we have
—n+1

Fut(V”, Ave; L]y ) < M <—7"n(v"“) +rn—1k(v;;)> =k ’”S(}VO%)).

In particular, Fut(V", A¢e; L]y ) < Fut(X, (1 - 2)V; L) with equality if and only if Ay =
Atc. Thus we finish proving the “if” part of (1).

For the “if” part of (2), let us take the special test configuration (X,(1—L)V);L)/A!
such that (Xo,(1— %)W) is K-polystable and Fut(X',(1— Z)V;L) = 0. Such a special test
configuration always exists due to [LWX18, Theorem 1.3]. Since (V,A) is K-polystable and
Fut(V", Age; Llyv ) < Fut(X, (1 - 2)V; L), we know that Fut(V”, Agc; L]y») = 0. This implies
that (WY, A¢e; L]yv) is a product test configuration of (V,;A) and Ayw = A¢.. By inversion

W PV O (k).

l/n—l
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of adjunction, the pair (X,V) is plt and V¥ = V. In particular, (Xy,Vp) is plt with different
divisor Ao and (Vo,Ate,0) = (V,A). Let us take a Q-Cartier Q-divisor M ~ V|y, on V
whose support does not contain Vg such that M|y, = M x (A'\ {0}). Thus M = M x A!
which implies (Vy, M) = (V, M), where My ~ Vyly,. Then by Lemma 2.12, we know that
there exists a special test configuration of (Xp,(1— 7)Vy) with central fiber isomorphic
to (X,(1— )V, ) and vanishing generalized Futaki invariant. Since (Xp,(1—7)Vo) is K-
polystable, by definition we have (Xp,(1—7)Vo) = (X, (1~ )V, ) which finishes proving
the “if” part of (2).

For the “only if” parts of (1) and (2), suppose (V,A¢c; Ly) is a special test configuration
of (V,A). We will construct a special test configuration (X,(1—Z)V;L)/A" with the same
generalized Futaki invariant. The construction goes as follows. First, let us take M to be
the closure of M x (A'\{0}) in V. Since V) is irreducible and Cartier on V, we know that
M is Q-Cartier and Q-linearly equivalent to —T_I(Ky/Al + A¢e). Denote by m:V — Al
Then let us consider the following variety

oo o0
X :=Proj, @ P m0v([mM]) -5,
m=0 i=0
where the grading of 7.0y, (|mM]) and s are m and 1, respectively. We denote the divisor
on X corresponding to (s =0) by V. It is clear that X is normal. We will show that
Voo =Y and XO = CP(VO,MO).

Since V., is defined by (s =0), we have Vo, = Proj @2, m Oy (|mM])-s° 2 V. Consider

{M} = Z?Zl Z—jM ; where M; are distinct prime divisors on V and 0 < a; < b; are coprime

integers. Then A = A, = Z?zl bjb—__lM ;. In particular, all nonzero coefficients of A are at
J

least % Let M, be the Zariski closure of M; in V. Since (Vy,A¢c0) is klt, we know that
M, and Mj/ o do not any have component in common for j # j'. As a result, we have
|mM ]|y, = [mMy] as Z-divisors on Vy. Let us consider the homomorphisms

1. 0p([mM]) @ (0) 22 HO(Vo, Oy (|mM ) @ Oy, ) 22 HO(Vy, Oy, ([mMo))).

Denote the composition by f,, := hy 0 gpm. Since M is w-ample, by Serre vanishing
there exists mg € Z~g such that g,, is an isomorphism for any m > mg. We also know
that Oy (|mM])® Oy, and Oy, (|mMy]) agree over the smooth locus of Vy. Let coherent
sheaves G, and G/, on V, be the kernel and cokernel of the morphism Oy, (|mM |)® Oy, —
Oy, (|mM]). Since Vy is normal, we know that both supports of G,,, and G/, have dimension
at most n — 3. Meanwhile, if m; M is Cartier then for any k € Z~, we have

gm+km1 =0m® OVO (kmlMO)v ;nJrkml = g;n ® OVO (kmlMO)

Thus we have dimker(f,,) = O(m"~3) and dimcoker(f,,) = O(m"3). It is also clear
that f,, is an isomorphism whenever m > mg and m; | m. For simplicity, we may assume
mi > my.

Next, we show that (f,,) induces a morphism ¢ : C,(Vo, M) — Xy that is finite,
birational, and isomorphic outside a codimension 2 subset. For simplicity, denote by
P, :=m.0p(|mM|])®k(0) and P!, := H°(Vy, Oy, (|mMo])). Then we know that

Xo=Proj P Pn-s",  Cp(Vo,.Mo) =Proj PP, 5"

m=0 i=0 m=0i=0
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Here the gradings of P,,, P),, and s are m, m, and 1, respectively. From the definition
of fm : Pm — P,,, we see that it induces ring homomorphism ¥ : ©,, ;) ez2, P, s —
@(m,i)ezgopfn -s' which preserves the Zzzo—grading. Since f,, is an isomorphismifor my | m,
we see that 1) induces an isomorphism for the subrings graded by {(m,i) € Z2,: m | m}.
This implies that ¢ induces a finite morphism ¢ : C,(Vo, Mp) — Ap. Moreover, since
both ker(f,,) and coker(f,,) have dimension O(m™~3), both kernel and cokernel of v, =
@l _ofm-s"~™ have dimension O(I"~2). Hence the Hilbert polynomials of both kernel and
cokernel of the structure morphism ¢# : Oy, — ¢+0c, (vo,M,) have degree at most n —2.
This implies that ¢ is an isomorphism outside a codimension 2 subset. In particular, ¢ is
birational.

From the above properties of ¢, we have that C,(Vy, My) is the normalization of Xj.
Since Ap is Cartier in X and C,(Vy, M) is klt, by inversion of adjunction we know that
(X, Xp) is plt. But then Xy itself is normal (see, e.g., [KM98, Proposition 5.51]) and hence
¢ is an isomorphism. Since Vo ¢ is the infinity section of &j, we know that X; (and hence
X) is smooth at the generic point of Vi . Therefore, the different divisor of Vs in X
has no component of Voo o. In particular, (Kx/ a1 + Voo )|v.. = Kv__ /a1 + Age. Hence from
the discussion of the “if” parts, we know Fut(X, (1 — =)Ve; L) = Fut(V, A¢e; Ly). Hence
K-semistability (resp. K-polystability) of (X, (1— Z)V,) implies K-semistability (resp. K-
polystability) of (V,A). We finish the proof.

LEMMA 2.12. Let X be an n-dimensional normal projective variety. Let V be a prime
diwisor on X. Assume that (X,V) is plt and —Kx ~q (1+1)V is ample for some 0 <r <n.
Let M ~V]y be a Q-Cartier Q-divisor on V. Then there exists a special test configuration
(X, (L =2)V;L) of (X,(1—=12)V) such that the central fiber (Xo,Vo) is isomorphic to
(Cp(V,M),Vy) and Fut(X,(1—-L)V;L) =0.

Proof. The construction is obtained by degeneration to normal cone. We will use the
filtration language [BX19, Section 2.3] to construct X. Let R:= &%_ H%(X,0x(mV)) be
the graded ring of X. Let R,, be the mth graded piece of R. Consider the N-filtration F of
R defined as

F R, = H(X,0x((m—=\V)) C H*(X,0x(mV))=R,, for any \ € Z>.

Note that F*R,, = R,, for any nonpositive integer A\. The Rees algebra of F is defined
as
Rees(F) := @ tAF R, C R[t,t7Y].

m=0A=—o0

The associated graded ring of F is defined as

XN F R,
grrRR:= @ @ gr3R,,, where gr}R,, := FrR

m=0A=—o0

Note that the gradings of Rees(F) and gr » R are both given by m. In our set-up, it is easy
to see that both Rees(F) and grrR are finitely generated. Let X’ := Proj,1Rees(F). Then
from [BX19, Section 2.3.1] we know that Xy =2 Proj gr R. We will show that Xy =2 C,(V, M).

When A < —1, we know FAR,,, = FA*TR,, = R,, s0 gr>R,;, = 0. When \ > m+ 1, we know
FA Ry =F IR, =050 gryR,,, =0. Let us assume \ € [0,m]NZ. By Kawamata—Viehweg
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vanishing, we know H'(X,Ox((m—A—1)V))=0since (m—A—1)V - Kx = (m—A+7)V
is ample. Hence from the proof of Proposition 2.10, we have a canonical isomorphism

grr Ry = HY(X,0x ((m = NV)/H*(X,0x ((m =X =1)V)) = H'(V,Ov ([(m = \)M])).

Thus grzR = a%_ @52, HO(V,0y(|mM]))-s* as graded rings, so Xy = C,(V, M).

So far we have constructed a variety A which provides a special degeneration from X to
Xo 2 C,(V,M). Let V be the Zariski closure of V x (A'\ {0}) in X. Denote the graded ideal
of Vin X by Iy C R. Then it is clear that Iy, = H%(X,Ox((m—1)V)). By [BX19, Section
2.3.1], the graded ideal of the scheme-theoretic central fiber Vy is given by the initial ideal
in(Iy) where

in(ly) := EB @ im(F R, NIy — gryRy,) C gr=R.

m=0A=—o0

We may restrict to A € [0,m]NZ. Then it is easy to see that

gr?‘_-Rm if A>1,

im(F R, NIy — g1xR,,) =
( v g hm) {0 i A <0.

Thus in(Iy) = ®_ &Y, gryRy,. This implies that Vo = Voo under the isomorphism
Xo =2 Cp(V,M). Therefore, (X, (1—=)V; L) is a special test configuration of (X,V’; L) where
L:=—I(Kx/a +(1—1)V) is Cartier for some [ € Z¢. Since the A-grading on grzR/in(Iy)
is trivial, we know that (V,A;L|y) is a trivial test configuration of (V,A;L|y) where
Ay is the Zariski closure of A x (A'\{0}) in V. Since X is normal and Cartier in X,
we know that X is smooth at the generic point of Vy. Then by normality of V, we know
(Kx/ar +V)|y = Ky a1 + Age. Hence, by exactly the same computation in the proof of “if”
part of Proposition 2.11(1), we know

Fut(X, (1 - 2)V; L) = Fut(V, A¢e; L]y) = 0.
The proof is finished.

83. Fujita’s characterization

In this section, we make a few observations on the restrictions on Q-Fano varieties X
with a(X) = % that are not K-stable. We first have the following characterization,
essentially due to Fujita.

THEOREM 3.1. (cf. [Fujl9a]) Let X be an n-dimensional Q-Fano variety. Assume that
a(X)=n/(n+1) and X is not K-stable. Then there exists a birational morphism o : (F C
Y) — (x € X) extracting a Kolldar component F over x € X, such that the following properties
hold:

(1) Ax(F)=n, 7(F)=¢(F)=n+1.

(2) The divisor o*(—Kx)— (n+1)F is semiample but not big. The ample model 7:Y — Z
of 0*(—Kx)— (n+1)F satisfies that all fibers of m are one-dimensional and a generic
fiber is PL. Moreover, | : F — Z is an isomorphism.

