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SUMMARY

This paper presents the kinematic and dynamic modeling of
atwo degrees of freedom manipulator attached to a vehicle
with a two degrees of freedom suspension system. The
vehicle is considered to move with a constant linear speed
over an irregular ground-surface while the end-effector
tracks a desired trgectory in a fixed reference frame. In
addition, the effects of highly coupled dynamic interaction
between the manipulator and vehicle (including the suspen-
sion system’s effects) have been studied. Finally, simulation
results for the end-effector’'s straight-line trajectory are
presented to illustrate these effects.

KEYWORDS: Mobile manipulators, Kinematics & dynamics;
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. INTRODUCTION

Performance requirements of civil and military operations
in unstructured environments and urban terrain have
motivated a different approach in handling of such missions
using mobile manipulators. A manipulator mounted on a
moving vehicle is called a mobile manipulator. A mobile
mani pulator with an appropriate suspension system can ride
over uneven surfaces in unstructured environments and
roads, and thus resulting in an expansion of its workspace.
Additionally, if the manipulator could operate while the
vehicle is traveling, the efficiency concerning with the time
and energy used for stopping and starting will be
increased.

Since the manipulator and vehicle dynamic equations are
nonlinear, non-holonomic and highly coupled, deriving and
solving the kinematic and dynamic equations of a mobile
manipulator are rather complex. In order to isolate the
mani pulator from transmission of forces and displacements
due to the ground-surface irregul arities, a properly designed
suspension system should be used. The suspension system
affects the motion of the end effector both kinematically and
dynamically. In the past severa years, researchers in the
field have shown an increasing interest in modeling and
control of mobile manipulators. However, in most cases,
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effect of the suspension system in the model has been
ignored. Therefore, the number of degrees of freedom of the
vehicle is added to that of the corresponding manipulator,
and the system is treated as a redundant manipulator.
Nassal' has presented a coordination scheme called trans-
parent coordination that allows for an arbitrary number of
manipulators on a mobile platform and has introduced a
collision avoidance scheme for two arm mobile robots.
Dubowsky et al.? have developed a programming method in
order to prevent the dynamic disturbances from going
beyond the vehicles capacity, and hence maintain its
stability while the manipulator is performing a speedy task.
In addition, mobile manipulators are also meant to perform
their prescribed tasks while going over uneven surfaces and
maintaining their stability. A new tip-over stability margin
for mobile manipulator which is easily computed and
sensitive to top-heaviness, has been investigated by Papado-
poulos et al.®. Chen et al.* presented an approach for the
modeling and motion planning of a mobile manipulator
system with a non-holonomic constraint. They used the
Newton-Euler equations to obtain the compl ete dynamics of
the system. The effects of the dynamic interaction between
a manipulator and its mobile platform on the task perform-
ance has been studied by Yamamoto et al.° Pin et a.® have
investigated the comparative trgectories involving com-
bined mation of the platform and manipulator for problems
with platform motion, to illustrate the use and efficiency of
the FSP approach in complex motion planing problem.
Carrikar et al.” considered the planning problem for a
mobile manipulator system that must perform a sequence of
tasks defined by position, orientation, force and moment
vectors at the end effector. Lakota et al.® studied a
manipulator having elastic elements and being mounted on
a moving base. They used Lagrange equations and finite
element method to derive the dynamic equations. Yamamoto
et a.® investigated a coordinated task between a human and
mobile manipulator in which the human operator takes an
initiative of the task execution. Wang et al.® studied the
velocity control of a manipulator mounted on amaobile base.
One point to mention is that in al of the above works the
effect of suspension system was not considered in the
model.

Wilco et a.* considered a mobile robot equipped with
soft spring suspension system. However the kinematic and
dynamic equations of mobile robot have not been presented
in their work. Tahboub™* has considered a mobile
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mani pulator with suspension system. He has mentioned that
neither the amplitude nor the pattern of base motion can be
modeled accurately since it is a result of surface irregu-
larities, vehicle jittery effects, and tracking errors. He has
modeled the vehicle motion as an external disturbance.
Meghdari et a.* presented the kinematic and dynamic
modeling of a one degree of freedom manipulator attached
to a vehicle with a two degrees of freedom suspension
system.

