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Abstract

We consider a model of branching Brownian motion in which the usual spatially
homogeneous branching and catalytic branching at a single point are simultaneously
present. We establish the almost sure growth rates of population in certain time-
dependent regions and as a consequence the first-order asymptotic behaviour of the
rightmost particle.
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1. Introduction and main results

1.1. Description of the model

Branching Brownian motion (BBM) is a spatial population model in which individuals
(referred to as particles) move in space according to the law of Brownian motion and reproduce
themselves at spatially dependent rates. The particular process that we are going to consider
may be described as follows.

It starts with a single particle at time O whose spatial position at time ¢ > 0 until the time
it dies is given by X;, where (X;);>0 is distributed like a standard Brownian motion. We let
T’ and T be two random times that are independent conditional on (X;);>¢ and satisfy P(T" >
1] (Xg)s=0) = e Bland P(Ty > 1| (X5)s>0) = e~Polt where B > 0 and By > 0 are some constants
such that 8 and By are not both 0 and (L;);>0 is the local time at O of (X;);>0. Note that almost
surely X7, =0 and X77 # 0.

At time T’ A Tp, the initial particle dies and is replaced with a random number of new
particles. If Ty < T’, then the number of new particles follows some given distribution (¢,,)n>1-
Otherwise it follows a different distribution (p,),>1. We assume that ¢; # 1 and p; # 1.

All the new particles, independently of each other and of the past, then stochastically repeat
the behaviour of their parent starting from position X7+ ,7,. That is, they move like Brownian
motions, die after random times giving births to new particles, etc.

Note that all the particles always produce at least one child upon their death, ruling out the
possibility of population extinction.
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An equivalent description (up to indistinguishability) would be to say that, after a random
time 7 such that P(T > ¢ | (X;)s>0) = e PoLli=Pt the initial particle dies, and at position x where
it died, it is replaced with a random number A(x) of new particles where, for n > 1,

qn ifx=0,

FAW=m=1_ " itx=0.

6]

and these new particles then stochastically repeat the behaviour of their parent starting from x.
Thus the model can be thought of as the BBM model with spatially inhomogeneous branching
rate Bodo(-) + B, where §o(-) is the Dirac delta function, and spatially inhomogeneous offspring
distribution given by (1), since informally we may say that L; = féBo(Xs) ds (this can be made
formal via the theory of additive functionals of Brownian motion).

Our model combines in a natural way the classical BBM model with constant branching and
the BBM model with a single catalytic point. The first one has been studied for many decades
and numerous asymptotic results are available (let us mention [3], [15], [18], and [19], among
many others). The catalytic model has been given less attention and has mostly been studied
either in the discrete space (see e.g. [4] or [5]) or in the context of superprocesses (see e.g. [6]
or [8]). For a general review of the topic one may refer to [13].

1.2. Some notation

Using common practice we label the initial particle by @ and all the other particles
according to the Ullam—Harris convention, so that, for example, particle ‘@32’ is the second
child of the third child of the initial particle.

For two particles u and v we shall write u <v if u is an ancestor of v, so for example
& < &3 < @32. We shall write |u| for the number of ancestors of the particle u, so for example
|@32| =2.

We denote the set of all particles in the system at time ¢ by N;, and for every particle u € N,
we let X} denote its spatial position at time ¢ and (X} )sc[o,7 its historical path up to time ¢ with
LY the local time at 0 of (X¥)s¢[0,1. We also define

R, = sup{X}': u € Ny}

to be the position of the rightmost particle at time 7. We let A, denote the number of offspring
produced by particle u when it dies.

We let mop =), ng, be the mean of the offspring distribution due to catalytic branching
andm=Yy_,_ npy the mean of the offspring distribution due to homogeneous branching. For
convenience, we also respectively define the effective homogeneous and catalytic branching
rates as

Bi=pm—1) and Bo:=Bo(mo—1).

Finally, we let (F;);>0 be the natural filtration of the branching process, and for the
process initiated from position x € R we let P* be the associated probability measure with
the corresponding expectation E*. Most of the time it will be assumed that x = 0, and we shall
then write P and I instead of P* and E°.

1.3. Motivation

In this subsection we present a few simple calculations which should motivate our main
results in the next subsection.
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For any x € R and 7 > 0, let us define
Ny :={ueN;: X} > x} 2)

to be the set of particles in the system at time ¢ whose spatial position is to the right of x.
A simple application of the widely used ‘many-to-one’ formula (see Subsection 2.2) gives an
exact expression for E|N/| (to be proved in Subsection 2.2).

Proposition 1. For any x> 0and t >0,

. 1y s .
EINfI=<I></30«ﬂ— %) exp{zﬂét—ﬂoxﬂLﬂt}, 3)

where )
D(x) =PWN(0, 1) <x) = / Qr)~1/2e/2 4y

is the cumulative distribution function of a standard normal random variable.

In particular, for any A > 0 we obtain
~ 1 4 ~ ~
EIN}| = ®((Bo — MV1) exp {(5/33 — Bo + ﬂ)t}. )

Using the fact that ®(x) ~ Qr)~12 5! e=/2 a5 x — —o0 and d(x) — 1 as x — 00, we can
then see that

1
- log EIN¥| — A; as t — oo, 5)

where |
533 —Bor+ B ifx < po,
Ay = q (6)
—5)»24‘,3 if?»Z,éo-
We can then observe that A, takes positive or negative values according to whether A < Acri¢
or A > Acrit, Where
Bo if B < B3

31
LA
Bo 2

Acrit = | (7
V28 if B> 3 B2.
Since the expected number of particles to the right of (A + €)f decays exponentially with ¢
and the expected number of particles to the right of (A — €)¢ grows exponentially with ¢, we
may interpret A for now as the speed of the rightmost particle ‘in expectation’.
Also, using symmetry or a direct calculation, we may find the expected total population at
any time ¢ > 0:

~ 1 A ~
E|N;| = 2E|N;| =2 (Bo/) exp {(5/85 +ﬂ>t}. 8)
In particular,

E|N,|~aexp{(%ﬁg+;§)t} ast— 00, ©))

where & = 1 if o =0 and o =2 if By > 0.

https://doi.org/10.1017/jpr.2019.51 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2019.51

894 S. BOCHAROV AND L. WANG

1.4. Main results

Our aim is to replace convergences in expectation from the previous subsection with the
almost sure convergences.

For all the results in this subsection we shall have to impose an additional condition on the
offspring distribution commonly known as the X log X condition (for some discussion see e.g.
[14], [16], or [17]):

ann logn <oo and Z gnnlogn < oo. (10)

n>1 n>1

This condition is needed to ensure that certain martingales have non-zero limits, as we shall
see in Subsection 2.3.

