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Abstract  Li et al. [A spectral radius type formula for approximation numbers of composition operators,
J. Funct. Anal. 267(12) (2014), 4753-4774] proved a spectral radius type formula for the approximation
numbers of composition operators on analytic Hilbert spaces with radial weights and on HP spaces,
p > 1, involving Green capacity. We prove that their formula holds for a wide class of Banach spaces of
analytic functions and weights.
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1. Introduction

Let D = {z € C: |z| < 1} denote the unit disc and let ¢ : D — D be a non-constant ana-
lytic self-map of the unit disc. The composition operator with symbol ¢ is defined by
Cy(f) :== f o ¢, for every analytic function f on D). The properties of composition oper-
ators acting on several analytic function spaces on D have been studied extensively. The
main interest is the connection between the operator theoretic behaviour of Cy and
the function theoretic behaviour of the symbol ¢. We refer the interested reader in the
books [5, 18] and the references therein for more information on composition operators
and function theory. In the present paper, we will study the approximation numbers of
composition operators.

Let X and Y be two Banach spaces and let T : X — Y be a bounded linear operator.
The approximation numbers a,(T), n € N, of T are defined by

an(T) = 1I}}zf T — R,

where || - || denotes the operator norm and the infimum is taken over all linear operators
R: X — Y with rank(R) := dim(R(X)) < n. For the general theory of approximation
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numbers, see e.g. [23, Section III.G]. Here we will study composition operators acting on
weighted Besov spaces of analytic functions on D.

Let w: D+ (0, +00] be a lower semicontinuous function on L'(D). For p > 1, the
weighted Besov space B is the family of analytic functions f in D satisfying

1/p
1Flse o= 17O)] + ( / If’(z)l”w(Z)dA(Z)> < foo.

For w(z) = (1 — |2|?)P=2, we obtain the standard Besov space BP = BP which is an
important M6bius invariant space of analytic functions whose properties have been inves-
tigated extensively; see e.g [24]. For p > 0, the Hardy space HP counsists of the family of

analytic functions f on D satisfying

1 o 1/p
( sup |f(rew)|pd0> < 4o0.

re(0,1) 2 Jo

We will also use the norm

[[flloe := sup[£(2)];
z€D

for the space H* of bounded analytic functions on D.

Our study was initiated by the work of Li et al. [14], where a spectral radius type
formula was proved for the approximation numbers of composition operators on analytic
Hilbert spaces with radial weights and on H? spaces, p > 1, involving condenser capacity.
There are several (equivalent) ways to define condenser capacity; here we will use the
logarithmic energy integrals.

A condenser is a pair (E, F') where E and F' are non-empty disjoint compact subsets
of C. We will denote by S(F, F') the family of signed measures ¢ = oy — op, where o
and o are Borel probability measures supported on E and F', respectively. The energy
of a measure o € S(F, F) is defined by

I(0) = // log — - do(2)do (w).

|2 = wl

Although both the measure and the integrand in the above energy integral are not posi-
tive, it is true that I(o) > 0, for every o € S(E, F); see e.g. [13, p. 80]. Following Bagby
[2], we define the equilibrium energy of (E, F) by

I(E F) .= inf [
(B, F) UESl'I(lE,F) ()

and the capacity of (E, F) is given by

27
Cap(E, F) i= —— .
ap(E, I") (B, F)
We note that, in [14], the authors define condenser capacity to be the reciprocal of the
equilibrium energy. This will explain the slight deviation by a factor 27 in our statements
from the statements of the results in [14]. For other definitions, using Green energy
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integrals or Dirichlet integrals, and for more information about condenser capacity, we
refer to [2, 6, 13].

In [14], the authors considered the case p = 2 and studied the Hilbert spaces B2, for
weights w € L'(D) that satisfy the following additional properties:

(P1) w is continuous on D,
(P2) w is radial; that is, w(z) = w(|z]), z € D.

