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1. Introduction

1.1. Our results

The results of this paper are motivated by the questions of level raising/lowering for
automorphic forms, and the weight part of Serre’s conjecture, as well as a question
about ‘automorphic components’ related to the Fontaine—Mazur conjecture and to global
approaches to the p-adic local Langlands programme. However, our main results are
stated purely in terms of Galois representations.

We need to introduce a few definitions before stating our main theorem. Let F be a
CM field with maximal totally real subfield F*, and write G for the absolute Galois
group Gal(F/F). (In this paper, all CM fields will be imaginary and so F/F* is a
quadratic extension.)

We say that a representation s:Gp — GL, (Fp) is reasonable if it satisfies the
hypotheses needed to apply the automorphy lifting theorems of [2]; that is, p > 2(n + 1),
F does not contain a primitive pth root of unity, and s is polarizable, odd, and is
irreducible when restricted to G F(£p)- We say that a representation s : Gr — GL, (Qp) is
reasonable if its reduction mod p is reasonable.

We say that a compatible system of /-adic representations of G is weakly irreducible
if for a positive density set of primes [, its [-adic Galois representations are irreducible.
Conjecturally, this is equivalent to all of the /-adic representations being irreducible, but
this seems to be very hard to prove; weak irreducibility is a well-behaved substitute for
that stronger condition. By the results of [2, 37], if a compatible system is odd, regular,
and polarizable, then it is weakly irreducible if and only if it is potentially automorphic
(in the sense that it potentially corresponds to a cuspidal automorphic representation).

The condition that the representation s is polarizable is best expressed in terms of the
group G, introduced in [16]; it is a reductive group with connected component GL,, x GL;
and component group of order 2, and as explained in [8, §8.3], it is very closely
related to the C-group of an n-dimensional unitary group over F' which splits over F.
Then the polarizability of 5 is equivalent to the existence of a prolongation of 5 to a
representation p : Gp+ — G, (F,,). In particular, this implies that s¢ EEVmGﬁ for some
character & of G p+.
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Suppose that 0 : Gp+ — gn(Fp) is a prolongation of 5, and let v be a finite place
of F*. A polarized component for p|g - is, by definition, an irreducible component of a

deformation ring for lifts of p|g - Wthh are of some fixed inertial type, and of a fixed

regular Hodge type if v|p. If v|p, then we say that such a component is globally realizable
if it occurs globally, in the sense that there is some totally real field L™ with a CM
quadratic extension L, a place w|p of L™ for which L} = F;\, and a (polarizable, odd,
reasonable) representation r : Gy — GL, (Qp) which is part of a (polarizable, odd, weakly
irreducible) compatible system, which prolongs to a representation p’: G+ — G, (Qp)
whose restriction p’ |GL + gives rise to a point on this component (so that in particular,

o |GL+ ple +) If the place v splits in F as ww€, then the deformation ring for Pl can

be identified with a deformation ring for §|G,, , as in [16]. Conjecturally, every component
is expected to be globally realizable (and the analogous statement for places v { p is
known), but proving this seems to be a very hard problem.

Our main theorem is the following (see Theorem 4.2.11 for a more precise statement
and see § 1.4 for any unfamiliar terminology).

Theorem A. Assume that either n is odd, or that n =2. Let F be a CM field, and let
5:Gr — GL, (Fp) be a reasonable representation, with prolongation p.

Let S be a finite set of finite places of FT, such that S contains all of the places at
which p is ramified and all of the places lying over p. For each place v € S, let C, be a
component for p|lg o which is globally realizable if v|p.

Then there exists an odd, regular, polarized, weakly irreducible compatible system
({sr}, {ur}) of Gp-representations with associated p-adic representation s, and a
prolongation p of s, which satisfies the following:

(1) p lifts p, and for each place v € S, the representation ,0|GFU+ lies on C,.
(2) p is unramified outside S.

Note that by the very definition of global realizability, the hypothesis that each C,
is globally realizable is a necessary condition for the conclusion of the theorem
to hold.

The hypothesis that 5 is reasonable is needed in order to apply the theorems of [2],
and some restriction on p, n and the size of the image of 5 is certainly necessary; for
example, the results of [31] show that the analogous result fails for modular forms of
weight 2 if p = 2 (in fact there are also dihedral counterexamples due to Serre with p = 3;
see [14, §4.4]). More generally, calculations in Galois cohomology suggest that if p <
n+1, and 5|g Fep) is reducible, then it unreasonable to hope for a global lifting result with
control of the local representations at all places. Thus the only unnaturally restrictive
hypothesis in Theorem A is the exclusion of even integers n > 2, which is a byproduct
of our methods; this is because given a compatible systems of n-dimensional polarizable
[-adic representations, we cannot deduce the oddness of all the representations in the
compatible system from the oddness of a single representation.

An almost immediate corollary of our results is the following potential automorphy
theorem, which may be of independent interest. Subject to the restriction that n =2
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or n is odd, it improves on [2, Theorem 4.5.1] by replacing ‘potentially diagonalizable’
by ‘globally realizable’. Note that if v|p in FT splits in F, then the global realizability
of '0|GF+ only depends on s|g,, for wlvin F.

Theorem B (Corollary 4.2.12). Assume that either n is odd or n =2. Let F be a CM
field, and let (s, u) be a polarized representation, where

s:Gr — GL,(Q))

is odd and ramified at only finitely many primes. Suppose that s is reasonable. Let p
be the corresponding prolongation of s, and assume that /OlGFJr is globally realizable for

each v|p. Then (s, ) is potentially automorphic.
In fact (as noted in the abstract), we could weaken the hypothesis that plG,. is

globally realizable to requiring only that it is potentially globally realizable, because
this is equivalent to global realizability by Corollary 4.2.13. Perhaps surprisingly, if s
is automorphic, then we cannot deduce that s is also automorphic; this is because our
methods make considerable use of potential automorphy results for other representations
in a compatible system containing s. On the other hand, if we did know that
weakly irreducible compatible systems are automorphic (rather than just potentially
automorphic), then a version of the Breuil-Mézard conjecture for odd-dimensional
globally realizable representations and a version of the weight part of Serre’s conjecture
for odd-dimensional unitary groups would both follow from combining Theorem A with
the methods of [24].

1.2. History and motivation

We now give a somewhat leisurely overview of our motivations and of previous work
on similar questions. Ultimately, the problems that we are working on are motivated by
congruences between modular forms; more specifically, we are concerned with congruences
between eigenforms. Such congruences can often best be understood in terms of the
corresponding Galois representations, and in particular in terms of the restrictions of
these (global) Galois representations to (local) decomposition groups. It is therefore
natural to wonder whether there is a local to global principle for the existence of such
congruences.

The first results in the literature that we know of that are explicitly formulated
in this way are those of [18], which we now recall. Let p > 3 be prime, and let f be a
newform of level prime to p and weight 2. We can (after choosing an embedding Q <> ﬁp)
associate a p-adic Galois representation oy : Gg — GLQ(QP) to f, and thus a mod p
representation p; : Gg — GLZ(FP). We say that an irreducible representation p : Gg —
GLz(FP) or p:Gg — GLZ(QP) is modular of weight 2 if it is isomorphic to some P,
(respectively pyr).

Then the main result of [18] is as follows. Suppose we are given a modular
representation p : Gg — GLZ(FP) of weight 2, and that for each prime [ # p, we are
given a lifting of mGQz to a p-adic representation p; : Gg, — GLZ(QP). Suppose also that

all but finitely many of the p; are unramified. Then there is a lift p : Gg — GLZ(QP)
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of © which is modular of weight 2, with the property that for all [ £ p, we have an
isomorphism of restrictions to inertia p| I, = o Io,-

This result is best possible, in the sense that any modular representation is necessarily
only ramified at finitely many primes, and that (for example, because spaces of modular
forms are finite-dimensional) it is unreasonable to pin down ,0|qu more than specifying it
on inertia. In particular, by local-global compatibility, the conductor of p| I, determines
the [-power part of the level of the modular form associated to p.

It is natural to wonder whether this result can be extended to cover modular
forms of higher weight or with p dividing their level, and to allow some control of pl(;Qp.
Since the local behaviour at p of p is highly dependent on the weight of the newform
f and the power of p dividing its level, these two questions are closely related, and the
most general local to global result of this kind is best formulated in terms of components
of local deformation rings. If we fix a weight k > 2, and a finite extension K/Q,,
then we can consider the deformation ring Rllz for liftings of plgq, which become
semistable over K with Hodge-Tate weights 0,k — 1. If p is modular of weight k£ and
some level, then for some sufficiently large K, p|g, corresponds to a point of R’,‘(. (For
example, if the corresponding modular form has level prime to p, then we can take
K=Q,)

The spectrum of R’I‘( has finitely many irreducible components, and given such a
component, we can ask whether there exists a lift p with the property that ,0|qu
lies on this component. This is the correct analogue of what we are demanding at
the places [ # p; indeed, it turns out that specifying p| Ig, is equivalent to demanding
that ,0|GQ1 lies on a particular component of a deformation ring for ﬁ|GQ[~ Proving that
the lifting problem still admits a solution when we specify a component at p is much
harder than the case in which we only specify components away from p, but it follows
from the results of [28] that such a lift exists under a mild (‘Taylor-Wiles’) condition
on p. In particular, this again gives a complete understanding of the possibilities for the
weight and level of the corresponding modular form.

When we restrict to the case that 2<k < p+1 and K = Q,, the lifting problem is
closely related to Serre’s conjectures [40] on the weight and level of modular Galois
representations. For example, while not formulated in this way, Serre’s conjecture on the
minimal weight and level is equivalent to asking that p admits a modular lift whose
ramification away from p is as small as possible (as measured by the Swan conductor),
and whose weight is as small as possible, compatible with the property of locally having
a crystalline lift of the corresponding Hodge—Tate weights.

It is relatively straightforward to formulate conjectural generalizations of these results.
For example, a detailed formulation of a generalization of Serre’s conjectures to Hilbert
modular forms was made in [7], and the weights are described in terms of the existence
of local crystalline lifts in a similar fashion to that described above. One can make
similar conjectures for automorphic representations on unitary groups over CM fields (or
equivalently, for conjugate self-dual automorphic representations of GL, over CM fields),
and it is these generalizations that will concern us below. (However, we do not expect
any straightforward generalization of these results to hold outside of settings which are
discrete series at the infinite places.)
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While some of the arguments of [18] and of the related papers on the weight and
level parts of Serre’s conjecture can be generalized to Hilbert modular forms, it seems
hard to adapt them to prove the conjectures of [7] completely, and much harder still to
study congruences between forms on GL, in this way. However, in the mid 2000s, a new
approach to these problems was discovered by Khare-Wintenberger [27] and the third
author [22], which we will now describe in the setting of modular forms.

The approach is via the deformation theory of global Galois representations and
automorphy lifting theorems. Suppose that as above we are given components of
deformation rings for 5|GQ, for each prime [, which are unramified for all but
finitely many /. Then there is a corresponding deformation ring R" for the global
representation p, and the Qp—points of its spectrum precisely correspond to the Galois
representations that we are hoping to construct. If we can show that the set of Qp—points
is nonempty, then we can hope to show that the Galois representations are modular using
modularity lifting theorems (the Taylor—Wiles method).

The tangent space to R™" can be computed by Galois cohomology, and it turns out
that RV always has dimension at least 1. (This computation relies on the weight k
being at least 2, and more generally on us being in a discrete series context.) Heuristic
arguments lead us to expect that R"™V is a finite Z p-algebra, and if this is the case, the
lower bound on the dimension guarantees the existence of Qp—points.

There is no known purely Galois-theoretic argument guaranteeing this finiteness in
general (although it can sometimes be arranged at the cost of allowing additional
ramification away from p by an argument of Ramakrishna [39]). However, modularity
lifting theorems are proved by identifying deformation rings such as R"™V with Hecke
algebras, which are finite over Z, by definition, so in principle it is enough to prove an
appropriate modularity lifting theorem (which can then be used in the final step of the
argument to deduce that the Galois representations that we have constructed are actually
modular).

Unfortunately, this argument is circular as written, because what the Taylor-Wiles
method allows us to prove is that if some Qp—point of R"™V is modular, then R™" may be
identified with a Hecke algebra; but it gives us no assistance with producing a Qp—point
in the first place. A key insight of Khare-Wintenberger is that this argument can be
combined with base change and/or potential modularity to avoid the circularity. Suppose
that F is a totally real finite extension of Q, and that p|g, is irreducible. Then we may
consider the deformation problem for p|g, given by the restrictions to places of F of the
conditions we imposed over Q, and the corresponding deformation ring R;ni" is again of
dimension at least one.

Now, by definition R" is an R}niv—algebra, and it is in fact a finite R}“iv—algebra.
It is therefore enough to prove a modularity lifting theorem for R}“iv. This allows
us to reprove many cases of the theorem of [18], in the following way. Suppose for
simplicity that for each prime ! # p, both the original modular representation p f|GQ,
and the local representation p; are finitely ramified (that is, they become unramified
after restriction to a finite extension of Q;). Then we may choose a finite solvable totally
real extension F/Q so that the restrictions to the finite places of F of these representations
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are actually unramified. In particular, the corresponding restrictions of p fIGQ/ and the
local representation p; lie on the same component of the corresponding local deformation
ring (indeed, the unramified local deformation ring is formally smooth).

By solvable base change, pof|G, is modular, and by the choice of F, it gives a point
of R‘}“i". A modularity lifting theorem then shows that R‘}ni" is a finite Z,-algebra. Thus
the same is true of R™", and so R"™" has Qp—points, which give the sought-after Galois
representations; the modularity of these representations again follows from solvable base
change. The more general case, in which the ramification can be potentially unipotent,
can be handled in the same way when given some level-raising and level-lowering results
over F; by choosing F appropriately, one reduces to a relatively straightforward case
(see [41]).

A variant of this argument makes it possible to state and prove results about Galois
representations that make no reference to automorphic forms (although the proofs make
heavy use of automorphic techniques). To this end, rather than assuming that p is
modular, assume only that it is irreducible and odd, in the sense that p(c) is non-scalar,
where ¢ is a complex conjugation. (Of course, since Serre’s conjecture is a theorem, this
implies that p is modular, but we can and will make an analogous assumption in more
general contexts where the analogue of Serre’s conjecture is open.) Then the same Galois
cohomology calculations go through, and if we want to produce lifts of p with specified
local properties, it is enough by the above arguments to find a finite (not necessarily
solvable) extension of totally real fields F/Q for which p|g, is modular (that is, it comes
from a Hilbert modular form).

An argument of Taylor [42, 43] can be used to prove such ‘potential modularity’
theorems. The idea is as follows: one can find a moduli space whose F-points correspond
to abelian varieties, part of whose p-torsion is isomorphic to p|¢,, and the corresponding
part of whose [-torsion, for some fixed prime [ # p, is isomorphic to an induction of a
character. Since inductions of characters are always modular, in favourable circumstances
one can use modularity lifting theorems to prove that (part of) the I-adic Tate module
of the corresponding abelian variety is modular, and thus that (part of) the p-adic Tate
module is modular, and finally that p|¢, is modular. That F-points exist for F sufficiently
large follows from a theorem of Moret-Bailly, which also allows one to impose the kinds
of local conditions that are needed in order to apply modularity lifting theorems.

As well as producing lifts of p with specified local properties, it turns out that potential
modularity allows one to prove that each p-adic representation p that is constructed in
this way is part of a compatible system of [-adic representations. Indeed, this property
is automatic for Galois representations associated to automorphic forms, so that p|g, is
part of a compatible system. By solvable base change, the same is true for p|g,, whenever
F/F’ is a solvable extension of totally real fields, and an argument with Brauer’s theorem
(see [19]) makes it possible to put these together to give the required compatible system.

We now digress briefly to discuss another aspect of compatible systems that will be
of fundamental importance throughout this paper. In general, it seems to be hopeless
to understand the components of local potentially semistable deformation rings of
mod p representations in any concrete way, and this in turn places serious restrictions
on automorphy lifting theorems. However, it is possible to understand them in the
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Fontaine—Laffaille case, which by definition is the case that p is unramified in the base
field, and the weight is small relative to p. It is also very hard to prove automorphy lifting
theorems when the global mod p Galois representation has a small image (in particular,
when the image is reducible). This can make it very difficult to prove the potential
automorphy of a given Galois representation (or its automorphy, even if we know that it is
residually automorphic). However, if instead we are given a weakly irreducible compatible
system of [-adic Galois representations, then for all large I, the [-adic representation will
be Fontaine-Laffaille, and its residual image will be suitably large. Accordingly, one
can hope to prove the potential automorphy of the [-adic representation for some [,
and immediately deduce the potential automorphy for all I. As we now explain, this
has been carried out in considerable generality. In our arguments, this will allow us to
use compatible systems of Galois representations as a kind of proxy for automorphic
representations, without assuming the Fontaine-Mazur conjecture.

We briefly review the history of higher-dimensional potential automorphy theorems.
Many of the arguments discussed above were generalized to polarizable (that is,
essentially conjugate self-dual) n-dimensional Galois representations of CM fields in the
papers [16, 26, 44] (the corresponding automorphic representations being those on general
unitary groups). In particular, [44] uses automorphy lifting techniques to prove the kind
of level-raising /lowering results that we applied after the base change above, and the third
author’s paper [23] deduced an n-dimensional version of the theorem of Diamond-Taylor
in low weight.

Potential modularity, while powerful, has its limitations, the chief of which is that
the method explained above only works for modular forms of weight 2 (that is, for
Galois representations with Hodge—Tate weights 0, 1), because for reasons of Griffiths
transversality, the required moduli spaces only exist in this case. Allied to this is
the difficulty mentioned above that the deformation rings for E‘GQp are much more

complicated than those for I # p, and much less well understood (for example, it is
certainly no longer the case that deformations are potentially unipotent on inertia).
Indeed, when k is large compared to p, very little is known about the components of
these deformation rings, and we do not know whether we can make base changes to make
representations lie on the same component in any generality, which limits our ability to
change components at p (recall that for I # p, in the discussion above we used that any
finitely ramified representation can be made to lie on the unique unramified component
after a suitable base change). (It is however worth noting that when k = 2 arguments of
this kind are possible, even for Hilbert modular forms over totally real fields in which p
is highly ramified, by the results of [29] and [21]. These results were a crucial part of the
proof of the weight part of Serre’s conjecture for Hilbert modular forms [24], and the lack
of anything similar for higher-dimensional representations is one of the reasons that less
is known about the weight part of Serre’s conjecture in dimension greater than 2.)

In higher dimensions, the situation is worse; the potential automorphy theorems of [26]
apply only in weight O (that is, the lowest discrete series; the corresponding Galois
representations have Hodge-Tate weights 0, 1,...,n—1), and in fact only to ordinary
Galois representations. While this was enough to prove the Sato-Tate conjecture (by
proving the potential automorphy of the symmetric powers of the 2-dimensional Galois
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representations attached to elliptic curves, which are ordinary at most primes), it falls well
short of proving the potential modularity of compatible systems of Galois representations
in any generality. This shortcoming was resolved in [2], which also introduced a way of
systematically changing the weight of the representations, or more generally of moving
between components of deformation rings at p. The argument involves a refinement of a
method of Harris [25] (the ‘tensor product trick’), the basic idea of which is as follows:
given a global Galois representation with regular Hodge-Tate weights, by taking the
tensor product with another representation, one can produce a representation (of much
higher dimension) of weight 0. It is then possible to apply potential modularity techniques
to this representation.

Of course, to be useful, one has to have a way of ‘undoing’ the tensor product again
(on both the Galois and automorphic sides). In general, this is a hard problem, but
if the representation we tensor with is the induction of a character, it turns out to
be relatively straightforward, essentially because the tensor product of an n-dimensional
representation with the induction of a character is itself the induction of an n-dimensional
representation.

We also obtain a way of moving between weights and between components of
deformation rings at places dividing p, in the following way. Let p : Gg — GL, (Fp) be our
original mod p representation, and let r : G — GL, (Qp) be induced from a character.
Fix a deformation ring R‘f“iv for p corresponding to certain given local conditions. Given
a deformation p of p, we obtain a deformation p®r of p®7, and we let RS™ be the
corresponding deformation ring. This procedure makes R"™ into an R‘Zmiv—algebra, and an
argument analogous to the one of Khare-Wintenberger that we mentioned above shows
that it is even a finite R‘zmiv-algebra.

It is not immediately obvious that this buys us anything, as to apply the techniques we
used above we will need to prove an automorphy lifting theorem for R‘2’“i". To this end,
suppose that we also have another deformation ring R§™ for p, and another lift r’ of 7,
and that the deformation problem corresponding to the tensor product of a deformation
for R;ni" with r’ again corresponds to R;ni". If r and r’ are both inductions of characters,
and if we know that R_é‘m" has automorphic points, then we can prove an automorphy
lifting theorem for RY™, deduce its finiteness over Z,, and then prove the existence of
lifts (and automorphy lifting) for R{™", the original problem of interest.

It may not be obvious that this is generally applicable, but in fact in combination with
base change techniques it gives enough flexibility to prove the potential automorphy
of compatible families, by moving between Fontaine-Laffaille and ordinary weight 0
deformation problems. A little thought shows that this argument allows us to move
freely between components of local deformation rings at places dividing p, provided
that the corresponding representations are potentially diagonalizable, in the sense that
after some base change, the components contain a point which is a direct sum of
crystalline characters. It turns out to be straightforward to show that Fontaine—Laffaille
representations and ordinary representations are potentially diagonalizable, giving the
claimed potential automorphy result. (The most general result about the existence of
Galois representations proved in [2] is essentially Theorem A above, but with ‘globally
realizable’ replaced by ‘potentially diagonalizable’.)
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While this gives a general potential automorphy result for compatible systems, it
is unsatisfactory as an answer to our original lifting question, due to the restriction
to potential diagonalizable representations. This restriction is problematic for two
reasons: first, beyond the Fontaine-Laffaille and ordinary cases, nothing is known
about the potential diagonalizability or otherwise of n-dimensional representations.
(It is quite plausible that all potentially crystalline representations are potentially
diagonalizable, but this seems to be very hard to establish.) In addition, potentially
diagonalizable representations are by definition potentially crystalline, so they do not
(unlike Theorem A) tell us anything about general potentially semistable representations.