Our first result, which should be compared with (9), is the almost sure approximation of the
population size.

Theorem 1. Suppose that condition (10) on the offspring distribution is satisfied. Then
lim L log|Nj= 22 +f P
Jm -~ log INi| = 5’30 +8 P-as
Next, unarguably the most important result of this paper, is the almost sure approximation

of |N,“ |, and it should be compared with (5).

Theorem 2. Suppose that condition (10) is satisfied. Take any X > 0 and let A) be as in (6)
and M¢rig as in (7).
If A < Acrit, then

1
lim —log [N}|=A; (>0) P-a.s. (11)
t—oo t
If A > Acrit, then
lim [N¥| =0 P-as. (12)
11— 00
and furthermore
1
lim — log P(IN| > 0) = A; (< 0). (13)
t—0o0 f

As a direct corollary of Theorem 2 we establish the almost sure speed of the rightmost
particle.

Corollary 1. Suppose that condition (10) is satisfied. Then

. R
Iim — =XAyit P-as,
t—oo f

where herit is given in (7).

Note that letting either fp — 0 or 8 — 0 in Theorem 1, Theorem 2, and Corollary 1, one
may recover previously known results for purely homogeneous or purely catalytic branching
processes.
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1.5. Outline of the paper

The rest of this article is organized as follows. In Subsection 2.1 we follow the standard
procedure of extending the probability space by constructing the spine process over our
branching system. Then in Subsection 2.2 we recall the Many-to-One formula for branching
processes and apply it to prove Proposition 1 as well as the upper bounds for Theorem 1
and Theorem 2. In Subsection 2.3 we construct certain change-of-measure martingales and
use them to prove the lower bound for Theorem 1 as well as ‘preliminary’ lower bounds for
Theorem 2. In Subsections 3.1 and 3.2 we give the heuristic argument and the formal proof for
the lower bounds in Theorem 2. Finally, we conclude the paper with the proof of Corollary 1.

2. Spine results and applications

2.1. Spine construction

In this section we extend our probability space by introducing the spine process. A more
detailed description of this procedure may be found for example in [9].

The spine of the branching process, which we shall denote by &, is the infinite line of descent
of particles chosen uniformly at random from all possible lines of descent. It is constructed in
the following way. The initial particle & of the branching process begins the spine. When the
initial particle dies and is replaced with a random number of new particles, one of them is
chosen uniformly at random to continue the spine. This procedure is then repeated recursively:
whenever the particle in the spine dies, one of its children is chosen uniformly at random to
continue the spine. We may then write the spine as & = {é O M @ 3 where £™ is the
label of the spine particle in the nth generation and £0 =

We let P denote the probability measure under Wthh the branching process is defined
together with the spine. Hence P = P| Foo- We let [E be the expectation corresponding to P.

Below we introduce some new notation in relation with the spine process.

For any 7 > 0 we write node; (§) for the unique particle u € N; N €. That is, node; (§) is the
label of the spine particle at time ¢.

For any t > 0 we write & for X}, where u is the unique particle in N, N &. Then & is the
spatial position of the spine particle at time ¢. It is not hard to check that the process (&;);>0 is
a Brownian motion under . We let (Lt)tzo denote its local time at the origin.

For any ¢ > 0 we write n; for the unique »n such that & ) e N,. Then (n)=0 is the counting
process of the number of branching events that have occurred along the path of the spine by
time 7. We denote the sequence of times of these branching events by §,, and the number of
particles produced at each such branching event by A,,, n > 1.

Moreover, we would like to distinguish branching events along the spine that occurred due
to catalytic branching from those that occurred due to homogeneous branching. In order to do
so, we denote the branching times along the spine that took place when the spine was at the
origin by S and the number of particles produced at these times by A , n> 1. Similarly, we
denote the branchlng times along the spine when it was not at the origin by S/, and the number
of particles produced at these times by A, n> 1. We also denote the counting processes for
(89),=1 and (S))n=0 by (n%),=0 and (1)),=0, respectively.

Observe that conditional on the path of the spine (&;)1>0, (n?)tzo and (n),>0 are independent
(inhomogeneous in the first case) Poisson processes (or Cox processes) with jump rates Bodo(-)
and B, respectively, so that

(BoL)* o,

Py =k | Eozs= ="
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and L
t
(ﬁ ) e~ ﬂ;.
k!
Finally, it is convenient to define several filtrations of the now extended probability space in
order to take various conditional expectations.

P(n, =k | (£5)0<s<1) =

Definition 1. (Filtrations.)

e J; was defined in Subsection 1.2. It is the filtration which contains all the information
about all the particles’ motion and their genealogy. It does not, however, have any
information about the spine.

o = o (F;, node; (£)). Thus F has all the information about the branching process and
all the information about the spine. This will be the largest filtration.

e G:=0(&: 0<s<r). This filtration only contains information about the path of the
spine but it does not know which particles make up the spine along its path at different
times.

e G, :=0(G, nodes (§): 0<s<1, AS: n< n?, AJ,: m <nj). This filtration has informa-
tion about the path of the spine, its genealogy, and how many particles are born along
the path of the spine. However, it has no information about anything happening off the
spine.

We note that F; C F; and G, C G, C F.

2.2. Many-to-One Lemma and applications
The proof of the following result with a detailed discussion can be found for example in [9]
or [11].

Lemma 1. (Many-to-One Lemma.) Let Y be a non-negative ]:"t—measurable random variable.
It can be decomposed as

Y= Z Y(u)1jnode, (£)=u}»

UeN;

where for all u € Ny, Y(u) is Fy-measurable and then

E"( 3 Y(u)> = fox(y ePolithry,

UEN;

In particular, if f is a non-negative functional such that f ((&s)sef0.17) is a G;-measurable random
variable, then

E[ Zf((x;‘ne[o,ﬂ)} = B Lf(Eo)sero. oL, (14)

UueN;

Let us now apply (14) to prove equations (3) and (8) given as the motivation in the first
section.

Proof of Proposition 1 and identity (8). Take x >0 and ¢t > 0. Then

EIN/|=E Z Lixusyy = E[1g, ePolHAr, (15)

UeN;
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We now make use of the joint density of & and L, (which for example can be found in [12]):

[yl +1 exp | — (vl + 0?2
23 2t

to complete the proof of (3). Then

l 1)
Efljg~ }eﬁOL’+’3’]—ef”/ f ﬂ“’y+ ep{—(y;) }dydl

1 1?
= eﬂt/ ol ___ exp { il } di
0 2t 2t

1 N 2
exp{—z—t(l—(ﬂot x)* + ﬂ—t—ﬂox}

P edy, Lied) = }dydl, yeR, >0,

pi / =1
=e
0 ~2mt
_ BB fox f - L 2ny,
—(Bov/i—x/v1) V2T
1. A N
—Q(ﬂo«/ \/-> exp{zﬂgf—ﬂOX—Fﬂf}-
For the expected total population we could have followed a similar calculation:

E|N,| = E[ePLtBi] = ... = 20 (fo/D) exp {(%ﬁé + é)r}. (16)

Let us now prove the upper bound for Theorem 1.

