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ABSTRACT
This paper mainly focuses on the cooperative control of formation configuration for multiple
flight vehicles in the three-dimensional space. Considering the external disturbance of the sys-
tem, the adaptive non-singular terminal sliding mode control law (NTSMC) is designed based
on the virtual leader-follower method, which aims to ensure that each flight vehicle reaches the
expected terminal position in a limited time and meet the configuration constraints. Further
considering the first-order dynamic characteristic of the autopilot, a novel second-order slid-
ing mode control (SOSMC) law is deduced with using the estimated information of sliding
mode disturbance observer. The proposed control method ensures that all flight vehicles form
the required space formation configuration simultaneously at a pre-designed time, and the
chattering phenomenon of the sliding mode surface and acceleration response that nears the
equilibrium point is effectively weaken. The stability of the proposed control law is verified
by theoretical analysis and lots of mathematical simulations. The results show that the control
algorithm in this paper can be used to guidance the formation controller design of multi-
ple flight vehicles in the mid-guidance phase to some extent, and thus the cooperative flight
stability of the system can be effectively improved.

Keywords: multiple flight vehicles; space formation configuration; virtual leader-follower;
cooperative control; finite time convergent; chattering suppression

Received 4 January 2021; revised 10 March 2021; accepted 15 March 2021.

https://doi.org/10.1017/aer.2021.30 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2021.30
https://orcid.org/0000-0003-3328-812X
mailto:lion_lee1994@126.com
https://doi.org/10.1017/aer.2021.30


1338 THE AERONAUTICAL JOURNAL AUGUST 2021

NOMENCLATURE

h flight height

R distance between the formation system and the target

L distance between sub-vehicles

F distances between the 1th flight vehicle m1 and the other three ones

xs,i position vector

vs,i velocity vector

as,i acceleration command vector

ds external disturbance

xq,i expected position vector in the LOS coordinate system

vq,i expected velocity vector in the LOS coordinate system

L23, L24, L34 baseline length between each sub-vehicle

L0 distance between the 1th sub-vehicle and the plane T2T3T4

�center offset angle

e1,i, e2,i position error vector and velocity error vector

s, s1, s2 sliding mode surfaces

β, γ sliding mode parameters

k1, k2, ρ, η control law gains

as non-singular terminal sliding mode control law

δ, δ̂ upper limit and estimate of disturbance

ε1 small normal number

V , V 1, V 2 lyapunov functions

Treach reach time

τ delay time constant of autopilot

am,i the acceleration vector in the LOS coordinate system

k0 control parameter

tr desired time

z0, z1, z2 estimations of disturbance observer

λ0, λ1, λ2 observer gains

1.0 INTRODUCTION
The complex battlefield environment and the development of integrated anti-missile defense
technology make the attack mode of single flight vehicle severely challenged; thus the cluster
cooperative operation system is being introduced into future war(1–3). The collaborative oper-
ation of multiple flight vehicles means that all members are formed into a combat network to
conduct the real-time information interaction through a data link, so as to improve the anti-
interference ability of the formation system and enlarge the cooperative detection probability
to the target during the mid-guidance stage(3). After entering the terminal guidance stage, the
collaborative system can realise the saturation attack on the target(4). For advanced reentry
vehicles equipped with radar detector, which have high flight speed and wide flight airspace.
For this kind of flight vehicle, such as anti-ship missile with radar seeker, they gain the target
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information using own sensor or leader’s sensor in the cooperative case and then fly to the tar-
get relying on guidance command. In order to ensure the high-precision co-positioning of the
target after the detectors are turned on, it is necessary for all flight vehicles to pull apart the
required space distance and angle during the mid-guidance stage and then adjust the attitude
of the projectile body to align the target.

As an important part in the process of cooperative combat, the formation flight control
of multiple flight vehicles has attracted the attention of scholars. The formation technology
of multiple flight vehicles was firstly applied to the under-actuated mechanical system such
as spacecraft and UAV, and lots of research outputs were produced. A decentralised scheme
for spacecraft formation flying via the virtual structure approach is proposed in Refs (5) and
(6). As the extension of this study, the authors in Ref. (7) studied the decentralised consen-
sus control of a formation of rigid body spacecraft in the framework of geometric mechanics
while accounting for a constant communication time delay between spacecraft. In the field
of UAV, the main formation control technologies include model predictive control, bionic
algorithm and consistency theory, and the consistency control algorithm based on graph the-
ory gradually becomes the focus of research. Numerical research results are available for
Refs (8–12).