1.3. A sketch of the proofs

We now briefly sketch the proof of Theorem A, omitting many of the trickier technical
details; in particular, we completely ignore places away from p in our discussions, as
the difficulties they present are similar to, but simpler than, the difficulties for places
dividing p. We also suppress all mention of choices of polarization. In essence, our idea
is to go beyond the potentially diagonalizable case, by allowing ourselves to tensor with
representations that are not necessarily induced from characters. There are some obvious
difficulties with this approach, chief among them that on both the automorphic and
Galois sides, it is hard to ‘undo’ a tensor product. We overcome this by using compatible
systems, rather than individual Galois representations.

Our first technique is a variant of the argument of [2] explained above, that of tensoring
with auxiliary representations in order to move between different components. However,
for our purposes, it is insufficient to tensor with a fixed global representation. Instead,
we put ourselves in the following situation: suppose given representations r,s : Ggp —
GL, (Qp) which belong to compatible systems, and suppose for simplicity that for each
place v|p, we have |G, = S|Gs- Let A, be the component corresponding to r|gp,,
and let B, be the component corresponding to s|G. For each v, let Cy, be one of A,
and By, and let D, be the other. Let Rc and Rp be the corresponding global deformation
rings for 7 and 5, respectively. (We should really be considering prolongations of these
representations to G,-valued representations of G g+, but we ignore this point for the
purposes of this introduction.)

We would like to produce representations r’, s’ corresponding to points of R¢ and Rp,
which belong to compatible systems; in this way, we will be able to swap components
between different residual representations. We initially accomplish this under very
restrictive hypotheses, which we will later relax; note that we certainly need to assume
at first that 7 ® 5 is irreducible, and that r ® s has regular Hodge—Tate weights. Now,
the deformation ring R™" corresponding to r ® s is finite over Z p, because r ® s is part
of a compatible system, and thus potentially automorphic. Taking the tensor product of
representations coming from Rc and Rp makes Rc®Rp into an R"V-algebra, and we
are able to show that it is in fact a finite R""-algebra, so that in the same way as before,
we can see that Rc, Rp both have 6,,—points7 which will correspond to the lifts #/, s’ that
we want to produce.

However, we need to show that these lifts belong to compatible systems. The tensor
product ' ® s’ does belong to a compatible system of representations {;} (because it
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corresponds to a point of R"™Y, and is thus potentially automorphic), so we would like
to have a result ensuring that if one representation in a compatible system is a tensor
product, they all are. This should be true quite generally, but it seems hard to prove, and
we only establish it under rather restrictive hypotheses (which are ultimately sufficient
for our needs).

In outline, we argue as follows. We assume that the Zariski closure of the image
of s contains SL,, (Qp). Under a strong irreducibility hypothesis (which can be arranged
at infinitely many primes [ by imposing local conditions), we can show that the
representations #; decompose accordingly as tensor products t; = rl’ ® sl’ , where the Zariski
closure of the image of s, contains SL,(Q,). Here we make crucial use of a result of
Larsen and Pink [30]. Then, if / is sufficiently large, the representations r; and s; belong
to compatible families by the results of [2]; this is the only place that we need our
assumption on n, as we have to know that r; and s; are odd in the sense of [3]. This
oddness is automatic if n is odd, and can be proved if n = 2 by the methods of [9, 10], but
it seems to be beyond the reach of current technology if n > 2 is even. Our assumptions
then show that (after possibly twisting) the p-adic representations in these compatible
systems are r’ and s’, as required.

With this component swapping result in hand, the basic outline of the proof of
Theorem A is as follows. Suppose for simplicity that there is only a single place v|p
of F, let r be some lift of 7, and let C be the given globally realizable component. By
definition, this means that there is another CM field L, a place w|p and a representation s
(which is part of a compatible system) such that s|g,, lies on C. Then if we apply our
swapping result to r|g,, and s|g,,, we can produce a lift of 7|g,, which lies on the
correct component at some place over v. If we could produce a lift with this property at
all places above v, then we would be done by the usual Khare-Wintenberger method;
in order to do this, we replace FL with its Galois closure, and s with its various Galois
conjugates, and then inductively apply the swapping result to each of these conjugates
in turn.

Unfortunately, the actual argument is much more complicated than this straightforward
outline. The problem is that all of the results that we are applying have hypotheses that
we have been ignoring; for example, we need ¥ ® 5 to be irreducible, we need r ® s to
have regular Hodge-Tate weights, and we need to satisfy the restrictive hypotheses of
our main swapping result, which are a mixture of local and global assumptions.

We are able to handle the various local assumptions away from p by more base change
tricks, but these cannot help with the global problems. Since the fields F, L and the
representations 7, s are arbitrary, we cannot hope to arrange that their restrictions to
the Galois closure of FL are irreducible. Instead, we make use of an idea introduced
in [10], and use the theorem of Moret-Bailly mentioned above to construct auxiliary
global representations with a large image, which locally admit potentially diagonalizable
lifts of arbitrarily large weights.

These representations are constructed over extensions of F and L that we have little
control over, and we have to go to some lengths to ensure that we can arrange all of the
properties we need. Rather than swapping directly between 7 and s, we instead make a
long chain of swaps, going via many auxiliary representations, and making many base
changes and descents by the Khare-Wintenberger argument.
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1.4. Notation, conventions, and background material

All representations considered in this paper are assumed to be continuous with respect to
the natural topologies, and we will never draw attention to this. If M/F is an extension
of number fields, then we will write M8?! for the Galois closure of M over Q, and M-8l
for the Galois closure of M over F. As usual, if K is a field of characteristic zero, then
we write Gg = Gal(K /K) for its absolute Galois group, and if K is furthermore a local
field, we write I for the inertia subgroup of Gg.

1.4.1. Polarizable representations. @ We begin by recalling some definitions and
results from [2, 16] concerning polarizable representations.

Recall from [16] that the reductive group G, over Z is given by the semi-direct product
of Q,? = GL, x GL| by the group {1, j}, where

1

Jgay =@ 'g " a).

We let v : G, — GL; be the character which sends (g, a) to a and sends j to —1.

Let I" be a group, with an index 2 subgroup A. Fix an element y9 € I' \ A. Let R be a
(commutative) ring. Then by [16, Lemma 2.1.1], there is a natural bijection between

e the set of homomorphisms p : I' = G, (R) which induce isomorphisms I'/ A = g,,/g,?,
and

e the set of triples (r, u, {, )) consisting of homomorphisms r : A - GL,(R) and u : ' —
R*, and a perfect R-linear pairing

(,): R"xR" — R,
which for all x, y € R" and § € A satisfies
— (X, r(D)y) = =) (y. x), and

— (r@®)x, r (108, y) = w@)(x, y).

This correspondence is given by taking r = proj. onto the first factor of G; of p|a, and
u =vop, and setting
(x,y) ="xA""y,

where p(y0) = (A, —u(y0))j. We say that the pair (r, u) is polarized* and that r
is polarizable, and is w-polarized. If we are given a polarized pair (r, u), then we will
sometimes refer to a corresponding homomorphism p : ' = G,(R) (which depends on
the choice of yy, as well as on a choice of pairing (,) witnessing the polarizability of
(r, w)) as a prolongation of the pair (r, u).

Given a polarized pair (r, u), we call u the multiplier character of the pair (r, n). Given
two polarized representations (r1, u1) and (rz, uz), there is a polarized representation
(r1 ®r2, 8r/am12), where drya denotes the unique non-trivial character of I'/A (see
[2, §1.1] for the explicit description of this construction as an operation on G,-valued
representations).

LThis is established terminology, and so we use it here. Note though that in general the pair (r, ©) may
not determine the pairing (,) uniquely, even up to a scalar multiple. However, if R is a field and r is
absolutely irreducible, then, as we will observe below, the pairing (,) is uniquely determined up to a
scalar.
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Suppose now that R is a complete local Noetherian ring, that r : A - GL,(R) is
such that r mod mg is absolutely irreducible, and that u : ' — R* is a character such
that

=Y @ ula. (1.4.2)

Giving such an isomorphism is equivalent to giving a pairing
(,):R"xR" - R,

which for all x, y € R" and § € A satisfies (r(§)x, r(yoéyo_l)y) = () (x,y) for all x,y €
R" and 8§ € A. Since isomorphism (1.4.2) is unique up to scaling by elements of R*
(because of our assumption that r mod mg is absolutely irreducible), we see that the
corresponding pairing (, ) is also unique up to scaling. In particular, if (r, i) is polarized,
then the pairing (, ) that yields a prolongation of (r, u) is unique up to scaling.

If p is one particular prolongation, corresponding to a pairing (, ), then we see that
conjugating p by the element (1, A~!) € GL,(R) x GL(R) = G2 (R) C Gn(R) scales (, ) by
A; the relevant computation is that

(LA N a0 =0, 2" a0,y
=12 Hg a1y
= (Ag,a)).

Thus we see that all possible prolongations of (r, u) are obtained from the given
prolongation p by such conjugations. We also see that the possible pairings arising from
the choice of a prolongation are independent of the choice of the element yy € '\ A
used to construct the bijection described above between (certain) homomorphisms
p: T — G,(R) and (certain) triples (r, i, {,)).

We now consider the particular case that ' = Gp+, A = G, where F is a (totally
complex) CM field with maximal totally real subfield F™. We say that the pair (r, u) is
polarized and odd if it is polarized, and for all complex conjugations ¢ € G g+, we have
u(c) = —1. In particular, we have the following standard lemma.

Lemma 1.4.3. Suppose that the characteristic of R/mg is not 2. If (r, n) is polarized, n
is odd, and r mod mpg is absolutely irreducible, then (r, u) is automatically odd.

Proof. This follows from the fact that any odd-dimensional perfect pairing that
is preserved up to scaling by a residually absolutely irreducible group action (in
characteristics other than 2) is necessarily symmetric. Indeed, let ¢ be any complex
conjugation, take yy equal to ¢, and let (,) denote the pairing arising from a choice
of prolongation. Since ¢> = 1, we find (using the first of the properties satisfied by the
pairing arising from a prolongation) that (x, y) = —u(c)(y, x). On the other hand, as we
already remarked, the pairing is necessarily symmetric. Thus we find that wu(c) = —1, as
required. O

We can restrict a global representation p:Gp+ — G,(R) to the decomposition
group G p+ of any finite place v of FT. Note that if v is inert or ramified in F, then Gy
is not contained in G, so we are in the situation above with I' = GFU* and A =Gp,.
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If however v splits in F, then GF+ is contained in Gp, so that p(GF+) C QO(R)
GL,(R) x R*, so that (u being ﬁxed) the data of the representation p is the same as
the data of the corresponding representation r : G ri = GLa(R).

1.4.4. Compatible systems. Let F be a number field. We recall some definitions
from [2, §5]. Note that what we call a ‘compatible system’ is a ‘weakly compatible
system’ in [2].

By a compatible system R of n-dimensional representations of G defined over M we
shall mean a 5-tuple

(M, S, {Qv(X)}, {r}, {H}),

where

(1) M is a number field,
2

(2) S is a finite set of primes of F,
(3) for each prime v ¢ S of F, Q,(X) is a monic degree n polynomial in M[X],
(4)

4) for each prime A of M (with residue characteristic I, say),
1.1 Gp — GL,(M;)

is a semisimple representation such that

oif v ¢ S is a prime of F and v {/, then r, is unramified at v and r, (Frob,) has
characteristic polynomial Q,(X),

e if v/, then ry|Gy, is de Rham and in the case v ¢ § crystalline,

(5) for T : F < M, H, is a multiset of n integers such that for any M < M, over M,
the t-labelled Hodge—Tate weights of ry are H;.

We will call R regular if for each 7 : F < M, every element of H, has multiplicity 1.
We will refer to a rank 1 compatible system of representations as a compatible system of
characters.

Remark 1.4.5. By abuse of terminology, we refer to a collection of Galois representations
{r,} as a compatible system if it extends to a 5-tuple R as above. In this case, we say
that the compatible system {r,} is unramified outside § if it extends to such a 5-tuple
with the given finite set S. Note that if {ry} is unramified outside S, then the individual
representations r, are unramified outside SU {v|l} where A has residue characteristic /.

Remark 1.4.6. By a slight abuse of terminology, if F'/F is a finite extension of number
fields, and S is a finite set of places of F, then we will sometimes say that a compatible
system of representations of G s is unramified outside § if it is unramified outside of
the set of places of F’ lying over S. Similarly, we will say that an extension F”/F’ is
unramified outside of S if it is unramified at all places of F’ not lying over a place of S,
and so on. In particular, we will frequently apply this convention to quadratic extensions
F/F7T, where F is CM with maximal totally real field FT.
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Note that if M’/M is a finite extension, then a compatible system defined over M
naturally determines a compatible system with M’-coefficients. We regard these two
compatible systems as equivalent. Similarly one can enlarge S, and we also regard
compatible systems associated in this way as equivalent. We may then consider the
equivalence classes of the equivalence relation generated by these equivalences, and it
follows easily from [37, Lemma 1.1] that to each equivalence class of compatible systems
is associated a minimal choice of M, namely the field generated by the coefficients of the
polynomials Q,(X).

For this reason, we generally suppress M in the below. Somewhat abusively, we shall
often assume that M comes with a fixed embedding M — 617 for each prime p, and
hence talk of the p-adic representation

s:Gp — GL,(Q,)

associated to {s;}.
We also introduce the following convenient shorthand terminology.

Definition 1.4.7. Let F be a number field, and let r : G — GL, (61) be a representation.
Then we say that r is Fontaine—Laffaille, or Fontaine—Laffaille at all primes dividing [
(for emphasis), if [ is unramified in F, and for all 7 : F < Q;, the t-labelled Hodge Tate
weights of r are contained in an interval of length (I —2) (the precise interval possibly
depending on 7).

Note that in particular if {r;} is a compatible system, then all but finitely many of
the r; are Fontaine-Laffaille.

If F is CM (in this paper, all CM fields are imaginary), we denote its maximal totally
real subfield by FT. If F is CM, and if M = (M, Sp+, {X —ay}, {1}, {w})) is a compatible
system of characters of G g+, then we will call (R, M) a polarized (and odd) compatible
system if for all primes A of M the pair (r;, ;) is polarized (and odd). (Here S+ denotes
the set of places of Ft lying below an element of S.) We will call R polarizable (and
odd) if there exists an M such that (R, M) is a polarized (and odd) compatible system.
Note that w;(cy) is independent of A, so oddness of a polarized compatible system can
be checked at a single A.

Recall from [2, §2.1] that a polarized automorphic representation of GL,(Ap) is a
pair (i, x) consisting of an automorphic representation m of GL, (A ), and a character x :
AIXH/(F*‘)X — C* with xy(=1) = (=1)" for all v|oo, such that 7°=7V ® (x oNp/p+o
det). We say that an automorphic representation m of GL,(AF) is polarizable if there
exists a x such that (m, x) is polarized.

If (m, x) is a regular algebraic cuspidal polarized automorphic representation
of GL,(AF), then there is an associated polarized and odd compatible system
({ra ()}, {171, (x)}), as explained in [2, §5.1]. (See also [2, Theorem 2.1.1]; note that &
denotes the cyclotomic character, and r;(x) is the compatible system associated to y,
regarded as an automorphic representation of GL|(A g+). The assumption that x,(—1) =
(—=1)" ensures the oddness of this compatible system.) We say that the pair of compatible
systems ({ry ()}, {e!"r.(x)}) is automorphic. We write rp(m) for the associated p-adic
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representation, and we say that a representation r : Gr — GL, (Qp) is automorphic if it
is isomorphic to r, () for some 7; note that a compatible system is automorphic if and
only if for some prime p, its associated p-adic representation is automorphic.

The following definition is one of several closely related definitions that one could make
of what it means for a compatible system to be potentially automorphic; conjecturally,
all of these definitions are equivalent, and are equivalent to automorphy, but this seems
to be very difficult to prove.

Definition 1.4.8. If F is CM, then we say that a pair of compatible systems ({sy}, {¥»}),
with the s, being n-dimensional and the v being characters, is potentially automorphic
if for every finite Galois extension F@Id)/F there is a finite Galois extension of CM
fields L/F, which is linearly disjoint from F@°id)/F and is such that ({sx|c,}. {¥2l6, D
is automorphic.

Similarly, we say that a compatible system {s,} is potentially automorphic if it may be
extended to a potentially automorphic pair of compatible systems ({s;}, {¥;.}).

Definition 1.4.9. We will call R pure (of weight w € Z) if
e for each v ¢ S, each root o of Q,(X) in M and each i : M — C, we have
ol = gy';
e and for each 7 : F < M and each complex conjugation ¢ in Gal(M/Q), we have
Ho,.={w—h: heH}.

In the following definition, and throughout the body of the paper, ‘density’ means
‘Dirichlet density’.

Definition 1.4.10. We say that a compatible system {s;} is weakly irreducible if there is
a positive density set of rational primes [ so that for all primes A|/, the representation s;
is irreducible.

One expects that the irreducibility of a single Galois representation in a compatible
system should imply the irreducibility of all representations, but this is unknown in
general. On the other hand, the notion of weak irreducibility turns out to be easy to
work with in light of the following results.

Lemma 1.4.11. Let F be CM. Then a regular, odd, polarizable compatible system of
representations of G is weakly irreducible if and only if it is potentially automorphic.

Proof. Any automorphic compatible system is weakly irreducible by [37, Theorem
1.7]; it follows immediately that potentially automorphic compatible systems are also
weakly irreducible. Conversely, a weakly irreducible compatible system is potentially
automorphic by the results of [2]; see Theorem 2.1.16. O

Lemma 1.4.12. Let F be CM, and let {r;} be a weakly irreducible, regular, odd, polarizable
compatible system of representations of Gg. Then {r,} is pure in the sense of [2, §5.1].
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Proof. Since {r,} is potentially automorphic by Lemma 1.4.11, it is pure by [2, Corollary
5.4.3]. O

Lemma 1.4.13. Let F be CM, and let {ry} be a reqular, odd, polarizable compatible system
of representations of Gf. Suppose furthermore that {r,} is pure. Then we may write {r,} =
®;_{ris}, where each {r;;} is a weakly irreducible, reqular, odd, polarizable compatible
system of representations of Gp.

Proof. This is immediate from [37, Theorem 2.1] and Lemma 1.4.11. O

We will occasionally need to make use of compatibility at ramified places. While we
have not built this into our definition of a compatible system, it follows from potential
automorphy, as in the following result.

Proposition 1.4.14. Let F be CM, and let {r,} be a weakly irreducible, regular, odd,
polarizable compatible system of representations of Gr with field of coefficients M.

Let v be a finite place of F, and suppose that v{ N (respectively, that v|NX). Then,
we have the following:

(1) For each finite extension K/Fy, rilg, s unramified (respectively, crystalline) for
some A if and only if it is so for all A.

(2) Suppose that (1) holds. Then there is a representation ry of IxF, over M such that
for each A, ril1g,n, = 1o (respectively, WD(ralG p ) ig)r, = 1v)-

Proof. By Lemma 1.4.11, {r,} is potentially automorphic, so it is strictly compatible
by [2, Corollary 5.4.3]. Strict compatibility means by definition that the Weil-Deligne
representation corresponding to 7 |G, is independent of v, so the consequences follow
immediately. O

We next establish some results describing how the property of weak irreducibility of a
compatible system behaves under restriction. To begin with, suppose that F is a number
field and that {r,} is a compatible system of representations of G, and that the Zariski
closure of the image of ry is G,. Let G5 C G; denote the connected component of the
identity. The following is a theorem of Serre.

Theorem 1.4.15. The pre-image of G5 in G is independent of A.
Proof. See [30, Proposition 6.14]. O

As a corollary, we have the following result, which allows us to ensure that certain
restrictions of weakly irreducible compatible systems remain weakly irreducible.

Lemma 1.4.16. Let F be a number field, and let {r,} be a compatible system
of G p-representations. Then there exists a finite extension F@D /F with the following
property: if L/F s a finite extension linearly disjoint from F@oid) " ond if r = ry is any
representation in the compatible system which is irreducible, then r|g, is irreducible. In
particular, if {ry} is weakly irreducible, then {ry|g,} is weakly irreducible.
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Proof. Suppose that r = r, is irreducible. If L is any finite degree extension of F, then
the Zariski closure of the image of r|g, will also contain G}, because G} is connected
and hence does not contain any finite index subgroups.

By Theorem 1.4.15, the pre-image of G} in G is independent of A. Let F (@void) {epote
the corresponding fixed field. If L is disjoint from F@°d then the component group
of r|g, will be isomorphic to the component group of r, and hence the Zariski closures
of r and r|g, will coincide. In particular, r|g, will be irreducible. O

We also have the following variant of the preceding result, which shows that arbitrary
restrictions (to CM extensions) of weakly irreducible compatible systems (satisfying the
appropriate hypotheses) remain weakly irreducible, provided that at least one member
of the restricted compatible system is irreducible.

Lemma 1.4.17. Let F be CM, and let {r;,} be a weakly irreducible, regular, odd, polarizable
compatible system of representations of Gr. Let M be a CM extension of F. If some rylc,,
is irreducible, then {ry|g,,} (which is a priori a regular, odd, polarizable compatible system
of representations of G ) is again weakly irreducible.

Proof. By Lemma 1.4.12, the weakly compatible system {r,} is odd, polarized, regular
and pure. These properties are inherited by the system {r;|g,}, which is therefore a
direct sum of weakly irreducible compatible systems by Lemma 1.4.13. Since r,l|g,, is
irreducible, there can only be one compatible system in this direct sum, and {r|g,,} is
weakly irreducible, as required. O

We close the present discussion of weak irreducibility with the following result, which
establishes the weak irreducibility of certain tensor products of compatible systems.

Lemma 1.4.18. Let F be CM, and let {s)}, {t,} be regular, odd, weakly irreducible
polarizable compatible systems of representations of Gp. Assume that {s) ®t,} is regular,
and that at least one representation s, ®t, is irreducible. Then {s;, @t} is weakly
1rreducible.