Proposition 2. (Upper bound for Theorem 1.)

hmsup log|N,|< ,BO—i—ﬂ P-a.s. (17

—00

Proof. Fix ¢ > 0. Then, by the Markov inequality and (8),
1 1. A 2214 2.4
IP’(— 10g [Ny| > 5,33 +h+ s) — P(IN,| > e Fi+B+emy < =GR +B+emp N, | < 2emen.
n
It follows from the Borel-Cantelli lemma that
1 1 4 .
P{ { — log |N,| > 5,30 +B+¢e;io. )=0
n

and thus | |
lim sup — log |N,| < 5,33 + 3 +¢& P-as.
n

n—o0

By letting ¢ — O we establish (17) with the limit taken over integer times. To get convergence
over any real-valued sequence, we note that (|NV;|);>o is a non-decreasing process, and so for
any t >0

1 11 N
! tog |Nt|sLt]—°g' ml,

1]
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and hence

N 1. A
lim sup — log [Ny| < hm sup log | M| < E'Bg + B P-as. O

100 [

For upper bounds of Theorem 2 we need to adjust the previous argument because unlike
(INt])r=0 the process (|NtM [)s=0 is not monotone. We first establish the following result.

Proposition 3. For A > 0 and n € NU {0}, we define the following set of particles:

N} = {u €Npy1: sup X{> An}.
s€[n,n+1]
Then
lim sup — log EINM| < A,

n—oo N
Note that for any 7 € [1, n + 1] it is always true that [N*| < [N*"].

Proof of Proposition 3. By the Many-to-One Lemma we have

ATAR|
EIN,"I=E Z l{SuPSe[n,nH]X?ZM}

UEN 11

= E[l{supje[n 1] Ss>)\ } eBOLH»l*Fﬁ(TH»])]

Lyc1+A(mn+1
_E[1{$n+1+§n>kn} eﬁo +1+Bm )]

where én = SUPgen nt1] (&5 — &y+1) and Sn = SUP,¢(0,1] &= |N(0 1)| under P.
Then, for any § € (0, 1) we can split the latter expectation as

eﬁOLn+1+/3(n+1)] _ [

= : BoLn+1+B(n+1
E[1{§n+1+snzm} I{Sn+1+$n>kn} efolnsrthin )l{lén+1\§(k—6)n}]

BoLyt1+p(n+1
+ B, gm0 P e ms

We shall refer to the first term in the sum as /; and the second one as I». First we show that the
contribution of /; is negligibly small as it has a faster than exponential decay rate:

=h

BoLny1+A(n+1
=K, g PO D g, 1<0msm)]

[E.:[(Jﬁolznﬂ+/‘3(n+1)1{é >6n}]

IA

< (B[ePPoLnri H2BOH DN 2(B(E, > sny)l/2

using the Cauchy—Schwarz inequality in the last line. Then, as we know from (16),

1 B J— ~ N N
- log (]E[eZﬂoLnH+2ﬂ(n+l)])1/2 — ﬂg +pB asn— oo,
n
while, since &, 4 IN(0, 1)),

1 B E 1/2 —5?
— log (P(§, > 6n))" /= —> — asn— oo.
n? 4
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Thus
_ 1 82
llmsup—zlogllg—z. (18)

n—oo N

On the other hand,

P /§Ol~4n+1 +/§

hL=E[lg &> © "D 1ie, 1> 0-sm]

< B[Pl A DY 1 m]

= 21~E[e/§°i"’+1 +/§("+1)1{5n+1 (=8} ]

r—38
=2E N,

using symmetry in the third line and identity (15) in the fourth line. Thus, from (3) we can see
(just as we did in (4)—(6)) that

1
limsup — log Ir < Ay _s. (19)
n—oo N
From (18) and (19) we have that, for any § € (0, A),
1 N 1
lim sup — log E|N*"| = lim sup — log (I} + 1) < A¢—s).
n—oo N n—oo N

Letting § — 0 and using continuity and monotonicity of A, as a function of A, we obtain the
sought result. O

Proposition 3 can now be applied to prove the upper bounds for Theorem 2.

Proposition 4. (Upper bounds for Theorem 2.)
If A < Acrit (Ay > 0), then

1
limsup ~ log IN/'| < Ay P-as. (20)

t—oo I

If A > Acrit (Ay < 0), then

lim [NM| =0 P-as. (21)

11— 00

and 1
lim sup ~ log P(IN}'| > 0) < A;. (22)

t—oo

Proof. For any A > 0, let N,’}" be as in the previous proposition and fix & > 0. Then the
Markov inequality gives

P(li\\]ﬁﬂ > C(AH_E)H) S e_(A}‘+8)nE|N2\n|,

and from Proposition 3 the right-hand side decays exponentially fast. Therefore, by the Borel—
Cantelli lemma,
P({|NA"| > e+ 4oy 0.) = 0.

This is equivalent to saying that

INM| < B4 FEm  eventually P-as.
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So P-almost surely, for all ¢ sufficiently large,

oA s
|Nt)»l| S |NU|]U | S e(AA+€)UJ .

Then, if A > A, we can take ¢ sufficiently small that A; + & <0 and hence |NZM| <1 for ¢
large enough, thus proving (21).
If & < Aerit, then we get

lim sup — log |N 1<Ay+e P-as.,

t—00

and letting ¢ — 0 yields (20).
Finally, if A > A then (22) follows from the Markov inequality and (5):

1 1
lim sup — log P(IN| > 0) < lim sup — log E|N| = A,. U

—00 —00

Remark 1. Note that the X log X condition on the offspring distribution has not been required
so far. It will be essential in the next subsection.

2.3. Additive martingales and applications

Recall that under the probability P the branching process together with the spine may be
described as follows.

e The process starts with a single spine particle whose path (&;),>¢ is distributed like a
Brownian motion.

e At instantaneous rate Bpdo(-) + B along its path, the spine particle splits into A(-)
particles. If splitting took place at position x, then

qn ifx=0,

PAE=n)= pn ifx#0.

e Uniformly at random, one of the new particles is selected to continue the spine and thus
to stochastically repeat the behaviour of the initial particle starting from x.

e The remaining A(x) — 1 particles initiate independent copies of a branching process with
branching rate Bydo(-) + B and offspring distribution A(-) as under P*.