Due to the difference in physical structure and motion mechanism, there are huge differ-
ences between missiles and UAVs in formation flight control, and the corresponding research
results are still lacking. The formation tracking protocols were proposed by using the ideas of
proportion and differential controller for the multiple BTT missiles system(13) and multiple
aircrafts system(14). Wei et al.(15) designed an adaptive controller to compensate the coupling
effects caused by attitude motion. The dynamic surface controllers were introduced for solv-
ing the formation tracking issues for multiple missiles system in Ref. (16). In Ref. (17), cost
functions were defined by considering the formation tracking error and control input, and
the optimal formation tracking protocol can be obtained by using the functional calculus of
variation, where the velocity and flight path angle were defined as the input vector.

Based on the high-precision positioning requirement of multiple flight vehicles for the
target in a long distance, this paper mainly focuses on the cooperative control law design of
formation configuration. The structure of this paper is organised as follows. In Section 2, the
problem statement is provided, and the kinematics models of the flight vehicles are also built.
Next the configuration parameters that satisfy the constraints are designed in the Section 3.
The control law with considering the effects of the external disturbance and the first-order
dynamic characteristic of the autopilot is designed, and a novel improved control method is
proposed in the Section 4. Simulation results and analysis are shown in the Section 5. Finally,
the concluding remarks are offered in the last section.

2.0 PROBLEM FORMULATION AND MATHEMATICAL
MODEL

Considering the following scenario that multiple flight vehicles are scatted by a parent vehicle
at a certain height h, and all flight vehicles can be numbered as i = 1, 2, ..., n to easily subse-
quent descriptions. Obviously, these sub-vehicles would perform inertial flight in the absence
of control, so the system configuration cannot be guaranteed to achieve high-precision coop-
erative detection during the mid-guidance phase. Therefore, it is assumed that if the finite
time convergent control strategy is designed to make all sub-vehicles form the expected
distances and angles at the preset distance R between the formation system and the target,
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Figure 1. Relative position between system configuration and target.

and then maintain the configuration before the terminal guidance phase. Combine with the
characteristics of detection device, the space formation constraints are listed as follows(18,19):

(1) Configuration constraints. Assume that n = 4, and then these four sub-vehicles can be
named as m1, m2, m3, m4. These four sub-vehicles form the tetrahedron structure, as
shown in Fig. 1, where the 1th flight vehicle in the back and the other three in the front;
The connection line between the 1th one and the target is basically perpendicular to the
plane where the other three ones are located in, and the offset angle relative to the centre
of the plane cannot over 10%.

(2) Distance constraints between sub-vehicles (m2, m3, m4). Considering the operating dis-
tance of the radar detection device, chooseR = 300km. Besides, to guarantee the position-
ing accuracy indexes of configuration system, choose L ≥ 6km; the distances between the
1th flight vehicle m1 and the other three are not more than 10km, i.e. D ≤ 10km; the dis-
tance between the 1th flight vehicle and the plane formed by the other three sub-vehicles
satisfies 1.5 ∼ 3.5km.

For the formation control of multiple flight vehicles, which mainly focus on the motion of
the centre of mass. Thus, this paper assumes that the body attitude of each flight vehicle keeps
steady during the flight and points to the target when the configuration is formed. The “virtual
leader-follower”(20,21) method is used to design the control scheme, that is, a virtual rigid body
is used to describe the motion of the whole formation system; however, the four sub-vehicles
manoeuver rapidly relative to the virtual leader until meet the configuration constraints. As
shown in Fig. 2, define o stands for the virtual leader; oxsyszsis the relative coordinate system
of the line-of-sight (LOS), and −→oxs points to the target; Ti is the expected terminal position
for the ith sub-vehicle mi when the configuration is formed. The 1th sub-vehicle m1 moves
backward to T1 relative to the virtual leader o, and the 2th sub-vehicle m2 moves downward to
T2, while the 3th one m3 and the 4th one m4 move right and left to T3 and T4 respectively.

The mathematical model of motion for each flight vehicle in the relative LOS coordinate
system can be described as

ẋs,i (t) = vs,i (t)

v̇s,i (t) = as,i (t) + ds (t)
· · · (1)

where xs,i = [xsi, ysi, zsi]
T is the position vector of each sub-vehicle; vs,i = [vsxi, vsyi, vszi]T is

the velocity vector, while as,i = [asxi, asyi, aszi]T is the acceleration vector of each sub-vehicle
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Figure 2. Space manoeuver process of four flight vehicles.

in the LOS frame; ds (t) is the external disturbance during the flight, and there is |ds (t)| ≤ δ. In
addition, define the expected position vector of each sub-vehicle in the LOS coordinate system
as xq,i = [xqi, yqi, zqi]T , and the expected velocity vector as vq,i = [vqxi, vqyi, vqzi]T . Considering
that the flight task requires these four flight vehicles to maintain the expected formation
configuration, thus there exists vqxi = vqyi = vqzi = 0m/s.