In particular, the well-known Dirichlet-type spaces corresponding to the weights w(z) =
(1—1z/%)%, s € (=1, +00), and containing as special cases the standard Bergman space
(s = 2), Hardy space (s = 1) and Dirichlet space (s = 0), are covered in the family B2,
for weights w satisfying (P1) and (P2). They proved the following equalities for the
approximation numbers of composition operators.

Theorem A (Li et al. [14]). Let w € L'(D) be a weight satisfying the properties
(P1) and (P2) and let ¢ : D +— D be a non-constant analytic function in X, where X is
either B2 or HP, p € [1, 4+00). Then the following hold for the approximation numbers

of Cy: X — X.
(1) If |9l <1,
Jim (an(Cy))"/™ = exp(—27/Cap(9D, $(D))), (1.1)
(2) if ¢lloc =1,
nlgrolo(an(%))l/” =1. (1.2)

Our purpose in this paper is to show that Equations (1.1) and (1.2) hold for a wider
class of Banach spaces of analytic functions on ID. We note that, for p # 2, the weighted
Besov spaces B and in particular the standard Besov spaces B are not covered in
Theorem A. Even in the case p =2, there are important weighted Hilbert spaces of
analytic functions with weights that do not satisfy the properties (P1) or (P2) mentioned
above. For example, the harmonically weighted Dirichlet spaces are obtained by weights

of the form
1—|z[?
w(z) = du((),
0= [ =

where p is a finite positive Borel measure on 0D, which in general does not satisfy (P2). In
particular, the weights obtained by unit Dirac measures p = d¢, ¢ € D, which generate
the well-known local Dirichlet spaces, are not radial; see e.g. [4, 15-17] and the book
[7, Chapter 7] for more information about harmonically weighted Dirichlet spaces. More
generally, for weights w that are positive superharmonic functions on D, neither (P1) nor
(P2) are satisfied in general; see e.g. [1, 3, 8, 19] for more information about Dirichlet
spaces with superharmonic weights. We note that, by definition, superharmonic functions
are lower semicontinuous but in general may not be continuous.

In [14], the authors are expressing the norm of the weighted analytic Hilbert spaces by
an infinite series, using the assumption that the weights considered are radial. Then, they
use results of Widom [22] on rational approximation of bounded analytic functions, to
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approximate the truncated power series expansions of the functions in the Hilbert space,
on the image of the symbol of the composition operator. Here we adopt the arguments in
the proof of Widom’s result to approximate functions in B?, using the rational functions
corresponding to the Bagby points (see § 2) of the condenser (0D, ¢(ID)). These ratio-
nal functions have simple poles {a;} and simple zeros {b;}, i = 1, ..., n, which are well
separated (see [10, 11]) in the sense that

. . C
Iir;él?mi—aﬂzﬁ and I}l;;l‘bi—bjlzﬁ,

where C' > 0 depends on the condenser (0D, ¢(ID)). We obtain an explicit formula for a
finite rank operator to estimate the approximation numbers of Cl.

In the following section, we state several known results from function theory and poten-
tial theory that will be used in the proofs of our main results. In particular, the approach
to condenser capacity via discrete energies will be described and the rational functions
corresponding to the extremal points for the discrete energies will be used in our proof to
approximate analytic functions on compact subsets of D. In § 3, we will state and prove
the result that the equality (1.1) holds for weighted Besov spaces BE and the validity of
the equality (1.2) will be proved in § 4.

2. Background material

In this section, we collect some results from function theory and potential theory.

2.1. Equilibrium measure and potential

The logarithmic potential of a positive Borel measure p with compact support in C is
the function

1
Un(z) = /log mdu(w), z e C.

We note that the potential U, is a harmonic function outside the support of p. The
logarithmic capacity of a compact set K C C is defined by

c(K) = exp <— inf // log |le|du(2)du(w)> :

where the above infimum is taken over all Borel probability measures p supported on K.

Let (E, F') be acondenser and let 0 = o — o € S(E, F). The potential of ¢ is defined
by

Ur(2) 1= [ log —do(u) = Upy(5) = Ui (2), - 2 €C.
Since U,,, is harmonic on C \ E and U, is harmonic on C\ F, the potential U, is well
defined for every z € C, although it may take the values +oo.