We shall now describe a family of martingale changes of measure that will put a certain bias
on the motion of the spine particle as well as the birth rate and the offspring distribution along
the path of the spine particle. Again, for a detailed discussion the reader is referred to [9].

Let us consider a process of the form

’ 0
ny L ny ny L
i, = [1‘[ A,,} e—Pr—hols D) _ [HA; <T1 AB} o Pr=hoLs D),
= = n=1
where (A;)n>1, (AO),,>1 (A/ In=1, (N1)=0, (n, )10, and (n,),>o were defined in Subsection 2.1
and (M(l)),>0 is a non-negative IP’-martlngale of mean 1 with respect to the filtration (G;)s>0.

The effect of M1, if used as a change of measure martingale, is to put some drift on (§;)r>0.
For this particular paper we shall take M to be either

Mgl) _ e;\g,—(/\z/z)z’ 1>0
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or
WD = HEI—AL—02/20 _ b fysen 6 d&—G2/20 5

The first choice is the classical Girsanov martingale, which has the effect of adding constant
drift A to (§/)>0-

The second choice has the effect of adding instantaneous drift A sgn (-) to (§/);>0, so that
if A < 0 then this is drift of magnitude |A| towards the origin, whereas A > O then this is drift
of magnitude A away from the origin. For more details one can refer to [1] or [2, ‘Brownian
motion with alternating drift’, pp. 128—129]. Alternatively, the effect of this martingale can be
seen as adding constant drift A to the Brownian motion (|&;| — Zz)z30~

Recalling thatm =), \np, and mo = ), ,ng, are the means of the offspring distribution
due to homogeneous and catalytic branching, we see that (M),~( can be decomposed into a
product of three martingales:

it = "5,

where .
~ / A a7
Mt(z) —m" e P x mg’ e Pols
and
n ”9 0
- A’ A
P =T =2 <[] =2
mo

n=1 n=1

When used as the Radon—Nikodym derivative, (1\7152)),20 has the effect of changing the
instantaneous jump rate of (n})=0 from 8 to mB and the jump rate of (”9)t30 from Bydp(-)
to moBodo(-). The effect of (1\719)),20 is to change the distribution of random variables (A},),>
from (pr)i=1 to ((k/m)pi)k=1 and the distribution of random variables (Ag)nz 1 from (qi)i>1
to ((k/mo)gi)i=1 (while keeping them all independent). If we now define a new probability
measure Q as

dQ N
g =M;, t>0,
dP | 7
then for any events E; € G;, E2 € 0 ((n})o<s<t, (n?)ofsft) and Eseo(A’, ... ,A;,;A?, el ASO)
t t

we have that

Q(E1, Ea, E3) = E(lEl 1E, 1E3M§1)M§2)M§3))
= B[1g, M B, MPEA MY | oG, (1)o<s<t, 1o<s<0)) | )]

so it can be seen that the effects of M1, M® and M® superimpose. Thus, under Q the
branching process has the following description.

e The process starts with a single spine particle whose path (§;);>0 is distributed like a
Brownian motion with drift imposed by M.

e At instantaneous rate myBpdo(-) + mpB along its path the spine particle splits into A(-)
particles. If splitting took place at position x, then

} iqn ifx=0,
QA@ =n)={""
e ifx #0.
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e Uniformly at random, one of the new particles is selected to continue the spine and thus
to stochastically repeat the behaviour of the initial particle starting from x.

e The remaining A(x) — 1 particles initiate independent unbiased copies of a branching
process with branching rate Sodo(-) + 8 and offspring distribution A(-) as under P*.

Suppose now that, for all # > 0, Mﬁl) can be represented as

1\7151) = Z Mz(l)(u)l{noder &)=u}> @y

ueN;

where, for all u € Ny, M,(l)(u) is Fs-measurable. For example, if Mﬁl) = e)“&‘_)‘if_“z/z)’, then

we get the required representation by taking M'" (i) = e*X'1-2L{=0/2)t I we define
M= 3 MO we 0, 24)
ueN;

then (M;);>0 is a unit-mean P-martingale such that

M, =EM, | F).

%)
E( > ([ l_[Av} e PPN )1 fnoge, (s>:u}) ‘ ]-',)
ueN; v<u

> ([ HAV} e PPl D P e £ | f»)

uehN;y v<u

(eJessot)

ueN; v<u v<u

To see this, note that

ny R L
EM,; | F) = ]E(|: 1_[ An:| e*ﬁl*ﬁoLngl)

n=1

<

I
For the martingale property of (M;);>0, we then check that, for any s <7 and an event A € Fj,

EM,14) = E(M,1,)
= EE®, | F)la)
=EEM14 | 7))
=E(M,1,)
=R, 1)
=EEWM14 | Fy))
= EEWM, | Fla)
=E(M;1y)
=EM14).
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If we now define Q := Q| F..» then we would have that

since for any event A € F,
QA) = QA) = E(1aM,) = B(E(14M, | F)) = EAARM, | F7)) = E(1aM,) = EAaM,).

Since (M;);>0 is always a non-negative P-martingale, it must converge P-almost surely to some
non-negative limit M. Particularly interesting are those martingales whose limit is not almost
surely 0.

When investigating whether the limit of M is P-almost surely O or not, we shall make use
of the following result, commonly known as the spine decomposition.

Lemma 2. (Spine decomposition.) Let (M;);>0 be the P-martingale of the form (24) con-
structed from some given Iﬁ’-martingale (ME”),ZO with the property (23). Then

QM | Goo) = spine (1) + Y _ (A, — 1) spine (S,),

n=1

where JU
spine (1) = M) e=Pr=Pols

and, as defined earlier; S, is the time of the nth branching event along the path of the spine
process and Ay, is the corresponding number of offspring produced.

_ Note that we have used Q to denote the expectation corresponding to probability measure
@, which is a common practice.
We have already used the fact that if A € F; for some ¢ > 0, then

QA) = / M, dP.
A

Let us also recall that if A € F, then

Q(A):/Mo<> dP+Q(Am{1imsupM,=oo}). 25)
A — 00
The latter identity can be found in [7, p. 241].
Proposition 5. Let
ME= Y e PR >, (26)

UeN;

be the P-martingale of the form (24) constructed by taking
Mﬁl) _ e—/§0|§r|+/§01~4t—%/§517 t>0. (27)
(a) If condition (10) (the X log X condition on the offspring distribution) is satisfied, then

Mfo >0 P-as.
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(b) If condition (10) is not satisfied, then
ML =0 P-as.

Proof. Let QF and Qi be the probability measures associated with martingales (26) and
(27) as previously described in this subsection.

A standard argument which relies only on point-recurrence of (§);>( under P (seee.g. [10])
tells us that P(ML > 0) € {0, 1}.