Proof. By Lemma 1.4.12, each of {s,}, {t,} is pure, so that {s) ®1,} is regular, pure,
odd, and polarizable. By Lemma 1.4.13, it is therefore a direct sum of weakly irreducible
compatible systems; since s, ®¢, is irreducible, this direct sum can only consist of a
single compatible system, as required. O

1.4.19. Deformation rings. @ When we consider deformation rings and automorphy
lifting theorems, we can no longer use algebraically closed coefficient fields. To this end,
we adopt the convention that O will denote the ring of integers in a finite extension £/Q,,
with residue field F, and that E will be chosen large enough such that all representations
under consideration are defined over E (and all mod p representations are defined over F);
as always, the precise choice of E is unimportant.

As usual, let F be a CM field with maximal totally real subfield FT. Following [4],
we work in a slightly more general context than [2, 16], allowing ramification at primes
of F* which are inert or ramified in F. This allows us to make cleaner statements, and
is also necessary for some of our arguments with auxiliary primes.
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Fix a prime p > 2 and a polarized residual representation (s, ) of Gp+ with s
absolutely irreducible and (as always in the body of this paper) p > 2. We choose once and
for all an element yy € Gr, \ GF (e.g., we could choose yp to be the complex conjugation
at one of the real places of FT), and we let p: Gg+ — G,(F) be a fixed prolongation
of (5, w), following the procedure discussed in §1.4.1.

Let u: Gp+ — O* be a lift of 7t. Let A be a complete local Noetherian O-algebra.
Then a w-polarized lifting of p to A is a representation p : Gp+ — G, (A) with vop = u
and p (mod my) = 0. A w-polarized deformation of p to A is a 14 M, (m4)-conjugacy
class of liftings. As in [15, Lemma 1.5], pu-polarized liftings and deformations p in this
sense are equivalent to the data of a lifting or deformation s of § which satisfies s¢ = us"
(where the equivalence arises from taking s = plg,).

We also need to consider the corresponding local deformation problems. We refer
to [4, § 3] for the definitions of deformations of fixed inertial and Hodge types. Let v be a
finite place of F, let p, : G > G, (F) be a representation with multiplier 7z, and let u
be a lift of . Then a wu-polarized lifting of p, to A is a representation p, : Gp+ — Gn(A)
with vopy = and py (mod my) =p,. If we fix an inertial type I+ — Gu(E), then in
the case [ # p, we may consider the universal framed deformation O-algebra RET of
inertial type 7; this ring is non-zero for a finite and nonempty set of inertial types t. We
refer to an irreducible component of any RET[1 /p] as simply ‘a u-polarized component
for p,’; such a component uniquely determines t. By [4, Lemma 3.4.1], each irreducible
component is invariant under conjugation, in the sense that conjugation by elements
of ker(G, (RE:7) — G, (F)) preserves each irreducible component. We will sometimes speak
of polarized components, rather than u-polarized components, when the choice of u is
clear from the context.

If v|p, then in the same way we let RH-"Y denote the universal framed deformation
(O-algebra of p for u-polarized potentially semistable lifts of inertial type T and Hodge
type v. We again refer to an irreducible component of any RH-"Y[1/p] as simply ‘a
pu-polarized component for p,’. Note that such a component again uniquely determines t
and v; we say that a component is regular if v is regular (that is, the labelled Hodge—Tate
weights are distinct); we will always assume this in our main results.

Return now to the global situation of a polarized residual representation (s, &) with
prolongation p. Suppose that v splits in F as ww®. A choice of embedding Ft—> Ff
gives rise to a choice of w|v in F. With respect to this choice, the representation E|GF+
has an image in GJ(F) = GL,(F) x GL{(F), and the projection to the first factor is the
representation 5|, . (A different choice of embedding FT — F, corresponding to w|v
in F would have the effect of replacing 5lg,, by n®5"|G,, =5lGp ) If py: Gp+ —
Gn(A) is a p-polarized lifting of ﬁlgﬂ, then the projection to GL,,IEA) gives rise to a
lift 5 : G, = G+ — GLy(A) of 5|,

Lemma 1.4.20. If v splits in F, then the assignment py, — sy is an equivalence of
categories between the w-polarized liftings of ﬁ|GF+ and the liftings of 5|G,, -
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Proof. Under this identification, the representation p, is simply the representation
Py = (S, W) : GFU+ — G2(A) C Gu(A), from which the result is clear (cf. the discussion
in [16, §2.3]). O

By Lemma 1.4.20, if v splits in F, then we can identify u-polarized components with
components of the corresponding lifting rings for 5|, after choosing a prime wlv (or

after choosing an embedding F+ — F_UJr which gives a canonical choice of w|v). We will
sometimes do this without comment later in the paper.

Convention 1.4.21. Let F/FT be a CM extension. Given a prime v in FT, we choose an

embedding F+ — F,” which in turn determines a choice of prime in F above v which we
denote by w.

Convention 1.4.22. Ifs: G — GL,(F) is as above, with prolongation p : G+ — G,(F),
and if (following Convention 1.4.21) w denotes a prime of F lying over the prime v of
FT, then we will often write ‘u-polarized component for S|Gp,  rather than ‘w-polarized
component for ﬁ|GFU+ 7,

Given another representation o’ : G FF Gm (F), and polarized components C, D for
0, 0, respectively, then there is a well-defined component C ® D for p ® p’. Similarly, if
L/F; is a finite extension, there is a well-defined 1|, -polarized component C|, for plg, -
(In the case that v is a split prime, this is [4, Lemma 3.5.1], and the general case is proved
in exactly the same way.)

We will frequently make use of the following lemma without further comment.

Lemma 1.4.23. Let F be a CM field, and let {r,} be a regular, odd, polarizable, weakly
irreducible compatible system of representations of Gr. Then for each A and each finite
place w of F, the representation ry|Gy, lies on a unique component of the corresponding
deformation ring.

Proof. It suffices to prove that ri|G,, defines a smooth point of the corresponding
deformation ring. By [4, Corollary 3.3.5], it is enough to prove that there is a finite
extension L/F, such that r,|g, is pure in the sense of [46, § 1]. Since {r)} is potentially
automorphic by Lemma 1.4.11, this follows from the main theorems of [12, 13] (which
show that automorphic Galois representations are pure). O

We now return to global deformation problems.

Proposition 1.4.24. Let F be a CM field, and let p >2 be prime. Let (r,m) be
an absolutely irreducible polarized representation of Gg. Suppose that r is odd, and
that 7|GF<zp) is absolutely irreducible, and let u be a de Rham lift of ;t. Let S be a finite set
of finite places of F* such that ¥ and p are unramified outside S. For each place v € S,
let Cy be a p-polarized component for ¥lG, , which is reqular if v|p.

Let R™Y be the universal deformation ring for ju-polarized deformations of ¥ which are
unramified outside S, and lie on the component C, for each v € S. Then R™ has Krull
dimension at least one.
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Proof. This is [4, Corollary 5.1.1] (note that the condition there of being ‘discrete series
and odd’ is by definition the same as being odd in the sense of this paper). O

1.4.25. Automorphy lifting and adequate representations. = We end this section
by recalling some results concerning automorphy lifting theorems. Let F be a CM field
with maximal totally real subfield F*. We say that a finite place v of F is split if v|p+
splits in F. In order to apply the (potential) automorphy results of [2], we need to assume
that all of the places v|p, and all of the places at which our Galois representations are
ramified, are split places; we will avoid making such assumptions in our main results by
making base changes.

We have the following theorem; the notion of adequacy is recalled in Definition 1.4.29.

Theorem 1.4.26. Let F be a CM field, and let p > 2 be prime. Suppose that ptn and
that ¢, ¢ F. Let (r, n) be a polarized automorphic Galois representation, wherer : G —
GL,,(QP), and assume that F(GF(,)) is adequate.

Let S be a finite set of places of F+ which includes all places at which (r, t) is ramified,
and all places dividing p, and for each v € S let C, denote the local component at v on
which plgy, lies, where p: Gp+ — Qn(ap) is the prolongation of (r, ). Assume that
every place in S is a split place.

Let Rc denote the global deformation O-algebra for v which parameterizes deformations
of p that are p-polarized, that are unramified outside S, and that for each v € S, lie on
the corresponding component Cy. Then Rc is a finite O-algebra, and any representation
corresponding to a Gp -point of Rc is automorphic.

Proof. The automorphy statement is essentially [10, Theorem 7.1], and the finiteness
statement follows easily from the proof of loc. cit. (cf. [47, Theorem 10.1]). We only
need to justify the slightly weaker hypotheses that we are making here, in comparison to
assumptions 4(c) and 4(d) in the statement of [10, Theorem 7.1]. Assumption 4(d) was
only made because local-global compatibility at places dividing p was unknown at the
time that [10] was written, but it is now available in the required generality thanks to [1].
Assumption 4(c) is satisfied by Lemma 1.4.23. O

As a consequence, we have the following useful finiteness result.

Lemma 1.4.27. Let p be an odd prime, and let F be a CM field with ¢, & F. Let {(sx, 15.)}
be a weakly irreducible, odd, reqular, polarized compatible system of n-dimensional
representations of Gp. Assume that p { n, let (s, u) be the p-adic representation coming
from the given compatible system, with corresponding prolongation p, and assume that
E(Gp(gp)) s adequate.

Let S be a finite set of finite places of F™ which contains all of the places dividing p,
and is such that p is unramified outside S. For each v € S, let C, denote the local
component at v on which plG, lies. Let Rc denote the global deformation O-algebra
which parameterizes deformations of p that are p-polarized, that are unramified outside S,
and that, for each v € S, lie on the corresponding component Cy,. Then Rc is a finite
O-algebra.
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Proof. By Lemma 1.4.11, {(s;, t2)} is potentially automorphic. By [2, Lemma 1.2.3], we
can reduce to the case that {(s), uy)} is in fact automorphic, and all the places in S are
split places, in which case it follows from Theorem 1.4.26 that R¢ is a finite O-algebra. [

1.4.28. Adequate representations. Let k be a field of characteristic p. We always
assume it is sufficiently large to contain all the eigenvalues of any representation under
consideration. Let V be a vector space over k and let G C GL(V) be a group which acts
absolutely irreducibly. We first recall from [47] what it means for G to be adequate.

Definition 1.4.29. G is adequate if the following conditions hold.
(1) H%G,ad’(V)) =0.

(2) HY(G,k) =0.
(3) H'(G,ad(V)) = 0.
(4) For every irreducible G-submodule W € ad’V, there is an element g € G with an

eigenvalue o such that treg W # 0 (where eg o is the projection to the generalized
a-eigenspace of g).

Lemma 1.4.30. Suppose that G acts absolutely irreducibly on V. Then the following are
equivalent.

(1) Condition (4) of Definition 1.4.29.

(2) The set of semisimple elements of G spans ad(V) Qi k as a k-vector space.
Proof. This follows from Lemma A.l of the appendix to [47], namely the equivalence

between (i) and (iii). O

Lemma 1.4.31. Suppose that V and V' are absolutely irreducible representations of a
group T'. Suppose that the projective images of T' on V and V' are disjoint, that is, the
group T surjects onto the product of the projective images of T on 'V and V', and denote
the projective images by PG and PG’. Then the images of T' on ad(V) and ad(V') are PG
and PG’, respectively, and the image of T on ad(V ® V') is PG x PG’.

Proof. The fact that I acts on ad(V) as PG is completely formal. Hence under the
assumption that the projective images PG and PG’ are disjoint, I' acts on ad(V) @ ad(V")
via PG x PG’. The kernel of the map

GL(ad(V)) x GL(ad(V")) — GL(ad(V ® V"))

consists precisely of pairs of scalar matrices (1, A~!). But it is not possible for any g € G
(or PG) to act on ad(V) as a non-trivial scalar — this would force the action of g on V
itself to be scalar and then to be trivial on ad(V). O]

Remark 1.4.32. The proof of Lemma 1.4.31 is just another way of saying that the map
PGL(V) x PGL(V') — GL(ad(V ® V"))

is injective.
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The following lemma is similar to Lemma A.2 of the appendix to [47].

Lemma 1.4.33. Suppose that V and V' are absolutely irreducible representations of a
group T'. Suppose that the projective images of T on 'V and V' are disjoint, and that the
images of T on 'V and V' satisfy condition (4) of Definition 1.4.29. Then the image of T
on V®V' satisfies condition (4) of Definition 1.4.29.

Proof. Let G and G’ denote the images of ' in V and V', respectively. By Lemma 1.4.30,
the semisimple elements g of G and g’ of G’ span ad(V) and ad(V’), respectively.
In particular, the elements g ® g/, which are also semisimple, span ad(V) ® ad(V’) =
ad(V @ V).

Let g and g’ be any pair of semisimple elements in G and G’, respectively. By
Lemma 1.4.31, there is a y € I' which acts projectively on V and V' by g and g/,
respectively. Hence it acts on V and V' by Ag and A'g’, respectively, for scalars A and A'.
Hence it acts on V ® V/ by a scalar multiple of g ® g’. In particular, it spans the same
line in ad(V ® V') as g ® g’. Hence these elements span ad(V ® V'), as required. O

Lemma 1.4.34. Suppose that V and V' are absolutely irreducible representations of a
group T of dimensions n,n’ > 2(p + 1), respectively, whose projective images are disjoint.
Then the image of T acting on VQ V' is adequate.

Proof. By Theorem A.9 of the appendix to [47], the images of I acting on V and V' are
both adequate. That condition (4) of Definition 1.4.29 holds for the image H of I' acting
on V ® V' then follows from Lemma 1.4.33.

The adjoint representation of H has image PG x PG’ by Lemma 1.4.31, so there is
a surjective map H — PG x PG’ whose kernel Z is central in H (and acts by scalars
on V®V’). Certainly, Z injects into k* and so has order prime to p. Let M and M’
be PG- and PG’-modules, respectively. Since Z has order prime to p, inflation-restriction
gives

H' H M@M)=H' (PG xPG, Mo M).
Another application of inflation—restriction gives an exact sequence
H' PG, M)® M")?¢ = H' (PG xPG, M® M) - MY° @ H' (PG, M").

Letting M = M’ =k or M = ad(V) and M’ = ad(V’), we see the two exterior groups
vanish by the adequacy of the images of I" on V and V', and hence so does the middle
group. Absolute irreducibility is easy, and the lemma follows. O

Lemma 1.4.35. Let G C GL(V), and let H C G be a normal subgroup with G/H of order
prime to p, such that H is adequate. Then G is adequate.
Proof. If condition (4) of Definition 1.4.29 holds for H, it obviously holds for G. So it
suffices to check the cohomological conditions. We have (since G/H has order prime to p)
that

HY(G,M)=H"(H, M)®/H.
Hence if the right-hand side vanishes, then so does the left-hand side. Similarly, if
a representation of G is absolutely irreducible after restriction to H, it is absolutely
irreducible. O

https://doi.org/10.1017/51474748020000195 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000195

556 F. Calegari et al.

Lemma 1.4.36. Let A C GL, (k) be absolutely irreducible withn > 2(p + 1). If B C GL, (k)
has a projective image containing PSL,(I) for some sufficiently large extension [/k
(depending on A), then the image of A® B is adequate.

Proof. By using Lemma 1.4.35, we may assume that B has a projective image
exactly PSL, (/) for some /. This is a simple group. By taking [ large enough so that the
projective image of A has order less than that of PSL, (), we deduce that the projective
images of A and B have no non-trivial common quotients. It follows by Goursat’s lemma
that the image of A ® B surjects onto the product of the projective images of A and B.
We now finish by invoking Lemma 1.4.34. O

The following is an immediate consequence of Lemma 1.4.36.

Lemma 1.4.37. Suppose that p > 2(n+ 1), that L is a number field, and that a : Gy —
GL,,(FI,) is an irreducible representation. Then if q is a sufficiently large power of p
(depending on @), and b : Gy — GL, (Fp) has a projective image containing PSL,(Fy),
then @®b)(Gp) is adequate.

2. Globally realizable representations

2.1. Global realizability

Let E/Q,, be a finite extension with ring of integers O and residue field F. Let K/Q,, be
a finite extension, and let
7 :Gg — GL,(F)

be a representation.

Definition 2.1.1. Say the representation ¥ admits many diagonalizable lifts if the following
holds: for any C > 0, ¥ admits a potentially diagonalizable lift with the property that,
for each embedding o : K — Qp, the o-labelled Hodge-Tate weights of the lift all differ
by at least C.

Remark 2.1.2. We expect that every representation 7 admits many diagonalizable lifts.
In this paper, we will use a base change trick (based on Lemmas 2.1.3 and 4.1.8) to avoid
needing to know this.

Lemma 2.1.3. For any representation v : Gg — GL,(F), there is a finite extension L/K
such that 7|g, admits many diagonalizable lifts. Moreover, any L/K such that7 and the
mod p cyclotomic character € become trivial over G has this property.

Proof. Choose L so that each 7|g, is trivial, and the mod p cyclotomic character of G, is
also trivial. For each integer C > 0, 1®e¢ @--- @™ VC is a potentially diagonalizable
(in fact, diagonal) crystalline lift of 7|g,, all of whose o-labelled Hodge-Tate weights
differ by at least C. ]

Convention 2.1.4. We will frequently consider potentially diagonalizable lifts of an' ¥ which
admits many diagonalizable lifts. Whenever we do so, we will always choose the lifts to
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have Hodge—Tate weights that are sufficiently spread out (in the sense that the condition
of Definition 2.1.1 holds for some sufficiently large C) that all representations formed
in the arguments that we make (which will involve tensoring representations together)
have reqular Hodge—Tate weights. In order to streamline the paper, we will not make this
explicit in any of our arguments.

Definition 2.1.5 (Polarized Local Isomorphisms). Let F be a CM field. Suppose
that @ : Gp — GL,(F) and b:Gp— GL, (F) are absolutely irreducible polarizable
representations with respect to a character &, so (in particular) they both prolong to
representations

p@), p(b) : Gp+ — Gu(F),

each of which is uniquely determined up to conjugation by an element in QS(F).
Let v be a prime in FT, and let w be a prime above v in F. We define a polarized
isomorphism alg,, =~ blg 5, t0 be an isomorphism of representations which extends to an
isomorphism of polarized representations:

P@lG,. = p(®)lc,. -

If v € FT splits in F, then any isomorphism between @|g r, and blg r, €xtends to such
an isomorphism, because G = Gr, CGF, and

p@lGy =axlg, : Gr = GLy(F) x GL{ (F) = G, (F) C G, (F)

(and similarly for p(b)|G,), so that ,0(5)|(;F;r = p@|Gp, = alGp, X G, (resp. /o(l_7)|GFU+
= p(E)|GFw :ElGFw xﬁ|GFw). On the other hand, if v is inert or ramified in F/F*
and dlg,, = blg r, 18 reducible, then this restriction may admit more than one
polarization, and so the requirement that the representations p(5)|GF + and p(E)|GF +
be isomorphic may be a non-trivial condition.

Definition 2.1.6. Let F be a CM field. We say that a representation 5 : G — GL, (Fp)
is reasonable if

e, ¢ F,and El(;mp) is irreducible;
e 5 is polarizable and odd;

ep>2m+1).

Definition 2.1.7. Let F be a CM field. We say that a representation 5 : Gr — GL, (Fp)
is pleasant if

e, ¢ F,and §|GF(;I,) is irreducible;
e 5 is polarizable and odd;

e p>2nm+1);

e all the primes v|p in F* split in F;

o for each place w|p of F, 5|G,, admits many diagonalizable lifts.
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Lemma 2.1.8. Let 5 be a reasonable representation of Gr. Let F@OD /F be a finite
extension. Then there is a finite extension L/F of CM fields, which is linearly disjoint
from F@OID oper F . such that S|, is pleasant.

—kerr

Proof. Replace F@void) ity plaveid) (¢p). Let E=ETF, where ET/F* is any
totally real extension linearly disjoint from F@vold) /F+ with the property that for each
place wg|p of E, both EIGEWE and Z|g Eyy ATC trivial, where g is the mod-p cyclotomic
character. It follows from Lemma 2.1.3 that E|GEwE then admits many diagonalizable
lifts, and moreover, the same is true if one replaces E1 by any further finite extension.
It now suffices to ensure the primes v|p in E* split in E. To achieve this, we cross with
a quadratic extension. Namely, let LT = M+TEY, where MT/F7 is a quadratic extension
with the property that M} ~ F, for v|p in F*, and such that L = L™ F is linearly disjoint
from F@oid) gyer F. O

Definition 2.1.9. Let K/Q[, be a finite extension, and let p:Gg — G,(F) be a
representation with multiplier frg. Let wg be a de Rham lift of wg. A wg-polarized
component C for p is globally realizable if there exist a CM number field F and an
odd, regular, polarized, weakly irreducible compatible system ({s)}, {ux}) over F, with
corresponding p-adic representation (s, i), with the following properties:

(1) The residual representation s is reasonable.

(2) There exists a prolongation & : Gp+ — G,(F) of (s,u), and a place v of FT,
such that F ~ K, ,u|GFv+ = UK, ‘§|GFU+§ p, and the representation ‘<§|GFU+ lies
on C.

We say that a de Rham lift p : Gx — G,(O) of p is globally realizable if it lies on a
globally realizable component.

Remark 2.1.10. In Definition 2.1.9, if the condition holds for one prolongation &, then
it holds for any prolongation. Indeed, we saw in §1.4 that any two prolongations are
conjugate by some element of 1 x GL| C Gy, and the components of the local deformation
ring are invariant under conjugation by [4, Lemma 3.4.1].

Remark 2.1.11. If v splits in F, then by Lemma 1.4.20, we can identify the u-polarized
deformation ring for p with the lifting ring for 5|, : Gr, — GL,(K) (which is
independent of pg). Then, in the setting of Definition 2.1.9, it follows from [16, Lemma
4.1.6] that the condition of a component being globally realizable is independent of the
choice of ug (as we can twist compatible systems by algebraic characters).

Remark 2.1.12. Note that by definition, if a component is globally realizable, then it is
regular.

Remark 2.1.13. While it is not obvious from the definition, as a consequence of our main

results, we can show that if n =2 or n is odd, then any potentially globally realizable
component is globally realizable. More precisely, a component C for p : Gg — G, (F) is
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globally realizable if and only if there exists a finite extension L/K such that C|p is
globally realizable. See Corollary 4.2.13.