In this paper, our objective is to present and analyze an
exact kinematics and dynamics model of a two-degrees-of-
freedom manipulator attached on amobile platform with the
suspension system, while traveling on an uneven surface.

. KINEMATICS/DYNAMICS EQUATIONS OF A
MOBILE MANIPULATOR
For the sake of modeling and analysis, a two-link planar
manipulator attached on a two-degrees-of-freedom suspen-
sion system is considered. Figure 1 shows a simple
schematics of such a system. The manipulator is attached to
the moving base by arevolute joint, and the base is attached
to weightless wheels by two linear springs and two linear
dampers. Mass of each link is assumed to be concentrated at
its mass center positioned at the middle of each link. The
manipulator is held at its position viathe torque’s exerted by
the corresponding actuators. Furthermore, a two-degrees-of-
freedom vehicle sprung mass model is chosen for the
vehicle model.®

In addition, it is assumed that the vehicleis moving on an
uneven surface defined by a simple harmonic function with
an amplitude of U, and the wavelength of \, with the wheels
and the surface remaining in contact at all times.

Desired Trajectory

Fig. 1. Manipulator and vehicle model
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Referring to the frames shown in Figure 1, one can
readily define the homogenous transformation matrices as
follows:*®

cosf, —sing, 0 ¢,

, cos6, —sin6, O
sin6, coso,

IT= 0 0 2 8 JR=| sin®, cos6, O
0 0 1
0 0 01
)
cosf, —sing, 0 O c0s6. —sne. 0
. sin, cos®, 0 O, | . .° !
0T = 0 0 10 iR=] snB, cos6b, O
0 0 1
0 0 01
2
100c 10 0
010 e
001
0001
©)
cosy —siny 0 wt cosy —siny 0
ST= S”;q} Co;"’ g )(; sR=| siny cosy O
0 0 1
0 0 0 10
(4)

Using the iterative Newton-Euler’s dynamic algorithm, the
forces and torques at the joints of the manipulator can be
evaluated. Since the manipulator is attached on a moving
base with accelerations of ¥ and s, these accelerations are
also accounted for in the dynamical equations similar to
gravitational acceleration.

P=1/2X, , @,=0 , P =1/2X, , %,=0 (5)

,=0 , °n;=0 , h=Vc+e& , y=tan *elc) (6)
0 0

%wo= [ 0|, %w,=| 0|,
L L

—hij siny—h{? cosy+(g+y) sin
his cosy — his? siny + (g +Y) cos s
0

o = ™

The forces and the torque exerted to the vehicle by
manipulator are obtained as follows (please see Appendix A
for details):

0 ®
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7,= U2m,0,(g+§) oS (6, + 0, + ) I1l. DERIVING THE DYNAMICAL EQUATIONS OF
. THE VEHICLE
+1/2m,€5hcos (6, +6,— ) Identifying the forces and the torque applied on the vehicle

by the manipulator, one can draw the free body diagram of
the vehicle as shown in Figure 2. The driving torque is
applied to the rear wheel. Applying Newton's Equations, we

+1/2€,(m, +2m,)(g +Y) cos (6, + )
+1/2¢,hs(m, + 2m.) cos (6, —y)