So if we could show that Q*(lim sup,_, . M,jE = 00) = 1, then by taking A = Q in (25) we
would get 1 = EMZ + 1 and hence MZ = 0 P-almost surely.

On the other hand, if we could show that Q*(lim SUp;_, o0 M,i = 00) =0 then, again by
taking A = Q in (25), we would get | = IEMgEO + 0 and hence I[”(Moio > 0) > 0, which from the
0-1 law above is the same as IP’(MgEo >0)=1.

Thus, to prove the proposition, it is sufficient to show that, if condition (10) is sat-
isfied, then Qi( lim sup,_, o, M,lL =00)=0, and if condition (10) is not satisfied, then
Q*(lim sup,_, o, M,i =o00)=1.

Let us observe that because of the effect of martingale M, for any choice of ¢ > 0 we have

1. 1 -
~E(A] logA}) = ~-mQ* (log A))
C C

. 1
=m/ Qi<— log A} > t) dr
0 C

S n+l
=m Z QF(log A} = cr) dr.

n=0"“"

Hence, by monotonicity of @i(log A" > ct), we have

(e.¢] [e¢)
me Y~ Q*(log A} > cn) <E(A] logA}) <me Y QF(log A} > cn). (28)

n=1 n=0

Then, since (A},),>1 are i.i.d. random variables, it follows from (28) that

o0 o0 o
Z Q*@Al = e = Z Q*(logA| > cn) <0 = EA]logA)) = ann logn < oo,

n=1 n=1 n=1

and then, by the first and second Borel-Cantelli lemmas,

oo
0 if annlogn<oo,
Q14 = e} o) = " (29)
1 if annlognzoo.
n=1

An identical argument gives

o0
0 if annlogn<oo,
QA > e} o) = o (30)
1 if annlognzoo.

n=1

Let us emphasize that dichotomies (29) and (30) hold for any choice of ¢ > 0.
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(a) Assume now that condition (10) holds, and recall from Lemma 2 that

’ 0
ny ny

QF (M | Goo) = spine (1) + ) _ (A, — 1) spine (S;) + ) _ (A} — 1) spine (S7)

n=1 n=1
o oo
<1+4) (A, — 1)spine(S},)+ »_ (A) — 1) spine (Sp).
n=1 n=1
where . o
spine (1) = e~Polél =2 Ag1=Pr,

Recall that martingale (27), when usgd as the Radon—-Nikodym derivative, has the effect of
putting constant drift of magnitude By towards the origin onto (&;);>0 or, equivalently, the
effect of putting constant drift By onto (i, — |&:])s=0. Thus we can see that, Qi—almost surely,

L- A L

and consequently
0

n
— mf and I:—t—>mo,30 as t — 00.
t

/
i3

It follows that S), ~ (1/(mf))n as n — oo Qi—a.s., so for any § > 0

o (K+8)n —(K=é)n

< spine (S;,) <e eventually @i-a.s., 31

where
K= (233 +5)— >0
= — — > U,
20 mp
which together with the first line of (29) yields

o0
> (A~ 1) spine (S}) <00 QF-as.

n=1

Similarly,

0 1
S, ~ —n asn— 0o,

mopBoPo
which together with the first line of (30) yields

Z (A% — 1) spine (%) <00 Q*-as.

n=1
We have thus shown that ~ ~
lim sup (@i(MtjE | Goo) < 0.

=00

Applying conditional Fatou’s lemma we get

QF(lim inf M;" | Goo) < lim inf Q=(M;" | Goo) < lim sup QM5 | Goo) < 00,
g - t—00
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which implies that lim inf;_, 5 Mti < 00 Qi—a.s. and hence also Q*-a.s. (as {lim inf,_, oo M,i <
00} € Fuo). Then, since 1/M™ is a positive supermartingale under Q% (in fact a true martingale
as there is no extinction), it must converge, so

lim sup M;* =liminf M;* <oco  Q*-ass.,
— 00 t—00

which is sufficient to prove part (a) of the proposition.

(b) Assume now that ), p,nlogn = oco. Then, counting only particles born from the spine,
we obtain
M;'Z > A spine (S)),

so that the first inequality in (31) and the second line in (29) give us that @i, and hence also
Q% -almost surely
lim sup M. * = .
n—o00 n
Therefore we also get

lim sup M,i =00 Qi-a.s.,
— 00

which proves the sought result.
If 3,1 gnnlogn = oo, then we arrive at the same conclusion by replacing (S,),>1 with
(ng)nzl and (A))),>1 with (Ag)nzl in the above argument. U

From Proposition 5 we can now easily derive the required lower bound for Theorem 1.

Proposition 6. (Lower bound for Theorem 1.) Suppose that condition (10) on the offspring
distribution is satisfied. Then

o (P,
htrll)égf; log |N¢| > 5,30 + B8 P-as.,

Proof.
_142. 4 _Axu_142,_ 3
|N;| e 2Byt ﬂtz Z e PolXi'|—3 A5t ﬁt:Mti'
ueN;

Then N
log [N 1. ~ logM
—gt' t|z§ﬂ§+ﬁ+ gt L,

and since, under condition (10), M;—Lo > (0 P-almost surely, it follows that
liminf ~ log [N = ~f2+ # P
im inf - log INt| = 5/80 +p P-as.
In fact we have an even stronger inequality:
lim inf e RPN > ME >0 Pas. O
— 00
Propositions 6 and 2 together prove Theorem 1.
In the rest of this subsection we would like to present some results for a purely homogeneous

BBM (B9 =0), which we shall make use of in the next section. We begin by stating the
following result from [14, Theorem 1].
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Proposition 7. Consider a BBM with By =0 (only homogeneous branching present). For
reRR, let

M} o= Y SN =, (32)

ueN;

be the P-martingale of the form (24) derived through the procedure described at the beginning
of this subsection by taking

MY =3 s, (33)

@) If Y= panlogn < oo and |i] < (2B)"/2, then
M. >0 P-as.
(b) If Y,  panlogn < 00 and |A| > (2B)'/2, then
M =0 P
00 — -d.Ss.
(©) If =1 panlogn = oo, then
Méo =0 P-a.s.

The proof is essentially the same as that of Proposition 5. If we define Q* and Q" as
probability measures associated with martingales (32) and (33), then we would see that under
Q* the spine (r) term would grow exponentially if |A| > 28)"/? and decay exponentially if
1] < (Zﬁ )72 which together with dichotomy (29) would lead to the required result.

We shall now make use of Proposition 7 to get lower bounds on |N,“| in purely
homogeneous branching systems.

