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I

This article relates economic notions of remote past days to a branch of modern finan-
cial economic theory. Certain real estate transactions in ancient Israel, as stipulated in
the Bible, involved embedded financial options that seem to have been overlooked by
the commentators and the literature in general. The option’s value and the complex-
ity of the pricing system that would have been needed in order to capture true market
prices of these assets are demonstrated.
The article interprets, utilizing modern financial theory, the biblical text and sheds

light on a phrase used in stipulating these rules, one that has puzzled some commen-
tators. This repositioning makes ancient Jewish law on real estate transactions more
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accessible to professional readers. Earlier scholars who referred to other areas of Jewish
law have already promoted such an approach.1

The rules for selling a piece of land (a field) in Israel are specified in the Hebrew
Bible2 in Leviticus chapter , verses - (the original Hebrew text is quoted in
the footnote):3

. The land shall not be sold permanently, for the land belongs to Me, for you are
strangers and [temporary] residents with Me.

. Therefore, throughout the land of your possession, you shall give redemption
for the land.

. If your brother becomes destitute and sells some of his inherited property, his
redeemer who is related to him shall come forth and redeem his brother’s sale.

. And if a man does not have a redeemer, but he gains enough means to afford its
redemption,

. he shall calculate the years for which the land has been sold, and return the
remainder to the man to whom he sold it, and [then] he may return to his
inheritance.

. But if he cannot afford enough to repay him, his sale shall remain in the posses-
sion of the one who has purchased it, until the Jubilee year. And then, in the
Jubilee year, it shall go out and revert to his inheritance.

These rules were followed after the  tribes settled in Israel and when the Jubilee
was in effect.4 Land at that time was not sold in perpetuity, but rather the land

1 Liebermann () discovered the principles underlying the Coase Theorem embedded in Talmudic
writings. Aumann and Maschler () offered a game-theoretic generalized solution to a seemingly
unsolvable Mishna passage. Koppel () provides a systematic mathematical understructure to a
complete Mishna tractate. More recently, Callen () shows to what extent asset valuation argu-
ments raised by Jewish law scholars can be matched with a formal modern contingent claims model.

2 The Hebrew Bible, also referred to as the Torah or Old Testament, includes the books (English
names): Genesis, Exodus, Leviticus, Numbers, Deuteronomy, Joshua, Judges, Ruth, I Samuel, II
Samuel, I Kings, II Kings, I Chronicles, II Chronicles, Ezra, Nehemiah, Esther, Job, Psalms,
Proverbs, Ecclesiastes, Songs of Solomon, Isaiah, Jeremiah, Lamentations, Ezekiel, Daniel, Hosea.

הכקרפארקיו3
:יִדָּמִעםֶּתַאםיִבָׁשֹותְוםיִרֵגיִּכץֶרָאָהיִליִּכתֻתִמְצִלרֵכָּמִתאֹלץֶרָאָהְו)גכ(
:ץֶרָאָלּונְּתִּתהָּלֻאְּגםֶכְתַּזֻחֲאץֶרֶאלֹכְבּו)דכ(
:ויִחָארַּכְמִמתֵאלַאָגְוויָלֵאבֹרָּקַהֹולֲאֹגאָבּוֹותָּזֻחֲאֵמרַכָמּוָךיִחָאְךּומָייִּכ)הכ(
ֹ:ותָּלֻאְגיֵדְּכאָצָמּוֹודָיהָגיִּׂשִהְולֵאֹּגֹוּלהֶיְהִיאֹליִּכׁשיִאְו)וכ(
ֹותָּזֻחֲאַלבָׁשְוֹולרַכָמרֶׁשֲאׁשיִאָלףֵדֹעָהתֶאביִׁשֵהְוֹורָּכְמִמיֵנְׁשתֶאבַּׁשִחְו)זכ(
:ֹותָּזֻחֲאַלבָׁשְולֵבֹּיַּבאָצָיְולֵבֹוּיַהתַנְׁשדַעֹותֹאהֶנֹּקַהדַיְּבֹורָּכְמִמהָיָהְוֹולביִׁשָהיֵּדֹודָיהָאְצָמאֹלםִאְו)חכ(