3.0 DESIGN OF CONFIGURATION PARAMETERS
According to the configuration constraints described in the Section 2, the expected parameters
of each sub-vehicle in the relative LOS coordinate system can be designed. Refer to Fig. 2,
assuming that the coordinate vector of virtual leader is (0, 0, 0), and the coordinate vector
of the first flight vehicle is m1 (x1, y1, z1), while the remain three sub-vehicles are defined
as m2 (x2, y2, z2) , m3 (x3, y3, z3) , m4 (x4, y4, z4), respectively, and the related plane formed by
them is defined as T2T3T4. The vector connecting the 1th flight vehicle and the target is defined

as
−→
T1T , and the vector between the virtual leader and the 1th flight vehicle is

−−→
T1O. Next there

exists the following geometric relationship.

(1) The baseline length L23, L24, L34 between each sub-vehicle

⎧⎪⎨
⎪⎩

�x32 = x3 − x2, �x42 = x4 − x2, �x43 = x4 − x3

�y32 = y3 − y2, �y42 = y4 − y2, �y43 = y4 − y3

�z32 = z3 − z2, �z42 = z4 − z2, �z43 = z4 − z3

· · · (2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

L23 =
√

(�y32)
2 + (�z32)

2

L24 =
√

(�y42)
2 + (�z42)

2

L34 =
√

(�y43)
2 + (�z43)

2

· · · (3)

(2) The distance L0 between the 1th sub-vehicle and the plane T2T3T4

L0 = L0f

L0m
· · · (4)
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Table 1
Expected parameters of each flight vehicle

Number of flight vehicle Value/m

m1 T1 (−2500, 0, 0)

m2 T2 (0, −4042, 0)

m3 T3 (0, 2021, 3500)

m4 T4 (0, 2021, −3500)

where

L0f = |(x2 − x1) (�z32�y42 − �y32�z42) + (y2 − y1) (�x32�z42 − �z32�x42)

+(z2 − z1) (�y32�x42 − �x32�y42)| ,

L0m =
√(

(�y32�z42 − �z32�y42)
2 + (�z32�x42 − �x32�z42)

2 + (�x32�y42 − �y32�x42)
2
)
.

(3) The offset angle �center between
−→
T1T and

−−→
T1O

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

�x = x2 + x3 + x4

3
− x1

�y = y2 + y3 + y4

3
− y1

�z = z2 + z3 + z4

3
− z1

· · · (5)

�center = arccos

(
�x√

�x2 + �y2 + �z2

)
· · · (6)

According to Equations (2)–(6), the expected coordinate vector of each sub-vehicle relative
to the virtual leader in the LOS coordinate system can be designed, as shown in Table 1.

Whether these parameters shown in Table 1 meet the formation constraints described in the
Section 2 or not, which can be judged by substituting them into Equations (2)–(6) yields

(a) �center = 0◦, which stands for the 1th flight vehicle is projected on the centre of the plane
T2T3T4 and thus meet the requirement of offset angle;

(b) L23, L24, L34 = 7km, which stands for the baseline length between each sub-vehicle is
more than 6km;

(c) L0 = 2.5km, which means that the distance of the 1th flight vehicle relative to the plane
T2T3T4 is between 1.5 and 3.5km.

In summary, the position parameters of each flight vehicle shown in Table 1 meet the config-
uration constraints described in the Section 2. Then the appropriate control law is designed in
the Section 4 to control the four flight vehicles to fly to their expected positions and simulation
verification is performed in the Section 5.
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4.0 DESIGN OF CONTROL LAW
In this section, the control law is completely designed in the following three steps. The first
is to design the NTSMC law with considering the external disturbances of the system; the
second is design the second-order NTSMC law with considering the dynamic characteristic
of the autopilot of flight vehicle; the third one is that a novel improved control law is proposed
to guarantee the finite time convergence of the system errors, and also effectively suppress the
small chattering phenomenon of the sliding mode surfaces and the acceleration responses.

4.1 Design of NTSMC law
For system (1), define the flight error vector and velocity error vector of each sub-vehicle in
the LOS coordinate system as

e1,i = xs,i − xq,i

e2,i = vs,i
· · · (7)

Differentiating Equation (7) with respect to time can be obtained as

ė1,i = e2,i

ė2,i = as,i (t) + ds (t)
· · · (8)

For system (8), take any sub-vehicle as an example, and choose the NTSM as

s = e1 + βsigγ (e2) · · · (9)

where β > 0, 1 < γ < 2, sigγ (e2) = |e2|γ sgn (e2), is the sign function.
Differentiating Equation (9) with respect to time yields