(3) a(F,Ar) > 1 where Ap is the different. Moreover, ordr is a minimizer of the
normalized volume function vol on Valx ;.
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In particular, x € X is a weakly exceptional singularity.

Proof. Since X is not K-stable, by Theorem 2.3, there exists a dreamy prime divisor
F over X such that S(F) < 0. Meanwhile, [FO18, Lemma 3.3] implies that Ax(F) >
a(X)T(F) =n/(n+1)7(F). Then by [Fujl9a, Lemma 3.1, Proposition 3.2 and 3.3] we
know that there exists a proper birational morphism ¢ :Y — X with Y normal such that
F =Exc(0) is a prime divisor on Y, —F is o-ample, o(F') is a closed point = € X, and parts
(1) and (2) hold. Moreover, part (3) on «(F,Ar) > 1 implies that (F,Ar) is klt, that is, F
is a Kollar component. Thus it suffices to show that part (3) holds.

Finally we prove part (3). From part (2), we know that F' = Z are both normal. Denote
by Ap, the different divisor of F'in Y. Let B ~g —Kr — Af be any effective Q-divisor on
F. We denote by By := (7|r)«B. From parts (1) and (2), we know that

(—Ky =2F)|p = (0" (=Kx) = (n+ 1) F)|p = =(n+ 1) F|p.

Hence —Kp —Ap = (—Ky — F)|p = —nF|p. Since 7|p : F — Z is an isomorphism, we
know that
. n+l , n+l ,
g (—Kx) — (’I’L—l— 1)F ~Q Tﬂ' (ﬂ‘p)*(—KF —AF) ~Q Tﬂ' Bz.
It is clear that 7* Bz does not contain F' as a component. Thus By := o,n" By satisfies
that Bx ~g —n/(n+1)Kx and ordp(Bx) = n. Since a(X) =n/(n+1), the pair (X, Bx)
is log canonical. We know

O'*(Kx-i-Bx) :Ky—(n—1)F+7T*Bz+nF:Ky+F+7T*Bz.

Hence (Y, F +n*By) is log canonical. By adjunction, (F,Ap + B) is log canonical since
B = (7*Byz)|r. By choosing B whose support contains a log canonical center of (F,Ar), we
see that (F,Ap) is klt. Hence inversion of adjunction implies that F' is a Kollar component
over z € X and a(F,Ap) > 1.

By part (2) we know that

(0" (=Kx) = (n+ 1)F)" = (=Kx)" = (n+1)"(=1)" " (F") = 0.

It is clear that voly ,(ordp) = (—1)""1(F™). From part (1), we know that Ax(F) =
n. Thus we get (—Kx)" = (1+ 1)"volx ,(ordr). Since a(X) =n/(n+1), Theorem 1.2
implies that X is K-semistable. Hence [Liul8, Theorem 21] implies that ordp is a divisorial

minimizer of the normalized volume function vol on Valx ,. Thus the proof of part (3) is
finished.

A quick consequence of the proof of Theorem 3.1 is that every Q-Fano variety X satisfying
a(X)=n/(n+1) that is not K-stable always specially degenerates to a K-polystable Q-Fano
variety Xp with a(Xy) =1/(n+1).

COROLLARY 3.2. Let X be an n-dimensional Q-Fano variety. Assume that o(X) =
n/(n+1) and X is not K-stable. Then there exists a special test configuration (X,L) of X
such that Fut(X; L) = 0. Moreover, Xy is K-polystable and o(Xy) =1/(n+1). In particular,
if n > 2 then X is not K-polystable.

Proof. Denote by a; :={f € Ox, | ordp(f) > j} for j € Z. From the proof of [Liul8,
Lemma 33], we know that there exists a special test configuration (X;£) such that
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Fut(X; L) =0 and Xy = Proj(®324a;/a;+1)[s]. Since F is a Kollir component over z € X,
by adjunction of plt pairs we know that F|p is a Q-divisor on F that is well-defined
up to Z-linear equivalence. Moreover, if {F|p} = ZZ%BZ for a; < b; coprime positive
integers and B; prime divisors on F, then (using the same notation as in Theorem 3.1)
Ap = Y%=LB; (see, e.g., [KT 92, Section 16]). By [LX20, Section 2.4] or Proposition 2.10,
we know that D00 /0541 = @ _oHY(F,Op(|-mF|r])) as graded rings which implies
Xo =2 Cp(F,(—F)|F). Since o(F,Ar) > 1, Theorem 1.2 implies that (F,Ap) is K-stable.
Hence Proposition 2.11 implies that Xy is K-polystable since —Kp — Ap ~g —nF|p. To
show a(Xy) =1/(n+1), we notice that a(Xp) > 1/(n+1) by [FO18, Theorem 3.5], and
a(Xp) <1/(n+1) since —Kx, ~g (n+1)Fs. Hence the proof is finished.

The equality (X )+ a(Xp) =1 here is not a coincidence, as can be seen by the following
statement:

ProproSITION 3.3. Let f: X = C, g:Y — C be two Q-Gorenstein flat families of Q-
Fano varieties (i.e., all geometric fibers are integral, normal and Q-Fano, Kx,c and Ky ¢
are both Q-Cartier) over a smooth pointed curve 0 € C. Let Xog = f~(0) and Yo = g~1(0).

Assume that there ezists an isomorphism p: X\ Xo = Y\Yy over the punctured curve C\0
and a(Xo) +a(Yy) > 1. Then p induces an isomorphism X =Y over C.

Proof. By assumption X is birational to Y over C. Let m be a sufficiently large
and divisible integer and let Dy € | — mKx,|, D2 € | — mKy,| be general divisors in the
corresponding linear systems. Choose effective divisors Dx ; ~g —mKx, Dy ~g —mKy
not containing Xy or Y; such that Dx 1|x, = D1 and Dy |y, = Ds. Let Dy,; and Dx o be

a(Yo) a(Xo)
X tare) X1t axgirame Dx.2

+ meg. Apparently Dy is the strict transform

their strict transforms to the other family. Let Dy =
a(Yo)

a(Xo) Fa (Vo) Y1

of Dx. As Dy is a general member of a very ample linear system and Dx 2| x, ~o —mKx,,

and similar Dy =

by the definition of alpha invariant we see that (Xo, = Dx|x,) is klt. Similarly (Yo, =Dy |y,)
is klt. The result then follows from the next lemma.

LEMMA 3.4. Let f: X = C, g:Y — C be Q-Gorenstein flat families of Q-Fano varieties
over a smooth pointed curve 0 € C with central fibers Xo and Yy. Let Dx ~q —Kx,
Dy ~qg —Ky be effective Q-divisors not containing Xo or Yy. Assume that there exists
an isomorphism

p: (X,Dx) X C° (Y,Dy) Xc (O
over C° = C\0, that (Xo,Dx|x,) is kit and (Yo,Dyly,) is lc. Then p extends to an
isomorphism (X,Dx) = (Y, Dy).

Proof. This follows from the exact same proof of [LWX19, Theorem 5.2] (see also [BX19,
Proposition 3.2)).

REMARK 3.5. When the total spaces have terminal singularities, Proposition 3.3 is
proved by Cheltsov [Che09, Theorem 1.5].

Proof of Theorem 1.5. Boundedness follows from [Jial7al; openness follows from [BL18b,
Theorem B]; separatedness follows from Proposition 3.3; the existence of coarse moduli
space is due to Keel and Mori [KM97].
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We believe such moduli spaces are interesting and deserve further investigation. See
[BX19, Corollary 1.4] for an analogous result on moduli of uniformly K-stable Q-Fano
varieties.

We also give an alternative proof of the finiteness of automorphism group in Theorem
1.5 without using stacks.

COROLLARY 3.6. Let X be a Q-Fano variety such that o(X) > %, then Aut(X) is finite.

Proof. Assume that Aut(X) is not finite, then it contains G,, or G,. Let X} = Xy =
X x Al If G,,, € Aut(X), then it induces an isomorphism X x 1 (A1\ {0}) = X x 1
(A'\ {0}) = X x (A'\ {0}) through the diagonal action of Gy,. Since a(X) > %, this map
extends to an isomorphism of X; and X, over A' by Proposition 3.3. Thus the map G,, —
Aut(X) extends to a map A! — Aut(X), a contradiction. Similarly, if G, C Aut(X), then
the inclusion A'\ {0} C G, given by ¢+ t~! induces an automorphism of X x (A®\ {0})
over A\ {0} which extends to an automorphism over A!, hence G, — Aut(X) extends to
a map P' — Aut(X), again a contradiction.

Another quick consequence of Theorem 3.1 is a refinement of Tian’s criterion in small
dimension. Note that the dimension 2 case was proved by Fujita [Fuj].

COROLLARY 3.7. Let X be a Q-Fano variety such that a(X) =n/(n+1) where n =
dim X. Assume that either n =2 or n =3 and X has terminal singularities. Then X is
K-stable.

Proof. By Theorem 3.1, it suffices to show that under the given assumptions, X cannot
have a weakly exceptional singularity whose corresponding Kolldr component has log
discrepancy n. For 3-fold terminal singularities, this follows from [Pro00, Corollary 4.8].
In the surface case, it is well known (and not hard to verify) that a klt surface singularity is
weakly exceptional if and only if the dual graph of the exceptional divisors on the minimal
resolution has a fork, in which case the Kollar component lives on the minimal resolution and
corresponds to the central fork. In particular, the log discrepancy of the Kollar component
is at most 1 and does not satisfy our requirement.

From Corollary 3.2, we see that K-semistable (Q-Fano varieties with smallest a-invariant
naturally occur in studying non-K-stable Q-Fano varieties with largest a-invariant. In
[Jial7b, Theorem 1.2], Jiang showed that a K-semistable Fano manifold X with o(X) =
m is isomorphic to projective space. The following result provides a characterization
of possibly singular such X.

THEOREM 3.8. Let X be an n-dimensional K-semistable Q-Fano variety satisfying that
a(X)=1/(n+1). Then there exists an (n—1)-dimensional K-polystable log Fano pair (V,A)
where A has standard coefficients, and M an ample Q-Cartier Q-divisor on V satisfying
nM ~g —Kyv — A and Ay = A, such that C,(V,M) is the unique K-polystable special
degeneration of X. In addition, o(Cp(V,M))=1/(n+1).

Proof. Let X’ be the unique K-polystable special degeneration of X whose existence
is proved in [LWX18, Theorem 1.3]. Then we have o(X’) < a(X)=1/(n+1) by [BL18b,
Theorem B and a(X’) > 1/(n+1) by [FO18, Theorem 3.5]. Thus a(X’) =1/(n+1). Then
by [Jial7b, Proposition 3.1], there exists a prime divisor V on X’ such that (X', V) is plt
and —Kx: ~g (n+1)V. Let M ~ V|, be a Q-Cartier Q-divisor on V. Thus Lemma 2.12
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implies that there exists a special test configuration (X’;L£’) of X’ such that the central
fiber A} is isomorphic to C,(V, M) and Fut(Xx”; L") = 0. Since X’ is K-polystable, we have
X'=X]=Cy(V,M). Denote A := Diffy (0), then it is clear that A has standard coefficients,
A=Ay, and

—Kv—A:(—Kx—V)‘V ~Q nV|V:nM.