4 For an investigation on when and how the counting of the Jubilee was in affect see הידפולקיצנא
]ביקרוט[לבוי,בכךרכתידומלת

Encyclopedia OZAAR YISRAE Shilo Publication Jerusalem, .
היבשילכלץראברורדםתארקו:רמאנש,הילעםיאצמנץראהיבשוילכשןמזבאלאגהונלבויהןיא..
ולגשמ(ואצישדע)וקלחשעבשוושבכשעבשרחא(ץראלוסנכנשמלארשיונמתולבוירשעהעבש)יהכארקיו(

ןיכרע'יעו.ג"הי"פי"ומשם"במר;בביןיכרע(ןושארתיבןברוחבםדוק)הנשא"נקהשנמיצחודגןבוארטבש
.)...דבלבןינמלהנוכהשואתולבויהלכושעשהנוכהםאםשמ"כוסוקרוקי"רוד"בארהתוגשהבוםש
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(agricultural field) was returned to its original owner in the Jubilee year (every 

years).5 An implication of this rule was that the distribution of land between the
tribes was returned to its original state every  years. Thus, the selling of a piece
of land was not the transfer of the land itself, but the right to work it and own its
produce until the Jubilee. Accordingly, the price of the land was essentially the
present value of the stream of income from the land, the crops, during those years.6

Leviticus chapter , verses –, explains the calculation of the price (the original
Hebrew text is quoted in the footnote):7

. During this Jubilee year, you shall return, each man to his property.
. And when youmake a sale to your fellow Jew or make a purchase from the hand

of your fellow Jew, you shall not wrong one another.
. According to the number of years after the Jubilee, you shall purchase from your

fellow Jew; according to the number of years of crops, he shall sell to you.
. The more [the remaining] years, you shall increase its purchase [price], and the

fewer the [remaining] years, you shall decrease its purchase [price], because he is
selling you a number of crops.

The original owner of the land was given some buy-back rights, referred to as
redemption (geula in Hebrew). The original owner could force a future owner to
sell the field back to him. In modern financial terminology, this right is a ‘call
option’. A call option is a financial contract that gives its holder the right, not the obli-
gation, to buy a certain asset (the underlying asset) for a certain price (called the strike
price or the exercise price) on or up to a certain date (called the expiration or the

5 There are cases in which the field is returned after the Jubilee. Such is the case if the contract specifies
literally that the field is sold for a period that exceeds the Jubilee. See

אדומעטעףדאעיצמאבבתכסמילבבדומלת
ו+רמאנש-לבויבתרזוחהניאשהנשםיששלוהדשרכומלןינמ:אניטקבררמאאדסחבררמאד....
ףאשוזהתצי,תתמצנהניא-לבויםששי,תתמצנ-לבויםשןיאשימ-תותימצלרכמתאלץראהו+ה"כארקי
.תתמצנהניא-לבויםשןיאשיפלע

and the Rambam
בהכלהאיקרפלבויוהטימשתוכלהם"במר
.תותימצלרכמנהואםתסרכמנהרבדאלאלבויברזוחןיאשלבויבהאצויהניאהנש’סלוהדשרכומהו
]ביקרוט[לבוי,בכךרכתידומלתהידפולקיצנא
דבלבו,רתויוא-הנשםיששלוהדשתארכומהלבא,604תותימצלרכמנהואםתסרכמנהרבדאלאלבויברזוחןיא
ןיתמיאלא,לבויבהאצויהניא-תולבויהברההזהןמזבשיש,הנשםייפלאלרכומוליפאו,םינשרפסמריכזיש
אלםאשעקרקאלאאיצומלבויהןיאשןאכמונדמלו,תתמצלרכמתאלץראהו:רמאנש,ולרוזחתוהנשםיששדע
םינשרפסמםהיניבםיריכזמשןויכש,תתמצנהניאלבויםשןיאשיפלעףאשוזהאצי,תתמצנהתיהלבויתוצמהתיה
תותימצלהזןיא

6 Legally the purchaser of the field had the rights to use the field as if he/she owned it, e.g. to build on it
etc. However, the value of these rights might be negligible.