Let (E, F') be a condenser with finite equilibrium energy. Then, there exists a unique
measure 7 € S(E, F) such that I(E, F) = I(7) and 7 is called the equilibrium measure of
(E, F). Also, according to the fundamental theorem of potential theory for condensers,
there exist real numbers Vg > 0, Vi <0 and Borel sets Zg C OF, Zr C OF (possibly
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empty) having zero logarithmic capacity, such that the following equalities hold for the
equilibrium energy and the equilibrium potential U :
Vr < U,(2) < Vg, for every z € C,
U,(z) = Vg, for every z € E\ Zp,
U, (z) = Vg, for every z € F'\ Zp,
I(E,F)=Vg — V.
When the open set C\ (FUF) is regular for the Dirichlet problem, the equilibrium
potential is continuous on C and Zg = Zr = (). In particular, when the compact sets

E and F' are connected, the equilibrium potential satisfies a Holder continuity property
described in the following theorem proved by J. Siciak [20, pp. 205, 210].

Theorem B (Siciak [20]). Let (E, F) be a condenser, where E and F are non-
degenerate continua. Let T be the equilibrium measure of (E, F'). Then, there exist
constants C; = C1(E, F) >0 and « = a(E, F) € (0, 1), such that

|U.(z) — Vg| < Cydist(z, E)* (2.5)

and
|U,(2) — Vp| < Chdist(z, F)“, (2.6)
for every z € C.

2.2. Discrete energies

Let (E, F) be a condenser and suppose that both sets E and F' contain infinitely many
points. For any integer n > 2, let

Ln(E,F) = {(al,...,an,ﬂl,...,ﬂn) cE" XFnIOZi#Oéj and ﬂz#ﬂ],l#]}

The n-th discrete energy of (E, F) is defined by

Wa(E,F) = _ inf Z log (|al Billey ﬁl') ,
n(n—1) < i = a;18i = 55
where the infimum is taken over all point configurations (a1, ..., an, f1, ..., Bn) €
L,(E, F). Each configuration (a1, ..., an, b1, ..., by) € L,(E, F) for which the above
infimum is attained will be called an extremal configuration for (E, F') and the points
a1, -, Qp, b1, ..., b, are called n-th Bagby points. From the compactness of F and F' it
follows that, for every integer n > 2, there exists an extremal configuration in L, (E, F).
Although every discrete signed measure in S(F, F') has infinite energy, the above sum
may be considered as a discrete version of the energy of a discrete measure having point
masses at the points a; and b;, i =1, ..., n. Bagby [2] proved the following theorem
relating the equilibrium energy with the discrete energies W,,(E, F') of a condenser.
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Theorem C (Bagby [2]). Let (E, F') be a condenser and suppose that both sets E
and F contain infinitely many points. Then the sequence (W, (E, F)) is increasing and

I(E,F) = lim W,(E,F).

n—00

Moreover, assuming that (a1, ..., an, b1, ..., by) € L,(E, F) is an extremal configu-
ration and letting

O = i(zn:(sai _iabi) € S(E,F),
i=1 i=1

it is true (see [2]) that the sequence of the measures o,, converges in the weak-star sense
to the equilibrium measure of (E, F) and the potentials U, converge locally uniformly
to the equilibrium potential of (E, F') in C\ (E U F'). We will need the following result
concerning the rate of convergence of the potentials U, proved by Kloke [12, Theorem
2.7, p. 194] (see also [10] for condensers in higher-dimensional Euclidean spaces).

Theorem D (Kloke [12]). Let (E, F) be a condenser such that both E and F are
unions of a finite number of mutually disjoint and non-degenerate continua. Let T be the
equilibrium measure of (E, F). Also, for every integer n > 2, let

(al,...,an,bl,...,bn) GLTL(E,F)

be an extremal configuration for (E, F') and let

Op = i(ié‘“ iém) € S(E,F).
i=1 =1

Then, there exists a constant Co = Co(E, F) > 1 such that

_ 32log(Con)

Ur(2) = Us, ()] < =2

9

for every

1 1
z € {w € C: dist(w,0F) > — and dist(w, OF) > nQ} .