Since Cp,(V,M) = X' is K-polystable, the log Fano pair (V,A) is also K-polystable by
Proposition 2.11. Hence we finish the proof.

The next result shows that in Theorem 3.1 the different divisor A never vanishes. Note
that Proposition 3.9 and Lemma 3.10 are not needed in the rest of the paper.

ProPOSITION 3.9. Assume n > 2. Then with the notation of Theorem 3.1, we have
Ap #0.

Proof. Assume to the contrary that Arp = 0. Then by Theorem 3.1 and Lemma 3.10,
we know that X = C,(F,Op(—F)) and a(X) < 1/(n+1) which contradicts to a(X) =
n/(n+1).

LEMMA 3.10. Let X be a Q-Fano wvariety of dimension n > 2. Let 0:Y — X be a
proper birational morphism that provides a Kolldr component F with x = o(F). Assume that
e(F)=1(F)>Ax(F). If Oy (F) is locally free in codimension 2, then X = C\,(F,Op(—F)).
In particular, e(F) = Ax(F)+1 and o(X) < m.

Proof. Let D:=0*(—Kx)—¢€(F)-F. By definition we know that D is a nef R-divisor
that is not big. Since e(F') > Ax(F) >0, —Ky —F =0*(—Kx) — Ax(F)- F is ample. Hence
the cone theorem implies that NE(Y") is polyhedral, so ¢(F) € Q. By Shokurov’s basepoint-
free theorem and Kawamata—Viehweg vanishing theorem, the Q-divisor D is semiample and
defines an algebraic fiber space 7:Y — Z. Since —Ky — F = D+ (e(F) — Ax (F))F is ample,
F is a m-ample Q-Cartier divisor. Following the same argument as in [Fujl9a, Proposition
3.3], the fibers of 7 are one-dimensional, 7 is a generic P!-fibration, and 7| : F — Z is an
isomorphism. In particular, — Ky — 2F has zero intersection number with a generic fiber of
7, hence —Ky — 2F = D which yields ¢(F) = Ax(F)+1.

Let F° be the biggest open subset of the smooth locus Fyeg of F such that Oy (F) is locally
free along FY. By assumption we have codimpF \ FY > 2. Denote by Y":=Y \ (F\ F?)
with i: Y% <+ Y and j: FO < F the open immersions, hence codimyY \ Y° > 3. Denote by
7% .= 7(F°). Since Oy (F) is locally free along F°, we have the short exact sequence

0 — Oyo((m—1)F%) — Oyo(mF®) = Opo(mF°|po) — 0. (3.1)
By taking 7., we get an exact sequence
0 — i,Oyo((m—1)F%) = i,Oyo(mF°) = j,0po (MF°|po) = R, Oyo((m—1)F°). (3.2)

Since Y and F° are open subsets of Y and F, respectively, whose complements have
codimension at least 2, we have these natural isomorphisms

ixOyo(mF®) =2 Oy (mF), j.Opo(mF°|po) =2 Op(mF|p).

From the assumption that F' is Cartier in codimension 2, we have that Op(mF|r) is a
well-defined Q-Cartier Weil divisorial sheaf on F satisfying Op(mF|r) = Op(F|p)™. By
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[KMO98, Corollary 5.25] we have that Oy (mF) is Cohen-Macaulay for any m € Z. Since
codimy Y \ Y > 3, the local cohomology long exact sequence implies that

R'i,.Oyo((m—1)F%) = U\ yo (Y, Oy ((m—1)F)) = 0.
Hence the exact sequence (3.2) becomes
0— Oy((m—1)F) = Oy (mF)— Op(mF|r) — 0. (3.3)

Let M be a Q-Cartier Weil divisor on F representing Op(—F'), then M|po is Cartier
on F°. Denote by Mz := (r|r).M. After tensoring (3.3) by Oy (m-7*Mz) and taking the
reflexive hull, we get an exact sequence

0= Oy ((m—1)F +m-7*Mz)) — Oy (m(F +7*Mz)) — Op — 0. (3.4)

The reason that (3.4) is exact can be deduced as follows: we first tensor (3.1) by Oyo(m-
7*Mz) (since Oyo(m-7*My) is locally free along F°, the exactness remains), then taking
ix (since 7*Myz is a Q-Cartier Weil divisor on Y, we again use [KM98, Corollary 5.25] to
show that Oy ((m—1)F +m-7*Myz)) is Cohen-Macaulay); then the argument above works
in a similar way.

Now applying 7. to the exact sequence (3.4) when m =1, we get an exact sequence

0—>7T*Oy(7T*Mz) —)W*Oy(F-f-Tr*Mz) — 0z — Rlﬂ'*Oy(ﬂ'*Mz). (35)

It is clear that Ky ~qg. —2F is m-anti-ample, hence Kawamata—Viehweg vanishing
implies that R'm.Oy(7*Mz) = 0. The projection formula yields (m.Oy (7*Mz))|z0 =
Oz0(Mz). As abuse of notation we also denote the open immersion Z° < Z by j. Hence

T Oy (7" Mz) = ju (1 Oy (7" Mz))| 20) = §:Oz0(Mz) = Oz(Mgz),

where the first equality follows from the fact that Oy (7*My) satisfies Sa-condition and =
is flat. As a result, (3.5) becomes

0—>0z(Mz)— m.Oy(F+71"Mz) — Oz — 0. (3.6)
Hence 7,Oy (F+7*My) is an extension of Oz by Oz(Myz). It is clear that
Ext'(07,02(Mz)) 2 H (Z,07(Mz)) = H (F,Op(M)).
By assumption we have that
Kp=(Ky+F)|lp~q (0" Kx+Ax(F)-F)|p =—Ax(F)-M.

Hence M — Kp ~q (Ax(F)+1)M is ample. Then Kawamata—Viehweg vanishing yields
HYF,Op(M)) = 0. So the exact sequence (3.6) splits, that is, m,Oy(F + 7*My) =
Oz(Mz)® Oy. By restricting to Z9, tensoring with Ozo(—My) and taking i., we have

W*Oy(F) = Oz@OZ(*Mz).
Denote by Y/ :=771(Z°). From [Fuj19a, Proposition 3.3] and [LZ18, Lemma 5] we know

that 70 = w]ys : Y/ — Z% is a smooth P!-fibration. Since 7° admits a section, it is a P!-
bundle. As a consequence,

P (°). 0y (mF°) = P Sym™ ((x°). 0y (F?)). (3.7)
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Applying j. to (3.7) yields

@ 7, Oy (mF) = @j* Sym™ (%), Oy (F°))
m=0 m=0
= @j* (@020(—kMZ))
m=0 k=0
o @@Oz(—kMZ)-

m=0k=0

Since F' is m-ample, we have

Y = Proj, é 7Oy (mF) = Proj, é é@z(—kMZ).

m=0 m=0 k=0

Hence (Y,F) is isomorphic to the canonical blow-up of the projective orbifold cone
Cp(F,Op(M)) at the vertex, which implies X = C,(F,Op(M)).
Since —Kp ~q Ax (F')- M, we have that —K x ~q (Ax (F)+1)F where F, is the section

of the projective orbifold cone at infinity. Hence a(X) < m.

84. Log canonical thresholds on general complete intersections

Let r > 1, n >3 and dy,...,d, > 2 be integers. In this section, we study the (global) log
canonical threshold of the hyperplane class H on a general smooth complete intersection
X =FnN---NE,. CP"" of codimension r and dimension n, where each F} is a hypersurface
of degree d;. In particular, we construct (Corollary 4.11) weakly exceptional singularities
with the properties described in Theorem 3.1 and also prove Theorem 1.4. First let us
specify the generality condition we will consider. For this we recall the regularity condition
introduced by Pukhlikov (see, e.g., [Puk18] or [Pukl13, Section 3.2]). Let z € X and let f; be
the defining equation of F;. Choose a system of affine linear coordinates z. = (z1,...,2n4r)
with origin at z and write f; as

fi=q1+q2+ -+,

where ¢; j = ¢; j(2.) is homogeneous of degree j. We rearrange the d = "._, d; polynomials
¢ij (1<i<r,1<j<d;)into a sequence qi,...,qq such that ¢; ; precedes g;/ ;- if and only
if j <j or j=4" and i <. In particular, degq; < --- < deggqq. Since X is smooth, the linear
subspace X, = (q1 = -+ = ¢ = 0) has codimension r and can be identified with the tangent
space of X at z. By the following lemma, we may assume that d > n+ 1 throughout the
remaining part of the section.

LEMMA 4.1. Let X CP"" be a smooth Fano complete intersection of codimension r,
dimension n and index s(i.e., —Kx ~ sH). Assume that s > r+1, then lct(X;|H|g) =1
where H is the hyperplane class.

Proof. The proof is similar to the hypersurface case in [CheOl]. Let D ~g H be an
effective divisor on X. By [Suzl7, Proposition 2.1], there exists a closed subset Z C X
of dimension at most 7 — 1 such that mult,D <1 for all z € X\Z. In particular, (X, D)
is lc outside Z. Let W C X be a linear space section of X of codimension r that is
disjoint from Z. Let Hy,...,H,. 11 C X be general hyperplane sections containing W and let
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A=(1-€)D+ Z5(Hi+ + Hy11) where 0 < e < 1. Then (X,A) is klt outside ZUW
by construction. As —(Kx +A) ~g (s —r—1+¢€)H is ample, Nklt(X,A) is connected by
Kollar—-Shokurov’s connectedness lemma. Since multy A > r, W is already a non-klt center
of (X,A); hence since Z is disjoint from W, we deduce that (X,A) is klt along Z and it
follows that (X, (1 —¢)D) is also klt along Z. Hence (X, D) is lc and lct(X;|H|g) > 1. The

other direction of the inequality is obvious.

DEFINITION 4.2. Let k = min{d,n+r —2}. The complete intersection X is said to be
Pukhlikov regular (or simply P-regular) at z, if for any linear form h = h(z.) not in the
span of q1,...,q,, the sequence h,qi,...,qx is a regular sequence in Opn+r ,. We say that X
is P-reqular if it is P-regular at every x € X.

Note that when X is a Fano complete intersection of index one, this is exactly the P-
regularity condition introduced by Pukhlikov [Puk18]. We now state the generality condition
we need.

DEFINITION 4.3. Let 0 < m <n be an integer. We say that X is m-strongly P-regular
if it is P-regular at z and for any linear form h = h(z,) not in the span of ¢1,...,q., the
algebraic set Z=(h=q1 =+ = ¢ = 0)NX is irreducible and reduced. We say that X is
m- strongly P-reqular if it is m-strongly P-regular at every z € X.