הכקרפארקיו7
:ויִחָאתֶאׁשיִאּונֹוּתלַאָךֶתיִמֲעדַּיִמהֹנָקֹואָךֶתיִמֲעַלרָּכְמִמּורְּכְמִתיִכְו)די(
:ְךָלרָּכְמִיתֹאּובְתיֵנְׁשרַּפְסִמְּבָךֶתיִמֲעתֵאֵמהֶנְקִּתלֵבֹוּיַהרַחַאםיִנָׁשרַּפְסִמְּב)וט(
:ְךָלרֵכֹמאּוהתֹאּובְּתרַּפְסִמיִּכֹותָנְקִמטיִעְמַּתםיִנָּׁשַהטֹעְמיִפְלּוֹותָנְקִמהֶּבְרַּתםיִנָּׁשַהבֹריִפְל)זט(
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maturity date). The right to buy back an asset at a certain price has a monetary value as
it may allow its holder to purchase the asset for less than its market value.
Thus when a landowner sells land and receives the rights to buy it back, the owner

in fact is buying a call option from the buyer. Monies paid by the buyer to the owner
are therefore the value of the field minus the value of the call option. The sale of land
is therefore composed of two transactions: the sale of land and the purchase of the
option (the option must be part of the deal), as commanded in the Bible. In
modern finance, transactions that cannot be separated, such as the ones described
above, are called ‘structured products’.
TheBible, its commentators andother sources (such as theMishnah8 and the Talmud)

do not seem to acknowledge the value of such an option or to address it in a discussion
of the price the redeemer should pay for the field.9 Leviticus chapter , verse ,
addresses the price (the option’s exercise price) the redeemer should pay for the
field. The Bible stipulates the calculation of the exercise price in verse : ‘He shall
calculate the number of years for which he sold the land and return the remainder
(excess) to the man to whom he had sold it, and he shall return to his ancestral land.’
However, examples of these calculations in the commentaries do not acknowledge

the existence of the embedded option and its effect on the price of the field.
Furthermore, the Bible, while explaining the price of the field (Leviticus chapter
, verse ), states: ‘you shall not wrong one another’. This warning, given in the
middle of the stipulation about selling fields, seems out of place here. Perhaps this
was what bothered Rashi10 and prompted his explanation,11 that the buyer and the

8 The Mishnah (Hebrew הנשמ ‘repetition’), redacted c. CE by Yehudah Ha-Nasi ( איׂשנההדוהי
‘President Judah’), is the first written recording of the Oral Torah of the Jewish people, as championed
by the Pharisees, and as debated between  and  CE by the group of rabbinic sages known as the
Tannaim. It is considered the first important work of rabbinic Judaism and is a major source of rabbinic
Judaism’s religious texts: rabbinic commentaries on theMishnah over the three centuries after its com-
position were then redacted as the Gemara (Aramaic: ‘learning by tradition’) or Talmud (Hebrew:

דּומְלַּת ). The Talmud often ventures into other subjects and expounds broadly on the Tanakh. It is
the basis for all codes of rabbinic law and is much quoted in other rabbinic literature. This explanation
is taken from http://en.wikipedia.org.

9 Knoll () points out that the sages of the Talmud were aware of a relationship between different
types of options (the put–call parity). In his opinion the relationship is acknowledged in the
Talmud in the discussion of the redemption of houses. See also Chance (, pp. –), whose
paper about the history of derivatives attributes the first option to the patriarch Jacob: ‘To start we
need to go back to the Bible. In Genesis Chapter , believed to be about the year  BC, Jacob
purchased an option costing him seven years of labor that granted him the right to marry Laban’s
daughter Rachel … Some argue that Jacob really had forward contracts, which obligated him to
the marriage but that does not matter. Jacob did derivatives, one way or the other. Around  BC,
Thales the Milesian purchased options on olive presses and made a fortune from a bumper crop in
olives. So derivatives were around before the time of Christ.’