ṡ = ė1 + βγ |e2|γ−1ė2

= e2 + βγ |e2|γ−1 (as + ds (t)) · · · (10)

Choose the fast terminal sliding mode reaching law as

ṡ = −k1s − k2sigρ (s) · · · (11)

where k1 > 0, k2 > 0, 0 < ρ < 1. Compare Equations (10) and (11), the adaptive NTSMC law
can be obtained as

as = − sig2−γ (e2)

βγ
− k1s − k2sigρ (s) − εsgn (s) · · · (12)

where εsgn (s) is used to compensate the external disturbance. if ε is too large, the control
variable as will be too large; However, if ε is too small, it will easily cause system instability.
Define δ̃ = δ − δ̂, in which δ̂ is the estimated value of the variable δ. Assume that there exists∣∣∣δ̃∣∣∣< ε1 for any kinds of disturbance, and ε1 is a small normal number. Then the adaptive gain

ε in Equation (12) can be designed as

ε = δ̂ + ε1, ˙̂
δ = λβγ |e2|γ−1 |s| · · · (13)

where λ > 0 is the weighting coefficient to be designed.
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For system (8) and sliding mode (9), the control law (12) can guarantee that the formation
system controlling errors converges to zero in a finite time.

Proof of Theorem 1: Substituting Equation (12) into Equation (10) yields

ṡ = βγ |e2|γ−1 (−k1s − k2sigρ (s)) + ds (t) − εsgn (s) · · · (14)

Define the following Lyapunov function

V = 1

2
s2 + 1

2λ
δ̃2 · · · (15)

Differentiating Equation (15) with respect to time yields

V̇ = sṡ + 1

λ
δ̃
˙̃
δ

= βγ |e2|γ−1s (−k1s − k2sigρ (s) + ds (t) − εsgn (s)) + 1

λ
δ̃
( ˙̃
δ − ˙̂

δ
)

≤ βγ |e2|γ−1
(
−k1s2 − k2|s|ρ+1 + δ |s| − ε1 |s| − δ̂ |s|

)
− 1

λ
δ̃
˙̂
δ · · · (16)

Substituting Equation (13) into Equation (16) yields

V̇ ≤ βγ |e2|γ−1
(
−k1s2 − k2|s|ρ+1 + δ |s| − ε1 |s| − δ̂ |s|

)
− δ̃βγ |e2|γ−1 |s|

≤ βγ |e2|γ−1
(−k1s2 − k2|s|ρ+1 − ε1 |s|)

≤ 0 · · · (17)

Lemma 1 (22). Consider the nonlinear system ẋ = f (x, t) , x ∈ Rn, and if there exists a positive
defined Lyapunov function V (x)and the parameters β1 > 0, β3 > 0 and β2 ∈ (0, 1) satisfy

V̇ (t) + β3V (t) + β1Vβ2 (t) ≤ 0 · · · (18)

Then the system state can reach zero in a finite time Treach, which is given by

Treach ≤ 1

β3 (1 − β2)
ln

β3V 1−β2 (t0) + β1

β1
· · · (19)

where V (x0) is the initial value of V (x).

According to Lemma 1, since ε1 is a small normal number, the system (8) can converge
to the sliding mode surface; When e2 = 0 and s 	= 0, the sliding mode surface (9) shows that
e1 	= 0, which means that the system do not reach the stable state, and thus V̇ is not equal to
zero, that is, V̇ < 0 at the current time. From Equations (16) and (17), it is obvious that the
system will converge to zero in a finite time in this case; when the sliding mode surface s = 0,
it indicates that the system state vectors e1 and e2 reach the equilibrium point, that is, each
sub-vehicle flies to the desired terminal position, and the velocity relative to the virtual leader
is 0m/s.

Here the Proof of Theorem 1 is completed.
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4.2 Design of control law considering the dynamic characteristic of
autopilot

Based on Section 4.1, further considering the first-order dynamic characteristic of the autopi-
lot, and then the adaptive second-order sliding mode control (SOSMC) law with finite
time convergence is designed. The first-order dynamic characteristic of the autopilot can be
expressed as

ȧm,i = − 1

τ
am,i + 1

τ
ui · · · (20)

where τ is the delay time constant of autopilot; ui = as,i is acceleration command vector; am,i

is the acceleration vector in the LOS coordinate system.
Combine with Equation (20), the system (8) can be further rewritten as

ė1,i = e2,i

ė2,i = e3,i

ė3,i = − 1

τ
am,i + 1

τ
ui + ds (t) · · · (21)

For Equation (21), choose the linear sliding mode surface as

s1 = k0e1 + e2 · · · (22)

where k0 > 0 is the control parameter to be designed.
Differentiating Equation (22) with respect to time once and twice respectively yields