have:
— 1/2¢,hjA(my +2m,) sin (6, — ) 9)
.. N 2F=0 (13)
- m2€1€2(6192 + 1/26% + lj}ez) S n 62
M, 0,(B, + 1/20,+ ) cos 0, F=1.cos () ~f,sin () (14)
+1/2m,€,his2sin (0, + 6, — ) + 1/4m,€3(6, + ) SF=mgy (15)
1AMoL 5(0,+ 6+ ) + oL 36, + ) Ky(Us(t) — y + biy) + ¢, (U,(0) — ¥ + bi)
or : (10)  +kao(Us(®) —y — (@— b)) +c(U(D) — ¥
0~ y
— (a— b)) —f,sin ¢ —f, cos = mgy (16)
f,=—1/2m,€,(6, + 0, +5)?cos (6, + 6,) Applying Euler's Equation we have:
—IG
— 1/2¢,(m, +2m,) (0, + ) cos (6,) (1) _ _
. fosin g — (ky(Uy(t) —y +bis) +c,(U(t) —y + bis))bcos ¢
—1/2€,(m; +2m,)(0, + ) sin (6,)
+ (m1+ mz)(g +y)sm lll _ h¢2(ml+ mz) CoS vy + (kZ(UZ(t) —y- (a_ b)llj) + c\Q(UZ(t) - y
—hi{i(m, +m,)sin vy — (a—b){))(@—b)cos Y +f,e—f,c—7 =g (18)
_ U In the case where values of 6, 6,, 6,, 6,, 6, and 6, are known
F= = 1/2myta(0,+ 0, % )°sin (6, +6;) as functions of time, the value of y and s can be computed
+1/2m,€,(8, + 8, + ) cos (6, +6,) by solving the differential equations (16) and (18).
~ 1/24,(my +2m,)(6; +)*sin (6) (12)  IV. OBTAINING THE POSITION OF THE END
- EFFECTOR
+1/26,(my +2m,)(6, + ) cos (6) Oncethe values of y and (s are computed, the transformation
+(m, +m,)(g+V)cos U matrix (4) will be known. Then one can evaluate the
_ ) manipulator’s tip position in frame { S} using the following
— (my+m,)hp?sin y +(m; + m,)hjscos y relations:

ky (U, () -y —(a—b)y)
+C, (U, (1) - —(a—b)y)

k, (U, (t) -y +by)
+C (U, (t) = 3+ by)

U,(t) =U,cos(2nvt/A) U, (t) = U, cos(2nvt/ A +2ma /1)

Fig. 2. Free body diagram of vehicle
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X7] [cosyp —sinygp Ovt|[100c
Y| |sny cosygp Oy |[[O0O1O0e
o] o 0 100010
11L O 0 01,0001
[cos®, —sinH, 0 0
sn6, cosb;, 00
0 0 10
L O 0 0 1.
[cos6, —sino, 0 ¢, ]2 [,
sin6, cosh, 0 O 0
0 0 10 0
0 0 01 1
) (19)
SX =€,c0s (i +0,+80,) + €, cos (s +6,) +ccos s
—esiny+vt (20)
SY =¢,sin (Y+0,+0,)+ €, sin (s +6,) +csings
—ecos+y (21)

V. END EFFECTOR’'SPOSITION FOR A
STRAIGHT-LINE TRAJECTORY

Itisobviousthat to have astraight-line trgjectory for the end
effector in frame {S}, y and s must be functions of t, 6,, 6,
6,, 0,, 6, and 6,. In addition, 6, and 6, must also be functions
of t, y, and {s. Therefore, the differential equations (16) and
(18) should convert to partial differential equations. To
avoid this, the following numerical method is presented. If
the end effector tracks a straight-line trgjectory with a
constant speed v;, then equations (20) and (21) must satisfy
the following relations:

SY =aSX + B
SX =v;tcos (tan ')

(22)
(23)

Where o and 8 are constants defining the desired trajectory.
Substituting equations (20) and (21) into equations (22) and
(23) resuilts:

€8N (+0,+0,)+€,5n (Y+6,)+csiny+ecos+y
=a(f,cos (Y+6,+0,)+ €, cos (L +8,)+ccos s

—esin g +vt)+B (29)
€,cos (Y+6,+6,) + €, cos (f +6,)+ccos § —esin s
+vt=v,tcos (tan” ') (25)

Using the MAPLE software, differential equations (16),
(18) and equations (24), (25) were solved numerically in
accordance to the following conditions:

1. Values of 6,, 6,, 6, and 6, are considered to be zero.

2. Equations (16) and (18) are solved, and the value of y
and ¢ at t=0 is computed.

3. Equations (24) and (25) are solved for y(t=0) and
Y(t=0), and 6, and 6, are then obtained.

4. Equations (16) and (18) are solved, and the value of y
and ¢ at t=0.01 is computed.
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Table . Sample numerical values for model parameters.