10 Rabbi Solomon ben Isaac (Hebrew: יקחציהמלשיבר ), better known by the acronym Rashi (Hebrew:
י"שר ), ( February  –  July ).

הכקרפארקיוי"שר11
:ןוממתאנואוזונותלא
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seller should make each other aware of the number of years until the Jubilee, so the
price would be fair to both. The phrase ‘one another’ is also somewhat puzzling in its
redundancy. Rashi therefore further stipulates the trivial fact of who is losing when
the deal is calculated based on the number of years that are above or below the
number of years until the Jubilee.
The effects and subtleties of the embedded option, as we shall soon see, are much

more esoteric than the number of years to the Jubilee, which is public knowledge.
Consequently, the determination of the price of the land requires information
known only to the seller, as well as information known only to the buyer. Being
aware of the intricacies of the option embedded in the deal, it would make sense
that the Bible’s warning ‘you shall not wrong one another’ should be interpreted
as a warning to the buyer and the seller to be aware of option details. These details
are specific to each deal, and not common knowledge. Thus both buyer and seller
should make each other aware of the information known only to them. Hence the
phrase ‘not wrong one another’ is mentioned, as each side could take advantage of
the other.
Some aspects of these field transactions are discussed in Buchholz () and

Westbrook (). These articles, however, are completely silent on the embedded
options. The goal of this article is to investigate the prices of land in Israel during
the time these rules were in effect. The article uses modern financial theory to
value these assets (land and houses). As we will see, there are a few details involved
in the options embedded in such a transaction. We are not aware of any study that
deals with these options and their prices.
The rest of the article is organized as follows: Section II stipulates the contract of the

option and also refers to the commentary of the Torah and Talmud and specifies, to a
certain extent, how conditions for these rules are arrived at. Section III develops the
model used to price the embedded option, while technical issues are explained in
the Appendix. Data on the prices of fields in ancient Israel are not readily available.
Thus in lieu of an empirical study, Section IV numerically analyzes the value of the
hidden option and its effect on the prices of fields. This section demonstrates the com-
plexity of the pricing system needed in order to capture true market prices of these
assets in this period. Conclusions and remarks are offered in Section V.

I I

The sale of land in ancient Israel, at a time when the Jubilee was observed, included
the provision for the owner or a relative to have the right to buy the land back

הנקתוארוכמתשכ,ריהזהלאבהאנואהלעוינפואלעארקמבשיילוטושפוהז-הנקתלבויהרחאםינשרפסמב)וט(
ירהש,הנוקההנקיורכומהרוכמיתושעלהיואראיהשהדשהתואובתוםינשהיפלו.לבויהדעשיםינשהמכעדעקרק
תובורמםינששיםאו,חקולהנאתנירהםירקיםימדבהרכומהזותוטעומםינששיםאו.לבויהתנשבולהריזחהלופוס
רפסמברמאנשוהזו.ןמזהיפלהתונקלךירצךכיפל,רכומהנאתנירהםיטעומםימדבהחקלוהברהתואובתהנממלכאו

.ולרוכמתחקולהדיבתדמועאהתשתואובתהינשןינמיפל,ךלרכמיתואובתינש
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(redeem) after two years (of crops) had elapsed. This is deduced from the plural use of
‘years’ in Leviticus chapter , verse . The buyer cannot prevent the owner (or the
owner’s relatives) from buying it back.12 The period of two years, however, is con-
tingent on none of these years being a drought year, so in fact the right to buy back is
only after two rainy13 years have elapsed since the sale.
Consequently, at the same time that the seller is selling the land, the seller is also

buying a call option from the purchaser. When the land transaction takes place, the
money transferred from the buyer to the seller is the price of the field less the price
of the option. The buyer, in fact, is writing (selling) a call option to the owner of
the land, in which a commitment is given to sell the field back to the owner for a
certain price (the exercise price) during the period specified above.
The underlying asset of this option is the land’s produce value until the Jubilee. This

call option is of anAmerican type (it can be exercised during a period of time andnot only
on one day).However, it can be exercised only after two years (‘a delayed option’) and up
to the Jubilee (at which time the landwas returned to its original owner). Since the exer-
cise period depends on the weather, the provision requiring these two years to be rainy
years suggests that this American option falls into the category of weather derivatives.
It is important to note that the land and the call option are not separable.14 If a sec-

ondary buyer buys the field, this buyer in fact writes a call option to the original owner