This can be viewed as a generalization of the conditions introduced in [Puk05, Section
2.1]. Clearly if X is m-strongly P-regular then it is also m’-strongly P-regular for all m’ < m.
Note also that if n > 2r+3 and X is P-regular, then X is at least r-strongly P-regular as
by Lefschetz hyperplane theorem, the cycle Z = (h=¢; =--- = ¢, =0)N X is automatically
irreducible and reduced.

Assume that the complete intersection X is P-regular at z. Following Pukhlikov, we
further introduce the following setup. For each 1 <i<r and 1 <j <d;, let

fig=Gi++a,;

be the truncated equation of the hypersurface F; at 2. Let fi,..., f4 be the rearrangement
of all the f; ; corresponding to qi,...,qq. Let e; = degq; = deg fi. Let 1 < /¢ <k :=min{d,n+
r—2} be an integer and let u,v be such that g, = ¢,,,. We define the ¢th slope 5, to be
UTH (note that v =ey) if v < d, and ¢, ,+1 belongs to the sequence qi,...,q;; otherwise
(including when ¢ > k) we set 5, = 1. We also call the linear system of divisors

Ay = { Z fisi|si = si(2.) is homogeneous, deg s; = e, — ei} C |Ox(ep)]

1<i<e,8;>1

the /th hypertangent linear system of X at z. If L is a hyperplane section of X at x that does
not contain the tangent space X, of X, we also refer to Ay, » := Ay|1, as the ¢th hypertangent
linear system of L at z. By the P-regularity condition, we have mult, Az ; = e, +1 when
Be > 1 and in this case it is not hard to see that as Bs(Ar () is the intersection of L with all
(¢; =0) for which ¢ </ and j; > 1, the tangent cone of Bs(Ar ¢) is a complete intersection
of codimension A\¢:= #{i < /¢|B; > 1} in P(LNX,). Therefore codim;Bs(Ar¢) = A\¢ in a
neighborhood of z and

mult,Bs(Ape)= [[ (e+= [[ esi

1<i<e,B:>1 1<i<e,Bi>1
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(for more details, see [Pukl3, Section §3]) If in addition X is f-strongly P-regular at
then we also have Bs(Az ) = LN(fi == fr=0) and

degBs(Ap ) = deg X - H e

1<i<L,8;>1

and hence

mult,, 1
1 BS(AL,L}):@ II 5= H Bi. (4.1)

e
g 1<i<e,B;>1 1<z<z

It is also clear that A\, =k —r.
We can then state the lower bound of log canonical threshold on m-strongly P-regular
complete intersections.

LEMMA 4.4. Let m >1 be an integer such that B,, > 1 and let X CP"" be an (m—1)-
strongly P-regular complete intersection, then with the above notations, we have

let(X;|H|g) > min 1 H Bi
z>1 JiFEM

Proof. The proof is similar to that of [Puk05, Theorem 2], based on the technique of
hypertangent divisors. Denote by c¢ the right hand side of the above inequality. Let D ~q H
be an effective divisor on X. It suffices to show that (X,cD) is lc. Since ¢ < 1, the non-lc
center of the pair (X,cD) has codimension at least 2. Let € X be a point in the non-lc
center of (X,eD). Let m: X — X be the blowup of z, let E be the exceptional divisor and
let D be the strict transform of D. Then by (the proof of) [Pukl3, Section 7, Proposition
2.3] (applied to a general surface section of (X,cD)), there exists a hyperplane IT C E such
that

mult, (¢D) 4+ mult 7 (cD) > 2. (4.2)

Let £ be the linear system of hyperplane sections of X whose strict transform contains 17
and let L € L be a general member. Note that £ is spanned by the tangent hyperplanes of X
at z and another hyperplane. Thus by the P-regularity condition, Bs(£) has codimension at
least 7+1>2in X and the divisor L-D C L is well defined. By (4.2), we have mult, (cD-L) >
2 or

mult,, 2
D-L)y>——.
( c-deg X

4.3
dog (4.3)
Let Ar ¢ be the ¢th hypertangent linear system of L at z. Since X is (m — 1)-strongly
P-regular, the cycle Z, = Bs(Apr ) is irreducible and reduced when 1 </ <m —1.
By (4.3), there exists an irreducible component W; of D - L such that

mult, mult, 2 2
> >
c-deg X ~ deg X

deg

and hence by (4.1) with £ =1, we have W; # Z; (recall that $; =2 and indeed we have
Be < 2 for all £). It follows that TW; is not contained in the divisor Hy = Ar; (assuming
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m—12>1) and we have a well-defined codimension 2 cycle Wy - Hy in L with

mult,, 2 mult, mult,
(Wh-Hy) > = Wy =p- q
eg

deg — 1 deg !

as mult,Hy =2 and Hy; ~ H. Let W5 be an irreducible component of W7 - H; such that
mult,, L > mult,, - 231 > 231 '
deg deg c-deg X — degX

Assume that 2 > 1, then by (4.1) again we have Wy # Z (assuming m — 1 > 2). Since
W5 is already contained in H; and L we deduce that W5 is not contained in a general
divisor Hy € A, 2, and in this case we get a codimension 3 cycle W3 in L as an irreducible

(Wi Hy)

component of Wy - Hy with

mult,, Wy > mult, > _multm L 23155 '
deg deg deg c-deg X

If B2 =1, we simply set W3 = W5 and the inequality (4.4) clearly still holds. Iterating
this process, we find an irreducible cycle W,,, of codimension \,, = \;,—1 + 1 (where A\, :=
#{i </|B; > 1}) in L with

(4.4)

multh 2/81/82"‘/8m71
m T < .
deg c-deg X

By the P-regularity condition, Z, has codimension Ay in a neighbourhood of z, hence if
Bm+1 > 1 (so that A\p,41 = A, +1) then W, is not contained in Bs(Ay ,,41) and we may
repeat the construction above to get an irreducible cycle W, 11 (of codimension \,,11 in

L) in the support of Wy, - Hy,+1 (where H,,11 is a general divisor in Ay, ,,41) such that

mult, 28182 Bm—1Bm+1
deg Woni1 > c-deg X i

If Bny1 =1 then we simply set W,,11 = W,, and the above inequality still holds for

obvious reason. Iterate this process again and eventually we obtain an irreducible cycle W,
(where k = min{d,n+r—2}) such that

mult, W, > 28182 Br—1Bm41- '@g'
deg c-deg X
But we always have “32;“: W <1 for any subvarieties Z C X, hence
2
> II &
deg X i>1,i#m

(recall that 8; =1 when i > k), a contradiction. Therefore, (X,cD) is lc at every z € X.

Our remaining task is to show that a general complete intersection of given degree is
m-strongly P-regular for suitable m so that we can apply Lemma 4.4. First we deal with
the P-regularity condition.

LEMMA 4.5. Letr>1,n>2r+3 anddy,...,d, > 2 be integers. Then a general complete
intersection X C P"" of hypersurfaces of degrees di,...,d, is P-reqular.

Proof. This should be well known to experts and is essentially a direct consequence of
the work of Pukhlikov [Puk18, Section 4]. For reader’s convenience we sketch the proof. Let
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P=P"". Let U — B C [[;_, PH°(P,Op(d;)) be the universal family of smooth complete
intersections of given type and U — P be the natural projection. It suffices to show that
for a smooth complete intersection containing z to violate the P-regularity at x imposes at
least n+ 1 conditions on the coefficients of ¢i,...,qq for any x € P, since then the locus of
irregular points has codimension at least n+1 in U and cannot dominate B. For this we
may fix the coefficients of q1,...,q. and further assume that d > n+r — 2 by introducing
auxiliary terms in the sequence q1,...,qq.

Let p1,...,pn—2 be the sequence obtained by restricting ¢y4+1,...,qn+r—2 to T, X = (q1 =
<o =¢q, =0)NT,P and let m; = degp; > 2. Let Il =P(T,X). Then the P-regularity of X at
z is equivalent to saying that every hyperplane section of W = (p; =---=p,_2=0) CII
is zero dimensional. There are now two cases to consider. If all the p; vanish on a line, it
would require at least

n—2 T

Z(mi+1)—2(n—2):ZM—(H—H‘—Z) (4.5)

, , 2
=1 =1

conditions on the coefficients of p; (where a; is the largest subscript j such that ¢; ; appears
inq1,...,qntr—2). As >.._,a; =n+7r—2, an elementary argument shows that if n > 2r +3
then this number is > n+ 1. On the other hand, for a fixed hyperplane X' C IT we claim
that for W N X to contain a component of positive dimension that is not a line would
require at least 2n conditions on the coefficients of p;. As the hyperplane X' varies in an
(n —1)-dimensional family, this will prove the statement we want.

Let p; = pi|x and let 1 < ¢ <n—2. To verify the claim, it suffices to consider the case
where pf,...,p,_, form a regular sequence and pj|p = 0 for some component B of (p} =
-~ =pj_,; =0) C X whose linear span (B) is different from a line. If my = 2, then ¢ <r and
as dimB =n—/{—1, we see that (see, e.g., Lemma 4.13) this already imposes at least

<n—§+1> N <n—;+1) = on 16)

conditions on p), (given that n > 2r+3). Similarly if m, =3 and ¢ <r+1, then the vanishing

of pj on B imposes at least
(n—§+2>2(n—;+1>22n (47

conditions on pj. Thus we may assume that either m; >4 or £ > r+2; in particular, this
implies Zle m; > 2(+2. Since any nonzero product [, £; (where each /; is a linear form
on (B)) does not vanish on B and the set of such products has dimension m;(n—2—0)+1
(where b = codimy (B)) in the space of degree m; homogeneous forms on (B), we deduce
that our assumption on pf,...,p, imposes at least

0
(Zmi)(n—2—b)+€—dimGr(b,n—1)Z(2€+2)(n—2—b)+f—b(n—1—b) (4.8)

conditions on their coefficients. Since codimB < ¢—1 and (B) is not a line, we have b</—1
and b <n—4 when ¢ =n — 2. Therefore, it is straightforward to check that the right hand
side of (4.8), as a quadratic function in b, in minimized at b=¢—1 when ¢ <n—3 or at
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b=mn—4 when { =n —2. It then follows from another elementary argument that the right
hand side of (4.8) is > 2n.

For later applications we also need the following slightly more general version.

LEMMA 4.6. Letn,r>1,0<s<7r anddy,...,d, > 2 be integers such that

S 1 S
n> 27‘—|—3—|—max{22di,2Zdi(di—|—1)}.

i=1 i=1

Let y € P"*7 let Q1,...,Qs be general hypersurfaces of degrees dy,...,ds with a cone
singularity at y(i.e., mult,Q; = d;) and let Qs41,...,Qy be general hypersurfaces of degrees
dsi1,...,dy. Then the complete intersection X = Q1N---NQ, CP"" is P-reqular.