C,=120N-¢m C,=80N-gm ¢=0.2m e=0.2m
k,=1200 N/m k,=800 N/m A=03m v=0.3m/s
I =2 kg-m? b=04m a=1m £,=0.7m
mg =20 kg m, =4 kg Up,=0.03m v,=0.3m/s
m,=3Kkg €,=0.7m

5. Equations (24) and (25) are solved for y(t=0.01) and
§(t=0.01), and 6, and 6, are then obtained.

Values of 6,, 6,, 6, and 6, are linearly estimated by the
following relations:

o

'e — el(new) - el(old) 6 = él(ne/v) - él(old)
! 0.01 rot 0.01 ’

é — e2(new) - e2(o|o|) A = éz(nm) - .92(old)
2 0.01 v 0.01

7. The above procedures are repeated from line 4 up, to the
point where the error valuesfor 6, 6,, 8,, 6,, 6, and 6, are
reduced to less than £=0.01. _ _

8. By the above method, the values of y, s, 8, 6,, 6,, 6,, 6,
and 6, at t=0.01 are computed. The procedure from line
4 to 7 isthen iterated for other time steps.

VI. NUMERICAL RESULTS
The numerical parameters as shown in Table | are
considered for the modeled mobile manipulator. To choose
the parameters, the vehicle is considered without the
manipulator. Then the parameters k;, k,, C;, C,, aand b are
chosen such that the vehicle's differential equations of
motion become uncoupled. For these parameters, the
vehicle has two natural frequencies f,;=1.592 Hz and
f.,=2.466 Hz. The values of vehicle speed corresponding
to these natural frequencies are v=0.477m/s, and
v=0.740 m/s.

In the following examples, two typical trajectories are
selected and the dynamic interaction between the vehicle
and the manipulator are studied.

Example 1. The desired trajectory is a straight line with a
zero dope a a vertical distance of 1.2m from inertia
referenceframe{S}, (i.e.5Y =1.2mor «a=0, 3=1.2m). To
follow this trgjectory, the differential equations (16), (18)
and equations (24) and (25) are solved and the values of v,
{5, 6, and 6, are computed. These values are substituted into
the equation (19) and the actual trgjectory isplotted (Fig. 3).
Figure 3 shows that the actual trgjectory is nearly the same
as the desired trgjectory, thus the solving procedure is
verified. The value of y with dynamic interaction effects
(solid line) and without dynamic interaction effects (dashed
line) are plotted in Figure 4. The down shift of the curve
corresponding to the case with dynamic interaction effects
is due to the fact that y reference is chosen as the static
equilibrium position of vehicle alone, whilein this case. The
weight of the manipulator’s links are present in forces and
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1.2001
1.200084
1.200083
1.200047
1.20002]

Y(m) 1.2
1.199983
1.19996]
1.199944
1198923

s

1.1999 0 1 2 3 4
SX (m)

Fig. 3. End effector’s trgjectory

torque (f,, f,, 7,). The amplitude of y increases about 65% in
steady state response due to dynamic interaction effects.
Since the dynamic interaction forces and torque exclude the
y term, the phase is not changed. The time history of s, 6,
and 6, without dynamic interaction effects (dashed-line) and
with dynamic interaction effects (solid-line) are shown in
Figures 5, 6 and 7. The amplitude of s, 6, and 6, increase
about 23%, 62% and 142%, respectively, due to the
dynamic interaction effects. The (m; + m,)g, m,g¢,/2 and
€,/2(m;+2m,)g terms in the dynamic interaction forces
and torque (f,, f,, 7,) result in adownshifting of the curvein
Figure 5. The { terms in the dynamic interaction forces and

0.02}

-0.08p 2 4 53 8 10
time (s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 4. Variation of y versus time*

0.05
o4

W(Rad) :

0.051 4!
-0.1
-0.15]

D 2 4 3 8 10
time(s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 5. Variation of s versus time*
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6,(Rad)

0.71

time(s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 6. Variation of 6, versus time*

torque affect the phase angle of s, and change the value of
the phase angle. This change leads to asimilar changein 6,.
At the steady state response, the amplitude of y, 5, 6, and 6,
remain constant with respect to time. This means that after
a time interval, the amplitudes of vibration approach to
some constant values.