Remark 2.1.14. Any (regular) potentially diagonalizable representation is globally
realizable; this is easily proved using the methods of [20, Appendix A], and in particular
if n =2 or n is odd, it is a simple consequence of Corollary 4.2.13 (which shows that it
is enough to prove this after an arbitrary base change), together with [2, Lemma A.2.5]
(which shows how to globalize local representations which are induced from characters).

The notion of being globally realizable can also be formulated in automorphic terms.

Lemma 2.1.15. A ug-polarized component C for p is globally realizable if and only if
there exist a CM number field F, a reqular algebraic cuspidal polarized automorphic
representation (w, x) of GL, /F, and a prolongation p,(w) of r,(w) such that we have
the following:

(1) Thereis a prime v in F* such that Ff ~ K, 0,(7)|c, = P, Erp ) ex = Mk,
and the representation ,op(y'[)|(;FJr lzes on C.

(2) The residual representation ¥, () is reasonable.

Proof. For the ‘if’ direction, note that if these conditions are satisfied, then we may
take ({55}, {x}) in the definition of global realizability to be ({ry(m)}, {e'"r GO}).
Conversely, if C is globally realizable, then we apply Theorem 2.1.16, taking F®@id) to
be F s (£p), and S to be the set of places of F which lie over p. Then the conditions in the
lemma are satisfied by the automorphic representation corresponding to the compatible

SyStem ({S)»|GL}’ {'u')‘lGL‘*'})' O

Theorem 2.1.16. Let ({s)(\i)}, {,ugf)}), i=1,...,r be compatible systems of odd, reqular,
weakly irreducible polarized Galois representations over a CM field F. Let S be a finite
set of finite places of FT, and let F@°D /F be o finite extension. Then there is a finite
Galois extension L/F of CM fields with the following properties:

o L is linearly disjoint from F@°D oper F.
o Every place in S splits completely in L.
e Fach ({s(’)|GL} {/L(’)|GL+}) is automorphic.

Proof. By [2, Theorem 5.4.1], each compatible system ({s}».)} {uk')}) is potentially
automorphic over some finite extension L;/F, which is linearly disjoint from F@void)
over F. (Strictly speaking, that result assumes that all of the s)\) are irreducible, but as
explained in the introduction to [37], all that is actually needed is that there is a positive
density set of rational primes / such that for each A|l, si") is irreducible.)

It suffices to show that L/F can be chosen simultaneously for all i, in such a way that
all places of F above § split completely. This can be arranged by a slight refinement of
the arguments of [2]; we explain the main idea here, referring the interested reader to the
proof of [20, Proposition A.6] for a more detailed treatment of a similar result.
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As a first step, note that since each {s)(\i)} is potentially automorphic, it follows from
[37, Lemma 1.5, Theorem 1.7] that there is a positive density set of rational primes /
such that if A|/, then each {sf)} is irreducible. Therefore by [2, Proposition 5.3.2], we can
choose [ and A|l such that each s)(\i) is Fontaine—Laffaille at all primes dividing /, each sii) is

irreducible, and indeed Ey) lG F&) is irreducible. We also assume that [ > 2(max dim si +1).

In the main argument of [2], the field L/F is constructed by a (finite) number of
applications of the theorem of Moret-Bailly, applied to a particular moduli space T
over FT (see the proof of [2, Theorem 3.1.2]). By the version of the theorem of
Moret-Bailly given in [2, Proposition 3.1.1], we can arrange that the places in S all split
completely in L™ provided that T has F, -rational points for all places v € S. This need
not be the case, but we can in any case choose a finite solvable extension of totally real
fields M+ /F™* so that T has M -rational points for each place w of M lying over a place
in §. We then replace T by the Weil restriction Resy+,r+ T', and running the arguments
of [2], we find a finite Galois extension Lt/F*, linearly disjoint from F@voidD oyer F+,
in which all places in S split completely, with the property that if we set L = LTF, then
the restrictions {s)(f) |G, ,+} are automorphic. Since the extension LM ™ /L is solvable, it

follows that each {s)(f)l(; .} is automorphic, as required. O]

3. Compatible systems

Our aim in this section is to prove results showing that if one representation in a
compatible system is a tensor product, then the compatible system is a tensor product.
We do this under somewhat restrictive hypotheses (see Theorem 3.4.3), which we
will suffice for the results of the following section due to some base change tricks
and arguments with auxiliary places. We also prove a number of other results about
compatible systems that we will use in §4. Our results are mostly Lie-theoretic, and in
particular we make crucial use of the results of [30].

3.1. Component groups

Recall that by Theorem 1.4.15, any compatible system has a well-defined component
group. We have the following technical lemma.

Lemma 3.1.1. Let F be a number field, letr : Grp — GLn(Fp) be irreducible, and suppose
that p > max(n, 3). Let L/F denote the field F (ker(r)). Let {ry} be any compatible system
of Galois representations such that ¥, =7 and such that det(r,) has an infinite image.
Let F'/F be a finite Galois extension which is linearly disjoint from L/F. Then the
component group of {r|G,,} is independent of F'/F.

Proof. Let G denote the Zariski closure of im(r,), and let GY denote the connected
component of G. Let im°(r,) denote the intersection of im(r,) with GY. Let F° denote
the fixed field of im°(r,). By Theorem 1.4.15, F° is independent of p, and G/GO ~
Gal(F°/F). It suffices to show that F° is completely contained in L. The image im(r,)
of r, inside GL, (Z,,) naturally admits a surjection onto Gal(F°/F). If Gal(F°/F) has
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order prime to p, then this surjection factors through im(7 ), since the kernel of im(r,) —
im(7 ) is a pro-p group. But this implies that F° is contained in L. Thus we may assume
that Gal(F°/F) has order divisible by p, and hence that the component group G/G° has
order divisible by p.

Note that G acts irreducibly because 7 is irreducible. By assumption, an element of
order p in G/G° induces an outer automorphism of G° of order p. If this automorphism
is trivial, then, by Schur’s lemma, this automorphism may be modified by an inner
automorphism to be a scalar which does not lie in G°. The assumption that the
determinant has an infinite image, however, implies that (since G is reductive and
irreducible) the centre Z is infinite, and hence that Z° = Z. This is a contradiction,
and hence this order p element induces a non-trivial outer automorphism of G°, and
hence also of its Lie algebra g. The automorphism group of any simple Lie algebra has
order at most 3 < p. Thus this order p automorphism must act by permuting the simple
factors. Yet G acts on a space of dimension n, and hence there are at most n simple
factors. Hence we obtain a non-trivial element of order p in §,, which is impossible
for p > n. O

3.2. Representation theory

In this section, we begin by proving some basic representation-theoretic lemmas for
reductive groups G. All the representations we consider below are assumed to be
finite-dimensional.

3.2.1. Reductive linear algebraic groups. Let k be an algebraically closed field of
characteristic zero. If G is a connected reductive linear algebraic group over k, then we
let G9¢ denote the derived subgroup of G — it is a connected semisimple linear algebraic
group — and let Z denote the centre of G. The natural morphism of connected reductive
linear algebraic groups

G x7° > G

(where as usual Z° denotes the connected component of the identity in Z) is surjective,
and its kernel is contained in (the anti-diagonally embedded copy of) the intersection
G N Z°, and thus is contained in the centre of G€'; in particular, it is finite.

We let G denote the simply connected cover of G9¢'; it is again a connected
semisimple linear algebraic group, and the kernel of the natural surjection Gder _, Gder
is finite and central. We write G := G9¢* x z° (and note that the possible ambiguity in
our use of the notation G is ameliorated by the fact that Gder ig naturally identified
with the derived subgroup of (~;) The composite morphism

G=Gdrwz°o 5 glr w70 5 G

is again surjective, and its kernel is finite and central.

Since Gder ig semisimple and simply connected, it may be written as a direct product
of almost simple linear algebraic groups. Thus G is a direct product of such groups and
a torus.

If H and J are linear algebraic groups, then any irreducible representation W of
the product H x J may be factored (uniquely, up to isomorphism) as a tensor product
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WZU ®; V, where U (resp. V) is an irreducible representation of H (resp. J). Applying
this remark in the context of the preceding discussion (thinking of a representation of G
as a representation of GI¢ x Z° via inflation), we find that the irreducible representations
of G are obtained from the irreducible representations V of GI¢* by choosing a character
of Z° which coincides with the given action of G4*NZ° on V (Schur’s lemma ensures
that this action is indeed given by a character) and extending the Ge_action on V to
an action of G (thought of as a quotient of Gder x Z°) via having Z° act through this
choice of character.

If g denotes the Lie algebra of G (or equivalently of 5), so that gder
of GY¢* (or equivalently of G9€'), then passing to the induced gde*
equivalence of categories between the category of finite-dimensional 5der—representations
over k and the category of finite-dimensional gd¢'-representations over k. In particular,
this equivalence induces a bijection between the isomorphism classes of irreducible
representations of G and the isomorphism classes of irreducible representations of gder.

The following lemma (and its proof) is a very special case of a theorem of Rajan [38].

is the Lie algebra
-action induces an

Lemma 3.2.2. Let U and V be two non-trivial representations of a simple Lie algebra g
over an algebraically closed field of characteristic zero. Then U ® V is reducible.

Proof. Without loss of generality, we may assume that U and V are irreducible. Let the
highest weights of U and V be A and u, respectively. Then, if U ® V is irreducible, it
must be the irreducible representation of highest weight A + u. By the Weyl character
formula, this implies that

_ dim(U) dim(V) I (p+r,a){p+p, a)
 dmU®V)  l(p,a)p+Aitp, a)

o+
Each individual factor has the form

(p. @)+ (p. o) ((h @) + (. o) + (@ @) |
(P, )2+ (p, a)({A, &) + (11, @) -

Since the pairing is non-negative, we obtain a contradiction unless (A, @){(u, a) =0 for
each root o € ®T. Because g is simple, there exists a maximal root 8 € ®* such that, for
any dominant weight v, one has (v, 8) > (v, a) for any o« € ®T. In particular, assuming
without loss of generality that (A, 8) =0, we deduce that (A, a) = 0 for all roots in &,
which implies that A = 0 and the corresponding representation is trivial. O

We say that an irreducible representation W of the connected reductive linear
algebraic group G is tensor indecomposable if, for any isomorphism W ~U® V
of G-representations, either U or V is a character.

Lemma 3.2.3. Let G = G° be a connected reductive Lie group over an algebraically closed
field of characteristic zero, and let G denote the finite cover of G constructed in the
preceding discussion. If W is an irreducible representation of G of dimension > 1, thought
of a representation of G via inflation, then W has a factorization

W:®Vi
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as a tensor product of tensor indecomposable representations of 5, where the V; are
unique up to re-ordering and twisting and have dimension > 1.

Proof. As noted above, the algebraic group G is a direct product of almost simple linear
algebraic groups G; and a torus T. Any irreducible representation of G is then a tensor
product of irreducible representations of the G; up to twist by a character of T. It
then suffices to show that the tensor indecomposable representations are precisely the
representations of a single simple factor G; up to twist. This follows immediately from
Lemma 3.2.2 (which shows that an irreducible representation of any G; is automatically
tensor indecomposable). O

We next establish some purely representation-theoretic results.

Lemma 3.2.4. Let V and W be finite-dimensional linear representations of a group G
over an algebraically closed field. Suppose that V QW decomposes as a direct sum
of characters. Suppose, in addition, there are at most three isomorphism classes of
characters which occur in direct sum. Then V and W also admit such a decomposition.

Proof. First consider the case when both V and W are irreducible. Note that for any
character y,
dim Homg (V ® W, ) = dimHomg(V, W¥x) < 1,

where the latter inequality follows from the irreducibility of V and W together with
Schur’s lemma. Since the number of distinct characters is at most three, it follows
that dim(V ® W) < 3, and thus at least one of V or W is a character, and the result
follows.

In the general case, when V and W are not necessarily irreducible, choose irreducible
subrepresentations V' C V and W € W. Then V' W C V® W, and so from what we
have already proved, we find that each of V' and W’ is necessarily a character. We then
see that

V=veWeW) lcVew) ew)!
is a direct sum of at most three characters (possibly with multiplicities), and similarly
for

w=W)levewc W) 'evew. O

Remark 3.2.5. The preceding result is false when there are four distinct characters.
Indeed, one can take V = W to be the irreducible 2-dimensional representation (over
Q, say) of the quaternion group Q of order 8.

We recall the definition of a strongly irreducible representation.
Definition 3.2.6. A representation of a group G (either a Lie group or a Galois group)
is strongly irreducible if it remains irreducible after restriction to any finite index

subgroup H C G.

Remark 3.2.7. A representation of a reductive Lie group G is strongly irreducible if
and only if it remains irreducible after restriction to the connected component G° C G.
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If a topological group G acts continuously on W and a subgroup H C G fixes a closed
subspace 0 C V C W, then the closure of H in G also fixes V. Hence continuous
representations of a Galois group G are strongly irreducible if and only if they remain
irreducible after restriction to any closed finite index subgroup H.

Lemma 3.2.8. Let V and W be irreducible representations of a group G over an
algebraically closed field k of characteristic zero, and suppose that the action of G on V
is strongly irreducible. Then, up to scaling, there is at most one non-trivial bilinear
G -equivariant pairing:

WxV — k(u),

where k() is the twist of the trivial representation by a character uw of G, and u is
allowed to range over all characters of G.

Proof. Any such pairing gives rise to an isomorphism V >~ WV (w). If there existed two
such pairings with the same pu which were not the same up to scalar, then there would be
two corresponding isomorphisms in Homg (V, WY (u)). Using either of the identifications
of V with WY (u), we deduce that

2 < dimHomg(V, WY ()) = dimHomg (V, V),

which contradicts the irreducibility of V by Schur’s lemma. If there were two such pairings
with different u, then denoting one character by u and the other by 4 ® x for a non-trivial
character x, we deduce that V. >~ WY () and V >~ WY(u ® x) and thus V =~ V(x). Taking
determinants of both sides, it follows that x" = 1. Hence x defines a map: G — u, C k*,
and in particular the image of yx is finite. Let H denote the kernel of this map, which is of
finite index. Then we deduce that dim Homg (V, V) > 2. By Schur’s lemma, this implies
that V|g is reducible, contradicting our assumptions. O]

3.2.9. Galois representations.  Throughout this subsection, we let F be a (not
necessarily CM) number field.

Lemma 3.2.10. Letr : G — GLm(Qp) be a representation with image I' :==r(GF), and
suppose that the (semisimple) residual representation ¥ has image 7(Gr) =T C GL,, (Fp)
containing SL,, (Fy) for q a sufficiently large power of p (we can take g = p if p >5,
and g =25 if p =135). Then the Zariski closure G of T' contains SLy, (Qp).

Proof. After conjugation, the image is a closed subgroup of GL,,(O) for O the ring
of integers in some finite extension of Q,. By the main result of [33], the image
therefore contains a conjugate of SL,, (W (F,)), from which the result follows immediately
(since SL,, is unirational, by [5, Theorem 18.2]). O

Lemma 3.2.11. Let {r;} be a weakly compatible system of G r-representations of dimension
m = n?. Suppose that r = rp =a®b, where a and b are n-dimensional representations
which have tmages whose Zariski closure contains SLy, and the corresponding Lie algebra
of rp contains sl, x sl,. Then the component group of the compatible system {ad(ry)} is
trivial.
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Proof. By Theorem 1.4.15, the pre-image of G} in G is independent of A, and so the
component group is independent of A, and thus we may choose A = p. We have ad(r) =
ad(a) ® ad(b). By assumption, the Zariski closures of the images of ad(a) and ad(b) are
both PGL,,, and hence the Zariski closure of ad(r) is G = PGL,, x PGL,,. Since G = G°,
the component group is trivial. O

The following result relates irreducibility and strong irreducibility of Galois
representations.

Lemma 3.2.12. Letr : Gg — GLn(QI,) be an irreducible Galois representation which is
Hodge—Tate with regular Hodge—Tate weights. If r is mot strongly irreducible, then r is
induced from a strongly irreducible representation over some finite extension M/F .

Proof. This is proved in the course of the proof of [11, Corollary 4.4]; we recall the
argument. For any finite extension E/F, either r|g, is irreducible or it decomposes
into a sum of distinct irreducible representations. This follows immediately from the
fact that r|g, has distinct Hodge-Tate weights at any prime wl|l. (Note that r|g, is
necessarily semisimple: if V denotes any irreducible subrepresentation, then the various
translates of V by elements of Gr are stable under the corresponding conjugates of
GE, and so we see that r|g, becomes completely decomposable under restriction to a
finite index subgroup, so must already have been semisimple.) Suppose then that r|g,
is reducible for some finite extension E/F. Replacing E by its normal closure over F,
we may assume that the extension E/F is Galois, and the claim that r is induced is
immediate from [11, Lemma 4.3). If r = Indgz s, then s is also Hodge-Tate with regular
Hodge—Tate weights, so by induction on n we may assume that r is induced from a
strongly irreducible representation. O

The following lemma will prove useful for lifting Galois representations along central
extensions.

Lemma 3.2.13. Suppose thatr : G — GL;;, (Qp) is a Galois representation whose image
has Zariski closure inside the image of the map GL, x GL,, = GL,,,. Then there exist
Galois representations rqa and rg of dimensions n and m, respectively, such that r >~
raQ®rp.

Proof. There is a central extension
0 — Z - GL,(Q,) x GL,(Q,) — I'(Q,) — 0,

where I' denotes the image of GL, x GL,, in GL,,,, and Z is the Qp—points of a torus
embedded anti-diagonally. The result then follows directly from [17, Proposition 5.3]. O

Lemma 3.2.14. Fix n>m, and let r:Gp — GLmn(Qp) be a strongly irreducible
representation such that the Lie algebra of the Zariski closure of the image of r is
isomorphic to t x b x sl,, where

e t is a torus of rank at most 1,

e hy is semisimple, and
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e the corresponding mn-dimensional representation of b x sl,, is the tensor product of an
m-dimensional representation of h with the standard representation of sl,.

Then either

(1) r decomposes as a tensor product a ® b, where a is of dimension m and b is of
dimension n, and furthermore the Zariski closure of the image of b contains SL,,;
or

(2) m =n, and r is the tensor induction of an n-dimensional representation of G, for
some quadratic extension L of F.

Moreover, in case (1), the representations a and b are unique up to twisting by a
character, or possibly permuting a and b if m =n and h = sl,.

Proof. Let G denote the Zariski closure of the image of r, and let G° denote the connected
component of G. For now, let us regard r as a (faithful) representation of G. We shall
exhibit a factorization of r as a tensor product of representations of some cover of G
(possibly after passing to a quadratic extension) and then promote this to an actual
factorization of Galois representations by Lemma 3.2.13.

By our assumptions, together with the general discussion of (3.2.1), we may find
a finite cover of G° by a group of the form T x H x SL,, where H is a product of
almost simple groups, and T is a torus. If we let r° denote the restriction of r to G°,
regarded as a representation of T x H x SL, by inflation, then r° is irreducible (as r is
strongly irreducible by assumption), and so we may write r° = a° ® b° ® ¢°, where a° is
an irreducible representation of H, b° is the standard n-dimensional representation of
SL,,, and ¢° is an irreducible (and hence 1-dimensional) representation of 7. (We do not
assert that any of a®, b°, or ¢° are representations of G°.)

After twisting by a character, we may assume (for example, by [36, Lemma 2.3.15]) that
the determinant of r has a finite image, and hence that the determinant of r° is trivial.
Thus we may in fact assume that ¢°, and hence t and T, is trivial, and we do so from
now on. Thus we assume that G° admits a finite cover by H x SL,,, and that r° admits a
corresponding tensor factorization a® ® b° with b° being the standard representation; we
now attempt to extend this tensor factorization to a corresponding tensor factorization
of r.

Since G° is normal in G, we obtain a conjugation action of G on G°, and hence on its
universal cover H x SL,. (Recall that the formation of universal covers is functorial in
pointed spaces, and note that the conjugation action of G on G° acts via automorphisms
of the pointed space (G°, 1).) Suppose first that b # sl,; then there are no non-trivial
morphisms sl,, — b (since h has a faithful representation of dimension m < n), so that any
automorphism of h x sl, must fix the sl, factor, and correspondingly any automorphism
of H x SL,, must fix the SL,-factor.

The component group G/G° is then endowed with a homomorphism

G/G° — Out(SLy) (3.2.15)

to the group of outer automorphisms of SL,, which we claim is trivial. To see this,
note first that if n = 2, then Out(SL,) is trivial, and so we are done. If n > 3, then the
outer automorphism group of SL, is cyclic of order 2. If G/G° surjects onto this outer
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automorphism group, then the restriction of r° to the SL,-factor, which is a direct sum
of m copies of b°, is isomorphic to its outer twist, which is a direct sum of m copies of
(b°)V. Since n > 3, the standard representation of SL, is not self-dual, and hence this is
not possible. Thus (3.2.15) is trivial, as claimed.

The action of G on the SL,-factor by conjugation is thus an inner action, and
so induces a homomorphism G — PGL,, compatible with the given map SL, — G°.
Let K € G denote the kernel of this homomorphism; the compatibility just remarked
upon shows that K contains the image of H in G°. Then we obtain a surjection
K x SL, — G compatible with the given surjection H x SL,, — G°. Correspondingly, we
obtain a tensor factorization r = a ® b of r inflated to the cover K x SL,, of G compatible
with the factorization r°® = a° ® b° of G°. This now induces a factorization of Galois
representations by Lemma 3.2.13. Note that »° is the standard representation of SL,, so
the Zariski closure of the image of b contains SL,, as claimed.

We now prove that this factorization is unique. Suppose that r ~a’® b ~a ®b. We
already have uniqueness of these representations over G° by Lemma 3.2.3. Hence it
follows that Hom(a, a’) as a G-representation has a summand which becomes trivial
when restricted to G°, and hence has a summand on which G acts through the finite
quotient G/G°. If this factor is 1-dimensional, then @ and @’ are isomorphic up to twist.
If this factor has dimension > 1, then, over G°, we see that Hom(a, a’)|ge = Hom(a, a)|ge
has at least two trivial factors, which implies that a is reducible over G°, contradicting
the strong irreducibility of r. The same logic applies to b, as required.