Proof. As before we assume d = ._, d; > n+r—2. Since s < r, a general such complete
intersection is smooth and does not contain y. For each x # y € P, we may choose affine
linear coordinates z, = (z1,...,2n4,) With origin at z such that a hypersurface has a cone
singularity at y if and only if its equation only involves the variables zs,...,2z,1,. After a
further change of variable, we may also assume that 7, X (throughout the proof we use
the same notations as in the proof of Lemma 4.5) is defined by the vanishing of some
of the z;’s. As before, it suffices to show that violation of P-regularity condition imposes
at least n+ 1 conditions on the coefficients of the p;. If z; vanishes on T,X, then the
restricted expression p; can be an arbitrary degree m; homogeneous polynomial and the
same calculation in Lemma 4.5 applies. If z; does not vanish on T, X, the only restriction
is that when p; comes from some @); with j <s, it can only vary among the equations of
(arbitrary) degree m; hypersurfaces with a cone singularity at w=1[1:0:---:0] € II.

The proof then proceeds as before. For instance (this is the most complicated case), if
) C II is a hyperplane containing w and B C X' is a positive dimensional subvariety whose
linear span (B) also contains w but is different from a line, then requiring p},...,p, ( m¢ > 3)
to vanish on B imposes at least

¢ s
m ! 1
(Z Z) (n 2 b) ¢—dim r(b,n 2) E m; > 3n—>5 ;1 2dz(dz ) >2n

i=1

conditions on the coefficients of pf,...,p), (where b is the codimension of (B) in X and Y’
sums over all 1 <14 </ such that p; comes from some @; with 1 < j <s; clearly Z'mi <
>oiy %di(di +1)). On the other hand, requiring all p; to contain a line passing through w
imposes at least m; 4+ 1 (resp. 1) on coefficients of p; if p; comes from the equation of Q;
for some j > s (resp. j < s), and we get a total of at least

T T

Z %ai(aﬁrl)f(rfs)z Z %ai(aﬁrl)fr

i=s+1 i=s+1
' S
>2 Z a; —1>2 (n—i—r—Q—Zdi) —r>n+1
i=s+1 i=1

conditions (to see the second inequality, note that Y ;_ ., a; >n+r—2—37_ d;>3r and
the quadratic form ) a;(a; +1) is minimized when the differences between the a;’s are at
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most 1, hence we may assume a; > 3 for all s+ 1 < ¢ <r). The remaining cases can be
treated in a similar and easier fashion as in Lemma 4.5.

Recall that a smooth P-regular complete intersection X C P"*" of dimension n > 2r +3
is automatically r-strongly P-regular, we obtain the following immediate corollary in the
spirit of [Puk18].

COROLLARY 4.7. Let X C P"™" be a smooth Calabi-Yau complete intersection of
dimension n by hypersurfaces of degrees di < --- < d,.. Assume that n > 2r+3, d, > 12
and X is P-regular. Then lct(X;|H|g) =1 where H is the hyperplane class.

Proof. Since X is CY, d= Z:Zl d; =n+r+1, hence by the definition of 3;, the product
Hi>1 Bi = P1B2 - Prnir—2 is obtained by removing three smallest factors (and then adding
r factors of 1) from the following expression

28 A2 2
12 a1l Gl T T
which equals deg X = dyds---d,.. As d, > 12, we get

dr-—3 d.—2 d.—1 3
> . . ~deg X > —deg X. 4.9
.Hﬂ’_dr—2 1 g degX 2 7deg (4.9)
i>1
By rearranging the sequence qi,...,qq we may assume that the first quadratic term ¢,4+1

comes from the degree d, equation and hence §,41 = % > 1. As X is r-strongly P-regular
under our assumptions, we have

2 4
let(X; |H > min 1,7”& = min 1,7”@- >1
(X5]Hle) Brirdeg X 1L 3deg X L1

by Lemma 4.4 and (4.9).

For the construction of K-unstable Fano varieties, we will need the special case of
codimension 2 complete intersections where one of the defining hypersurfaces has a cone
singularity.

COROLLARY 4.8. Let e >2, n>8+max{2e,ie(e+1)} be integers and let f(zo,...,zy)
and g(zg,...,Tnt1) be homogeneous polynomials of degrees e and n+ 2 —e, respectively.

Assume that the coefficients of f and g are general and let X = (f = g=0) CP""! then
let(X;|H|g) =1 where H is the hyperplane class.

Proof. By Lemma 4.6, X is P-regular. By assumption, n+2—e > 12 and X is Calabi—
Yau. Hence the result follows directly from Corollary 4.7.

When the dimension n is not too small, Pukhlikov essentially proves that a general
hypersurface of degree d > n+1 is 2-strongly P-regular. Combining this with Lemma 4.4,
we obtain:

COROLLARY 4.9. Let n>5 and let X CP"*! be a general hypersurface of degree d >
n+1, then lct(X;|Hl|g) > 2.

Proof. Consider the following variant of the m-strongly P-regular condition on complete
intersections (we use the same notation as in Definition 4.3):
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(I,,) For any linear form h = h(z,) not in the span of ¢1,...,q,, the algebraic set Z = (h =
q1="""=qm =0)NX is equidimensional and for any irreducible component Z; of Z,
we have

mult,, ~ mult,

(2) =

(Z:).

deg deg

When m =2 and X is a hypersurface, this condition is implied by the conditions (R1.2)—
(R1.3) of [Puk05, Section §2.1], thus by Lemma 4.5 and [Puk05, Proposition 4], a general
hypersurface of degree d > n+1 is P-regular and satisfies the condition (I3) when n >5
(although [Puk05, Proposition 4] is only stated for degree n+ 1 hypersurfaces, the same
proof works in general). It is also not hard to see that the proof of Lemma 4.4 applies without
change to P-regular complete intersections that satisty (I,,,_1). In particular, taking m =3
in Lemma 4.4, we have lct(X;|H|g) > 3(n—1)/2d > (n+1)/d as desired.

Again, the case when X is a Calabi—Yau hypersurface is of particular importance in our
construction of weakly exceptional singularities and strictly K-semistable Fano varieties
with largest alpha invariant.

COROLLARY 4.10. Let X CP" ! be a general hypersurface of degree n where n =4 or
n>"7, then
n—1
let(X; | H|g) > "=
n
Proof. When n =4, the result follows from [ACS18, Theorem 1.2 and Lemma 3.2]. If
n > 7, this is a special case of Corollary 4.9.

COROLLARY 4.11. Let f = f(x1,...,2,) be a general homogeneous polynomials of degree
n where n =4 orn >17, then the singularity 0 € (f(x1,...,25) —1—33211 =0) C A" s weakly
exceptional.

Proof. Denote the given singularity by (0 € X). The weighted blow-up of A"*! with
weights (n+1,...,n 4 1,n) induces a plt blow-up 7: (E CY) — (0 € X) with Kollar
component E. The corresponding log Fano pair (F,Diff g(0)) is isomorphic to (c.f. [Kud01,
Example 2.4])

n el M
<<f(x1,. .. 7xn) +xn+1 = O) g P(l, . .,l,n), T_H(mn—i_l = O)) = (P 1, n+15> s
where S C P~ is the hypersurface defined by f(z1,...,7,). By Theorem 2.7, our statement
is equivalent to

pr-t " g) > 4.1
a( ’n—l—lS)_ (4.10)

To see this, let D C P"~! be an effective divisor such that D ~g H ~g —"t (Kpn-1 +
n/(n+1)S), we need to show that (P~ n/(n+1)(S+ D)) is lc. We may assume that D is
irreducible since being lc is preserved under convex linear combinations. If D is supported on
S then D = %S and the result is clear. If D is not supported on § then by Corollary 4.10, the
pair (S,(n—1)/nD|g) is lc, hence by inversion of adjunction, (P"~1, S+ (n—1)/nD) is lc.
Since lct(P"~1;|H|g) =1, the pair (P"~!, D) is also lc. By taking convex linear combinations,
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we see that (P! n/(n+1)(S+ D)) is lc as well since

-1 1
" (s+D)=—"(s+"—D)+—D.
n+1 n+1 n n+1

This finishes the proof.

REMARK 4.12. It is not true that o (P"~!,n/(n+1)S) > 1 for every smooth hypersur-
face S C P"~! of degree n. For example, let S be a hypersurface with an Eckardt point at
x=[1:0:---:0], for example, S = (z29(z1,...,2,) +h(zs,...,z,) =0) (where z1,...,z, are
the homogeneous coordinates of P"~1) and let D = (x5 = 0), then it is not hard to see that
(P! n/(n+1)(S+ D)) is not Ic by considering the weighted blow-up at r with weights
(wa,...,w,) = (n,1,...,1). In particular, the examples of [Kud01, Example 2.4] and [Pro00,
Example 4.19] (which are claimed to be weakly exceptional there) are actually not weakly
exceptional.

Our next goal is to show that a general complete intersection (of given codimension) is
m-strongly P-regular when n > 0 so that we can apply Lemma 4.4 to a larger range of
complete intersections. This intuitively clear result is not needed in the rest of the paper
but might be of independent interest. Readers who are mainly interested in the construction
of strictly K-semistable and K-unstable Fano varieties with suitably large alpha invariants
may skip this part and proceed to the next section.

The proof of m-strong P-regularity is done in several steps, spreading from Lemma 4.13
to 4.16. The idea is to introduce a stronger condition by requiring the complete intersection
(h=q1=+=q¢m=0q1,d, =" =qr,a, =0) (recall that each ¢, or ¢; ; is a homogeneous term
of the local expression of one of the defining equations of X) to be normal (i.e., smooth
in codimension 1). We then show that the number of conditions imposed by the failure of
this property at a given point z € P"*" is at least quadratic in n, thus since the point z
only varies in an (n+r)-dimensional family, a general complete intersection will satisfy the
strong P-regularity as we want.

LEMMA 4.13. Let X CP" be a quasi-projective variety of dimension m. Let
S =PH(P",Opn(d))

be the space of all hypersurface of degree d and Sx the subset of hypersurfaces containing
X, then

codimg Sx > <m(—1i—d)

Proof. Clearly Sx is a linear subspace of S. Let ¢ : P* --» P™ be a general linear
projection whose restriction to X has dense image, and let N'= ¢~ P™ Opm (d)| C S, then
by construction none of the hypersurfaces in N contain X, thus N’ NSx = and we have
codimsSx > dimN +1 = ("F%).

d
LEMMA 4.14. Let ¢ < q and dy <--- < d, be positive integers. Let X C A7 . be a
quasi-projective variety (i.e., it’s locally closed in A™) of dimension m > c and let fi,..., f,

be regular functions on X. Let T be the set of g; € k[x1,...,25]<q,(1 =1,...,q) such that

https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2020.28

ON THE SHARPNESS OF TIAN’S CRITERION FOR K-STABILITY 65

=Z(fi+g1,...,fq+gq) has codimension at most c in X, then

q
codimg 7 > Z( C+d>,

where S =[], k[z1,...,20]<a;-

Proof. Let T; CS be the set of (g;)1<i<q such that Z has codimension exactly j. By
induction on c it suffices to show that

codims 7. >Z< ;+d>. (4.11)

Let 0 = (i1,...,ic) € {1,2,...,¢} be an index set and let 7., C S be the set of (g;) such
that Z, = Njes Z(fi +¢gi) has codimension ¢ in X, then clearly

T.C | Teo (4.12)

|o|=c
Fix an index set o = (i1,...,4%.) and a subsequence (g;);co such that Z, = Nic, Z(fi +
g;) has codimension c¢ in X, then (g1,...,94) € 7 if and only if f; 4+ g; vanishes on some

irreducible component of Z, for each ¢ ¢ 0. Then set of such (g;)ig, is either empty or
(after translating by an element in this set) isomorphic to the set of g; that vanishes on
some irreducible component of Z,. As Z, is a complete intersection of dimension m — ¢,
this imposes at least (m ctdi ) conditions on g; by Lemma 4.13 (we identify k[z1,...,2,]<d
with HO(P™, Opn(d))). Slnce this holds for every (g;);eo, we get

d;
codims (7, N7Te) >Z< ;+ )
iZo v

Combining this with (4.12) and d; <--- <d,, we obtain the desired inequality (4.11).