Example 2: The desired tragjectory is a straight line with a
0.35 slope and at a vertical distance of 0.40 m from inertial
reference frame { S}, (i.e. Y =0.35 X +0.40 m or a =0.35,
B=0.40m). To follow this trgectory the differentia
equations (16), (18) and equations (24) and (25) are solved
and the values of v, 15, 6, and 6, are computed. These values
are substituted into equation (19) and the actual trgjectory is
plotted (Fig. 8). Figure 8 shows that the actual trajectory is
nearly the same as the desired trgjectory. The time history of
Yy, ¥, 0, and 6, with dynamic interaction effects (solid line)
and without dynamic interaction effects (dashed line) are
plotted in Figures 9, 10, 11 and 12. The amplitude of y
decreases and the amplitude of s, 6, and 6, increases with
respect to time due to dynamic interaction effects. The
related discussion in example 1 is aso vaid for this
example. Increasing amplitudes of s, 6, and 6, may cause
the mobile manipulator to become unstable.

In example 1 the amplitude of y, {5, 6, and 6, in the region
of steady state response remains constant throughout the
trajectory. Thus, this case is selected for investigating the
dynamic interaction effects due to vehicle speed variations.
The vehicle speed is varied from 0.05m/s to 1 m/s. This

0 2 i b 8 10
time (s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 7. Variation of 6, versus time*
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0 0.5 1 15 2 25 3

Fig. 8. End effector’s trgjectory

time (5)

Fig. 9. Variation of y versus time*

0.051

W (Rad) :
005tk

-0.14

-0.150 2 4 B 8 10
time (s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 10. Variation of ¢ versus time*
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0 2 4 6 8 10
time (s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 11. Variation of 6, versus time*

range includes the velocities (v=0.477 m/s, v=0.740 m/s)
corresponding to the natural frequencies of the vehicle
(fy=1.592 Hz, f_,=2.466 Hz). The amplitudes of y, ys, 6,
and 6, with respect to vehicle speed with dynamic
interaction effects (solid-line) and without dynamic inter-
action effects (dashed-line) are plotted in Figures 13, 14, 15
and 16. The amplitudes of y and { without dynamic
interaction effects have one peck because the vehicle's
differential equations of motion are uncoupled. It can be
seen that, the dynamic interaction effects cause a consider-
able change in the amplitude of y, {, 6, and 6,. The
amplitude of y increases over the velocity range 0.05 m/sto
0.69 m/s and it decreases for the velocities higher than 0.69
m/s due to dynamic interaction effects. The amplitude of s
increases over the velocity range 0.05 m/s to 0.33 m/s and
it decreases for the velocities higher than 0.33 m/s due to
dynamic interaction effects. The pick value of the amplitude
of 6, and 0, increase and they are shifted to the lower
velocity zone due to dynamic interaction effects. Thus, for
reducing the amplitude of y and s it is recommended that
the velacity of vehicle to be equal or greater than 0.69 m/s.

28

263 N

2.43

2.23

2..

82 [Rad) 1.8
1.6

1.4

1.2

'].