12 This rule is deduced from
בדומעטכףדןיכרעתכסמי"שר
.גהונלבויהשןמזב-לבויהתעשב,רכומה
הרכמשהמיפלולןתונוחקוללשוחרכלעבהדופהתודפלהצורםאםינשיתשרחאללבאםינשיתשמתוחפ

13 This is deduced from
וטקוספהכקרפארקיו
ְ:ךָלרָּכְמִיתֹאּובְתיֵנְׁשרַּפְסִמְּבָךֶתיִמֲעתֵאֵמהֶנְקִּתלֵבֹוּיַהרַחַאםיִנָׁשרַּפְסִמְּב

The drought year, however, should have been not only in the location of the field but all over. This
is examined and deduced from

]אדומעוקףד[וריבחמהדשלבקמה-טקרפאעיצמאבבתכסמילבבדומלת
ןופדשינתק.ןינמהןמולהלועוניא-והילאינשכםינשויהשוא,תיעיבשוא,ןוקריוןופדשתנשהתיה:יביתימ...
לבא.ללכהאובתיוהאלד-ימנאכהףא,ללכהאובתיוהאלד-והילאינשהמ,והילאינשכםינשדאימודןוקריו
ארקרמאד,םתהינאש:קחצירבןמחנבררמא-.איההנידמתכמןנירמאקאלו,הילאקלס-האובתאכיאד
אלא:אנהכברלישאברהילרמא.םלועבהאובתןהבשישםינש-ךלרכמיתאובתינשרפסמב+הכארקיו+
.איהאכלמדאתעקפאתיעיבש:הילרמא-!ץראלהצוחבהאובתאכיאאהד,ןינמהןמולהלעתתיעיבשהתעמ
...,עוריגהןמולהלעתאלתיעיבשהתעמאלא:אניברלירמברדהירבארטוזרמהילרמא

It is also dealt with in
בדומעטכףדןיכרעתכסמילבבדומלת
!לבויהרחאתרחאהנשולןימילשמ-לבויהינפלתחאהנשהלכא:אינתאלימ...

See also the Rambam:
יהכלהאיקרפלבויוהטימשתוכלהם"במר
םינשהיתשמתחאהתיהםאךכיפל,תואובתינשרמאנשלאגיכ"חאוםינשיתשבתואובתיתשחקולהלכאישךירצו

ןינמהןמהלועהניאןוקריואןופדשתנשואתיעיבש
וטהכלהאיקרפלבויוהטימשתוכלהם"במר14

,ןושארהןודאלרוזחתלבויהתנשבהזרחאהזהאמוליפאישילשלינשוינשלרכמןושארוןושארלוהדשרכמ
.ץראהתזוחאולרשאלותאמוהנקרשאלהדשהבושילבויהתנשברמאנש
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of the land. The original owner can force the secondary buyer to sell the field back to
the original owner. The option that the first buyer wrote the owner is no longer
‘alive’. The process is therefore that the first buyer sells the field to the secondary
buyer and at the same time the secondary buyer (essentially) assumes the first
buyer’s commitment to sell the field, upon request, to the original owner.
Therefore, the money that is being transferred from the buyer to the seller is the
price of the field less the price of an option. This option, as we shall soon see, may
have a different exercise price than the original option.
The exercise price of the option also has a few provisions. The exercise price is

calculated based on the number of years until the Jubilee at the time the field was
sold and the number of years until the Jubilee from the time this option is exercised.
The calculation is mentioned in the Mishnah,15 based on verse  in Leviticus
chapter , and both Rambam16 and Rashi17 elaborate on it using an example
like the following:

If the field was sold at say for , and there are ten years to the Jubilee, it means that the
product of each year was valued at . Hence, if the option is exercised when there are
three years to the Jubilee the exercise price18 will be . That is, the original owner
should give back the money that was paid to him initially, assuming the sale was for ten
years, for the years that the field would not be with the buyer.