2.3. Diameters in the space of continuous functions

Let K be a compact subset of D and let C'(K) be the Banach space of continuous
functions on K, equipped with the norm

Ifllx = sup [f(2)],  feCK).
z€EK

Let
Bi={f e H® |||« <1}

be the unit ball in H*°. Taking restrictions on K, we may consider B as a subset of C'(K).
For every n € N, let X,, denote the family of n-dimensional linear subspaces of C'(K).
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The n-dimensional diameter of B in C(K) is defined by

dy(B,C(K)) := inf |sup (giggnf—guK)]

FEeX, feB

We will need the following result about the n-dimensional diameter of B in C'(K); see
[22, Theorem 7, p. 353] or [9, p. 249].

Theorem E (Widom [22]). Let K be a compact subset of D. There exists a constant
C5 := C5(K) > 0 such that

dn(B,C(K)) > Cszexp (—2mn/Cap(dD, K)), ne€N.

3. Symbols with compact image in the unit disc

In this section, we will prove that the asymptotic formula (1.1) holds for composition
operators on weighted Besov spaces. Before stating and proving our first main result, we
will prove some helpful lemmas. The first one is standard, it concerns the norms of the
evaluation functionals and it follows from the subharmonicity property of the modulus
of an analytic function. We include its proof for the convenience of the reader. We will
denote by D(z, r) the open disc centred at z € C with radius r > 0.

Lemma 3.1. Let w: D~ (0, +00] be a lower semicontinuous function on L'(D) and
let p > 1. For every a € D, the linear functionals L,(f) = f(a) and T,(f) = f'(a) are
bounded on BY,. Also, for every compact subset K of D,

sup || Lq|| < 400 and sup ||T,]| < +oo.
acK acK

Proof. Let K be a compact subset of D and let d = dist(K, 9D)/2. Since w is lower
semicontinuous on D, it attains its lower bound on any compact subset of D. In particular,

M := min {w(z) 2 Em} > 0.

Let f € BP and a € K. From the subharmonicity of |f’|P,

1

md? D(a,d)

< 2 1 I REAC)

< / [ Pu()dA()

iz () ([1rereeae) " s () s

TP =1 (@) < —5 |['(2)PdA(z)

and

D
By
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Since a € K C ID were arbitrary, we conclude that 7, is bounded on Bf, for every a € D
and

1 1/p
sup IT.] < (7rdQ]\4> < +o0. (3.1)

The corresponding results for L, follow from (3.1) and the inequality

La(f)] = If(a) ] e

< 1£(0)1+ lal ( sup ||Tbu)||f\|Bg
be[0,a]
< (1+ sup [1T0) 11z
be(0,a]

O

In the following lemma, we will describe the symbols ¢, with ||¢]ls < 1, for which
Cy4 : BE — BP is bounded.

w w

Lemma 3.2. Let w: D+~ (0, +00] be a lower semicontinuous function on L' (D), let
p > 1 and let ¢ € H* satisfying ||¢||cc < 1. Then Cy : BY, — B! is bounded if and only
if p € BY.

Proof. Suppose that ¢ € BE. Then, since ¢(ID) is a compact subset of I, we have
1y @ruEaae) = [ 17 @E)Pe ) ruEiAe)

< ( sup_ If’(2)|p> 1615, < +oe,

2€4(D)

and Cy(f) € BE, for every f € BE. By Lemma 3.1, we get that convergence in BY, implies
uniform convergence on compact subsets of . From the closed graph theorem, it follows
that Cy : BY +— BP is bounded.

Conversely, we have ¢ = Cy(I) € BE, where I € B? is the identity function. O

The main step in the proof of the first main result will be the approximation of functions
in BP by rational functions on the closure of the image of the symbol of the composition
operator. The success of this approach on getting a lower bound for the approximation
numbers is based on the following result.