080 2 4 6 g 10
time (s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 12. Variation of 6, versus time*
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0.0357

o
o o o
f=) .} fom)
N i) o

Amplitude of y (m)

0.014

02 04 06 08 i
v(m/s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 13. Amplitude of y versus velocity of vehicle*

VIlI. CONCLUSIONS

The kinematics and dynamics modeling of a two-degrees-
of-freedom manipulator attached to a vehicle with a
two-degrees-of-freedom suspension system is presented. It
is shown that if the manipulator’s joint positions, velocities
and accelerations (i.e. 6,, 6, 8, 6,, 0,, 6,) are known as a
function of time, the differential equations of motion of
vehicle and manipulator will appear as a set of ordinary
differential equations. In this case the forces and torque

o
o
P

o o
o O
2.3

oost T
0.04]
0.03

Amplitude of y (Rad)

0.02]

0.2 0.4 0.8 1

06
v (m/s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 14. Amplitude of s versus velocity of vehicle*

o
N

o
—
'

Amplitude of 6, (Rad

o
o
N

0.2 0.4 06 0.8 1
v{m/s)

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 15. Amplitude of 8, versus velocity*
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0.09:
0.08:
0.07;
0.06:
0.054
004} .
oos

0.02:

Amplitude of 6,(Rad)

0.2 0.4 06 0.8 1

*Dashed: Without dynamic interaction effects, Solid: With dynamic interaction effects

Fig. 16. Amplitude of 8, versus velocity of vehicle*

exerted to the vehicle by the manipulator act as a known
input. For the case where the manipulator is to follow a
straight line trajectory with a constant tracking speed, it is
required to compute the value of 6, 6,, 6,, 6., 6, and 6, such
that the end effector follow the desired trgectory. In this
case, parameters 'y, s, 6,, 6, will appear as a functions of
each other. As aresult, the differential equations of motion
will be a set of partial differential equations. To avoid this
situation, a numerical method has been presented. With the
aforementioned procedure one can solve the said ordinary
differential equations without converting them into partia
differential equations. These results can be used for
designing the parameters of a vehicle and its suspension
system, and also as a guideline for choosing the control
Strategy.
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NOMENCLATURE

Distance between rear and front axles a
Distance between rear axle and mass center of

vehicle b

Components of position vector locating the

origin of frame {0} in frame { B} {c.e}
Damper coefficient of rear damper C,
Damper coefficient of front damper G,

Traction force of rear wheel f

First natural frequency of vehicle fo
Second natural frequency of vehicle fro
Inertial force acting at the center of mass of link

in frame {i} F
Force exerted on link i by link i-1 in frame {j} If,
Gravitational constant g
The central inertial tensor for vehicle S
The central inertia tensor for link i Gl
Spring coefficient of rear spring K,
Spring coefficient of front spring K,

Length of thelink i ¢,

Mass of thelink i m,
Mass of the vehicle mg
Inertial torque acting at the center of mass of

link i in frame {i} 'N;
Torque exerted on link i by link i-1 in frame {i} 'n,
Position vector locating the mass center of link i

in frame {i} P,
Rotation matrix of frame {i} relative to frame .
i IR
Time t
Homogeneous transformation matrix of frame

{i} relative to frame { j} T
Speed of vehicle %
Tracking speed \2
Linear acceleration of the origin of frame {i} in

frame {i} W,
Linear acceleration of mass center of thelink i in

frame {i} A
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The horizontal coordinate of the end-effector’s
position in frame { S}

Unit vector in the direction of X;

Vertical displacement of mass center of vehicle
in frame { S} y
The vertical coordinate of the end-effector’'s

position in frame { S} Y
Unit vector in the direction of Z; in frame {i} 'z
Constant denoting the slope of the trgjectory line
equation o
Constant of the trgjectory line equation B
The angle between X,_; and X; measured about
Torque of the ith Actuator T
Rotation of vehiclein frame { S} Rl
Angular velocity of link in frame {i} 'w;
APPENDIX A
0
1(1)1:3R00)0+.61121 y 1(1)1:.61121: 0 (A'l)
Y+ 6,
0
16, =5R%o+ iR%wox 0,12, +6,'Z, , Y0,=6,"Z,=| 0
UEXA
(A-2)
4, = 3R (0% P+ o x (Cwx OP;) +%4 (A-3)

h sin(®; — y) — hi? cos(8; — ) + (g +¥) sin(6, + 1)
1, =| his cos(6, +) +hi? sin(0, — v) + (g +) cos(6, + 1)
0
(A-4)