ṡ1 = k0ė1 + ė2

= k0e2 + e3 · · · (23)

s̈1 = k0ė2 + ė3

= k0e3 + ė3

= k0e3 − 1

τ
am,i + 1

τ
ui + ds (t) · · · (24)

To assure that the flight state errors of these four flight vehicles converge quickly in a finite
time, then take s1 and ṡ1 as state variables, and choose the following non-singular terminal
sliding mode as

s2 = s1 + βsigγ (ṡ1) · · · (25)

where sigγ (ṡ1) = |ṡ1|γ sgn (ṡ1), and the other parameters are consistent with Equation (9).
Differentiating Equation (25) yields

ṡ2 = ṡ1 + βγ |ṡ1|γ−1 s̈1

= ṡ1 + βγ |ṡ1|γ−1

(
k0e3 − 1

τ
am,i + 1

τ
ui + ds (t)

)
· · · (26)

Similarly, in this case, the control law can be obtained as

ui = − τ

βγ
|ṡ1|2−γ sgn (ṡ1) − τ

βγ
|ṡ1|1−γ [k1s2 + k2sigρ (s2)] − (τk0 − 1) e3 − τds (t)

· · · (27)
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To avoid τ
βγ

|ṡ1|1−γ occurs singularity when ṡ1 → 0, Equation (27) can be simplified as

ui = − τ

βγ
|ṡ1|2−γ sgn (ṡ1) − τ [k1s2 + k2sigρ (s2)] − (τk0 − 1) e3 − τds (t) · · · (28)

Therefore, according to Equation (28), the adaptive NTSMC law with considering the first-
order dynamic characteristic of the autopilot can be written as

ui = − τ

βγ
|ṡ1|2−γ sgn (ṡ1) − τ [k1s2 + k2sigρ (s2)] − (τk0 − 1) e3 − τεsgn (s2) · · · (29)

where the adaptive gain ε in Equation (29) can be taken as

ε = δ̂ + ε1, ˙̂
δ = τλβγ |e2|γ−1 |s2| · · · (30)

The proof and related discussion of stability is similar to the Section 4.1.

4.3 A novel control law
In Section 4.2, the second-order sliding control law is designed, which ensure that the forma-
tion configuration of the system converges in a finite time; however, this control algorithm will
result in the small-amplitude chattering phenomenon of the sliding mode surfaces and con-
trol variables at the equilibrium point. Hence, in this section, a novel improved control law
is proposed, which makes the sliding mode surfaces asymptotically converge to zero with-
out crossing the zero point. Meanwhile, the chattering of acceleration responses is effectively
eliminated, and the robustness of the system is subsequently enhanced.

Define the sliding mode function of any sub-vehicle as

s1 = y (x) = 0 · · · (31)

For Equation (31), the first-order differential equation and second-order differential
equation can be expressed as

ṡ1= h (x) · · · (32)

s̈1 = f (x) + b (x) u · · · (33)

For Equations (32) and (33), in which h (x) , f (x) , b (x)are the known functions relating
to the system.

For the sliding function (31) and the first-order differential equation (32), which need to
converge to zero at the given time tr, and define the following Lyapunov function as

V1 = 1

2
s1

2 · · · (34)

Differentiating Equation (34) with respect to time yields

V̇ 1 = s1ṡ1 · · · (35)
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To assure that the sliding mode surface (31) converges to zero in a finite time, that is V̇ 1 ≤ 0,
and thus design ṡ1 as

ṡ1 = − ns1

tr − t
, n > 1 · · · (36)

where n > 1 is the coefficient to be designed. Substituting Equation (36) into Equation (35)
yields

V̇ 1 = − ns1
2

tr − t
· · · (37)

Substituting Equation (34) into Equation (37) yields

V̇1 = −2nV1

tr − t · · · (38)

Integrating Equation (38) yields

∫ t

t0

V̇ 1 (t) dt = V1 (t) = V 1 (t0)

(tr − t0)
2n (tr − t)2n · · · (39)

where lim
t→tr

(tr − t)2n is equal to zero when n > 0.5, and thus the Lyapunov function V 1 (t) can

converge to zero within the desired time tr and the sliding mode surface s1 can also reach
zero at the same time(23). For the first-order derivative ṡ1 of the sliding mode surface, it can
converge to zero within the designed time tr only when n > 1. Due to the initial value of ṡ1

totally depend on the initial conditions of the problem, thus ṡ1 may not meet the expected
trajectory given by Equation (36) at the initial stage. Therefore, the control command needs
to be able to make ṡ1 reach the trajectory shown in Equation (36) within a limited time. Under
this circumstance, define a new sliding mode surface as

s2 = ṡ1 + ns1

tr − t · · · (40)