Let X and Y be two Banach spaces and let T : X +— Y be a bounded linear operator.
For every integer n > 1, we define

an(T) :=inf {|T — R|| : R: X — Y is linear, rank(R) < n and R(X) C T(X)}.

Clearly, a,,(T) < a,,(T). In the other direction, we have the following result.
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Proposition 3.3. Let X andY be two Banach spaces and let T : X +— Y be a bounded
linear operator. For every integer n > 1, a,(T) < na,(T).

Proof. Let € > 0. Let R: X — Y be alinear operator satisfying rank(R) < n and ||T" —
R|| < an(T) + €. Set m :=rank(R). Then X/ker(R) is an m-dimensional normed space.
By Auerbach’s lemma (see e.g. [23, ILE.11, p. 75]), there exist &1, ..., &y, € (X/ker(R))
and 1, ..., ¥, € (X/ker(R))* such that, for all j, k=1, ..., m,

1€ =1, [[vell =1 and & (&) = djk,

where

0, itj#k,
Ok = e
1, ifj=k.

Writing 7 : X +— X/ker(R) for the quotient map, for each j, we may pick z; € X such that
m(zj) = ¢ and |lz;]| < 1+e. Also, for each k, define ¢ € X* by ¢ := ¢, o m. Clearly
we have |lx|| <1 for each k and ¢ (z;) = 0;, for all j, k. Thus

m
R = Z Rz ® o, (3.2)
k=1
because every vector in X can be written as a linear combination of =1, ..., z,, and a

vector in ker(R), and the two sides of (3.2) agree on all such vectors. Define

m

R = ZT.Tk ® k-
k=1

Clearly R: X Y is linear with rank(R) < m and R(X) C T(X). Hence

an(T) < ||IT ~ R|
<|T— Rl +|R~R|

m

> (Ray, — Tag) ® ¢x
k=1

=T = Rl +

<NT = BRI+ Y IR = Tl aellexl
k=1

<|IT = R|[(14+m(1+¢€))
< (a(T) + In(1 + ).

Letting € — 0 we obtain the result. O

We now proceed to state and prove our first main result.
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Theorem 3.4. Let w : D — (0, +0c0] be a lower semicontinuous function on L*(D), let
p > 1 and let ¢ € BY, satistying ||¢|lcc < 1. Then the formula

lim (an(Cy))"/" = exp(—2m/Cap(ID, §(D))) (33)
holds, for the approximation numbers of Cy : B, +— BE.

Proof. Let 9D :=T, K := $(D) and note that both T and K are non-degenerate
continua. Therefore, the condenser (T, K) has a positive capacity. Let 7 be the equilibrium
measure of (T, K). For every integer n > 2, let (ay, ..., an, b1, ..., by) € L,(T, K) be
an extremal configuration and let

_31(;26&1 Zab> € S(T, K).

The potential of o,, is

U, ( Zl o8 Z 08 7

:—log (2—b1)~-(2—bn) .
n (z—a1) - (z—ap)
Consider the rational function
(2—=b1)- (2 —bn)
Bn(2) = (z—a1) - (z—ap)

and note that R, is analytic on D and U,,(z) = L log|R,(2)|. First, we will use the
rational functions R,, to obtain finite rank linear operators that will approximate Cy in
order to prove that
lim sup(a, (Cy))/™ < exp(—27/Cap(T, K)). (3.4)
n—oo

We start by establishing upper and lower bounds for |R,|.