Proposition 8. Consider a BBM with By =0 (only homogeneous branching present). If A €
0, 28)'/?) and > n=1Pnnlogn < oo, then

. . 1 AL 5 2
htrll)égf " log IN/"| = B — X P-a.s.

Proof. For any choice of § > 0 such that » 4§ < (2,3)1/ 2, we have the following lower
bound on [N}|:

IN}| = Z 1<xi<G+28)1)

ueN;
> Z eMHOXI=CADGFLINY vy 25y
= <Xj'<

UEN;

o1 2 u_ 1 2,4
= P2 A=A N % QOADXI S OAD I o <r28y)- G4
UEN;
We now claim that as t — oo
u__ 1 2,4

N OISO B sy — METS Peas., (35)

UeN;
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where M1 is the same martingale as in Proposition 7. Indeed,

u__ 1 2, R
Z e(k—l—é)X, 5 (A+d)7t ﬂll{X}‘>()\+28)t}

ueN;

u__ 1 2. 4 u__
< Z A FOXI =3 (1+8) ﬁtl{X,”>(x+25)z} &X' —0(+20)

ueN;
1¢2 u__1 2 ]
—56°t A+28)X[' — 5 (A4-28)"t—Pt
=e 200 Yy L NI Y g
ueN;
_1s2
<e 2 MM 50 Paas, (36)

using the fact that M**2% converges P-almost surely to a finite limit. Similarly, we have

u__ 1 2, P
Z e()ﬂ—(S)X, 2()»+5)t IB[I{X;‘<)»!}

ueN;

u__ 1 2. 2 _Syu
< Z e(AJr(S)X, 2()»+5) t ﬂtl{x,‘km} e SX {48t

UeN;
_1g2 u_ 142, A
—e 70t Z R e T ﬁtl{X;‘<At}
ueN;
_1ls2
<e 2%'M* 50 P-as. 37)

Thus from (36) and (37) it follows that

Z e(x+a)x;'—%(x+a)2

ueN;

P pu<xr<Girasy)

s HXI—L(+821—p
=M} =N OISO sy

UEN;

u__ 1 2,3
_ Z CAHOXI =L (+5) ’_’Sll{x;tdz} — M Pas,

ueN;

proving (35). Moreover, from part (a) of Proposition 7 we know that M4+ 8 > 0 P-almost surely.
Hence from (34) and (35) we get

1 A1
lim inf — log |N,“| >B—=(h+8)>—8(r+8) P-as.,
t—o0 2
which proves the proposition after letting § — 0. ]
Proposition 9. Consider a BBM with By = 0 (only homogeneous branching present). Let
]V,)‘ ‘={u€Ny1: Xy > Asforall se[t, 1+ 1]}. (38)
Ifa> 2PV and Y, | panlogn < 0o, then
liminf - log PN?| > 0) = B »
im inf —log P(IN;| > 0) = f — —-.
In particular, it is also true that

1 A A2
liminf — log P(N¥| > 0) > g — —. (39)
—oo f 2
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Proof. For any choice of § > 0 and K > 0, consider the following events:

Gt there exists u € Nyjp: Xy > Asforall s € [, 1+ 1]
o X <K+ (h+28)sforalls€[0, 7+ 1]

and
={&>Asforallse(t,t+ 1], & <K+ (A +28)sforall se [0, r+ 1]}.
One can then see that $*' € Fyy1 € Frp1, &' € Giyq € Fyyq and that
§tC s C{INT| > 0) € {IN}'] > 0).
We then have the following lower bound on IP’(|Nt)‘| > 0):

MR 1 1
'Y t
P(N| > 0) = B(S") =E (IS“ Mﬂa> QHS(IS“ MM) @“5(13“ M,\+5>

t+1 t+1 t+1

where M3 Q*+% and Q**9 are the same as in Proposition 7. Then

~ 1 ~ 1 1
) <1w > S @ (1:%[_) Qm( . —)
M M Q-+ (MG
using the conditional Jensen inequality and the pull-through property of conditional expecta-
tion in the last inequality. We now recall that

N1
QMY | Goo) = spine (t+ 1) + Y _ (A, — 1) spine (S,,).

n=1

where

spine (¢) = Q)= 5 (+8) =Pt

On the event S we have that for all s € [0, 7 + 1]
spine (s) < exp {(k + 8)(K + (A +28)s) — %(x +8)%s — Bs}
= KO+ exp { (%(k + 5)2 +5(r+6) — ,é)s}
<Cjsexp {(%(k +8)2 +8(A+6) — ﬁ)t},

where Cs is some positive constant. Also from dichotomy (29) we know that A, < e’”

eventually Q**9-almost surely. Thus

N1 Nt
ZA” < Z e 4y < Cj et 4y,
n=1 n=1

where Y =372 A,1 (A,>etn) 18 @ Q@ *%-almost surely finite random variable independent of
n41 and (§5)o<s<s+1 and Cg is some positive constant. Thus

~ 5 ~
Q)\.‘HS(M)\,-‘:-I(S | goo) < C{)‘ e( (A+8) +8()\.+8)7ﬂ)l(1 + Y+ C(/S esn[+l).
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Then, using the fact that 1/(a + b) > 1/(2ab) whenever a, b > 1, we get

- 1
Q}\.-F(S (1~)u/ *)
QM 1Goo)

1 s ~ 1
> — (A= 30-4+87=8G+) Qe 1y, —
Cs 1+ Y + C§ eonril
1 s 1 2 ~ ~ ~ ~ 1
(B= 5482 =80+ YA+8 (At FAFS (@ —0ni 1 YA+
> ——F¢ 2 S € + — -
2 36,0 QT (SHHQM( Q <1+Y>

We note that |
AA+S
— )=o0
(1)
since Y is ©**+9-almost surely finite, Q*+3 (e=0+1) = emBI+DE™ =D gince (n)r=0 is a QMF0-

Poisson process with rate mf, and @AH (S"\”) — Ck.s for some positive constant Cg 5 since
(&1)r>0 1s a Brownian motion with drift A 4§ under Q)‘+5. Therefore

N | A iminf - log (3 :
lim inf — log P(N}"| > 0) > lim inf — log Q"™ { 1, QM 1Goo)

>A_l 2 _ =8
>p 2(?»+5) (A +8) —mB(l —e*),

which proves the required result after letting 6 — 0. O

Remark 2. Note that Propositions 8 and 9 (equation (39)) already provide sufficient lower
bounds for Theorem 2 (equations (11) and (13) respectively) in the case A > ,30, since a
spatially homogeneous branching process can be embedded in a process with homogeneous
and catalytic branching both present, by simply not counting any particles born due to catalytic
branching.

3. Remaining proofs

In this subsection we shall complete the proof of Theorem 2 by establishing lower bounds
for equations (11) and (13). We shall then finish off the paper with the proof of Corollary 1.