Differentiating Equation (40) with respect to time yields

ṡ2 = s̈1 + nṡ1 (tr − t) + ns1

(tr − t)2

= f (x) + nṡ1 (tr − t) + ns1

(tr − t)2
+ b (x) u · · · (41)

Define the following Lyapunov function as

V 2 = 1

2
s2

2 · · · (42)

Differentiating Equation (42) with respect to time yields

V̇ 2 = s2ṡ2 = s2

[
f (x) + nṡ1 (tr − t) + ns1

(tr − t)2
+ b (x) u

]
· · · (43)
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To guarantee that V 2 converges to zero in a finite time, and then the control command can
be designed as

u = − 1

b (x)

(
f (x) + nṡ1 (tr − t) + ns1

(tr − t)2
+ ηsgn

(
ṡ1 + ns1

tr − t

))
· · · (44)

where η > 0 is the control coefficient to be designed, which can affect the convergence speed
of the system; substituting Equation (44) into Equation (43) yields

V̇ 2 < −η |s2| ≤ 0, η > 0 · · · (45)

The above derivation can be summarised as Theorem 2.

Theorem 2. Assume that there is a second-order sliding mode surface s1, and its first-order
derivative and second-order derivative can be expressed as ṡ1 = −ns1/ (tr − t) , n > 1 and s̈1 =
f (x) + b (x) u respectively. Define another sliding mode surface s2 = ṡ1 + ns1/ (tr − t), and
its related derivative is ṡ2 = s̈1 + [nṡ1 (tr − t) + ns1] /(tr − t)2. In this case, s1 and ṡ1 both can
converge to zero in a finite time, and the system to be controlled can reach the steady state
within the designed time tr by using the control law shown in Equation (44).

For system (21), choose the sliding mode surface (22) and its corresponding first-order
derivative and second-order derivative are still shown as Equations (23) and (24). According
to Equation (41), there exists

ṡ2 = s̈1 + nṡ1 (tr − t) + ns1

(tr − t)2

= k0e3 + ė3 + nṡ1 (tr − t) + ns1

(tr − t)2

= k0e3 +
(

− 1

τ
am + ds (t)

)
+ 1

τ
u + nṡ1 (tr − t) + ns1

(tr − t)2 · · · (46)

Based on Theorem 2, for the sliding mode surface s1 and s2, the control law can be
designed as

u = −τ

(
k0e3 +

(
− 1

τ
am + ds (t)

)
+ nṡ1 (tr − t) + ns1

(tr − t)2
+ ηsgn

(
ṡ1 + ns1

tr − t

))
· · · (47)

The control law (47) can make the system state errors converge to zero within a finite
time tr, that is, the system meets the expected space formation configuration constraints listed
in the Section 2. In Equation (47), ds (t) is the disturbance vector, and it is assumed that
the second-order derivative meets

∣∣d̈s (t)
∣∣< δ. For the differential equation ė3,i = − 1

τ
am,i +

1
τ

ui + ds (t) shown in the system (21), the following sliding mode disturbance observer can be
designed as(24)

ż0 = v0 − 1

τ
am + 1

τ
u,

v0 = −λ2δ
1/3|z0 − e3|2/3sgn |z0 − e3| + z1
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ż1 = v1, v1 = −λ1δ
1/2|z1 − v0|1/2sgn |z1 − v0| + z2

ż2 = −λ0δsgn |z2 − v1| · · · (48)

where λ0 > 0, λ1 > 0, λ2 > 0 are the observer gains to be designed; z1 is the estimation
of ds (t).

5.0 SIMULATION AND ANALYSIS
In this section, for the formation configuration controlling question proposed in the Section 2,
the expected space configuration and position parameters of each sub-vehicle are designed in
the Section 3. By using the control algorithm deduced in the Section 4, numerical simulations
are conducted by using Microsoft Visual Studio 2015 to demonstrate the effectiveness of the
proposed control law in the following three cases. The case one (Case 1) is the NTSMC law
without considering the dynamic characteristic of autopilot, as shown in Equation (12); the
case two (Case 2) is the adaptive SOSMC law with considering the dynamic characteristic
of autopilot, as shown in Equation (29); the case three (Case 3) is the novel second-order
sliding control law shown in Equation (44), which ensure that the formation configuration
of the system converges simultaneously with a designed time and eliminate the chattering
phenomenon of the sliding mode surfaces and control commands.

The expected position parameters of each sub-vehicle relative to the virtual leader in the
LOS coordinate system are shown in Table 1. The initial simulation parameters are also listed
in Table 2, where it is assumed that these four sub-vehicles are scattered when t = 96.032s.