Suppose finally that h = sl,,. The argument proceeds as above, except now we have to
allow the possibility that G/G° also swaps the factors. Assuming we are in this case,
replacing G by G’ where G’ is the kernel of the map G — G/G° — S, we obtain a
tensor factorization of Galois representations as above over some quadratic extension.
But then the image of r must coincide (up to twist) with the tensor induction of the
corresponding n-dimensional representation (of a or b) from this quadratic extension. [

Lemma 3.2.16. Consider p-adic representations a and b of Gr of dimensions m and n
with m < n. Suppose that we have the following:

(1) The representation a @ b is irreducible.

(2) The residual representation b has an image containing SL, (Fy) for g a sufficiently
large power of p (in the sense of Lemma 3.2.10).

Let A and B denote the Zariski closures of the images of a and b, respectively.
Let A% and BYer denote the corresponding derived subgroups, and A% and Bder-°
the connected components of these groups. Let G denote the Zariski closure of the image
of a®b. Then the corresponding representation of GI¢™° is the natural representation
of Ader-e x gdere corresponding to the tensor product of the two natural representations.
This identifies GI"° with the image of AY™° x B in the automorphism group of the
exterior tensor product of the two natural representations.

Proof. By Lemma 3.2.10, we have Bde™° =SL,. Certainly, the connected subgroup
Gdere SL,2 lies inside the image I' of Ader.o . pder.o ynder the exterior tensor product.
Since T' is connected (since it is the image of a connected group under an isogeny), it
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contains no proper finite index subgroups. Thus to prove Gder° < T is an isomorphism,
it suffices to prove it is an isogeny, which we can do on the level of Lie algebras.

Denote the Lie algebras of A and B by a® t4 and b & tp, where a and b are semisimple,
and t4 and tp are tori of rank at most one. Note that b = sl,. After twisting, we may
assume that tp is trivial, and that the Lie algebra of G is g @ tg, where tg >~ t4. Let 06
tp denote the Lie algebra (decomposed as a semisimple part 9 and a torus tp) of the
Zariski closure of the image of a @ b. There is an inclusion 0®tp C a® bPty, which
induces an isomorphism tp =~ t4. Hence d <> a@®b. On the other hand, since (a @ b)®?
contains a ® b, there is a surjection 0 — g. There is an isomorphism

ad’(a @ b) ~ ad’(a) ® ad’ () @ (ad’(a) @ ad’(b)).

The corresponding Lie algebras of the images of ad’(a) and ad’(h) are a and b,
respectively, and the Lie algebra of the image of ad’(a ®b) is g. Hence there are maps

adb>0—»g—>adb.

The corresponding maps ? — a and ? — b (either coming from the inclusion into a @ b
or via the map to g) may be identified with each other, because the semisimple part of
the Lie algebra of a is canonically identified with the Lie algebra of ado(a). Moreover,
these maps are both surjective, and thus g is identified with 0. By Goursat’s lemma, the
inclusion g C a@® b is the pullback to a @ b of the graph of an isomorphism

a/ng >~ b/np,

for some ideals ng or ng which may be identified with the kernels of the projections
from g — b and g — a, respectively. Since b =sl, is simple, either both sides are
trivial, in which case 9 g~ a®b (and we are done), or there is a surjection a —
b. In this latter case, by rank considerations (since A acts faithfully on a space
of dimension m < n), we deduce that a ~sl, and that the map above induces an
isomorphism of Lie algebras a ~ b, and thus g >~ a >~ b is diagonally embedded in a @ b.
This implies that, still on the Lie algebra level, the representation a ® b must come from
the tensor product of an n-dimensional representation of sl, with a second n-dimensional
representation of the same sl,. In either case (standard tensor standard or standard
tensor dual), the corresponding representation would be reducible (as also follows
from a special case of Lemma 3.2.2). This implies (returning to the Lie group level)
that, over some finite extension, a ® b is either isomorphic to the direct sum of
a l-dimensional representation and an irreducible n? — 1-dimensional representation
or an irreducible (3)-dimensional representation and an irreducible (”'51)—
representation (depending on whether the representations of sl, are the same or dual
to each other). But since a ® b itself is irreducible by hypothesis, it can only decompose
over a finite extension into irreducible representations of the same dimension. The claim
follows. O

dimensional

Theorem 3.2.17. Let {r,} be a compatible system of G g-representations of dimension mn.
Suppose there exists a prime p with r =r, satisfying the following:

(1) There exist p-adic representations a and b of G of dimensions m and n withm < n
such that r ~a ®b.
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(2) The representation a @ b is irreducible.

(3) The residual representation b has an image containing SL, (Fy) for g a sufficiently
large power of p (in the sense of Lemma 3.2.10).

Suppose first that (m,n) # (2,2). Let A be a place with residue characteristic | such
that ry, is strongly irreducible. Then there exist representations a, and b, , of dimensions m
and n, respectively, such that ry, = ay ® by.. Moreover, the image of by has Zariski closure
containing SL,,(G,), and a) and by are unique up to twist by a character and up to
permutation — the latter being possible only when n = m.

Suppose mow that m =n =2. In this case, assume also that {r,} is odd, regular,
polarizable, and weakly irreducible. Then there exists a set of primes | of density one
such that for each M|, ry is strongly irreducible and admits a decomposition r) = a) Q b;,
satisfying the conditions in the previous paragraph.

Proof. Let A and B denote the Zariski closures of the images of a and b, respectively. By
Lemma 3.2.16, if G denotes the Zariski closure of the image of a ® b, then we may identify
the corresponding representation of G9¢™-° with the natural representation of Ader-° x
Bder-e corresponding to the tensor product of the two natural representations.

Let A denote a prime for which r, is strongly irreducible. Let G, denote the

Zariski closure of the image of ry, and let Gfer denote the corresponding derived
der,o

subgroup, and G, " the connected component of this group. By the strong irreducibility
assumption, the corresponding representation of Gfer’o is irreducible. By a theorem

of Serre [30, Proposition 6.12], the formal character of a compatible system of
Galois representations is independent of A. In particular, the formal characters of the
corresponding representations of Adere x pder.e — gdero sy g1 and Gger’o coincide. It is
possible for the formal characters of irreducible representations of connected groups to
coincide even when the groups differ (for example, there exist 27-dimensional irreducible
representations of G, and SL3 with the same formal character). However, what is
true [30, Theorem 5.6, Proposition 5.7] is that every such equality arises from taking the
tensor product of a list of (explicitly given) basic similarity relations, described explicitly
in §§5.3.1-5.3.4 of [30]. In particular, note that the standard representation of SL, for
any n > 2 does not admit any basic similarity relations (which one can also deduce by
a consideration of ranks), while in the case n =2, the only similarity relation which
intervenes in our situation is that given by the coincidence of the formal character of
the standard representation of Sp, with that of the external tensor product of two copies
of the standard representation of SL,. Applied to our situation, it follows that if n > 2
(which we assume for the time being, returning to the case n = 2 at the end of the proof),

there exists a connected semisimple group Hf “H° such that the representation of Gger’o

is the tensor product of an irreducible n-dimensional representation of HS °H° with the

standard representation of SL,. Note that the Lie algebra b of err’o need not a priori be
equal to the Lie algebra a of A9™° but this does not concern us. The result then follows
from Lemma 3.2.14, once we show that the representation is not a tensor induction from
a quadratic extension.
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We now prove that this case cannot occur. If r; is a tensor induction with Lie algebra
containing h x sl,, then we must have h = sl,, acting via the standard representation.
Hence, once more by [30, Theorem 5.6, Proposition 5.7] (and the fact that the standard
representation of SL, does not admit any basic similarity relations), we deduce that
the Lie algebra of a ® b also contains sl,, x sl,, and thus that the Zariski closure of a
contains SL,. (To see that the Zariski closure of the image of a contains SL, rather than
a quotient of SL, by some finite group, we use the tautological fact that a has a faithful
representation in dimension n.) By Lemma 3.2.11, we deduce that the component group
of ad(r;) is trivial. Yet suppose that G is the Zariski closure of the image of r;, and let H
be the index two subgroup from which ry is tensor induced. Then

ad(Tensor Indg V16 Indg ad®(V) @ Tensor IndgadO(V).

In particular, we see (looking at the second factor) that the image of G acting on ad(ry)
surjects onto G/H, and so the component group is non-trivial, a contradiction.

We now return to the case n = 2, where we have the additional assumption that the
4-dimensional compatible system {r,} is odd, regular, polarizable, and weakly irreducible,
and thus potentially automorphic by Lemma 1.4.11. By [48, Theorem 2], for a density one
set of I, r, is irreducible for all A|/. We claim that for any A for which r, is irreducible, ry, is
also strongly irreducible. If this fails to be the case, then since ry is regular, it follows (as
in the proof of [11, Corollary 4.4]) that r, is induced from a quadratic extension of F, and
hence ry >~ ry ® x for some non-trivial quadratic character x. Since x lives in a compatible
system, we see that every r, is induced from a common quadratic extension, and in
particular no r, is strongly irreducible, contradicting our assumptions. In particular,
since r is assumed irreducible, it is strongly irreducible.

Since r; is strongly irreducible for a set of primes / of density 1, it suffices to show (given
the argument above in the case of general m, n) that the set of primes / for which there
exists A|l with Gfer’o having Lie algebra sp, is a set of density zero. Suppose not; then by
Lemma 3.3.1, we deduce that the compatible system {A%r;} decomposes as a direct sum
of a 1-dimensional and a 5-dimensional compatible system. Since AZ(a @ b) = det(b) ®
Symz(a)eadet(a) ®Sym2(b), it follows that at least one of Symz(a) and Sym2(b) must
have a 1-dimensional factor. But then either a or b is induced from a quadratic extension,
so r is induced from a quadratic extension, contradicting the strong irreducibility of r
which we proved in the previous paragraph. O

3.3. A lemma on 4-dimensional polarizable automorphic compatible systems

The following lemma was used in the proof of Theorem 3.2.17. Recall that for a Galois
representation ry, we denote the Zariski closure of the image of r, by G,.

Lemma 3.3.1. Let F be a CM field, and let {r,} be a 4-dimensional compatible system
of representations which is odd, regular, polarizable, and weakly irreducible. Suppose that
there exists a set of primes | of positive upper density with the property that for some
All, we have Gfer’o = Spy. Then the compatible system of 6-dimensional representations
{A2r} decomposes as a direct sum of two compatible systems of dimensions 5 and 1,
respectively.
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Proof. Let T be a set of primes [ as in the statement of the lemma. If [ € T, then we
let A denote the choice of a particular A|/ with the property that Gfer’o = Sp4. Then
the Zariski closure of the image of ry is a subgroup of GSp,(M;) containing Sp,(M;).
By [2, Proposition 5.3.2], after possibly replacing T with a smaller set of primes (still of
positive upper density), we also may assume that, for any fixed finite extension H/F,

7)~|GH([[) - GSp4(Fl)

isirreducible for / € T. We apply this with H equal to the compositum of all the quadratic
extensions of F unramified outside the set of primes of bad reduction for the compatible
system.

Consider the (semisimple) Galois representations:

N7l G ey = GL(F)).

For each [ € T, the representation A’7F; admits a 1-dimensional summand. We claim
that for all but finitely many [ € T, the complementary 5-dimensional summand is
also irreducible. To see this, consider the various possible images of 7y : GF — GSpy (k)
with k = F; under the additional assumption that they act irreducibly. The classification
of such maximal subgroups (as first computed in [34]) shows that, for [ > 2, we have one
of the following:

(1) The image contains Sp,(F).

(2) The image stabilizes a decomposition k* = k*> @ k%, and 7; is thus induced from a
quadratic extension of F.

(3) The projective image is contained in the group PGL, (k) acting via the symmetric
cube representation.

(4) The projective image has absolutely bounded order.

For a more modern reference, one could also consult [6], in particular, tables 8.12 and 8.13,
which list the maximal subgroups of Spy(q) := Sp4(F,) and from which one can read off
the maximal subgroups of the almost simple extension PGSp,(F,) of Sp,(F;)/Z(Sp4(Fy))
by (8) = Z/2Z using the rightmost column. For the convenience of the reader, we note that
groups listed there of type €] correspond to reducible representations, those of type 63,
%3, and &5 correspond to groups of type (2), and the remaining groups of type % or of
class . have absolutely bounded image (type (4)) with the exception of SL(F,) which
corresponds to (3).

In case (1), the representation A%F; decomposes as a direct sum of an
irreducible 5-dimensional representation and a I-dimensional representation. Moreover,
because Sp,(F;) is quasisimple (a perfect central extension of a simple group), the
projective image of the representation does not change after restriction to the solvable
extension F (7).

We claim that cases (2) and (4) can only hold for finitely many [. In case (2), it follows,
similarly to the proof of [11, Lemma 2.6], that for [ sufficiently large, the representation is
induced from a quadratic extension unramified at [. But the quadratic extension must also
be unramified outside the fixed finite set S of primes of bad reduction for the compatible
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system, and so must be contained in H, contradicting our assumption on the irreducibility
of 7, restricted to H({). For case (4), note that since ry is regular, the order of the
projective image of 7, (even after restriction to inertia at primes above A) tends to
infinity with [, as follows from Fontaine—Laffaille theory.

Finally, in case (3), A? of the symmetric cube representation of a subgroup of GL, (k)
is the direct sum of a character plus (a twist of) the symmetric fifth power. If [ is large,
the only subgroups of GLy(k) for which the 4-dimensional representation is irreducible
but the 5-dimensional representation is not are those whose projective image is S4; since
the image of the symmetric cube representation of such a subgroup then has bounded
projective order, arguing again by Fontaine-Laffaille theory, as in case (4), we see that
this case may also be ruled out if / is sufficiently large. In conclusion, we see that if [ is
sufficiently large, then the 5-dimensional summand is irreducible, as required.

Shrinking T further, we see that we may assume that for all /€T, the
representation A2r; decomposes as the sum of a character and a 5-dimensional
representation s, with the properties that s, is Fontaine-Laffaille, and s|g F&p is
irreducible. The representation s, is regular and essentially conjugate self-dual (since ry
is), and is also odd (by Lemma 1.4.3). We can certainly assume that [ > 11, so it follows
that s, is potentially automorphic by [2, Theorem C], and hence extends to the desired
compatible system. O

3.4. Factorization of compatible systems

Our main result in this section is Theorem 3.4.3. We begin with two preparatory lemmas.
The following is a variant of the main results of [9, 10].

Lemma 3.4.1. Let F be a CM field, and let r : Gp — GLn(Q) be an irreducible regular
polarizable representation of Gg. Suppose either that n is odd, or that n =2. If n =2,
suppose further that [ > 11, that Symzr is irreducible and is Fontaine—Laffaille at all
places dividing I, and that Sym2 7|GF<51> is 1rreducible. Then r is odd.

Proof. In the case that n is odd, this is immediate from Lemma 1.4.3. Suppose now
that n = 2. Let Pr denote the projective representation Pr : Gp — PGL2(QI,) associated
to r. The polarizability of r implies that Pr¢ >~ PrY ~ Pr, and hence that Pr extends
to a representation Pr: Gp+ — PGLZ(QP). Thus Ad(r) = Ad°(Pr) also extends to a
representation Ad’(r) : Gp+ — GLg(Qp). It follows from [2, Corollary 4.5.2] (and the
case n = 3 of the result being proved) that Ad%(r) is potentially automorphic, and thus
(by [45, Proposition A]) the image of any complex conjugation is non-scalar, and thus
the image of any complex conjugation under Pr is non-scalar.

We show that this implies that r is odd. Because we are in dimension 2, there is

. .. =2 . .
certainly a non-degenerate pairing on Q, and a character u of G p+ which satisfies

(r(o)x,r(o)y) = u(o)(x, )

for any complex conjugation c. Since Pr is not dihedral, the pairing is unique, and to
prove oddness, it suffices to show that (x, y) = (y, x). If not, then the pairing is symplectic,
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and (x, x) = 0 for all x. This implies that
(r(o)x,r(0)x) =0

for all o. Because the dimension is 2, we have (x,y) =0 for x #0 only when y is a
multiple of x. Since r is irreducible, it follows that Pr(c) = Pr¢(o) for all o, which, by
Schur’s lemma, implies that Pr(c) is scalar, contradicting the result above. O

The following lemma gives a local condition for a representation not to be of the
form p ® (p°)Y up to twist for some representation p.

Lemma 3.4.2. Let F be a CM field. Let v be a prime in F' which is inert in F, and denote
by w the corresponding prime in F. Denote by ¢ the non-trivial element of Gal(F/F') =
Gal(Fy/F,"). Suppose that | is a prime distinct from the characteristic of v and w. Let
v :Gp, — Q

be a non-trivial ramified character such that Y|, = Yyl |15, - Suppose that

w:GE, — GL,2(Q)
is a representation such that

2_
swlig, = Y15 @180,
Then, if n > 2, we cannot write sy, in the form

sw = 0@ (p®(p)),
where p : Gf, — GLn(Ql) and 0 : Gf, — le is a character. If additionally Y|y~ has
order > 2, then there is no such decomposition when n = 2 either.

Proof. Suppose for the sake of contradiction that we can write s, >~ 0 ® (o ® (p°)Y).
Consider the representations p and (p¢)" restricted to Ir,. We are assuming for the sake
of contradiction that

. _ 2_
P& () g, =01, ® W @1 ™),

By Lemma 3.2.4, we deduce that p and p¢ restricted to Ir, are both given by direct
sums of characters.

Suppose that, after restriction to Ir,, the representation p decomposes as the direct
sum of n copies of a single character ¢. The inertia group /r, is normal in Gr, and
in Gp+. For a representation o of Ir, and for 0 € G Fio it thus makes sense to define a
representation o of Ir, by 07(g) = o(ogo™). Since p is a representation of Grf,, we
see that p? >~ p for any o € GF,. Hence if 0 € GF,, then we have

%" > pli > p% 1y, = (plig, )" = (9D)®",

and thus ¢ = ¢°. It follows that if c € G Ff s any liftt of the non-trivial element
of Grt+/Gr, = Gal(Fy /F}), then ¢¢ does not depend on this lift. In particular, still
assuming that p|7, decomposes as a direct sum of n copies of ¢, we have

P15, = ()"
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This would imply that p® (p¢)Y is a direct sum of n?> equal characters of I Fus
contradicting the fact that v is ramified, and thus non-trivial on inertia. In particular,
o (and by symmetry, p¢) contains at least 2 distinct characters.

Let ¢ be a character of Ir, occurring in p¢, so that ¢~ ! occurs in (p¢)Y. Then

Plig, = 0l ®9 N ®9 C (0@ () )iy, ®9 =00 @50l .

so pli, C 0 lo® W @ ]1@(”2_”)) and it follows that p restricted to Ir, is a direct sum
of at most two distinct characters with some multiplicity. From the previous discussion,
precisely two such characters occur. The same argument gives the same result for p€.
Thus we may write

Plip, =01 ®¢) " (0911, =019y ",

for some 0 <7 <n and 0 <s < n. Since each pair of characters is distinct, we must
have ¢;¢; # ¢ipr and ¢;¢; # ¢rg; when j # k. In order for the tensor product to contain
precisely two distinct characters, this forces the equalities ¢;; = ¢;¢; and ¢;¢; = ¢ ¢;.
Since one character occurs in p ® () exactly n times (and the other n? —n times), we
deduce, after some appropriate re-ordering, that

rs+m—r)y(n—s) =n.

This has no solutions in integers 0 <r <n and 0 < s <n when n > 2, a contradiction.
(Indeed, we have 2n=rs+rs+mn—r)n—s)+m—rin—s)=>r+s+m—r)+n—
s) = 2n with equality if and only if r =s =(n—r)=(n—s) =1.)

Now let us consider the case n = 2. In this case, the required character identities imply
that ¢;/¢; = ¢i/@; is a character of order dividing 2. On the other hand, the ratio of
the two distinct characters occurring in p ® (p€)V| 1, may be identified both with ¢ and
with ¢; /¢; with i # j, which implies that ¢ has order 2, a contradiction. O

Combining the two previous lemmas (as well as lemmas from previous sections), we
are now able to prove a theorem which allows us to factor a compatible system into the
tensor product of two other compatible systems given such a factorization at one prime p.

Theorem 3.4.3. Let F be a CM field and let p > 2 be prime. Suppose that n is odd or that
n=2. Let ({sp}, {ur}) be an odd, polarized, reqular, weakly irreducible compatible system
of representations with associated p-adic representation (s, w). Suppose that we can write

(s, 1) = (a, n1) @ (b, n2),
where a and b are n-dimensional representations which are de Rham at all places v|p.
Suppose also that we have the following:

e There is a positive density set of places | such that for each A|l, the representation s,
is strongly irreducible.

e 5 is strongly irreducible.

e The residual representation b has an image containing SL,(Fy) for q a sufficiently
large power of p in the sense of Lemma 3.2.10.
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e There is a finite place x t p of F which is inert in F, and a character ¢ : Gp, — Q;,
such that

- wa;:x = w_1|]F/\.)
—Ylip, has (finite) order greater than 2,

—alGp, is unramified, and

_ b|1Fx ~ ¢|1Fx @180,
Then there are odd, polarized, reqular, weakly irreducible compatible systems ({ay}, {it1.1}),
({bs}, {n2.1}) whose associated p-adic representations are respectively (a, 1) and (b, (12);
so in particular {s,} = {a) @ b, }.

Proof. Under our first assumption, we deduce from [2, Proposition 5.3.2] that there
exists a set of primes [ of density 1 with [ > 2(n+ 1) and x 1/, such that for each A|l,
s, is Fontaine—Laffaille at all places dividing [, s, is strongly irreducible, and s, |g F&)

is irreducible. If n = 2, we furthermore can and do assume that Sym?’s; is irreducible
and Fontaine-Laffaille, and / > 11. (The irreducibility of Sym2 s; is an easy consequence
of the assumption that s, is strongly irreducible — for example, one can deduce it from
Lemma 3.2.8.)

By Theorem 3.2.17, we may choose [ such that we can write s, = a; ® b;, where a; and b;
are both n-dimensional representations of G, the Zariski closure of b; contains SL,, (QZ),
and the unordered pair {a;, b;} is unique up to twist. It follows from [36, Theorem 3.2.10]
that we can choose g; and b; to be unramified at all but finitely many places, and de
Rham at all places dividing /. (We apply the result to the surjection from GL, x GL, to its
image in GL,2; [36, Hypothesis 3.2.4] is satisfied because F is CM and s, is polarizable.)
It then follows from [32, Proposition 3.3.4] that we can furthermore ensure that ¢; and b;
are in fact crystalline at all places dividing /. Moreover, the regularity of s, immediately
implies the regularity of a and b.