LEMMA 4.15. Given integers m,d,c > 1, then for any integer n > m+c and any smooth
quasi-projective variety X CP"™ of codimension m we have codimgs(S\T) > p(n), where

N R G Sl at)

and S =PH?(P", Opx (d)) is the space of all hypersurface of degree d and T is the subset of
degree d hypersurfaces D such that X 0D ;Cé X is smooth in codimension c.

Note that p(n) grows like Cn? for some constant C' > 0 when n > 0.

Proof. Let x € X. Since X is smooth, we can find linear affine coordinates z1,...,z, at
z such that dz; (i =m+1,...,n) generate 2% in a neighbourhood of z. We may cover X
by finitely many open subset with this property and it suffices to prove the lemma for each
of these. Thus we may assume X C A" is locally closed with coordinates xz1,...,x, chosen
as above. Note that up to projectivization, S can be identified with k[z1,...,2,]<aq, the
space of degree at most d polynomials. Also note that we may assume n > 0 in proving the
statement. By Lemma 4.13, the set of hypersurfaces D in S that contains X has codimension
at least ("_m+d) > p(n). Thus it suffices to find p(t) such that requiring DN X to be singular

d
in codimension ¢ imposes at least p(n) conditions on the defining equation of D.

https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2020.28

66 Y. LIU AND Z. ZHUANG

Now let ¢ = [*5™ ] and consider

q
F=fo+> Tmiigi € klar,...,xn]<a,
i=1

where fy € k[z1,...,2n]<q and g; € k[Tp—_g+1,-..,Zn]<a—1. If we can show that requiring
Z(f)NnX to be singular in codimension ¢ imposes at least p(n) conditions on the
(¢ + 1)-tuple (fo,91,-..,94) for some degree d polynomial p, then we are done as then
for each choice of g1,...,g, we would need the same number of > p(n) conditions on fy. For
this it suffices to show that for each fy, requiring Z(f)NX to be singular in codimension ¢
imposes at least p(n) conditions on (g1,...,9q)-

By the Jacobian criterion, Z(f)N X is singular at =z € X if and only if df(x) =0 €
2% @ k(z). Since dz; (i =m+1,...,n) is a global basis of 2%, we may rewrite df =
dfo+>.7 (gidzm+i+ Tm+idg;) as a linear combinations of dz; (i=m+1,...,n):

q n

df => (fitg)dempi+ > hida,
i=1 j=m+q+1
where f; and h; are regular functions on X and as % =0when1<i<gand1<j5<m+gq,

the f;’s do not depend on g; (they only depend on dfy and the linear relations among dz;).
It then follows that the singular locus of Z(f)N X is contained in the zero locus of f; + g;

(t=1,...,q), hence Z(f1+g1,..., f;+94) € X would have codimension at most ¢ if Z(f)NX

is singular in codimension c¢. By Lemma 4.14, this imposes at least (¢ —c¢) (”*mdfffr dil) >

(n—gm—l —C) (nfmdf_c;»dfl

) conditions on (g1,...,gq)-

LEMMA 4.16. Given integers m,r > 1 and let n>> 0. Then for any 2 <d; <---<d,, a
general complete intersection X C P™"" by hypersurfaces of degrees di,...,d, is m-strongly
P-regular.

Proof. By Lemma 4.5, a general such complete intersection is P-regular, hence we only
need to verify the irreducibility and reducedness of Z =(h=¢1 =+ =¢, =0)NX in
Definition 4.3. As noted before, we may assume m > r (otherwise by Lefschetz hyperplane
theorem it suffices to take n > 2r+3). As in the proof of P-regularity, it suffices to show
that for any x € P"*" and any choice of the linear terms h,qi,...,q,, the failure of the
irreducibility or reducedness of Z imposes at least 2n conditions on the coefficients of
the remaining ¢;. Let p1,...,p¢ (¢ < m) be the sequence obtained by removing terms that
appear more than once from the sequence g,41,...,¢m,q1,d,---,9r,q, and then restricting
to the linear subspace ¥ = (h=q; =+ = ¢, = 0) = (h = 0)NP(T, X) 2 P"~2. Note that
W =(p1=-=p¢=0)NY can be identified with Z N H,, where H, is the hyperplane at
infinity and we may assume that W has codimension ¢ by a similar proof of P-regularity,
hence if W is irreducible and reduced, then the same holds for Z. Therefore, it suffices
to show that for W to be reducible or nonreduced imposes at least 2n conditions on the
coefficients of p1,...,pe. Let m; = degp; > 2.

Assume from now on n > 0. Apply Lemma 4.15 to Wy = X, we see that requiring W7 =
WoN(p1 =0) to be singular in codimension m imposes more than 2n conditions on p; (the
number of conditions is at least a polynomial of degree 2 in n). Fix a choice of p; such
that W7 is smooth in codimension m. By Lemma 4.15 applied to the smooth locus of Wy,
we again need more than 2n conditions on py for Wo = Wi N (p2 = 0) to be singular in
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codimension m — 1. Continue in this way, we see that requiring W =W, (1 <i < /) to be
singular in codimension m+1—¢ > 1 imposes more than 2n conditions on the coefficients of
P1,---, ;- Since each W; is already a complete intersection, they are also normal if they are
smooth in codimension 1; an easy induction using [Har77, Corollary 7.9] then shows that
all the W; are connected, normal and therefore integral. In particular, W = W/ is integral.
In other words, asking W to be reducible or nonreduced imposed more than 2n conditions
on coefficients of p1,...,pr, and we are done.

Combining this with Lemma 4.4 in the hypersurface case, we can now give the proof of

Theorem 1.4.
Proof of Theorem 1.4. When d < n, the result follows from [Che0l, Theorem 1.3]. If
d>n—+1, then choose sufficiently large integer m such that % > 1, by Lemma 4.16

a general hypersurface X C P**t! of degree d is m-strongly P-regular when n > 0, thus by
Lemma 4.4, we have

let(X;|H|g) > min AL 2=y Ly 2mED  no1l
m—+ 2 d (2—6)(m—|—2) "

and the result follows since we always have lct(X;|H|g) < 1.

85. Main constructions

5.1 Strictly K-semistable example

In this section, we construct singular Fano varieties X of dimension n >> 1 that are strictly
K-semistable and a(X) =n/(n+1).

By Theorem 3.1, every such Fano variety has at least one weakly exceptional singularity
z whose corresponding (unique) Kolldr component has log discrepancy n. One such weakly
exceptional singularity is given by Corollary 4.11, with corresponding Kollar component
F 2P ! and different Ap = (1—-1/(n+1))S where S = (f(z1,...,2,) = 0) is a general
smooth hypersurface of degree n in P*~!. We first construct the K-polystable degeneration
as in Corollary 3.2. Let M :=n/(n+1)S — (n—1)H be a Q-divisor on P"~! where H is a
hyperplane in P"~1. Let X be the projective orbifold cone C,(P"~!, M).

LEMMA 5.1. Let n=4 or n>7. Then the projective orbifold cone Xq is a K-polystable
Fano variety. Moreover, X is isomorphic to the hypersurface (xof(x1,...,2n) +x2ﬁ =0)

in P and under this isomorphism, P71 can be identified with the locus (xo = x,41 =0).

Proof. Since a(P""1,(1—-1/(n+1))S) > 1 for a general smooth hypersurface S C P"~1
of degree n by Corollary 4.11, we know that (P"~1,(1—1/(n+1))S) is K-stable. Hence
the K-polystability of X = C,(P"~!, M) follows from Proposition 2.11 and the fact that
—Kpn-1—(1—-1/(n+1))S ~g nM. By definition, we have

Xo=Proj @ EP H(P" !, Opu-i(|mM]))-s".
m=0 =0
Denote by R, ;:=HO(P" !, Opn-1(|mM])) s and R:=dX_ B Ry Let L be the
coherent sheaf O(n+1) on X, with respect to the grading R, ; — m+1i. Then L= Ox, ((n+
1)P71); since (n+1)M is Cartier on P"~ ! we also see that L is an ample line bundle on

Xo. We will choose sections sg,s1,...,8,+1 of L to obtain the desired embedding from X
to Pl
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To begin with, let us choose sg:=1-s""1 € Ry ,11. We also fix a generator z of
HO(P"! Opn-1(S—nH)). Since |nM | = (n—1)(S—nH), we choose s,41:=2""1-s€ R, 1.
Let us choose sections yi,...,y, € HO(P" 1, Opn-1(H)) that correspond to projective

coordinates x1,...,x, of P"71. Then y;2" is a section of Opn-1(nS — (n?> —1)H) =
Opn-1([(n+1)M]). For each 1 <i <n, we choose s; :=y;2" -1 € Ry41.0.
To prove that [sg: -+ : ;1] induces the embedding from X to Pnt+1 we first show that

the linear system generated by {so,...,Sn+1} is base point free. Let I C R be the graded ideal
generated by {so,...,8p41}. Thus s € VT since s = s"*! € I. Thus Ryi=Rmo-s' C VI
whenever ¢ > 0. If m >0 and ¢ =0, then any element in R(,41)m,0 is a polynomial in
81y-++58n. Thus R, 41)m,0 C I which implies R, 0 C VT for any m > 0. As a result, the base
point freeness of the linear system generated by {so,...,sn+1} follows from R, =+/I. Let
us denote the induced morphism by ¢ : X — P**1,

Let X{, be the hypersurface in P"+! defined by (o f(21,...,2,) + 211 = 0). We will show
that the image ¢(X() is contained in X, that is, sof(s1,...,5n) —i—sZﬁ =0. It is clear that

2_ 2
5211:2" Los™ 5o f(s1,e8n) = F(y1,. . yyn)2™ -5

Both terms are considered inside Ry, (1), = H°(P" 1, Opn-1(n(n+1)M))-s" 1. Mean-
while, 2" =1 is identified with a section of Opn-1((n+1)[nM]) where n(n+ 1)M =
(n+1)|nM|+S. Hence we may assume that —f(y1,...,yn)2 is the canonical section of
Opn-1(S) using which the product structure of R is defined. Therefore,

n+1

2_
521% =2 T = f Y1, yn)2) 8" = —s0 f (51,0, 80).
So far we have constructed a morphism ¢ : Xo — X{,. It remains to show that ¢ is an
isomorphism. Since L is ample, ¢ is finite. We also know that (Ox;(1)") =n+1 and

(L") = (n+ )" )" = (n+1)" (M) =n+1,

hence ¢ is birational. It is easy to check that the singular locus of X is the point [1:0:---: 0]
union (z¢ = z,4+1 = f =0), hence X is normal. Thus the Zariski main theorem implies that
¢ is an isomorphism. It is clear from the construction that ¢*(xg = z,11 =0) =P% ! as
¢*(zo =0) = (s"T1 =0) = (n+1)P% L. We finish the proof.