3.1. Heuristic argument

Here we discuss the idea behind the proof in a non-rigorous way in order to help the reader
understand the formal argument given in the next subsection.

Our task is to find the optimal way for a particle to reach level Az at some large time .

In the case of spatially homogeneous branching (8p = 0), the birth rate along the path of a
particle is independent of the path, and so the optimal way would simply be to travel at speed A
all the time (there are of course finer results available, but they are irrelevant to this discussion).

However, in the presence of the catalyst at the origin, travelling at speed A all the time
might be disadvantageous as it will discard any contribution from the catalyst. Thus one might
think that a better strategy for a particle would first be to stay near the origin for some positive
proportion of time in order to give birth to more particles at an accelerated rate (due to both
homogeneous and catalytic branching potential), and then for the remaining time let its children
travel at whatever speed is necessary in order to reach the required level.
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The argument goes as follows. For a large time ¢ we let

INM| if A < Acrit,
P(INM| > 0) if A > Acrits

and we want a lower bound on g.
We fix a number p € [0, 1]. As we know from Theorem 1, at time pt there are

o [(B
Nl = exp y 5+ )pr

particles in the system and about half of them lie in the upper half-plane. Next we ignore any
catalytic branching that takes place between times pt and ¢ by assuming that every particle u €
ng)t starts an independent spatially homogeneous branching process from the position X;fx > 0.

We let .
ING/E=PIT ) if = < V28,
—p
q(u) .= N
PUNY/ TP 4y > 0) it > V28,
—p

where N(T)‘/ (I=p ))T(u) is the set of particles which lie to the right of (A/(1 — p))T at time T of
the spatially homogeneous process initiated by u in the time—space frame of this process and
where 7' = (1 — p)t. Then, from Propositions 8 and 9, we know that

> g L (2 2T = 3(1 — p)t » t
"(”)”exp{ﬂ _E(E) }_exp{ﬂ( BT }

(+/(1=p)T
NT

Then, since every particle in
estimate

(u) for every u ENI(z)z also belongs to N, we can

> ~|N? (1 » ~ ;0 B 2 40
92 Y qu~| pt|exp{ﬁ( —p)t—z(l—_mt}wxp{(m?p—z(l—_m)z}. 40)

ueNg,
The value of p which maximizes this expression is
A A
1— - lf A S ﬁ(),

* Bo 41)
0 if A > Bo.

eS|
Il

Substituting this value of p into (40), we get

. pE . .
exp{<ﬂ+7°—ﬁox>t} if . < Bo
9z e )

exp{(ﬁ—;)t} if A > fo
=exp{A,1},

which gives the lower bound on ¢ that we want.
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Note that if A is too large (A > ,30) then p* = 0, and so the best strategy for a particle to reach
level At at time # would indeed be to travel at speed X, always being driven by a homogeneous
branching potential with negligible contribution from catalytic branching. This is consistent
with Remark 2 made earlier.

3.2. Lower bounds for (11) and (13)

Before we present the main body of the proof, let us give a couple of preliminary results.
The first is a very crude estimate of the number of particles which lie approximately in the
upper half-plane at a time z.

Proposition 10. Assume that condition (10) on the offspring distribution is satisfied. Then
P-almost surely, for any § > 0, there exists a finite time Ts such that, for all t > Ty,

. B
IN: | = exp {(ﬂ +5 - ca>r},

where cg is some positive constant with the property that cs — 0 as § — 0.

Proof. Letus observe that Ay — B + ﬁg/Z as § — 0. So we may write As = /§ + 38/2 —cj
for some ¢ > 0 such that ¢; — 0 as § — 0.

From Theorem 1 (or Proposition 6) we know that P-almost surely, for any § > 0, there exists
a finite time 7§ such that, for all 7 > T,

s B
|Nt|26XP{</3 %O—ch>t}. (42)

We also know from Proposition 4 (equation (20)) that P-almost surely, for any § > 0O, there
exists a finite time 7§ such that, for all 7 > T/,

1 . B
INY| < exp {(Ag + Ecg)t} =exp {(,3 + %0 - Ecg)z}.

Thus, by symmetry it is also true that P-almost surely, for any § > 0, there exists a finite time
Ty such that, for all r > T§",

A2

N 1

INrI—IN;S'ISGXP{<I3+%O—§CS)I}~ (43)

Subtracting (43) from (42) yields the result. O
The next result is basically a version of Chebyshev’s inequality.

Proposition 11. Let N be a random variable supported on N and (Si)i>1 a sequence of events
independent of each other conditional on N. If, for some r € (0, 1), it is true that P(S; | N) >r
P-a.s. for all k > 1, then

N
r 4
IP( ; Is, < 5N ‘ N) <— Pas

Sharper inequalities are of course available but are not needed here.
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Proof of Proposition 11. Let us assume for simplicity that N is deterministic. Then

N N N
1
P( D ls < %N) < P( D (s —PES=—5 > IP(S;a)
k=1 k=1 k=1
N 1 N
P 15, — > — P(S
_<;(sk —2;("))

() E)

4
<
~—rN

using the Markov inequality and the fact that var (15,) =P(Sx) — P(Sk)? < P(Sy). The same
argument will then work for N random if we replace P(-) with P(- | N) and var (-) with
var (- | N). O

Proposition 12. (Lower bounds for Theorem 2.) Suppose that condition (10) on the offspring
distribution is satisfied.
If A < Acrit (Ay > 0), then

1
liminf — log [N}| > A;  P-a.s. (44)
t—oo f
If A > Aarit (Ay <0), then
1
liminf — log P(IN| > 0) > A;. (45)
t—>oo f

Proof. We letp = p be the same as in (41). We note that p =0 if and only if A > ,30, while
if A > ,30 then A; = ,8 - _)\2 so that (44) and (45) follow from Propositions 8 and 9 (equation
(39)) by simply not countmg any particles born due to catalytic branching. Thus, for the rest
of the proof we shall assume that A < ,80, sothatp=1— A/ﬁo >0and A; = /3 + ,30/2 ,BOA

We then choose some § > 0 and define

A~ A+ 4
A= .
5 Bo

. 32 . 32
f6):= <,3—7—5>, 8(8) = <ﬂ+%0—65>,

where c; is the same as in Proposition 10. We let 4(8) be such that

We also define

Y R
(1= p)f(3) + pg(d) = (ﬂ -5 - 8)(1 -p)+ (ﬁ + 0 —cs>p

2
B A L A+8,\* 2
=p+2 > (1—%>—6‘5P—§< ﬂo) %—3(1—10)
— Ay — h(5).

Note that 4(6) > 0 and h(§) — 0 as § — 0.
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For t > 0 we define events
A= {INy ™) = 8O,

From Proposition 10 we know that P(A4,, eventually) = 1, so that in particular P(A4;) — 1 as
t— 0.