Since s, is Fontaine—Laffaille at all places dividing [/ and s, |G Fe) is irreducible, we see
that each of @; and b; is Fontaine-Laffaille at all places dividing I, and that a;|g F&p and

b, G F(g) Are irreducible. Since s, is strongly irreducible, a; and b; are strongly irreducible.
We now show that a; and b; are both polarizable. Since 5§ = ,u)LsX , it follows that

a; @by = py(ap)” @ (b)),

and by the uniqueness of a; and b; up to twist, we see that there are characters vy, ¢y :
Gr — le such that either a; =y (b)Y, by = ¢i(ay)" or that a; =y (af)”, by = ¢ (bf)". In
either case, we have s; = wlgols/\v, and it follows from Lemma 3.2.8 that yy¢; = uf = ua.

In the first case, we have s; = a; ® by gcplal@(af)v. This contradicts Lemma 3.4.2
(the hypotheses of which are satisfied by our assumptions on alg, and blg, and by
Proposition 1.4.14).

We are therefore in the second case, and we need to show that ¥, ¢; both extend to
characters of G p+. Taking the conjugate dual of the isomorphism b; = ¢;(bf)", we see that
also by = ¢f (bf)", so that by = (¢;/¢f )b;. Since by is strongly irreducible, we have ¢; = ¢f,
and ¢; extends to G p+. Similarly, ¥y also extends, as required.
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Since q;, by are polarizable, it follows from Lemma 3.4.1 that they are both odd. We
can now apply [2, Theorem 5.5.1] to the polarized representations (a;, ¥;) and (b, ¢;),
obtaining compatible systems ({a,}, {¢¥n}) and ({b)}, {¢s}) whose corresponding [-adic
representations are (ai, V1), (by, @), respectively. Since (s, uyx) = (a;, Y1) ® (by, 1),
we have (s, u) = (ap, ¥p) ® (bp, ¢p), where (ap,¥),) and (bp, ¢p) are the p-adic
representations corresponding to ({ay}, {¥x}) and ({by}, {¢,}), respectively.

Since we also have (s, n) = (a, 1) ® (b, u2), it follows from Lemma 3.2.14 (since we
are assuming that s is strongly irreducible) that the pairs {a,, b,} and {a, b} agree up to
twist. After possibly exchanging {a;} and {b;}, we may suppose that b, is a twist of b.
Since b is strongly irreducible, and both b and b, are both polarizable and de Rham,
the twist must be by an algebraic character of Gr. Replacing {b,} by the twist by the
corresponding compatible system of characters, and {a;} by the inverse twist, we have
constructed the sought-after compatible systems (note that we must have u> = ¢, by
another application of Lemma 3.2.8, so that also u; = ). O

3.5. A technical lemma

We end this section with a technical lemma that will be used in §4.1. We begin with
some equally technical preliminaries.

Lemma 3.5.1. Let H be a reductive linear algebraic group with a faithful irreducible linear
representation V , such that the restriction of V to H° remains irreducible. Let Zp denote
the centre of H. Then there is an injective map

H/ZyH® — Out(H*9).
In particular, if Zp is connected, then the component group of H injects into Out(H°der).

Proof. If Zyo denotes the centre of H°, then the natural morphism H®9' x Zyo — H°
is surjective (since H® is a connected reductive linear algebraic group). Thus we see that
the irreducible representation V of H° remains irreducible when restricted to H*9€; and
we also see that the conjugation action of H° on H*9 is via inner automorphisms, so
that there is indeed a well-defined morphism H/Zy H® — Out(H o,dery

Suppose now that some element i € H acts on H*9¢" via an inner automorphism. We
must show that A € Zy H°. Multiplying & by an element of H%9" we may assume that
actually centralizes H*9¢'. Since V is an irreducible representation of H*9€" we see that
h acts on V by scalars, and thus commutes with the action of H. Since H acts faithfully
on V, we see that h € Zy, as required. O]

Lemma 3.5.2. Let H be a connected semisimple algebraic group with a faithful irreducible
representation of dimension <2¢. If p > max(d,3), then p does not divide the order
of Out(H®dery,

Proof. Suppose that we have an element of Out(H°9¢) of order divisible by p. Any such
outer automorphism induces a non-trivial outer automorphism of the corresponding Lie
algebra. Since the simple Lie algebras only have automorphisms of order at most 3, any
such automorphism must consist of a permutation of the simple factors. But if there is
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a faithful representation of dimension at most 29, then there can be at most d simple
factors, and S; has no elements of order p if p > d. O

The following lemma is the main result of this subsection. Recall that if M/F is a finite
extension, we let MF-821 denote the Galois closure of M over F.

Lemma 3.5.3. Let F be a number field, and let
a,b: Gp — GL,(F))

be such that a®b is irreducible. Let {ry} denote a weakly compatible system
of n?-dimensional regular representations of Gp such that rp=a®b, where a is a
deformation of @, b is a deformation of b, and p > max(n, 3). Assume that the image of b
contains SL, (Fy) for q sufficiently large, in the sense of Lemma 3.2.10. If for some A, r;
is induced from an extension M/F, then (MF-82l . F| has order prime to p.

Proof. We may (and so) assume, after tensoring {r;} by a compatible system of characters
if necessary, that the image of det(r;) is infinite. (Note that any twist of ry, is also induced
from M/F.) Let G5 C G denote the connected component of the Zariski closure G
of r). Let N/F denote the fixed field of the inverse image of G;. Since the connected
component G is a normal subgroup of Gy, it follows that N/F is Galois. On the other
hand, if r; is induced from M, then certainly M C N, and hence M¥82 ¢ N. Hence
it suffices to show that the component group of G, has order prime to p. For this, we
work at the prime p (since the order of the component group is independent of A by
Theorem 1.4.15).

To this end, we now let G denote the Zariski closure of r, and G° the connected
component of the identity in G. By Lemma 3.2.16, we may assume that G9¢™° is the
natural representation of A9e° x Bdere where A and B are the Zariski closures of the
images of a and b, respectively, and Bder° = SLn(Qp). Let Z denote the centre of G.
Because det(G) is infinite, it follows that the Lie algebra g contains a non-trivial torus t,
and hence exp(t) C Z is infinite. Because G acts irreducibly, by Schur’s lemma, it follows
that Z consists of scalars, and thus Z = 6; = Z° is connected.

Because r, is regular, it follows from Lemma 3.2.12 that r, is induced from a
strongly irreducible representation s, over some extension M,/ F. By comparison with the
decomposition of GI€T° above, this strongly irreducible representation has dimension mn
for some m|n with m[M, : F] = n. In particular, the Galois closure M,f_gal/F of M,
over F has the property that Gal(M,f-gal/ F) is a subgroup of §,, and thus has order
prime to p.

Let H denote the Zariski closure of the image of SP|GMF—ga1‘ Since [le-gal : F] has

order prime to p, it is enough to prove that the componentpgroup of H has order prime
to p. There is an inclusion G° C H C G, and Zy = Z = Z° is connected. Moreover,
since s is strongly irreducible, it follows that H has a faithful irreducible representation
of dimension mn < n? < 2" such that the restriction to H® is also irreducible. The result
now follows from Lemmas 3.5.1 and 3.5.2. O
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4. Building Lifts

4.1. Deformations of 2®b and strong irreducibility

In this section, we show that strong irreducibility of compatible systems can be ensured by
imposing ramification conditions at finite places. These ramification conditions become
trivial after a finite base change, and we will use the Khare-Wintenberger method to
remove them from our final results.

We begin with the following preparatory lemma.

Lemma 4.1.1. Let K/Qy be a finite extension of degree prime to p for some prime h =
1 mod p. Suppose thatl # h, and let

p:Gg — GL,(Q)

be a representation such that pl|r, has finite p-power order. If ptm, then p admits a
1-dimensional subquotient which is the restriction of a character of Gq, .

Note that the lemma applies to both [ = p and [ # p.

Proof. Since not every irreducible constituent of p can be of degree a multiple of p,
we may reduce to the case that p is irreducible. The image of inertia has p-power
order and h # p. Hence the representation is tamely ramified. Any such irreducible
representation is of the form p = Indgf Y for a character ¥ of Gp, where L/K is
unramified (although we do not use this fact) and the degree [L : K] =m. It follows
that
ni=[L:Q,]=I[L:KIK : Q]

is prime to p. Also, since p|;, has p-power order, we see that v|;, has p-power order.

It is elementary to see that, since p { n and p|(h — 1), the largest power of p dividing |k} |
is the same power of p which divides |F;’| =h — 1. (Indeed, (h — 1) divides |k; |, which
in turn divides 2" — 1, and we have (" —1)/(h—1) =n (mod p).) By local class field
theory, it follows that the character ¥ of G (whose restriction to inertia is, as we have
observed, of p-power order) is the restriction of a character of Gq,, which we also denote
by v¥. Yet then

=IndgX ¢ =y @ IndgX 1.

The representation Ind; UK 1 contains a copy of the trivial representation. Since p is
irreducible, it follows that L =K, and p = ¢, as claimed. O

Let F be a CM field. Consider a pair of irreducible representations:
a,b:Gp — GL,(F))

such that @ ® b is irreducible and @ and b are polarizable. We now build on Lemma 3.5.3,
showing how we can control the extensions M/F from which representations inside a
compatible system containing a lift of @ ® b could possibly be induced.

We will shortly prove Lemma 4.1.3, which enables us to show that, for certain
deformation problems, any deformation of @ ® b which is induced must be induced from
one of a finite number of possible fields, independent of certain classes of auxiliary
ramification sets X. We start with the following preparatory lemma.
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Lemma 4.1.2. Let [Fy : Q,] be a finite extension, and let
r:Gr, — GL,(Q))

be either potentially unramified if | # v or potentially crystalline if | = v. Assume that
the restriction of the Weil-Deligne representation WD(r) to the inertia group If, factors
through a group of p-power order. Suppose that r is induced from a finite extension M,/ F,
whose Galois closure M,f”_ga over Fy, has order prime to p. Then M,/ F, is unramified.

Proof. The formation of Weil-Deligne representations is compatible with inductions.
Hence, if r =Ind F" s, then WD(r) = Indy, F” WD(s). It follows that the kernel of Wg,
acting on WD(r) is contalned in Wy, and thus also contained in W pFo-sal- But the image
of WD(r) restricted to I, has p-power order by assumptlon and thus ‘the inertia subgroup

of Gal(MU” gal/Fv) has p-power order. But Gal(Mv” gal/Fv) has order prime to p by
assumption, and thus M,/F, is unramified. O

Lemma 4.1.3. Fixz a finite set S of places of F* containing all primes above p and all the
primes at which @ or b is ramified. Let {ry} denote a weakly irreducible compatible system
of odd, polarizable, reqular n*-dimensional representations of Gp such that rp=c®d,
where ¢ is a deformation of @, and d is a deformation of b, and p > max(n, 3). Assume
that the image of b contains SL,(Fy) for q some sufficiently large power of p, in the
sense of Lemma 3.2.10.

Suppose that {r;} is unramified outside a finite set SU X of places of F* (in the sense
of Remark 1.4.5), and that for primes v € X, rp(IF,) is finite. Suppose that A is a prime
such that the representation ry, is induced from M/F. Then

(1) [MF-8al: F] has order prime to p,
(2) [M : F1<n?, and
(3) M/F is unramified outside S.

In particular, if S is fized, there are only finitely many such M independently of the choice
of A, the compatible system {r;}, and the set X.

Proof. By shrinking X if necessary, we may (and do) assume that ¥ is disjoint from S;
in particular, the representation @ ® b is unramified at primes of ¥. In particular, since
the primes above p lie in §, we may assume that X does not contain any such prime.

The fact that [MF83l: F] has order prime to p is an immediate consequence of
Lemma 3.5.3. Let us consider the possible M from which r, may be induced. The
degree [M : F] is certainly bounded by n?. If we prove that M/F is unramified at primes
not dividing S, then there are only finitely many such M/F as an immediate consequence
of a theorem of Hermite (following Minkowski). Consider the representation r, locally at
primes v € X¥. By assumption, the image r,(/F,) of the inertia subgroup Ir, for v e
X factors through a finite quotient. On the other hand, the representation a®b is
unramified at v. Hence the image of inertia factors through a finite quotient of p-power
order. By Proposition 1.4.14, the image of I, factors through a finite quotient of p-power
order for all representations WD(r5.|G 5, )-
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Suppose that r; is induced from M. Let v be a finite place of F. Then r;|g,, is

. . Fy-gal . . .
induced from M,. Moreover, the Galois closure M, ®* of M, over F, is contained in

the localization of the Galois closure M8l of F at v, and thus Gal(M,fD v-gal /F,) also has
order prime to p. If v ¢ §, then either v € X' and the image of I, in WD(r;|g,) factors
through a finite quotient of p-power order or v ¢ X' and the image of Ir, in WD(r;|G,)
is trivial. In either case, the claim that M,/F, is unramified follows immediately from
Lemma 4.1.2. O

Given an integer n and a finite set S of places of F*, we now introduce certain auxiliary
primes v for fields M/F of the kind which arose in Lemma 4.1.3.

Lemma 4.1.4. For each non-trivial M/F unramified outside S with Gal(M* 8 /F) of
order prime to p, either M C F({,) or there exist infinitely many finite places v of F*
and wlv in F with the following properties:

1) Npq(w) = h is prime, and h =1 (mod p™) for some p™ > n”.
/Q

(2) h is unramified both in M and in the fized fields of @ and b over F. In particular,
w is unramified in MF 831/ F .

(3) The images of a(Froby) and b(Froby,) have orders prime to p.
(4) The decomposition group of M¥8/F at w is non-trivial.
(5) v (resp. w) lies outside any given finite set of places of Ft (resp. F).

Proof. A choice of w in F determines a unique prime v of F™ with w|v. Conditions (2)
and (5) exclude only finitely many places. (By definition, any prime which ramifies in M/Q
is either ramified in F/Q, which is fixed, or is ramified in M/F, which, by definition, is
unramified outside the fixed set S.) The remaining three conditions are a Chebotarev
condition relative to the image of G in

Gal(F ({ym)/F) x Gal(MF8/ F) x GL,,(F ) x GL,(F ),

where the maps to the two copies of GL, (fp) factor via @ and b, respectively. It suffices
to show that the image of G contains an element whose projection is trivial in the first
group (for (1)), non-trivial in the second group (for (4)), and semisimple in the last two
groups (for (3)). The first two conditions can be satisfied simultaneously unless M-8 ¢
F(¢pm). Since [(MF-gal . F] is prime to p, this is equivalent to M C MmF-gal - F(¢p).
Thus if M ¢ F(¢p), then there exists a 0 € G which is trivial in Gal(F(¢,m)/F) and
non-trivial in Gal(Mf-821/F). It follows that 0P also has this property for any k,
because Gal(MF 'gal/ F) has order prime to p. On the other hand, the image of any
sufficiently large p-power of any element of GLn(Fp) has order prime to p. Thus the

image of o?" for sufficiently large k in the product above has the desired shape. O

Definition 4.1.5 (A suitable choice). Continuing on with our running assumptions on a
and b, suppose in addition that the assumptions of Lemma 4.1.3 are in effect. In
particular, both @ and b are n-dimensional residual representations of Gr which are
polarizable, the representation @ ® b is absolutely irreducible, and there exists a weakly
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irreducible compatible system {r;} such that r, = c®d is a deformation of a®b. Let §
be a set containing all primes above p and all primes where @ and b are ramified. Fix
characters w1, up unramified outside § such that @ and b are ;- and fi,-polarizable,
respectively. For v € S, consider any collection of local wi-polarized components C,
and  pp-polarized components D, for @ and b, respectively. Suppose, furthermore,
that C, ® D, is regular for all v|p. We now choose an auxiliary set X disjoint from § and
components Cy, D, for v € ¥ as follows. (Ultimately, we shall apply Lemma 4.1.3 with
precisely this set X.) For each of the finitely many fields M/F not contained in F(¢,) and
satisfying conditions (1), (2), and (3) in the conclusion of Lemma 4.1.3, we choose two
primes v in F™ with w|v in F according to Lemma 4.1.4, where the auxiliary set of places
given by (5) is the set of primes which ramify in any of the finitely many fields M/F.
Moreover, for each M/F, we choose this pair of places v so that they have distinct residue
characteristics. We now let X be the union of these pairs of places v of F* for all M/F.
Our choice guarantees that, for any prime /, and for any given M/F, there existsav € ¥
corresponding to M/F with residue characteristic prime to /. We now choose C, and D,
as follows. Recall that F,t ~ F,, >~ Qy,. Let ¥ : Gq, — Q; be a character such that ¥|,
has order p™, which exists because # — 1 = 0 mod p™. We consider deformations ¢ and d

at v such that
n—1 n—1
clir, =BV i, dlir, =P V" iy,
i=0 i=0

Such deformations exist (locally) because a(Frob,,) and b(Frob,,) are semisimple. Since
the characters y'| Ir, (and similarly the characters Ve Ir,) are pairwise distinct, this
defines unions of components of the corresponding local deformation rings. We choose C,
and D, to be any of the resulting components. The corresponding inertial type of the
n’-dimensional compatible system (which is well defined across the entire compatible
system, by Proposition 1.4.14) at each v € X is

n?—1 n?—1

i _ i
@ w |1Fw - @ W |1FU+~
i=0 i=0

(Note that Ir, = Ir+.) In particular, it is a direct sum of distinct characters of p-power
order — here we use the assumption that p™ > n?. As usual, the corresponding polarized
deformation rings of @ and b are denoted by Rc. s and Rp, 5, respectively. We refer to the
choice of auxiliary set X and corresponding components C, and D, as a suitable choice.

Equipped with the notion of a suitable choice, we now prove the following.

Lemma 4.1.6. Let {r,} denote a weakly irreducible, polarizable, regular, odd compatible

system of n>-dimensional representations of G such that rp =c®d, where c and d are

deformations of @ and b of types Rc.s and Rp. 5, respectively for a suitable choice of X,

C, and D, as in Definition 4.1.5. Assume that p > max(n,3), and that the image of b

contains SL, (Fy) for g some sufficiently large power of p, in the sense of Lemma 3.2.10.
Suppose that some ry, is induced from M/F. Then M C F({p).
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Proof. Assume that ry is induced from M/F. The choice of C, and D, for v € X ensures
that, for primes v € X', r,(If,) is finite. Hence, by Lemma 4.1.3, M/F is one of finitely
many fields which is unramified outside S, has degree bounded by n2, and MF-8l/F
has order prime to p. Suppose that M ¢ F(¢,). By the suitable choice of X as in
Definition 4.1.5, there exists a v € X' corresponding to M which satisfies the conditions
of Lemma 4.1.4 and has residue characteristic not dividing N(A). Let us write

r, = Indg; s:Gfp — Gan(Q[)-

Since the inertial type of r; at v consists of distinct characters of Iq,, it suffices to show
that this is incompatible with being an induction.

Let x be a place of M-8l lying over w (note that F,, = Q). Since Gal(M 821/ F) has
order prime to p, it follows that [My Feal . w] = [M F gal .
have a representation

: Q] has order prime to p. We

S|GMF—gal : GMXF-gal — GLx(Q)),
X

where m[M : F]=n?, and so p { m (since p { n). It follows from Lemma 4.1.1 that sly, F-gl
contains at least one subquotient w which is the restriction of a character of Gq, (note
that s(I - a1) has finite p-power order because r) (If, ) does by the definition of a suitable
choice of Z‘) By the definition of an induction, there is an identification

—_ o
r)‘lGMF—gal - @ S |GMF—gal’
oeGal(MF-8al/F)/ Gal(MF-83al ) M)

where 57 (g) = s(ogo ™).

The decomposition group of w in Gal(M 821/ F) is non-trivial by the choice of v and w
(more precisely, by condition (4) of Lemma 4.1.4). Moreover, because M-8 is the Galois
closure of M, the intersection of the conjugates of Gal(M¥-821/M) inside Gal(MF-821/F)
is trivial. Hence, for a suitable choice of x|w in M*82 we may ensure that there exists
an element o in the decomposition group of x above w in Gal(MF-831/F) that does not
lie in Gal(M"8%/M). It follows that s|G, . @ 571G, r g is @ summand of r;lG, . st
But o lies inside the decomposition group of x, and hence ox = x, and s%|g el is

the conjugate by o of s|g e Since w occurs as a subquotient as s|g st it follows
that »” is a subquotient of 579G s and hence w @ 0 is a subquotlent of rilg et

But w is the restriction of a character of Gq,, and thus 0’ = w, and w B w is a bubquotlent
of m'GM F-gar- BY assumption, the restriction ryly,, is a direct sum of distinct characters.
Since wxis unramified in M-8/ F by the construction of ¥ (cf. Lemma 4.1.4 (2)), the
restriction r”GM Fegal must also be a direct sum of distinct characters, and hence we have

a contradiction. O

Lemma 4.1.7. In the context of Lemma 4.1.6, assume also that Fl"GF(;p) s absolutely
irreducible. Then r, is strongly irreducible, and for a positive density of primes I, the
representations ry are strongly irreducible for all A|l (that is, the compatible system {r;}
is ‘weakly strongly irreducible’).
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Proof. By Lemma 3.2.12, the representations r) which are absolutely irreducible
are strongly irreducible unless they are induced. Since {r,} is weakly irreducible by
assumption, for a positive density of primes [/, the representations r, are irreducible for
all A|/, and certainly r), is irreducible. Hence it suffices to show that the representations ry
and r, are not induced from some finite extension M/F. By the previous lemma
(Lemma 4.1.6), this can happen only if M C F(¢p). Thus we will be done if we can
show that rp|c F&p) is absolutely irreducible, and that {r)|g F(;,,>} is weakly irreducible.
Since 7,lg Fep) is absolutely irreducible by assumption, r,lc Fep) is absolutely
irreducible. Since F(g,)/F is CM, it follows from Lemma 1.4.17 that {ry|g,(,)} is weakly
irreducible, as required. O

We end this subsection with some results (versions of the Khare-Wintenberger
argument) that will allow us to remove the auxiliary conditions discussed above from
our final results. We remind the reader of the conventions introduced in Definition 2.1.5
and Conventions 1.4.21 and 1.4.22, which will be in force throughout the rest of this
section; namely, we write w (possibly decorated by subscripts and superscripts) for a
place of a CM field lying over the place v of its totally real subfield, and we do not
explicitly mention prolongations.