אהנשמטקרפןיכרעתכסמהנשמ15
ךלרכמיתואובתינשרפסמב)ה"כארקיו(רמאנשםינשיתשמתוחפלואגלרתומוניאלבויהתעשבוהדשתארכומה
הרכמרמוארזעלאיברןינמהןמולהלועהריבוהואהרנןינמהןמולהלועהניאתיעיבשואןוקריוןופדשתנשהתיה
:םינשיתשלתואובתשלשהנממלכואהזירהתוריפהאלמאיהוהנשהשארינפלול

16 Moses Maimonides ( March , Córdoba, Spain –  December , Fostat, Egypt), was a
Jewish rabbi, physician, and philosopher in Andalusia, Morocco and Egypt during the Middle
Ages Maimonides’s full Hebrew name was Rabbi Moshe ben Maimon (Hebrew: ןומימןבהשמ )
and Jewish works refer to him as the Rambam ( ם"במר ).

בדומעטכףדןיכרעתכסמי"שר17
וחרכלעבהדופהתודפלהצורםאםינשיתשרחאללבאםינשיתשמתוחפגהונלבויהשןמזבלבויהתעשב,רכומה
לבויהדעהרכמשמםינשהמכבשחמשורכממינשתאבשחו)הכארקיו(ביתכדכהרכמשהמיפלולןתונוחקוללש
הנשוהנשלכלשתוריפרכמשאצמנןירטילרשעבםינשרשעלבויהםדוקהרכמםאןוגכםינשהיפלםימדהקלחמו
ולהכנמהלאגלרכומאבכ"חאוםינש’החקולדיבהתהשםאךכלהלבויהדעאלאהניאהריכמםתסירהשארטילב
ינשאהדםינשיתשהןינמהןמהלועוניא.הליחתמאצוישכןובשחהלעךכשהלכאשהנשלכלארטילןירטיל’החקול
ואהערזאלוהרנוהאובתלהיוארההנשהתיהלבאחקולדיבההשתהאובתלןייוארהםינשיתשביתכתואובת
.םינשהיתשןינמבולהלועוהישפנאדיספאוהיאהבהשעאלרינ’יפאשהרובהחינהשהריבוה

The Rambam also explains it very similarly:
אהנשמטקרפןיכרעתכסמם"במרלהנשמהשוריפ
םייוסמריחמבותזוחאהדשמםדאהרכמםא,אוהו,ךלרידסאשומכאוהבותכבראבתנשיפכהזוחאהדשרכומןיד
דיבהראשנשהמןינמיפלו,הנשלכליוארהמכעדויו,לבויהדעורייתשנשםינשהןינמיפלםימדהםתואםיקלחתמ
םוימלבויהדעראשנההיהו,ןירנידהאמבעקרקןבוארלןועמשרכמםא,הזבלשמה,ןרקהןמולןיכנמהנוקה
ריזחמהזירה,והדשתאתודפלןועמשהצרךכרחאו,םינשעבראהלכאוןבוארהברדו,םינשרשעהריכמה
לכלעוהדשתאתודפלהצורשתעבומעבשחמו,ןודתוזךרדלעו,ףסכןוערגאוההזורנידםיששןבוארל
.ןובשחההארמשיפכלכאשםימיהוםישדחה