Fix €€ (0, dist(T, K)/2) and n € N satisfying 1/n? < dist(T, K)/2. Let =, :=
dD(0, 1 —¢) (positively oriented circle) and A, := {z € D: dist(z, K) = 1/n?}. From
Theorem B and Theorem D, it follows that

21 21
U, (2) < U, (2) + 2 ng?") < Vie + % 32log(Cn) (3.5)
for every z € A,, and
21 21
Us,(2) > Ur(2) — 3%(02@ > Vp — Chre® — 3%(62@, (3.6)

for every z € 7, where the constants C; > 0, Cy > 1 and « € (0, 1) depend only on the
condenser (T, K). From (3.5) and (3.6), we obtain the inequalities

IR, (2)| < exp(nVi + C1n'~2* 4 321log(Can)), (3.7)
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for every z € A, and
|R,(2)| > exp(nVp — nCie® — 321log(Can)), (3.8)

for every z € 7. Also, from the maximum principle, it follows that the inequality (3.7)
holds for every z in the component of C\ A4,, containing K.
For f € BE, let

Fn(Z,f):f/(Z)—Hn(Z,f), (3 9)
where
n / bz
Hy,(z, f):= Rn(z)z_; R;L(li)((bz)z)
Let

Lo )= 160D + Y 10 [ it
i=1

be a primitive of H,(-, f) on . We note that

/D (In(6(2), 1)) (=) Puo(2)dA(z) = / I (8(2), NP1 ()P (2)dA(2)

< (sup (=, f)l”) 61, < +oo
ZGK w

and I, (-, f) o ¢ € B2, for every f € BE. We consider the operator .J,, : B2 — BP | defined

by J.(f) := I.(-, f) o ¢. Then J,, is a bounded linear operator and .J,,(BF)) is contained
in the linear span of the functions

Y5 Ra(Q)
Z — ) dceBP, i=1,...,n.
| e gen
We obtain that rank(.J,) < n. Therefore, for every f € B2,
an+1(Cy) < [|Cp — Jn|
1/p

= sup (/DI(Cqs(f)—Jn(f))’(Z)l”w(Z)dA(Z))

171l pp, =1

1/p
= sup (/DIf (¢(Z))—Hn(¢(z)af)|p|¢(Z)lpw(z)dA(Z))

HfHBg):l

1/p
= sup (/DIFn(cb(Z),f)lp¢(Z)Ipw(Z)dA(2)> ) (3.10)

171l pp, =1
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where in (3.10) the equality (3.9) has been used. From the inequalities (3.7) and (3.8),
we get that, for every z € K,

|Rn ()] 11l
el < B [ L
- exp(n(Vi — V) + C1nt=2% 4 nCre® + 64 1log(Can))
- (dist(T, K)/2) '
(1 —¢)sup [f' ().

CEve
We note that (3.11) holds for every analytic function f on D. From (2.4), (3.10) and
(3.11), it follows that
an+1(0¢)

_ exp(—nI(T, K) + Cin' 2 4 nCre® + 641log(Con))
= (dist (T, K)/2)

: (/D |¢’(z)|pw(z)dA(z))1/p (1 =€) sup [f'(O)]-

CEYe

(3.11)

(3.12)

Raising (3.12) to the power 1/(n + 1) and letting n — 400 we get
lim sup(a, (Cy))Y/™ < exp (=I(T, K) 4 C1€%).
n—-+o0o

Letting € — 0, we obtain (3.4).

Next, we will use Proposition 3.3 to get a lower bound for the approximation numbers
of Cy. Let € > 0, let n € N and let P, : B, — B be a linear operator with rank(P,,) =
m < n, satisfying P, (BF) C Cy(B%). Let E:={h/ : D+~ C:ho¢ € P,(B%)} and note
that, taking restriction on the set K, E is a linear subspace of C(K) with dim(E) = m.

Therefore,
dp(B,C(K)) < sup(inf || f - gl/x), (3.13)
feB 9€E
where B is the unit ball in H>°. Let fy € B such that
;up(lnf IF = gll) = (A +e) inf lfo — gl (3.14)
From Theorem E, there exists C'3 > 0 such that
Csexp(—nI(T,K)) < Cyexp(—mI(T,K)) < d, (B, C(K)). (3.15)
From (3.13), (3.14) and (3.15), we obtain that
Coexp(—nI(T,K)) < (1+€) nf lfo — gl (3.16)
We will now estimate ||Cy — Py, ||. Let Iy be a primitive of f, on D, satisfying Io(4(0)) =
0. We have
/p 1/p
P A CRCIE >) < ([ut)aae)  =cu.
D
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Therefore, Iy/C,, lies in the unit sphere of BE. Let P,,(1y/Cy) = hg o ¢ and note that
Cyh{, € E. From (3.16) we obtain that