Lemma 4.1.8 (Descending the existence of a compatible system). Let S be a finite set of
finite places of FT which contains all the places dividing p, and let (@, &) be a polarized
representation which is unramified outside of S. Let u: Gp+ — Z; be a de Rham lift
of @ which is unramified outside of S. For each v € S, let A, be a p-polarized component
foralg,. Assume thata: Gr — GL,,(F,,) 18 reasonable.

Suppose that there is a finite Galois extension of CM fields L/F, linearly disjoint
from fkem(g‘,,) over F, and an odd, polarized, regular, weakly irreducible compatible
system of representations ({s)}, {1} }) of G, with associated p-adic representation (s, u'),
with the following properties:

(1) EIGL s reasonable.

(2) s

(3) n =M|GL
) s
) F

—_—~~ =

(4
(5

Then there is an odd, polarized, regular, weakly irreducz'ble compatible system of
representations ({ay}, {ur}) of G, with associated p-adic representation (a, w), with the
following properties:

(1) a liftsa.

(2) a is unramified outside of S.

is unramified outside of the places lying over S.

or each place vy of L™ lying over a place v € S, s|GL lies on Ayl + .
v

(3) For each place v € S, algy, lies on A,.

Proof. By Theorem 2.1.16, after replacing L by a finite extension, we can and do assume
that ({sx}, {u}}) is automorphic. Let R4 be the universal O-deformation algebra for @,
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for the deformations which are

e u-polarized and odd,

e unramified outside of S,

e if v € §, then the corresponding lift lies on A,.

Let R4 be the universal O-deformation algebra for s, for the deformations which are
o 1/-polarized and odd,

e unramified outside of the primes lying over S,

eif v € S, and vz |v is a place of L™, then the corresponding lift lies on AU|LU+L.

By Proposition 1.4.24, R4 has positive dimension, and by [2, Lemma 1.2.3], it is finite
over Ry. Since Ry is finite over O by Lemma 1.4.27, we deduce that Ry is finite over O.
It follows that R4 has Qp—points, and we let a be the representation corresponding to
such a point.

It remains to check that (a, u) is part of a weakly irreducible compatible system. Since
(by construction) (s, u') is automorphic, it follows from Theorem 1.4.26 that (alg,, 1')
is automorphic. Then (a, n) is part of a compatible system by the usual argument with
Brauer’s theorem; to be precise, it follows from the proof of [2, Theorem 5.5.1], as the
appeal to [2, Theorem 4.5.1] in that proof is only in order to prove potential automorphy,
which we have already established. (Note that the hypothesis on the component groups
of the Galois representations made in the proof of [2, Theorem 5.5.1] is guaranteed by
Lemma 3.1.1; we are free to twist our representations by an algebraic character in order
to guarantee that the determinant has infinite order.) This compatible system is weakly
irreducible by Lemma 1.4.11. O

Corollary 4.1.9 (Level lowering for a compatible system). Let S be a finite set of finite
places of FT, containing all of the places dividing p, and let (a, ) be a polarized
representation which is unramified outside of S. Let wu: Gp+ — Z; be a de Rham lift
of @ which is unramified outside of S. Assume that a: Gp — GL,,(FP) s reasonable.
For each v € S, let Ay be a p-polarized component for al|g,, . Let X be a finite set of
finite places of FT, which is disjoint from S, and for each v € X, let A, be a p-polarized
component for |G, which is potentially unramified.

Suppose that there is an odd, polarized, regular, weakly irreducible system of
representations ({sy}, {ur}) of Gr, with associated p-adic representation (s, i), with the
following properties:

(1) s=a.
(2) s is unramified outside of SU X.
(3) For each place v e SUX, s|g,, lies on Ay.

Then there is an odd, polarized, regular, weakly irreducible system of representations
({ar}, {ur}) of Gp, with associated p-adic representation (a, ), with the following
properties:

(1) a lifts a.
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(2) a is unramified outside of S.
(3) For each place v € S, algy, lies on Ay.

Proof. We may choose a finite Galois extension L/F, linearly disjoint from F kera(g‘p)

over F, with the properties that a|g, remains reasonable, and for each v € ¥, and each
place vy |v of L, s|G,, is unramified. The result then follows from Lemma 4.1.8, applied
to (isalg, b 1ala,. )- 0

4.2. Local swapping

In this subsection, we prove our main theorem (Theorem 4.2.11), building on a series of
lemmas. We begin with the following lemma, which will be used to move components
between different mod p representations. Much of the rest of this section is devoted
to relaxing the rather restrictive hypotheses made in this lemma, culminating in
Lemma 4.2.9.

We again remind the reader that we are using the conventions introduced in
Definition 2.1.5 and Conventions 1.4.21 and 1.4.22. We extend Convention 1.4.21 in the
obvious way to subscripts and superscripts, so that wy is a place of F over vy in F¥, wy
is a place of L over vy in L™, and so on.

Lemma 4.2.1 (Local swapping I). Suppose that either n > 1 is odd or n =2. Let F be
a CM field, and let ({ar}, {ur}) and ({b,}, {vr}) be two weakly irreducible, odd, regular,
polarized compatible systems of n-dimensional representations with corresponding p-adic
representations (a, u) and (b,v). Let S be a finite set of finite places of F* containing
all of the places lying over p, such that each of a, b, u, or v is unramified outside of S.
For each v € S, write Ay for the u-polarized component determined by al|Gy,, , and By for
the v-polarized component determined by blG, . Assume the following:

(1) For each place v € S with v|p, the component A, ® By, is reqular.

(2) The representations @ and b are reasonable, and (E®Z)(GF(;I,)) s adequate.

(3) The image b(GF) contains SL,(F)).

(4) There is a finite place x t p with x € S of F™ which is inert in F, and a character
Yv:Gfr, — 6: such that
L4 I/fcllpx = I//71|11:x7
o Y|y has (finite) order greater than 2,
e a|Gp, 1is unramified, and
bl Vg, @191,
We let T C S\ {x} be a set of places with the property that z'f veT, then there are

an equality U|g - =g vt and a polarized isomorphism alG,, = b|GF Furthermore, if

veT, then we set C, = B and Dy, = Ay, while if ve S\ T, then we set Cy = Ay and
D, = B,.

Then there exist odd, regqular, polarized, weakly irreducible compatible systems ({c)},
{ur}) and ({d,}, {vi}) with corresponding p-adic representations (c, ) and (d, v), having
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the following properties:
ec=a and d =b.
e For each place v € S, c|G, lies on Cy and d|G, lies on Dy.

e c and d are unramified outside of S.

Proof. Note first that since b is reasonable, we have p > 2(n+ 1) > 6, so in particular
b(Gr) is large enough that Lemma 3.2.10 applies. Note also that since a@|g r, 18 unramified
but b|g r, isramified, we have x ¢ T'. By Corollary 4.1.9, it suffices to construct the desired
compatible systems after increasing the set S, provided that the additional components A,
that we choose are potentially unramified. Note that the assumption that (@ ® b)(G F(zp))
is adequate includes the assumption that @ ® b is absolutely irreducible; accordingly, we
allow ramification in SU X', where ¥, and the components C, and D, for v € X, are a
suitable choice as in Definition 4.1.5. We set A, = C, and B, = D, for v € X.

We consider the following four global deformation O-algebras Ra s, Rp s, Rc,x,
and Rp. y, defined as follows (from this point onwards, we drop the X from the notation):

(1) R4 and R¢ are deformation rings for @; Rg and Rp are deformation rings for b.

(2) The deformations are polarized and odd; the multiplier characters of R4, Rp,
Rc, Rp are, respectively, u, v, u, v.

(3) If v e SU X, then the restriction to G f,, of the universal deformation corresponding
to R4, Rp, Rc, or Rp lies on the component A,, By, Cy, or D,, respectively.

(4) The representations are unramified outside of SU X.

We also consider a fifth deformation O-algebra Ragp for E®E, which is defined to
have the following properties:

(1) The deformations are polarized and odd, with multiplier uvég,p+.
(2) If v € SU X, then the corresponding lift lies on the component A, ® B, = C, ® D,,.

(3) The representations are unramified outside of SU X.

Note that {a) ® by} is weakly irreducible by Lemma 1.4.18. It follows from Lemma 1.4.27
(with S replaced by SUX) that Ragp is a finite O-algebra. We claim that R¢ and Rp
are also both finite over O.

To prove this, we first note that any deformation coming from R¢ tensored with one
from Rp gives, functorially, a deformation of type Ragp. The representation a @ b also
gives such a point. By Yoneda’s lemma, there exist corresponding morphisms:

Ragp — Ra®oRp, Rags — Rc®oRp.

Since R agp is finite over O, it then suffices to show that the morphism Ragp — Rc®oRp
is finite.

By Nakayama’s lemma, we are reduced to showing that if A is an Artinian k-algebra
such that @ and b admit deformations @ and b to A (of types C and D, respectively) so
that @ ® b is the trivial deformation of @ ® b, then the corresponding map Rc®pRp — A
factors through some subalgebra A’ of A of uniformly bounded length. To show this, let M
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be the fixed field of the kernel of @ @ b. Then we find that
Gy ®bloy = @&k Algy ® (b &k Al

is a free A-module with a trivial action of Gy. Now, we claim that if V and W are
free A-modules with an action of Gy such that the diagonal action on V ® 4 W is trivial,
then Gy acts on V and W by scalars. Assume for the sake of contradiction that Gy
does not act on V via a character. Then there exists an element v € V and g € G such
that gv is not a multiple of v. Yet then (choosing w to be any element of W\ m4W)
g(v® w) cannot possibly be a multiple of v ® w, a contradiction. Hence the action of Gy
on V (and W) is by scalars.

Let Rgetcc), Rdewp), etc. denote the corresponding deformation rings for the
determinants of our representations. We have the following diagram:

Raet(AB) — Raet(©)® Raet(n)

| |

Ragp —— Rc®Rp

We begin by showing that Rgeyc) and Rger(py are finite over O. The Hodge-theoretic
conditions imply that any two characters of type det(C) (or det(D)) differ by a finite
order character unramified outside S U X', and with ramification at v|p € SU ¥ bounded
purely by the corresponding type. The finiteness of Rge(c) and Rgeyp) over O is now
an immediate consequence of class field theory. (Fixing one such pair of characters ¢
and tp, the deformation rings over k are identified with group rings k[I'] for some finite
ray class group I'.)

Hence we may additionally assume that the determinants of @ and b are fixed.
From the argument above, we have also shown that the action of Gj on the
corresponding A-modules V and W is via a scalar. Since there are only finitely many
characters of Gy of order n which are unramified outside any fixed finite set of primes,
we deduce that there exists a finite Galois extension N/F such that the action of Gy
on V and W is trivial. But this implies that the corresponding maps from R¢ and Rp
to A factor through the quotient of the universal deformation ring over k of @ and b
as representations of the finite group Gal(N/F). But the finiteness of these deformation
rings follows exactly as in the proof of Lemma 1.2.3 of [2].

Since Rc¢c and Rp are finite over O, and have dimension at least one by
Proposition 1.4.24, this shows that R¢ and Rp both have non-trivial QP—Valued
points. Make a choice of such points, and let ¢, d be the corresponding p-adic
representations. Recall that {a), ® b} is weakly irreducible, and thus potentially
automorphic by Lemma 1.4.11. In particular, given any finite Galois extension F (avoid) /F,
we can find a CM Galois extension L/F which is linearly disjoint from F®void) /g
and is such that {(a, ®by)|g,} is automorphic. Furthermore, by replacing F(@void)
by F(a"‘)id)fkem@b(;p), we may assume that (E®E)(GL@],)) is adequate, and ¢, ¢ L.
Making a further quadratic base change if necessary, we can also assume that all places
at which a ® b is ramified, and all places lying over p, are split places. Then (c®d)|g,
is automorphic by Theorem 1.4.26. As in the proof of Lemma 4.1.8, it follows from
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the proof of [2, Proposition 5.5.1] that ¢ ® d is part of a regular, odd, polarizable weakly
irreducible compatible system {#,} (again, using Lemma 3.1.1 to guarantee the hypothesis
on the component groups made in [2, Proposition 5.5.1]).

We will now apply Theorem 3.4.3 to the compatible system {#,}, and so deduce that c,
d are the p-adic representations corresponding to compatible systems {c,}, {dy}, which
(by construction) satisfy all the requirements of the lemma. To complete the proof, it
suffices to verify that the hypotheses of Theorem 3.4.3 are satisfied by {f,}. The strong
irreducibility assumptions are satisfied by Lemma 4.1.7 and the conditions at the places
in ¥, which implies that the hypotheses of Lemma 4.1.6 hold. The hypothesis on the
image of b is satisfied by assumption. Finally, the place x required in the hypotheses of
Theorem 3.4.3 can be taken to be the place x appearing in hypothesis (4) of the present
lemma: indeed, the hypotheses on the behaviour of a and b at x involve just the restriction
of these representations to the inertia group at x, and thus they are constant along the
components A, and By. As noted above, x ¢ T, and thus C, = Ay and Dy = By, so that
these same hypotheses are satisfied by ¢ and d. This completes the verification of the
hypotheses of Theorem 3.4.3, and so also completes the proof of the lemma. O

Remark 4.2.2. The polarizability requirement in the previous lemma is essential, even
for n = 1. In particular, there are genuine global obstructions (arising from units) to
producing characters with prescribed ramification properties at all primes. However,
the polarizable condition implies that (in our setting) the corresponding characters are
unitary and come from the —1-part of the corresponding ray class groups; in particular,
there are no unit obstructions provided that p # 2 (and in this paper, p is never 2).

We now introduce potentially diagonalizable lifts into the picture. We remind the reader
of Convention 2.1.4 (that we will assume without explicit mention that the gaps between
the Hodge-Tate weights of our potentially diagonalizable lifts are sufficiently large); we
will also sometimes assume without further comment that in base change arguments
the weights and types of the potentially diagonalizable representations have been chosen
compatibly.

Lemma 4.2.3 (Existence of potentially diagonalizable lifts). Lets: Gr — GL, (Fp) be a
pleasant representation in the sense of Definition 2.1.7, namely:

o, ¢ F, and ElGF([p) 1s irreducible.

e 5 s polarizable and odd.

ep>2n+1).

o All the primes v|p in F* split completely in F.

e For each place w|p of F, 5|, admits many diagonalizable lifts.

Let w be a character such that (s, t) is polarized. Let u be a de Rham lift of . Let S be
a finite set of finite places of FT, including all places at which's or w is ramified, and all
places lying over p.
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Then there is an odd, regular, polarized weakly irreducible compatible system ({s)}, {ur})
of G p-representations whose associated p-adic representation is (s, u), where:
e s liftss,
e s is unramified outside of S, and
e s is potentially diagonalizable at all places v|p.

Furthermore, if we fix a p-polarized component Cy, of 5 for each place v{ p in S, then we
may assume that s|G,, lies on Cy for each v.

Proof. The existence of s follows immediately from [4, Theorem 5.2.1] (the hypotheses of
which hold by [2, Theorems 4.3.1, 4.5.1]). That s is part of a compatible system follows
from [2, Theorem 5.5.1]. O

We will also make use of the following variant of the previous result, where we no longer
require that 5|, admit potentially diagonalizable lifts for w|p in F, but we allow a finite
base change.

Lemma 4.2.4 (Existence of potentially diagonalizable lifts II). Lets: Gr — GL, (Fp) be
a reasonable representation in the sense of Definition 2.1.6, that is:

oy ¢ F, and ElGF(zp) is irreducible.

e 5 is polarizable and odd.

ep>2n+1).

Let @ be a character such that (s, ) is polarized. Let u be a de Rham lift of t. Let S be
a finite set of finite places of F, including all places at which 5 or u is ramified, and all
places lying over p. Let F@°D /E pe o finite extension.

Then there is a finite Galois extension of CM fields L/F, linearly disjoint from the
field F (aVOid)(gp) over F, and an odd, reqular, polarized weakly irreducible compatible
system  ({s)}, {ur}) of Gp-representations whose associated p-adic representation
15 (s, lg,), where:

o 5|G, is pleasant,

o s lifts 5|G, ,

e s is unramified outside of the places lying over S, and
e 5 is potentially diagonalizable at all places v|p.

Furthermore, if we fix a w-polarized component Cy, of 5 for each place vt p in S, then we
may assume that slngL lies on CUILU+L for each v |v.

Proof. By Lemma 2.1.8, we may find a finite extension L/F linear disjoint
from F (aVOId)(;p) /F such that s|g, is pleasant. The result then follows immediately from
Lemma 4.2.3. O

Remark 4.2.5 (Arguments both reasonable and pleasant). The notions of reasonable and
pleasant (Definitions 2.1.6 and 2.1.7, which were also just recalled in the statements of
Lemmas 4.2.4 and 4.2.3, respectively) are very closely related. Pleasant representations
are automatically reasonable, and reasonable representations are pleasant after a finite
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extension (Lemma 2.1.8). Since, in the ultimate application, we only assume our residual
representations are reasonable, we have endeavoured to structure the arguments below
to only require reasonable hypotheses on the relevant residual representations. However,
at a number of points (including in the conclusions of Lemmas 4.2.6 and 4.2.7 as well as
during the proofs of Lemma 4.2.9 and Theorem 4.2.11), we deduce that certain residual
representations satisfy the stronger condition of pleasantness, even though, almost all of
the time, we only ever use the fact that these resulting representations are reasonable.
(One notable exception is the proof of Lemma 4.2.6, where, to invoke Lemma 4.2.3, we
require that 7 is reasonable.) Thus the close reader should bear in mind that when it
is stated that a certain residual representation is pleasant, the main implication to take
away is that it is reasonable.

The following lemma and its corollaries will be used in our later arguments to replace
a given representation with one which behaves well under base change.

Lemma 4.2.6 (Auxiliary representations). Let (a, u) be polarized and odd, where @ :
Gr — GL,(F ) is reasonable, and let S be a finite set of finite places of FT, containing
all the places lying over p, and all places at which (a, w) is ramified. Let F@D /F pe ¢
finite extension, and let q be a power of p.

Then there is a finite Galois extension L/F with ¢p ¢ L, which is linearly disjoint
from F @void) pyer F, and a weakly irreducible, odd, polarized, regular compatible system
({ra} {ualG, + 1) of Gr-representations with associated p-adic representation (r, ulG,.),
which satisfies the following:

(1) alg, is pleasant.

(2) 7 and lG, g are pleasant, and ¥(Gpga) D SL,(Fy); here L& denotes the Galois

closure of L over Q.

(3) (r®ale,)(GLe,)) is adequate.

(4) Each place in S splits completely in L. For each place vy of LT lying over a
place v € S, we have polarized isomorphisms 7|GLwL = E|GLwL = dlGy,-

(5) There is a finite place x of L™ which is inert in L and does not lie over any place
in S, and a character  : G, — 6; with Y|, = W71|1Lx’ such that /L|GLJr 18
unramified, V|1, has finite order greater than 2, and F|;, = ¥l @ 190-D

(6) There is an isomorphism r|j, = |7, @1%0~D.

(7) For any place v of L not lying over S at which rlG,, s ramified, r(IL,) is finite.

(8) rlg,, is potentially diagonalizable for all places w|p of F.

Proof. By Lemma 4.2.3, it is enough to construct the odd, polarized pair (7, ulg, )
satisfying properties (1)—(5), since we may choose local components which force
—kera

conditions (6)—(8). Replacing F@ld) with p@voldp (¢p), and applying Lemma 2.1.8,
we see that we can ignore the requirements that alg, is pleasant, and that ¢, ¢ L.
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Choose a finite place y ¢ S of F™ which is inert in F and is such that ,u|GF 4 s
y

unramified, and choose a character ¢ : Gp, — 6: with ¢C|Ipy =y! |1Fy such that Wlpy
has finite order greater than 2. (Note that we can do this for every place y which is inert
in F.)

Replacing ¢ with a power of ¢ if necessary, we may assume that ¥, &, and all of the
representations a|g,, with v € § are defined over F,. We may also assume that PSL, (F,)
is simple, and is not isomorphic to any Jordan Holder factor of Gal(F&/Q), and
that ¢ is large enough so that condition (3) follows automatically from condition (2)
by Lemma 1.4.37. (Note that if 7(G ga1) D SLn (Fgr) for some k, then in particular,
7(Gpga) D SL,(Fy).)

Arguing exactly as in the proof of [20, Proposition A2], by [10, Proposition 3.2] (see
also [35, Theorem 1.2]) we can find a finite totally real extension L™ /F™, linearly disjoint
from F®°id) gyer F*, in which all places above SU {y} split completely, and a surjective
odd reasonable 1|, , -polarized representation r : G — GL,(F,) (where L = LT F) with
the property that for each place vy of L lying over a place v € S, we have a polarized
isomorphism 7|GLWL = E|GLWL. In addition, for each place x of LT lying over y, we can
ensure that 7|7, = ¢, @ 1%~V Furthermore, by the same restriction of scalars trick
that we used in the proof of Theorem 2.1.16, we can assume that LT is of the form M+ F+,
where MT/Q is Galois.

It remains to check property (2). Since M*/Q is Galois, we have Leal = ptpeal —
LF gal, and since we are assuming that PGL, (F,) is simple and is not isomorphic to any
Jordan-Holder factor of Gal(F81/Q), it follows that the projective image of 7| Leal(g)
contains PGL, (F,), from which the required property follows at once. O

Corollary 4.2.7 (Auxiliary representations with specified components). Suppose that
either n is odd or n=2. Let F be a CM field, and let ({ap}, {ur}) be a weakly
irreducible, odd, reqular, polarized compatible system of n-dimensional representations
with corresponding p-adic representation (a, u). Assume that a is reasonable. Let S be a
finite set of finite places of F+ containing all of the places lying over p, and chosen so
that (a, u) is unramified outside of S.