Finally, for every particle u € Ny, let us consider the subtree initiated by u at time pt. In the
time—space frame of this subtree, we define Ny(u), s > 0 to be the set of particles in the subtree
at time s and Yy the positions of particles v € Ny(u) at time s. Moreover, by analogy with (2)
and (38), we define

Ni(u):={veN;u: Y >x}

and

Nl(u):={v € Ngp1(u): Y > Irforall r € [s, s + 11}. O

Proof of (44), the lower bound for (11). Assume that A < Aqi¢ so that A > 0. There are
two cases to consider, which require slightly different treatment.
Case 1: B > % B2 (equivalently, By < (28)"/?). We choose § > 0 to be sufficiently small that

A < (28)'/2, and for n > 1 consider events

L.
B,,::{ > 1Bn(u)<Z|an5P"|},

ueN,;,ﬁp "
—3dpn
where, for every u € Ny, ",

By(u) = {|N§S(u)| > /@ forall s e [(1 — p)n, (1 — p)n + 11}.

‘We know that, conditional on .7-"1,,,, events BB, («) are independent, since all the subtrees initiated
by particles u € Nj, are independent copies of the original branching process starting from
positions X,,,,.

Moreover, if we ignore all the catalytic branching taking place in the subtrees initiated by
particles u € N[;,,’Sp " then we can get from Proposition 8 that there exists some deterministic 7
such that for all n > ng, P(B,(u) | Fpn) = 1/2. Hence, by Proposition 11,

8
]P)(Bn | -Fpn) < W——slm P-a.s.

pn |

for all n > ng. Then, for all n > ng, we obtain

8
P(A, N B,) = ]E(E(I.An IB,, | -Fpn)) < E(IA,, W—gm

) <8 e—g(é)pn’
pn |

which decays exponentially fast in n (for § sufficiently small). Therefore P(A, N B, i.0.) = 0.
Then, since P(A, eventually) = 1, it follows that P(A, N B eventually) = 1. So [P-a.s., for all
n large enough,

1 s 1
Z 18, = Zlen P > Zeg( wn

)
ueN"
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Then, noting that, for all 7 € [n, n 4 1],

INM| > Z 15, @20

-4,
UENp, P

we get that P-a.s., for all 7 sufficiently large,

|Nt)~l| > [(eg(5)17f+f(5)(1*11)1’
where K is some positive constant. Hence
1
lim inf p log [N} > A; — h(8) P-as.,

which yields the required value after letting § — 0.
Case 2: B < % /33 (equivalently, Bo > (28)'/?). For n > 1 we consider events

Cn = { Z 1{|N5‘

_pyn()|>0}
opn (I=p)n
UEN,

1
< EJ((S)(I_I))”|NI7_"6W| }

(note that A > (2,(3)1/2). We know that, conditional on F,,, events {|N(i]_p)n(u)| > 0} are
independent. Moreover, if we ignore all the catalytic branching taking place in the subtrees
initiated by particles u € N[;{Sp ", then we can get from Proposition 9 that there exists some
deterministic ng such that, for all n > no, P(|]V()‘1_p)”(u)| > 0] Fpn) > o/ U= Hence, by
Proposition 11, for all n > ny,

e/OI=Pn Py,

P(Cy | Fypn) < ——
NP

Then, for all n > ng, we obtain

P(A,NCy) = E(E(IA,, 1C,, | ]:pn))

4
5]E<1 e ef(é)(lp)n>
INpn"|

< 4= 8EP—f)1-p)
— 4B,

which decays exponentially fast in n (for § chosen sufficiently small). Therefore P(A, N
Cy 1.0.) =0. Then, since P(A, eventually) = 1, it follows that P(A, N CS eventually) = 1. So
P-a.s., for all n large enough,

1
5 Z oS ®A=p)n pA;—dpn (A —h(8)n
2_:5 l{lﬁ(*l,p)n(u)|>0} = zef INp, 1 = 4e .

UEN,

Then, noting that, for all 7 € [n, n 4 1],

At .
LA W

(I=p)n
-4,
UENp, P

(w|>0}’
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we obtain .
liminf — log [N}'| > A; — h(8) P-as.,
t—oo
which yields the required result after letting § — O. U

Proof of (45), the lower bound for (13). Assume that A > A so that Ay < 0. Then neces-
sarily A>PBo> A > Agic > (2,3)1/ 2 (the last inequality follows from the fact that, for any given
/3 the minimum value of ,B / /30 +3 ﬂ() over all /30 € (0, 00) is (2/8)1/ 2) We note that

b -
PW@”>®2P( LJHWme»>man%zewW)

ue N*B])t

We know that conditional on F, events {|N()‘1’ p)z(“)| > (0} are independent. Moreover, if we

ignore all the catalytic branching taking place in the subtrees initiated by particles u € Np_,ap !
then we can get from Proposition 9 (equation (39)) that there exists some deterministic 79 such
that, for all 7 > 1o, P(|N@f_p)t(u)| > 0| Fpr) > &/ OU=P" Hence

A -5
IP’( U UN{_, @1 >0}, N, | = eg(5)pl)

—dpt
UEN,, s

= E(l{lNP—tﬁptPeg(a)pt}[ 1_[ (I— P(| (1 p);(u)| >0 ]:pt)):|>

ﬂSpt
zmmmeﬁwm—awm“%m%

> PN, 7| > esOr) [emh(a))z _ lezmhw»z]

2

for all 7 large enough, and where in the last inequality we have used the fact that, for any a €
(0, 1) and b > 0, it is true that (1 — @)’ < e~ <1 — ab + 1a®b?. Then, noting that as t — 0o

P(N, | = ef®) > 1 P-as.,

we obtain |
lim inf — log P(IN*| > 0) > A; — h(8),
t—o0 t
which yields the required result after letting § — 0. U

3.3. Proof of Corollary 1

Proof of Corollary 1. Assume that condition (10) is satisfied. Then, for any A < Arit, as we
know from (11),

P(R; > At eventually) = [P( |N,M | > 0 eventually) = 1.

Thus lim inf;_, o (R;/t) > A P-almost surely. Then, letting A — A¢ri¢ gives

R,
lim mf — > Aerit P-a.s.
— 00
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Similarly, if & > Ait, then by (12),

P(R, < At eventually) = P(|N*| = 0 eventually) = 1.

Thus lim sup,_, o, (R;/t) < A P-a.s. Then, letting A — A¢i¢ gives

. R,
limsup — < Aqic  P-as.,
t—>oo I

which completes the proof. (|
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