1Cs = Paull = [[Cs(Lo/Cw) = Pn(Lo/Cw) B

w

1/p
N oiw (/ [fo(6(2)) - th6<¢<z>>piqﬁ’(z)ﬂw(z)dA(Z))
1

> — inf —
> o int [0~ gllcl

. Calldling
T Cu(l+e)

Taking infimum over all linear operators P, : BE +— BP with rank(P,,) =m <n and
P, (B) C Cy(B?), we obtain that

exp(—nI(T, K)). (3.17)

Csl|¢ll s,

Qn, > —nl(T, K)). 1
0(Co) > G2 el (T.K) (318)
From Proposition 3.3 and (3.18), it follows that
Csll9ll 2
(Cy) > 2NOUBL o (—nI(T, K)). 3.19
0n(C) = e exp(=nl (T, ) (3.19)

Raising (3.19) to the power 1/n and letting n — 400, we get

lim +mf(an(c(ﬁ))l/” > exp(—I(T, K)). (3.20)
Finally, the equality (3.3) follows from (3.4) and (3.20). The proof is complete. O

4. Symbols with non-compact image in the unit disc

In this section, we will prove that the asymptotic formula (1.2) holds for composition
operators on weighted Besov spaces. We will see that formula (1.2) follows from Theorem
3.4 and the following well-known properties.

The first is a property of approximation numbers (see e.g. [23, III.G.2, p. 237]).

Theorem F (Wojtaszczyk [23]). Let X be a Banach space and let T, S : X — X
be two bounded linear operators. For all integers n, m > 1,

ntm—1(T08) < an(T)am(S).

The second property is a lower bound for the capacity of a condenser involving the
diameters of its plates and the distance between them; see e.g. [21, Lemma 7.38, p. 95].

Theorem G (Vuorinen [21]). There exists a constant Cy > 0 such that, for every
condenser (E, F), where both E and F are non-degenerate continua, we have

min{diam(E), diam(F)}) .

>
Cap(E, F) > Cylog (1 + st (B, F)
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We will now state and prove our second main result.

Theorem 4.1. Let w : D ~— (0, +00] be a lower semicontinuous function on L*(D), let
p > 1 and let ¢ € BY, satistying ||¢|lcc = 1. Then the formula

lim (a,(Cy))/™ =1 (4.1)

n—oo

holds, for the approximation numbers of Cy : BY — BZ.

Proof. Let r € (0, 1) and consider the bounded linear operator L, : BE, — BF | defined
by L,f(z) = f(rz), f € BE. Also, note that Cy o L, = Cry, ||Td]loc =7 and r¢(D) =
{rz:z € ¢(D)} is a compact subset of D. From Theorem F, it follows that

an(Crg) = an(Cyp o Ly) = any1-1(Cp 0 Ly) < an(Cp)ar(Ly) = an(Cy) || Lr |,

for every n € N. Therefore,

an(C’w)l/" 1
el <, (Cy)Y", meN.
TARE ¢

Letting n — 400, from Theorem 3.4, we obtain that

exp(—2r/Cap(O, 79(D)) < lim inf(an (Cy))/". (4.2)

From Theorem G, it follows that

- min{diam (D), diam(r¢(D))}
Cap(dD, r¢(D)) > Cylog(1 + dist(OD, (D))

diam(r¢(D))
1—r

)

= 04 log(l + ) (43)

Letting r» — 1, from (4.2) and (4.3), we get

1 <lim +1nf(an(c¢))1/“. (4.4)
On the other hand,
lim sup(a, (Cy)) /™ < limsup(a1 (Cy))Y/™ = 1. (4.5)
n—-+oo n—-+4oo
The conclusion follows from (4.4) and (4.5). O
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