It is assumed that the system is affected by the external disturbance shown in Equation (49)
during the flight, and the estimation is used to compensate the control law (47).

aTx = 10 sin (0.5t) m/s2

aTy = −5 sin (0.5t) m/s2

aTz = 5 sin (0.5t) m/s2 · · · (49)

5.1 Simulation results of Case 1
The control parameters in Equations (12) and (13) are designed as follows:β = 0.2, γ =
1.2, k1 = 0.0002, k2 = 0.5, ρ = 0.9, λ = 0.001, ε1 = 0.1. In the simulation, choose the initial
parameters of the virtual leader are consistent with the 1th sub-vehicle, and its inertial trajec-
tory is used as the reference trajectory of the formation system. In addition, assume that the
maximum available acceleration of each sub-vehicle is 10g, and then the trajectory curves of
the virtual leader and each sub-vehicle are given in Fig. 3.

From Fig. 3, it can be seen that the flight height of each sub-vehicle is similar to the
form of parabolic trajectory, and all flight vehicles around the virtual leader both fly to their
expected positions. When the relative distance R between the virtual leader and the target is
equal to 300km, the terminal heights of these four flight vehicles are compared as follows:
m4 > m3 > m1 > m2. For lateral trajectory, the manoeuvering distances of the 1th sub-vehicle
relative to the virtual leader and the 2th one are relatively small, while the baseline distance
between the 3th sub-vehicle and the 4th one is pulled apart, which indicates that the entire
formation configuration evolves into a tetrahedron structure with respect to the flight time.

The configuration parameters changing curves with respect to the flight time are shown in
Fig. 4. The relative distance L0 between the 1th sub-vehicle and the plane T2T3T4 is shown in
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Table 2
Initial parameters of each flight vehicle

Term Parameter Value

Initial time t/s 96.032
Height h/m 75,000
Initial position for m1 x1/m 130,623.467

y1/m 73,679.436
z1/m 632.494

Initial position for m2 x2/m 130,624.467
y2/m 73,680.436
z2/m 632.494

Initial position for m3 x3/m 130,625.467
y3/m 73,677.436
z3/m 633.494

Initial position for m4 x4/m 13,0621.467
y4/m 73,677.436
z4/m 633.494

Initial velocity vx/ (m/s) 2,547.438
vy/ (m/s) 997.502
vz/ (m/s) 19.242

900000 800000 700000 600000 500000 400000 300000
70,000

80,000

90,000

100,000

110,000

120,000

130,000

140,000

150,000

thgie
H

)
m( 

R (m)

  virtual leader
  m1
  m2   

  m3
  m4

330,000 300,000 270,000

74,000

76,000

78,000

80,000

82,000  

900,000 800,000 700,000 600,000 500,000 400,000 300,000

-2,000

0

2,000

4,000

6,000

8,000   virtual leader
  m1
  m2   

  m3
  m4

tr
aj

ec
to

ry
 la reta

L
)

m( 

R (m)

 

 Height curves with respect to relative distance  Lateral trajectory with respect to relative distance 

(a) (b)

Figure 3. Height and lateral trajectory of flight vehicle.

Fig. 4(a), and it converges to 2.5km when the flight time is equal to 127s, which means that
meet the constraint of 1.5 ∼ 3.5km. Figure 4(b) shows the changing curves of baseline lengths
L23, L24, L34 with respect to the flight time, and they both reach 7kmsimultaneously and thus
greater than 6km. In Fig. 4(c), the offset angle of the 1th sub-vehicle with respect to the flight
time is given, which finally converges to near 0◦.

The sliding mode curves of three-channels with respect to the flight time for each sub-
vehicle are shown in Fig. 5. From Fig. 5(a)–(d), it can be seen that the sliding mode surfaces
(see Equation (9)) of three-channels for each sub-vehicle both reach a small neighbor of zero
with small oscillation in a finite time, and the convergence time is about 118.75s.

To better illustrate the effectiveness of proposed control law, the acceleration commands
in the LOS coordinate system can be transferred into the inertial coordinate system, just as
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Figure 4. Configuration parameter curves with respect to time.
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Figure 5. Sliding mode curves of three-channels with respect to time.
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Figure 6. Acceleration command curves of three-channels with respect to time.

shown in Fig. 6. From Fig. 6(a)–(d), it can be seen that the acceleration commands of three-
channels firstly occur a sharply jump, and then keep a small amplitude of periodic oscillation
patter relative to zero which aims to counteract the effects of the external disturbance and
gravitational acceleration of projectile body.

It can be observed from Fig. 3, 4, 5 and 6 that the control law shown in Equation (12) can
guarantee the rapid generation of the expected formation configuration and ensure that all
sub-vehicles simultaneously fly to the preset terminal position, which lays the foundation for
the realisation of high precision collaborative detection of the target.