For each v € S, write Ay for the w-polarized component determined by alG, . Let
F@void) /g be o finite extension, and let g be a power of p.

Then there is a finite Galois extension L/F with ¢, ¢ L, which is linearly disjoint
from F@D ouer F such that for each set T of places of LT which divide p, there
is a weakly irreducible, odd, polarized, regular compatible system ({sp}, {1alG,+}) of
G -representations with associated p-adic representation (s, ulG,.), which satisfies the
following:

(1) alg, is pleasant.

(2) 5 is pleasant, and is independent of the choice of T (up to isomorphism).
(3) 516, gar s pleasant, and 5(G ga1) D SL,(Fy).

(4) G®alG,)(GL,)) is adequate.
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(5) For each place v, of L™ lying over a place v € S, we have a polarized isomorphism
5161, = dloy,,.

(6) For each place vy, ¢ T of L lying over a place v € S, s|GLwL lies on A,,|GL+ .
v

(7) S|GLwL is potentially diagonalizable for all places wy, lying over places in T.

(8) There is a finite place x of LT which is inert in L and does not lie over a place
in S, and a character ¥ : G, — 6; with ¥, = ‘/’_1|1fo such that ;LIGL;r 18
unramified, Y|y, has finite order greater than 2, and s|;, = ¥, @ 19@=1

(9) For any place v of Lt not lying over S at which slG,, is ramified, s(IL,) is finite.

(10) Both L/F, x, and ¢ can be chosen independently of the choice of T.

Proof. By Lemma 4.2.6, we may construct a compatible system ({r }, {#alg,}) which
satisfies all the required conditions of the theorem except perhaps (6), and is potentially
diagonalizable at all places above p. We now apply Lemma 4.2.1 to the compatible
systems ({axlg,}, {nalc, D) and ({r}, {1ale, +}) with respect to the set T'. The result is a
compatible system ({sx}, {#slG,+}) with s =7 independent of T and such that (s, wlG,+)
lies on the component associated to a for all vy ¢ T and the component associated to r
(which is a potentially diagonalizable component) for all vy, € T, as required. Note that L
is the field on whose absolute Galois group s is defined and so can be chosen independently
of T, and similarly x and ¥ can be chosen independently of T (as an examination of the
relevant arguments shows). O

Corollary 4.2.8. Maintaining the notation and assumptions of Corollary 4.2.7, we can
instead produce L/F and {s;} satisfying conclusions (1)—(7) of Corollary 4.2.7, such that
in addition s is unramified outside of S.

Proof. This follows from Corollary 4.2.7 by making a further base change to remove the
ramification at places (including x) not lying over S. O

We can now establish the following improvement on Lemma 4.2.1, where we no longer
need to make assumptions (1)—(4) there; we even allow a@ = b.

Lemma 4.2.9 (Local swapping II). Suppose that either n is odd orn =2. Let F be a CM
field, and let ({a,}, {ns}) and ({by}, {vi}) be two weakly irreducible, odd, regular, polarized
compatible systems of n-dimensional representations of Gr with corresponding p-adic
representations (a, ) and (b, v). Let S be a finite set of finite places of F¥, containing
all of the places lying over p, and chosen such that (a, u) and (b, v) are unramified outside
of §. For each v € S, write Ay for the w-polarized component determined by a|G,,, and By
for the v-polarized component determined by b|G,. Assume that the representations a
and b are reasonable.

Let T C S be a set of places with the property that if v e T, then /L|GFU+ = U|GFU+’

and there is a polarized isomorphism a|G,, = E|GF“). If veT, then we set C, = By, and
D, = Ay, and if v e S\ T, then we set C, = A, and D, = B,.

Then there exist odd, regular, polarized, weakly irreducible compatible systems
{er}, {ua}) and ({dr}, {va}) with corresponding p-adic representations (c, u) and (d,v),
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with the following properties:
eC=d and d=b.
e For each place v € S, |G, lies on Cy and d|G, lies on Dy.

e c and d are unramified outside of S.

Proof. Since the statement is symmetric in ({a,}, {ux}) and ({b,}, {vr}), it is enough
to prove that ({ci}, {A.}) exists. We apply Corollary 4.2.7 twice to the compatible
system ({b,}, {v,}). The point of this construction is to provide auxiliary compatible
systems to which we can apply Lemma 4.2.1. In the first application, we take T in
Corollary 4.2.7 to be the set of places of F lying over p, and in the second application,
we take T to be the set of places in our S\ 7T which lie over p. The extension L/F,
the place x, and the character ¥ can be chosen independently of T by Corollary 4.2.7
part (10), and hence we may make the same choice on both cases. We deduce the existence
of a finite Galois extension of CM fields L/F, and odd, regular, polarizable, weakly
irreducible compatible systems ({3}, {vilc,.}) and ({t}, {vilG,+}) of GL-representations,
with associated p-adic representations (s, v|g,,) and (z,v|g,, ), respectively, such that
we have the following:

e 57,

e d|G,, blg,, and 5 =7 are pleasant.

¢ 5(G) contains SL, (F)).

o 5®alG,)(GL,)) is adequate.

e For each place vy of L™ lying over a place v € S, we have polarized isomorphisms
sley,, = l6L,, = dlcy,,-

e For each place vy, of LT not dividing p and lying over a place v € T, S|GLwL and t|GLwL
lie on By|;+ .

VL

e 5 is potentially diagonalizable at every place dividing p.

e ¢ is potentially diagonalizable at every place dividing p and lying over a place in S\ T.

e At each place vy of L lying over a place v|p withv e T, thLwL lies on B”|LU+L'

e There is a finite place x of LT which is inert in L and does not lie over a place in S,
and a character ¥ : Gy — Q; with [y, = I/f_1|]LX, such that /JL|GL;F is unramified,
V|1, has finite order greater than 2, and

~ ~ —1
thy, = sly, = vy, ®@1907D.

Applying Lemma 4.2.1 to ({ax|g, }, {malc,+}) and ({sx}, {valG,+ }), we deduce the existence
of an odd, regular, polarizable, weakly irreducible compatible system ({ux}, {1slg,4}) of
G -representations with associated p-adic representation (u, ulg,, ), with the following
properties:
e u=dlg,-
e For each place vy of LT lying over a place v € S not dividing p, u|GLwL lies on AU|GL+ .

v
e For every place vy |p of LT lying over a place v € S\ T, ulg, . lies on Ayl + .
w vy,
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e i is potentially diagonalizable at every place dividing p and lying over a place in T.
e i is unramified outside of S.

Applying Lemma 4.2.1 to ({u,}, {urlg,+p and ({6}, {valG,+}), we then obtain an
odd, regular, polarized, weakly irreducible compatible system ({e;}, {uslg,+}) of
G L-representations with associated p-adic representation (e, |G, ), with the following
properties:

ee=dlg,.

e For each place vy lying over a place v € S\ T, e|GLwL lies on AU|L;rL.
e For each place vy lying over a place v € T, e|GLwL lies on BU|L;rL.

e ¢ is unramified outside of S.

The existence of ({c3}, {ua}) now follows from Lemma 4.1.8, applied to ({ex}, {ualg,.})-
O

Corollary 4.2.10 (Merging components). Suppose that either n is odd or n =2. Let F
be a CM field, and let S be a finite set of finite places of FT, containing all of the
places lying over p. Let T be a set of places of Ft* which divide p. Let ({ay}, {a})
and {({r}\’}, {vf})}veT be weakly irreducible, odd, regular, polarized compatible systems of
n-dimensional representations of Gp with corresponding p-adic representations (a, ()
and (r?,vY).

For each v €S, write Ay for the py-polarized component determined by alcy, -
Assume that all of the representations a and {r'}yer are reasonable, and that the
representations (a, u) and {(r’, v¥)}yer are unramified outside of S. Assume also, for
each v € T, that ,u,|GF+ = VU|GF+’ and that there is a polarized isomorphism a|Gp, =
7U|GFw.

Then there exists an odd, reqular, polarized, weakly irreducible compatible
system ({cp}, {un}) with corresponding p-adic representation (c, u), with the following
properties:

e Cc=aq.

e For each place v € S\T, c|g, lies on Ay.

e For each place v € T, c|Gy, lies on the component determined by r’|G, -

e ¢ is unramified outside of S.

Proof. Let vy,..., v, be the places in T. We claim that for each 0 <i < m, we can
find an odd, regular, polarized, weakly irreducible compatible system ({c}}, {i1}) with
corresponding p-adic representation (¢!, ), with the following properties:

oeC =a.

e For each place v e S\ T, cil(;Fw lies on A,.

e For each j <1, Ci|GFw. lies on the component determined by r'/|g,, -
J J
e For each j > i, c"l(;Fw_ lies on the component determined by alg,,, -
J J

e ¢! is unramified outside of S.
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Assuming we can do this, we can take {c;} := {c}'}. We prove the existence of the {ci}
by induction on i, taking {cg} := {ay}. Then the existence of {ci‘H} is immediate from
Lemma 4.2.9 applied to ({c}}, {ua}) and ({r;*'}, {v;"*'}) (taking the set T there to
be {viy1}). O

Our main theorem is the following (recall that the notion of a globally realizable
component was defined in Definition 2.1.9).

Theorem 4.2.11. Assume that either n is odd orn = 2. Let F be a CM field, and let (s, )
be a polarized representation, wheres : Gg — GL, (Fp) is reasonable. Let S be a finite set
of finite places of F¥, such that S contains all of the places at which (5, ) is ramified and
all of the places lying over p. Let v be a de Rham lift of @ which is unramified outside
of S. For each place v € S, let Cy be a p-polarized component for 5|Gy, -

Assume that C, is globally realizable for each v € S which divides p. Then there
exists an odd, regqular, polarized, weakly irreducible compatible system ({si}, {ur})
of G p-representations with associated p-adic representation (s, u), which satisfies

(1) s lifts s, and for each place v € S, the representation s|Gp, lies on Cy,

(2) s is unramified outside S.

Proof. Fix a place v; € S which lies over p. By definition, the hypothesis that C,, is
globally realizable means that we can find a CM field E, a place vg|p of ET such
that Ej = Ff, a finite set Sg of places of ET containing all of the places lying
over p, and an odd, regular, polarized, weakly irreducible compatible system ({r,}, {itg.1})
of GEg-representations with associated p-adic representation (r, wg), such that r is
reasonable, r is unramified outside of Sg, and r|GEwE2 lies on C,, (which as usual
implies in particular that ME|GE : ~ ,uIGF : and that there is a polarized isomorphism
7|GEwE'2 = 516, ). The reason we use the distinct numbers 1 and 2 in the subscripts is
that we shall ultimately construct a field M containing both E and F, and there will be
no a priori relation between the primes of M over vy in F* and vg, in ET.

Applying Lemma 4.2.4 to 5, we may find a finite Galois extension L/F of CM fields
and an odd, regular, polarizable, weakly irreducible compatible system ({53}, {uilc )
of Gp-representations with associated p-adic representation ¥, such that 5|, is pleasant,
s lifts 5|g,, and § is potentially diagonalizable at all places over p. (Here {us} is the
compatible system containing the character w.) This compatible system is our initial
seed; we now begin constructing auxiliary compatible systems in order to apply our
component swapping to ultimately construct the desired representation.

Applying Corollaries 4.2.7 and 4.2.8 to ({s;}, {urlG,+}), we can, after possibly
further extending L, find an odd, regular, polarizable, weakly irreducible compatible
system ({6}, {ualg,+ D of Gp-representations with associated p-adic representation t,
such that we have the following:

e5lg,, f and 7|g are pleasant. (The pleasantness of 5|, and 7, and also of 7|} gal,

(LE)gal
is ensured by the very statements of Corollaries 4.2.7 and 4.2.8. The pleasantness

of G gy can then be achieved by taking ¢ in Corollaries 4.2.7 and 4.2.8 to be
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sufficiently large, and in particular large enough that PGL,(F,) is simple and not
isomorphic to any Jordan-Hélder factor of Gal(E2/Q).)

e For each place vy of LT lying over a place v € S, we have a polarized isomorphism
IIGLwL = slGLwL'

o At each place vy of Lt lying over a place v € S which does not divide p, t|g Ly lies
on Cy| L -

o tlg Ly is potentially diagonalizable for all places vy |p of LT.

e ¢ is unramified outside of the places lying over S.

Now applying Corollaries 4.2.7 and 4.2.8 to ({r1}, {g.»}), we may find a finite Galois
extension K/E of CM fields and an odd, regular, polarizable, weakly irreducible
compatible system ({up}, {valG,+}) of Gg-representations with associated p-adic
representation (u, v|g, . ), such that we have the following:

. E|G(”Ogal and ﬂG(ngal are pleasant. (This can be achieved by noting that we may

choose K/E to be linearly disjoint not only from (LE)% but also from the Galois
closure of the splitting field of 7.)

e For each place vg of K lying over a place in Sg, we have a polarized isomorphism
M|GKUK = rlGKvK .

e ulg Kug is potentially diagonalizable for all places vk |p of KT lying over places in Sg,
except for the places vk o lying over vg 2, for which u|g, - lies on Cy; g+ .

wg VK2
evig,, ~urle,, and ugle

K”K.2 VK2 VE2

~ ,u|GF +. The first condition follows from the
s s V]
corollary we are invoking and the second condition was already assumed to be true.

e i is unramified outside of the places lying over Sg.

For ease of notation, we now write M = (LK )% note then that M8 = M. We also draw
the following picture which represents the inclusions between various fields which occur
in this argument:

Mt ——M
Kt —K (LE)&+ — (LE)%al
ET E LT L
Fr F
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Choose a place vy 2 above vk 2 and vg in M+. We now conjugate {u;} by elements
of Gal(M/Q). Because Gal(M/Q) acts transitively on the primes above p in M™, there
exists in particular a o € Gal(M/Q) with cvy 2 = va,1 for any choice of prime vy, above
our fixed place v of FT. Note that, by construction, there will be a polarized isomorphism

~tGum,

.
=516 my,, o1

u’ |Gy ~ulGy ~7r|Gu

WM, 1 wM,2 wM.,2

where the second isomorphism comes from the construction of {u;}, and the third
isomorphism was one of the defining properties of {r,}. Similarly, there is an identification
of characters

o
vV G+ ~v|Gy+ =u|lGy+o .
| My, | My, A My

We now apply Lemma 4.2.9 to ({tilg,, }, {#alg,,+ }) and {uf Gyt {vilG,,+ }) relative to the

set T = {vp.1}. We deduce the existence of an odd, regular, polarized, weakly irreducible

compatible system ({ax}, {urlG,+ of G y-representations with associated p-adic Galois

representation (a, ulg,,, ), with the following properties:

e a =1|g,, is pleasant.

e At the place vy, of Mt lying over v; in FT, the representation a|g Mgy lies
on CUI'M:FM,I.

e a is potentially diagonalizable at all places dividing p other than the places over vy 1.

o At each place vy of M lying over a place v € S which does not divide p, alg Muyy lies
on Cy| M,

e g is unramified outside of the places lying over S.

As above, we now conjugate {a;} by elements of Gal(M/F)= Gal(M*/F7).

Because Gal(Mt/F*) acts transitively on the primes above v; in M*, for any such

prime Uy 1|p, there exists a o € Gal(M/F) with o¥y,1 = vuy,1, and thus we deduce that

there exists an odd, regular polarized, weakly irreducible compatible system ({af }, {15 })

of Gp-representations with associated p-adic Galois representation (a, u?), with the

following properties:

® V)1 is a prime in M above vy in FT.

e a’ is pleasant.

*u’lg,, =wulg,, and thereisa polarized isomorphism
UM, M1
—o _ 0 T - ~
a |GMEM,1 =t |GM17)M.1 = l‘|(711,1m»7}[\/1,1 = t|GMwM,1 = t|GM17JM’1

for W 11Up,1 in M. This is because the representations 7|g wy  are all isomorphic to
M,1

the restrictions of EIGle to GMw1 , and so do not depend on the choice of vjs,1 above v

in M.

o .
e |GM‘7’M1 lies on Cy, |M$M -

e a° is potentially diagonalizable at all places of M dividing p other than those lying
over Uy |-
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We now apply Corollary 4.2.10 to the compatible systems ({tilgy}, {1ala,+})
and ({af}, {]}), where we let o range over a set of elements of Gal(M/F) = Gal(M*/F™)
such that oVy,1 = vum,.1, where Uy ranges exactly over the primes of MT above v;
in F*. We deduce the existence of an odd, regular, polarized, weakly irreducible
compatible system ({b}, {slG,,+}) of Gy-representations with associated p-adic Galois
representation (b, lg,,. ), with the following properties:

e b =1|g,, is reasonable.

e At every place Uy, 1|p of M which lies over vy, bIGMg lies on Cy, |3t -
M.1 UM, 1

e b is potentially diagonalizable at all places of M dividing p and not lying over v;.

o At each place vy of MY lying over a place v € § which does not divide p, b|g My lies
on Cy| M,

e b is unramified outside of the places lying over S.

We now use this deformation of #|g,, to descend to a deformation of 7 over Gr. Namely,
applying Lemma 4.1.8, we deduce the existence of an odd, regular, polarizable, weakly
irreducible compatible system ({ci}, {us1lG,+}) of Gp-representations with associated
p-adic representation (c, u|g, ), such that we have the following:

e C=1.

o At each place vy of L™ lying over a place v € S which does not divide p, C|GLwL lies

on Cy| Ly,
o At each place vy 1 of LT lying over vy, cloy,, | lies on Cy, |, + -
s v,

. clngL is potentially diagonalizable for all places vy |p not lying over vy.
e ¢ is unramified outside of the places lying over S.

Hence we have succeeded in finding deformations of a representation 7 (which looks locally
like 5|G, at each v|p but is globally different) which lies on the desired component at the
places lying over v; and is potentially diagonalizable at all other primes.

We now use local swapping to find a corresponding deformation of 5|, which has the
correct behaviour at the places lying over vy and is potentially diagonalizable at all other
primes. That is, by applying Lemma 4.2.9 to ({5, }, {urlg,+ D) and ({ea}, {nale, 1) (taking
the subset T of that lemma to be the set of all places lying over p), we deduce the existence
of an odd, regular, polarized, weakly irreducible compatible system ({dp}, {ualg, 1) of
G -representations with associated p-adic Galois representation (d, ulg, ), such that
we have the following:

° 3§§|GL.

o At each place vy of L™ lying over a place v € S which does not divide p, d |GLwL lies
on Cy| L

e At each place vy j of LT lying over vy, d|g, - lies on Cyl;+ .
YL, VL1

ed|g Lu, is potentially diagonalizable for all places vz |p not lying over vy.

e d is unramified outside of the places lying over S.

https://doi.org/10.1017/51474748020000195 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000195

Globally realizable components of deformation rings 599

We now descend from L to F: Applying Lemma 4.1.8, we construct an odd, regular,
polarized, weakly irreducible compatible system ({e,}, {ux}) of G fp-representations with
associated p-adic representation (e, ), such that we have the following:

e ¢ =y.

e At each place v € § which does not divide p, e|g,, lies on C,.

° e|Gle lies on Cy,.

e ¢|Gy, is potentially diagonalizable for all places v|p of F * other than vy.

e ¢ is unramified outside of the places lying over S.

Since vy was arbitrary, there exists a compatible system with these properties for each

choice of vi. Applying Corollary 4.2.10 to these compatible systems, we obtain the
required compatible system ({sy}, {ux})- O

As an immediate consequence, we have the following potential automorphy theorem.

Corollary 4.2.12. Assume that either n is odd orn = 2. Let F be a CM field, and let (s, )
be a polarized representation, where

s:Gr — GL,(Q))

is odd and ramified at only finitely many primes. Suppose that s is reasonable. Let p
be the corresponding prolongation of s, and assume that ,o|GFJr is globally realizable for

each v|p. Then (s, ) is potentially automorphic.

Proof. Let F@0id)/F he a finite Galois extension. By Theorems 4.2.11 and 2.1.16,
together with Lemma 2.1.8, there is a finite Galois extension of CM fields L/F,
linearly disjoint from F®@°id) /F and a polarizable regular algebraic cuspidal automorphic
representation of GL,(A) such that 7,(w) =5|g, is pleasant, s|g, is only ramified at
split primes, and for each place v of LT, rp(m)lG,, lies on the component determined
by slG,,- Then s|g, is automorphic by Theorem 1.4.26. O

Finally, as promised in Remark 2.1.13, we show that ‘potentially globally realizable’
representations are globally realizable.

Corollary 4.2.13. Assume that either n is odd or n =2. A component C for p:Gg —
G, (F) is globally realizable if and only if there exists a finite extension L/K such that C|,
is globally realizable.

Proof. If C is globally realizable, then it is easy to see from the definitions that C| is
globally realizable, by choosing an appropriate extension of CM fields E/F. Conversely,
suppose that C|p is globally realizable. Let uz be the multiplier character for C, so
that uslg, is the multiplier character for C|;. By the definition of global realizability,
HUzlG, is the restriction of a de Rham character of a totally real field, so it is a power of
the cyclotomic character times a finite order character; so the same is true of uz.
Exactly as in the proof of [20, Proposition A2], by [10, Proposition 3.2] (see also [35,
Theorem 1.2]) we can find a CM field F with maximal totally real subfield F*, such that
we have F,” = K for all v|p, and a representation ¢ : G p+ — G,(F) with multiplier 7z, such
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~

that for each v|p, §|GFJr P, and 90| is reasonable. In particular, we have ﬁ|(;FJr =5

for all v|p.
We claim that we can find a (necessarily de Rham) lift u of 7t which satisfies M|GF L =Up

for all v|p. Indeed, as explained above, we can write s = & x5 for some integer » and
some finite order character x5. By [16, Lemma 4.1.1], there exists a finite order global
character y such that y |GFJr = xp for each v|p. By construction, it follows that & x |GF+ =

up for all v|p, and thus
X =Ry

for some finite order residual character ¥ which is trivial for all v|p. But then u = &" J*I
has the required property, where v is the Teichmiiller lift of .

Let E/F be a finite Galois extension of CM fields, linearly disjoint from fkerg(;’p) such
that for each place ve|p of ET, we have E;} = L. The result follows from Theorem 4.2.11
(applied with F equal to our E, and 5 our 9|g,), together with Lemma 4.1.8 (applied
with @ there being our ¢lg,, and L our E). O
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