The strictly K-semistable examples as referred to in Theorem 1.3 are now obtained by
deforming the above K-polystable examples.

PROPOSITION 5.2. Let n=4 orn>17. Let f(x1,...,x,) and g(x1,...,2,41) be general
homogeneous polynomials of degree n and n + 1, respectively. Let X C P"*t! be the
hypersurface defined by the equation (zof +g=0). Then a(X)=n/(n+1) and X is strictly
K-semistable. In addition, X has a unique singular point at [1:0:---:0].

Proof. Since f and g are general, X has a unique isolated singularity at x =[1:0:---:0]
and we may assume that the coefficient of xﬁﬁ is nonzero in g. Using the one parameter
subgroup [zo: @1 : Ty Tpp] = [To T ey oo it T ey, 1w, ] (8 € CF) of Aut(PnHY),
it is not hard to see that X specially degenerates to the K-polystable Fano variety Xg as in
Lemma 5.1. Denote by (X'; £) this special test configuration of X. Since X is K-polystable,
we know that Fut(X;L£) =0 (it can be viewed as the Futaki invariant of the induced G,,,-
action on Xy) and X is K-semistable by [BL18a, Corollary 4]. As X is not isomorphic to
Xo, we conclude that X is strictly K-semistable.
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We next show that o(X) > n/(n+1). It then follows from [OS12, Theorem 1.4] and
the above consideration that a(X)=n/(n+1) and X is strictly K-semistable. Let V =
(x0 = 41 =0) C X and let D ~g —Kx ~ H be an effective Q-divisor on X (where H
is the hyperplane class). Assume that D degenerates to Dy C X under the above special
degeneration of X to Xo. Write Dy =tV + D’ where V Z Supp(D’). We now separate into
two cases.

Assume first that ¢ < 1. We claim that (Xo,n/(n+1)Dy) is lc and it then follows from
inversion of adjunction (or the lower semicontinuity of lct) that (X,n/(n+1)D) is also lc. As
Dy is G,,-invariant by construction, it suffices to check that (Xo,n/(n+1)Dy) is lc at x and
along V (any non-lc center is G,,-invariant and therefore either contains x or is contained
in V). Let 7: Yy — X be the weighted blowup as above that extracts the Kolldr component
F over z. Note that —Kx ~ H and the linear system |7*H — (n+1)F| is base point free

(its members include the strict transform of (x; =0) for i =1,...,n), hence €(F) > n+1;
on the other hand, since (7*H — (n+1)F)" =0, we also have e(F) < 7(F) <n+1 by the
inequality

(7*H—(n+1)F)" ' (x"H —7(F)F)) >0,

hence €(F) =7(F) =n+1. As Ax,(F) =n, we see that a(F;Xo,n/(n+1)Dy) > —1,
hence by the following Lemma 5.3, (Xo,n/(n+1)Dy) is lc at x. Similarly, as Kx, +V +
n/(n+1)Dy~q0, Ky +Ay+n/(n+1)D'|y =(Kx,+V+n/(n+1)D’)|y is anti-nef (where
Ay is the different), hence since (V,Ay) = (F, Ap), the pair (Xo,V +n/(n+1)D’) is Ic along
V' by the exact same proof of Lemma 5.3. Therefore as ¢t <1, (Xo,n/(n+1)Dy) is also lc
along V, proving our claim.

On the other hand, if ¢t > 1, then D’ ~g cH for some ¢ <n/(n+1) and by the argument
above, (Xo,D’) is lc at 2. Note that = ¢ V, it follows that (X¢, Do) is also lc at z and by
inversion of adjunction (X, D) is lc at z as well. If Z is a positive dimensional non-lc center
of (X, D), then Z is contained in the smooth locus of X and we have multz D > 1 by [Kol97,
3.14.1]. But by [Puk02, Proposition 5], multzD < 1, a contradiction. Thus the non-lc locus
of (X, D) is a union of isolated smooth points. By [Zhu20, Theorem 1.6] (with A =L =0),
we immediately obtain lct(X;D) > n/(n+1). Therefore, in both cases (X,n/(n+1)D) is
lc. As D is arbitrary, our proof is complete.

The following lemma is used in the above proof.

LEMMA 5.3. Let (X,D) be pair and x € X a weakly exceptional singularity. Let 7 :
Y — X be the plt blowup that extracts the unique Kolldr component F over x. Assume that
a(F;X,D) > —1, then (X,D) is lc at x.

Proof. By assumption, we have Ky +I'+ A\F = 1*(Kx + D) where A= —a(F;X,D) <1
and I is the strict transform of D. Let Ag be the different on F. Since z € X is weakly
exceptional we have a(F,Ap) > 1. Therefore as Kp+Ap+1'|p=(Ky +1'+ F)|rp ~q (1—
A F|p is anti-nef, we see that (F,Ap+I'|F) is lc and then by inversion of adjunction
(Y,I'+ F) is also lc along F. Hence (X, D) is lc at .

5.2 K-unstable example
Modifying the previous strictly K-semistable example, we can also construct, for each fix

integer e > 2, K-unstable Fano varieties Y of dimension n > 0 such that a(Y) =1— +§_€.
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Let e > 2 and let f(zg,...,2n), 9(T0,...,%nt1), and h(zg,...,x,) be general homogeneous
polynomials of degrees e, n+2 —e, and n+1—e, respectively. Let Y C P"*2 be the complete
intersection defined by the equation (f = g+ x,4+2h =0). We now show that Y is K-unstable

né_e in several steps. Let z =[0:---:0:1] € P"+2.

with alpha invariant a(Y)=1-—

LEMMA 5.4. Assume that n > 11+e. Then with the above notations, x € Y is a weakly
exceptional singularity.

Proof. 1In local coordinates, x € Y is given by the equation (f =g+h=0) C AZI%~7wn+l'
Let m: W — Y be the weighted blowup at z with weights (wy,...,w,1+1)=(n+2—e,...,n+
2—e,n+1—e¢) and let F be the exceptional divisor. Also let Ar be the different. Since ¢

is general, we may assume that the coefficient of xZi?ié is nonzero in g. We then have

F = ((f = h+ns1 =0) SR nt1—e)) = ((f =0) CP")

and Ap = (1— n+é_e)5’ where S = (f =h=0) CP" and it suffices to prove that o(F,Ap) >
1. To see this, let D ~g —(Kp+Ap) ~q (1— ﬁ)H be an effective divisor on F' (where
H is the hyperplane class). Similar to the proof of Corollary 4.11, we may assume that D
is irreducible and not supported on S. Note that S is a Calabi-Yau complete intersection of
codimension 2, hence by Lemma 4.5, Corollary 4.7, and our assumption that n > 11+4e, we
have (S, D|g) is lc. As (F,D) is lc by [Che0l, Theorem 1.3], we see that (F,S+ D) is also
lc by inversion of adjunction. It follows that (F,Agr+ D) is lc as well. Since D is arbitrary,
we obtain a(F,Ap) > 1.

1

PROPOSITION 5.5.  Notation as above. Then Y is not K-semistable and a(Y') =1——5—

when n > 10+ €.

Proof. Let m: W — Y be the weighted blowup that extracts the Kollar component F
over z as in the previous proof. It is not hard to see that the linear system |7*(—Ky)—
(n+2—e)F| is base point free (consider strict transforms of the hyperplanes (z; =0) for
0<i<mn)and (7"H—-(n+2—¢)F)") =0, hence e(F) =7(F) =n+2—e by a similar
argument as in Propisition 5.2. We then have voly (—7* Ky —tF) = ((—Ky)") 4+ (—t)"(F™)
for all 0 <t < 7(F) and a straightforward computation yields

as e > 2, hence Y is not K-semistable by [Fuj19b, Corollary 1.5] or [Lil7, Theorem 3.7].
Let a =1— ﬁ and assume that n > 10+e? > 11+e. We now show that a(Y) = a.
Let F' be the Kollar component over z. From the previous proof we have 7(F) =n+2—e
and A(F) =n+1—e, hence a(Y) < a. It remains to show that (Y, aD) is lc for any effective
divisor D ~g —Ky . For this we may assume that D doesn’t contain the hyperplane section
Z = (2p12=0)NY = (f =g =0) CP""! in its support (since (Y, Z) is lc and being lc is
preserved under convex linear combination). Since f and g are general and n > 10+ €2, by
Lemma 4.6 and Corollary 4.8 we have lct(Z;|H|g) =1 and in particular, (Z,D|z) ic lc. By
inversion of adjunction, (Y, Z + D) is lc in a neighbourhood of Z and hence the non-lc center
of (Y, D) is a finite union of isolated point. Therefore by [Zhu20, Theorem 1.6] (with A =
L =0) we see that (Y,n/(n+1)D) is lc over the smooth locus of Y. Note that « <n/(n+1),
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so it remains to check that (Y,aD) is lc at z. As Ay,op(Y) > Ay (F) —a-7(F) =0, this
follows from Lemma 5.4 and Lemma 5.3 and we are done.

REMARK 5.6. Here we describe a K-polystable replacement of Y. Assume n > 20. Let 7 :
X — C be a family of codimension two complete intersections of P2 of degree (e,n+2—e)
over a smooth pointed curve 0 € C, such that the special fiber Xy =2 Y and 7 is smooth over
C\{0}. Then by [Zhu20, Theorem 1.3] we know that & is a K-stable Fano manifold for any
t € C'\{0}. Thus by [DS14, CDS15, Tial5], after a finite base change (0’ € C’) — (0 € C)
if necessary, there exists a Q-Gorenstein flat projective family X/, — C’ such that X,
is a K-polystable Q-Fano variety and X/, \ &}, = X \ Xy where Xov := X X C’. Since
Xy 2Y is K-unstable, we know that X, is not isomorphic to Xy . Hence Proposition 3.3
and Proposition 5.5 implies that a(A),) <1—a(Xy) = ﬁ In particular, when e = 2 we
obtain a K-polystable Q-Fano variety A}, satisfying a(X},) < %

Proof of Theorem 1.3. The existence of X follows from Proposition 5.2 and the existence
of Y follows from Proposition 5.5 with e = 2. The fact that X and Y are both Gorenstein
canonical and have a unique singular point follows from a straightforward computation.