5.2 Simulation results of Case 2
In this section, the initial parameters of each sub-vehicle are listed in Table 2. Considering
the dynamic lag time constant of the autopilot τ = 0.5 for Equation (20), and the control
parameter k0 = 0.03, while the other control parameters are the same as in Case 1.
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Figure 8. Configuration parameter curves with respect to time.

In this case, the trajectory curves of the virtual leader and each sub-vehicle are given in
Fig. 7. From Fig. 7(a), the changing trend of the height curves for each sub-vehicle is consis-
tent with the Case 1; however, for the lateral trajectory curves shown in Fig. 7(b), it can be
obviously seen that the convergence time is longer compared with the Case 1.

In this case, the configuration parameters changing curves with respect to the flight time
are shown in Fig. 8. From Fig. 8(a)–(c), it can be seen that four sub-vehicles both reach the
expected positions, and the convergence time of the formation configuration is about 255s.

Taking the 3th sub-vehicle as an example, the sliding mode curves of three-channels with
respect to the flight time are shown in Fig. 9(a) and (b), where the sliding mode surfaces s1

and s2 (see Equations (22) and (25)) of the 3th sub-vehicle both converge to near zero with
small oscillation induced by the external disturbances. Moreover, the acceleration curves of
three-channels for the 3th sub-vehicle are shown in Fig. 9(c), where the axial acceleration and
lateral acceleration reach around zero while the normal acceleration finally converges to near
the gravitational acceleration of projectile body.

5.3 Simulation results of Case 3
In this section, choose the observer gains in Equation (48) as follows: λ0 = 2, λ1 = 3, λ2 =
5, δ = 30; The control parameters in Equation (47) can be designed as follows: k0 = 0.03,
tr = 341.5s, n = 2, η = 5, and the dynamic lag time constant of the autopilot is consistent with
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Figure 9. Sliding mode surfaces and accelerations of the third sub-vehicle.
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Figure 11. Sliding mode surfaces and accelerations of the third sub-vehicle.

Case 2. In this case, the configuration parameters changing curves with respect to the flight
time under the control law (44) are shown in Fig. 10. From Fig. 10, it can be seen that the
formation configuration of the system converges at the desired time tr, and the control law
proposed in the Section 4.3 has high control precision.

To compare with Case 2, for the 3th sub-vehicle, the sliding mode curves of three-channels
with respect to the flight time are shown in Fig. 11(a) and (b), where the small-amplitude
chattering is completely eliminated. The acceleration curves of three-channels for the 3th sub-
vehicle are shown in Fig. 11(c), where the acceleration responses are smaller than those shown
in Fig. 9(c) and without chattering.
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Figure. 13. Sliding mode surfaces and accelerations of the first sub-vehicle.
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Figure 14. Sliding mode surfaces and accelerations of the second sub-vehicle.

To further verify the effectiveness of proposed control law, next considering the Gaussian
white noise disturbance shown in Fig. 12. For the sliding mode disturbance observer shown
in Equation (48), the observer gains are still unchanged. The estimation of the noise is also
given after passing through a first-order low pass filter, as shown in Fig. 12.

Under the effect of Gaussian noise, the control parameters in Equation (47) remain the
same. For the formation system, the sliding mode curves and acceleration curves of three-
channels with respect to the flight time are shown in Fig. 13, 14, 15 and 16. It is obvious that
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Figure 15. Sliding mode surfaces and accelerations of the third sub-vehicle.
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Figure 16. Sliding mode surfaces and accelerations of the fourth sub-vehicle.

for the Gaussian white noise disturbance, the sliding mode surfaces s1 (see Equation (22))
still converges to zero at the expected time, which means that the four sub-vehicles can form
the expected formation configuration. Besides, for the sliding mode surfaces s2 (see Equation
(40)) and accelerations, they all converge in a finite time and the chattering is effectively
suppressed during the flight.

6.0 CONCLUSION
In this paper, the cooperative control problem of space formation configuration for four reen-
try vehicles equipped with radar detector is researched during the mid-guidance phase. The
expected position vector of each sub-vehicle is designed firstly according to the configuration
constraints proposed based on a specific flight scenario. The adaptive second-order sliding
mode controller is designed with considering the external disturbance and system noise, and
the first-order dynamic characteristic of the autopilot. The conclusions of the investigations
in this paper are listed as follows.

(1) The formation controlling errors can simultaneously converge to the neighbor of zero in
a finite time, which means that the configuration constraints can be met effectively under
the effect of the external disturbance and system noise.

(2) The maximum required acceleration for each sub-vehicle is reduced, and the chattering
phenomenon of the sliding surfaces and the acceleration responses can be effectively
suppressed, which is of great significance in engineering.
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