N, =iy P, + g (o P, ) +20, (A-5)

V. =

= €,/2(Js+6,)+ s Sin(8, —y) — his* cos(6, —v) + (g +9) sin(6, + )
€,/2()+8,) + his cos(0, — ) + i Sin(0, —y) + (g +) cos(0, + )
0

(A-6)
‘F= mll\-/c1 (A-7)
1F1 =
— M€,/ 20 +6,)2+ myhis sin(0, —v) — mlh‘:l‘z cos(6, —y) + my(g+Y) sin(6, + )
My €4/ 2(3s + B;) +myhfs cos(B, — ) + myhs? sin(6, — ) + my(g +Y) cos(0, +1)

0
(A-8)
0
. A-9
IN; =%l Yo, + oy x Ol e, . IN;=10 (A-9)
0

|
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A A-10
w,=2R'0,+0,°Z, , 2w,= 0 ( )
+0,+06,
0
%,= 2R, +2R'w, x0,°2,+60,°Z, , %w,= 0
f+8,+6,
(A-11)
2, = 2R(Yd, x 1P, + Yooy x (fooy X 1Py) + V) (A-12)
[ — €0+ 0.)? cos(6,) + €4(i + B,) sin(6,)
— hys? cos(6, + 6, —y) + s sin(6, + 6, —y)
+(g+Yy) sin(6,+0,+)
A,= | £y +6,)% Sin(B,) + €4({s + ;) cos(6,)
+his? sin(6, +6, —y) + his cos(6, + 6, —y) (A-13)
+(g+Yy) cos(6,+6,+1)
L 0 _
2\'/02:2(302><2P02+2(1)2><(2(1)2><2Pcz> +2V, (A-14)
[0+ B) Sin(8;) — €0+ 6.)? cos(8,) ]
— €120 + 6, +6,)> — hs® cos(, + 6, — )
+his sin(0,+ 6, —v) +(g+Y) Sin(6, +6,+1)
2\./02 = | €+, cos(b,) + €l(¢ +6,)? sin(6,) (A-15)
62/2_.(':];' +6,+0,) + his? sin(6, + 6, — )
+hs cog(0, +0,—y) + (g +V) cos(0, + 6, +1)
L 0 _
2F2= m22\'/C2 (A-16)
0
2N,=%1,%0,+%0,x% 2w, =  2N,=|0]| (A-17)
0
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2f2:§R3f3+2F2 = 2f2:2F2 (A'18)
0
2n,=2N,+2R%n, +2P, x*F,+?P;x2R%; ,  n,= | 0
T2
(A-19)

T2= m2€1€2/2(‘:{1 + 91) cos(6,) + m2€1€2/2(¢ + 61)2 sin(6,)
+ M, 05140 + 6, + 6,) + myh€,/ 24 cos(6, +6,—y)
—m,he,/ 242 sin(8;, + 0, — )
+mM,t,/2(g+Y) cos(6,+6,+1)

(A-20)
i, =IR*,+'F, (A-21)
- m1€1/2(91 + ll’)z —(m+m,) h‘bz cos(6; — ) |
+(m, + my)hjs sin(6, — )
+(my+my)(g+Y) sin(0, +1)
— mMyl,12(6,+ 6, +)? cost,
— M€,/ 2(8, + 0, + ) SInB, — M, €;(6, +1))?
if,= —my€y/2(8, + ) + (M + m)hi? sin(0, —y) | (A-22)
+(m, +my)his cos(6, — )
+(m,+m,)(g+Y) cos(6; +)
—my{,/2(0,+0,+s)?sing,
+mMy0,/2(6, + 6, + ) cos0, +m,€,(6, + 1)
- 0 -
0
n, =N, +3Rn,+ 1Pc1>< F4+P<3RYF, , ;= 0
T1
(A-23)
fy
Oflzglel y 0f1= fy (A‘24)
0
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