We conclude with the following question (cf. [Jial7b, Conjecture 1.6)).
QUESTION 5.7. Let n=dim X > 2 be an integer.

(1) Does there exist a K-semistable Q-Fano variety X such that 1/(n+1) < a(X) < 17
(2) Does there exist a K-unstable Q-Fano variety X such that (n—1)/n < a(X) <
n/(n+1)7

Acknowledgments. This project was initiated to answer a question of Kento Fujita
originated from his paper [Fujl9a]. The authors would like to thank Kento Fujita for
inspiration and fruitful discussions. The authors would like to thank Harold Blum, Ivan
Cheltsov, Christopher Hacon, Chen Jiang, Janos Kollar, Chi Li, Gang Tian, and Chenyang
Xu for helpful discussions and comments. They are also grateful to the anonymous referees
for many helpful suggestions and comments. Yuchen Liu would like to thank Sam Payne for
his support during the Fall 2018 semester, constant encouragement, and helpful comments.
Ziquan Zhuang would also like to thank his advisor Janos Kollar for constant support
and encouragement. This material is based upon work supported by the National Science
Foundation under Grant No. DMS-1440140 while both authors were in residence at the
Mathematical Sciences Research Institute in Berkeley, California, during the Spring 2019
semester.

REFERENCES

[ACS18] H. Ahmadinezhad, I. Cheltsov, and J. Schicho, On a conjecture of Tian, Math. Z. 288 (2018),
217-241.

[BL18a] H. Blum and Y. Liu, The normalized volume of a singularity is lower semicontinuous, to appear
in J. Eur. Math. Soc. (JEMS) 2018. arXiv:1802.09658.

[BL18b] H. Blum and Y. Liu, Openness of uniform K-stability in families of Q-Fano varieties, to appear
in Ann. Sci. Ec. Norm. Supér. 2018, arXiv:1808.09070.

[BX19] H. Blum and C. Xu, Uniqueness of K-polystable degenerations of Fano varieties, Ann. Math. 190
(2019), 609-656.

https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press


http://arXiv:1802.09658
http://arXiv:1808.09070
https://doi.org/10.1017/nmj.2020.28

72 Y. LIU AND Z. ZHUANG

[CDS15] X. Chen, S. Donaldson, and S. Sun, Kdhler-Einstein metrics on Fano manifolds. I: approzimation
of metrics with cone singularities, I1: limits with cone angle less than 2w, I1I: limits as cone angle
approaches 2mwand completion of the main proof, J. Am. Math. Soc. 28 (2015), 183-197, 199234,
235-278.

[Che01] 1. A. Cheltsov, Log canonical thresholds on hypersurfaces, Mat. Sb. 192 (2001), 155-172.

[Che09] 1. Cheltsov, On singular cubic surfaces, Asian J. Math. 13 (2009), 191-214.

[CS08] 1. A. Cheltsov and K. A. Shramov, Log-canonical thresholds for nonsingular Fano threefolds,
Uspekhi Mat. Nauk. 63 (2008), 73-180.

[CS11] I. Cheltsov and C. Shramov, On ezceptional quotient singularities, Geom. Topol. 15 (2011), 1843—
1882.

[DKO01] J.-P. Demailly and J. Kollar, Semi-continuity of complex singularity exponents and Kdhler-Einstein
metrics on Fano orbifolds, Ann. Sci. Ecole Norm. Sup. 34 (2001), 525-556.

[Don02] S. K. Donaldson, Scalar curvature and stability of toric varieties, J. Differential Geom. 62 (2002),
289-349.

[DS14] S. Donaldson and S. Sun, Gromov-Hausdorff limits of Kdahler manifolds and algebraic geometry,
Acta Math. 213 (2014), 63-106.
[FO18] K. Fujita and Y. Odaka, On the K-stability of Fano varieties and anticanonical divisors, Tohoku
Math. J. 70 (2018), 511-521.
[Fuj] K. Fujita, Private communication.
[Fujl17] K. Fujita, K-stability of Log Fano hyperplane arrangements. 2017. arXiv:1709.08213.

[Fujl9a] K. Fujita, K-stability of Fano manifolds with not small alpha invariants, J. Inst. Math. Jussieu.
18 (2019), 519-530.

[Fuj19b] K. Fujita, A valuative criterion for uniform K-stability of Q-Fano varieties, J. Reine Angew. Math.
(2019), 309-338.

[Har77] R. Hartshorne, Algebraic geometry In Graduate Texts in Mathematics, 52, Springer, New York,
NY-Heidelberg, Germany, 1977.

[HLS19] J. Han, J. Liu, and V. V. Shokurov, ACC for minimal log discrepancies of exceptional singularities.
2019. arXiv:1903.04338.

[Jial7a] C Jiang, Boundedness of Q-Fano varieties with degrees and alpha-invariants bounded from below,
to appear in Ann. Sci. Ec. Norm. Supér, 2017, arXiv:1705.02740.

[Jial7b] C. Jiang, K-semistable Fano manifolds with the smallest alpha invariant, Int. J. Math. 28 (2017), 9.

[K+ 92] J. Kollar, “Flips and abundance for algebraic threefolds. Société Mathématique de France, Paris,
1992” in Papers from the Second Summer Seminar on Algebraic Geometry held at the University
of Utah, Salt Lake City, Utah, August 1991, Astérisque No. 211, (1992).

[KM97] S. Keel and S. Mori, Quotients by groupoids, Ann. Math. 145 (1997), 193-213.

[KM98] J. Kolldr and S. Mori, Birational Geometry of Algebraic Varieties, Volume 134 of Cambridge Tracts
in Mathematics, Cambridge University Press, Cambridge, MA, 1998. With the collaboration of C.
H. Clemens and A. Corti, Translated from the 1998 Japanese original.

[Kol97] J. Kolldr, “Singularities of pairs” in Algebraic Geometry—Santa Cruz 1995, Volume 62 of Proc.
Sympos. Pure Math., American Mathematical Society, Providence, RI, 1997, 221-287.

[Kol04] J. Kollar, Seifert Gu,-bundles. 2004, arXiv:math/0404386.

[Kud01] S. A. Kudryavtsev, On purely log terminal blow-ups, Mat. Zametki. 69 (2001), 892-898.

[Li15] C. Li, Remarks on logarithmic K-stability, Commun. Contemp. Math. 17 (2015), 17.

[Lil7] C. Li, K-semistability is equivariant volume minimization, Duke Math. J. 166 (2017), 3147-3218.

[Liul8] Y. Liu, The volume of singular Kahler-Einstein Fano varieties, Compos. Math. 154 (2018), 1131—
1158.

[LL19] C. Li and Y. Liu, Kdhler-Einstein metrics and volume minimization, Adv. Math. 341 (2019),
440-492.

[LWX18] C. Li, X. Wang, and C. Xu. Algebraicity of the metric tangent cones and equivariant K-stability.
2018. arXiv:1805.03393.

[LWX19] C. Li, X. Wang, and C. Xu, On the proper moduli spaces of smoothable Kdihler-Einstein Fano
varieties, Duke Math. J. 168 (2019), 1387-1459.

[LX14] C. Li and C. Xu, Special test configuration and K-stability of Fano varieties, Ann. Math. 180
(2014), 197-232.

[LX20] C. Li and C. Xu, Stability of valuations and Kolldr components, J. Eur. Math. Soc. 22 (2020),
2573-2627.

[LZ18] Y. Liu and Z. Zhuang, Characterization of projective spaces by Seshadri constants, Math. Z. 289
(2018), 25-38.

https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press


http://arXiv:1709.08213
http://arXiv:1903.04338
http://arXiv:1705.02740
http://arXiv:math/0404386
http://arXiv:1805.03393
https://doi.org/10.1017/nmj.2020.28

ON THE SHARPNESS OF TIAN’S CRITERION FOR K-STABILITY 73

[0OS12] Y. Odaka and Y. Sano, Alpha invariant and K-stability of Q-Fano varieties, Adv. Math. 229
(2012), 2818-2834.

[OS15] Y. Odaka and S. Sun, Testing log K-stability by blowing up formalism, Ann. Fac. Sci. Toulouse
Math. 24 (2015), 505-522.

[Pro00] Y. G. Prokhorov, “Blow-ups of canonical singularities” in Algebra (Moscow, 1998), de Gruyter,
Berlin, Germany, 2000, 301-317.

[Puk02] A.V.Pukhlikov, Birationally rigid Fano hypersurfaces, Izv. Ross. Akad. Nauk Ser. Mat. 66 (2002),
159-186.

[Puk05] A. V. Pukhlikov, Birational geometry of Fano direct products, Izv. Ross. Akad. Nauk Ser. Mat.,
69 (2005), 153-186.

[Puk13] A. Pukhlikov, Birationally Rigid Varieties, Volume 190 of Mathematical Surveys and Monographs,
American Mathematical Society, Providence, RI, 2013.

[Pukl18] A. V. Pukhlikov, Canonical and log canonical thresholds of Fano complete intersections, Eur. J.
Math. 4 (2018), 381-398.

[ShilO] Y. Shi, On thea-invariants of cubic surfaces with Eckardt points, Adv. Math., 225 (2010), 1285—
1307.

[Suzl7] F. Suzuki, Birational rigidity of complete intersections, Math. Z. 285 (2017), 479-492.

[Tia87] G. Tian, On Kdhler-Einstein metrics on certain Kdhler manifolds with C1(M) > 0, Invent. Math.
89 (1987), 225-246.

[Tia97] G. Tian, Kdahler-Einstein metrics with positive scalar curvature, Invent. Math. 130 (1997), 1-37.

[Tial5] G. Tian, K-stability and Kdahler-Einstein metrics, Comm. Pure Appl. Math.. 68 (2015), 1085-1156.

[Zhu20] Z. Zhuang, Birational superrigidity and K-stability of Fano complete intersections of index 1, Duke
Math. J. 169 (2020), 2205-2229.

Yuchen Liu

Department of Mathematics
Princeton University
Princeton, NJ 08544

USA

yuchen.liu@yale.edu
yuchenl@math.princeton.edu

Ziquan Zhuang

Department of Mathematics
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139
USA

ziquan@mit.edu

https://doi.org/10.1017/nmj.2020.28 Published online by Cambridge University Press


mailto:yuchen.liu@yale.edu
mailto:yuchenl@math.princeton.edu
mailto:ziquan@mit.edu
https://doi.org/10.1017/nmj.2020.28

	1 Introduction
	2 Preliminary
	2.1 Notation and conventions
	2.2 K-stability
	2.3 Weakly exceptional singularities and Kollár components
	2.4 Orbifold cones

	3 Fujita's characterization
	4 Log canonical thresholds on general complete intersections
	5 Main constructions
	5.1 Strictly K-semistable example
	5.2 K-unstable example