18 We will come back to this calculation in view of the point of the embedded option raised by this
article.
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In this example, the land is redeemed (the option was exercised) three years prior to
the Jubilee and the exercise price was . The example assumes that the time value of
money is zero (no interest is allowed to be charged by the Jewish code of law) and that
the uncertainty of the value of the produce, as a function of the number of years to the
Jubilee, is not an increasing function. Consequently, the present value of future crops
is the same as their value at the time of sale. Furthermore, both Rambam andRashi do
not mention the option’s value. For their examples to be consistent with the existence
of the option, one must interpret ‘If the field was sold at say ,’ (or in Hebrew as
Rashi says, רשעבםינשרשעלבויהםדוקהרכמםאןוגכ ) as referring to the net price of the
field (less the option value). It is also possible that the commentaries simplified the
situation in order to demonstrate the main point and hence also ignored the occur-
rence of a sabbatical year during the ten-year period.
The fact that produce of future years has a greater risk and also a lower present value

is ignored in the example of Rashi and Rambam. In fact, they treat the value of each
year of produce as being deterministic and not subject to any risk at all and assume that
the market price of the produce is unchanging. Under this assumption, of course,
there is no value to the embedded option.
Yet, the Mishna (see footnote ) does address the case of the field being sold to a

third party at a price (per the annual product) different from that of the original trans-
action. In this case, the uncertainty of market prices is acknowledged, which, of
course, means that the option does have a value. The exercise price can also be
affected by the price of the field in a resale transaction that had taken place
between the original buyer and a new buyer. If the value of the produce from
the exercise time until the Jubilee, based on such a transaction, is smaller than
the value of the produce based on the original price, the lower exercise price will
be used.
The exercise price is therefore the minimum between the value of the produce

based on the original price and the value of the produce based on a secondary trans-
action done from the original sale until the exercise time. The guideline,19

בהנשמטקרפןיכרעתכסמהנשמ19
]שיאל[ה"כארקיו:רמאנש,ןושארהםעאלאבשחמוניאםיתאמבינשלןושאררכמוהנמבןושארלהרכמ.’ינתמ
ה"כארקיו:רמאנש,ןורחאהםעאלאבשחמוניאהנמבינשלןושארהרכמוםיתאמבןושארלהרכמ;ולרכמרשא
.וכותברשאשיאל,)ולרכמרשא(שיאלףדועהתאבישהוורכממינשתאבשחו
]בדומעטכףד[והדשרכומה-טקרפןיכרעתכסמילבבדומלת
]שיאל[:ל"ת?ןושארהםעאלאבשחמוניאשןינמ,םיתאמבינשלןושארהרכמוהנמבןושארלהרכמ:ןנברונת.’מג
,שיאל:ל"ת?ינשהםעאלאןיבשחמןיאשןינמ,הנמבינשלןושארהרכמוםיתאמבןושארלהרכמ;ולרכמרשא
ןינמ,םיתאמלעהדמעוהחיבשהוהנמבולהרכמ:רמואהדוהיןביאתסודיבר.יברירבד,וכותברשא]שיאל[

,הנמלעהדמעוהפיסכהוםיתאמבולהרכמ;ודיבשףדועה,ףדועהתאבישהו:רמאנש,הנמבאלאבשחמוניאש
....עקרקבשףדועה,ףדועהתאבישהו:רמאנש?הנמבאלאןיבשחמןיאשןינמ
זטהכלהאיקרפלבויוהטימשתוכלהם"במר
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as stipulated in the Mishna and the Talmud and concisely summarized by Rambam,20

is that the original owner is always being put in an advantageous position.
The price of the option can be implicit in the prices of fields on the market.

Consider a field that was sold four years prior to the Jubilee and observe its price
two years after it was sold (assume these years were rainy years). Suppose that at the
same time (two years prior to the Jubilee) another field is being sold on the market
and assume the fields are about the same quality. The field that was sold two years
prior21 to the Jubilee is sold without the rights to buy it back, and will be returned
to the original owner in the Jubilee. The other field, that was sold four years prior
to the Jubilee, can be bought back. The difference between their prices is thus the
price of the option.
The features of the options are such that there may be two fields of equal quality,

both eligible to be redeemed but with different prices, in the market. Consider two
fields that were originally sold on different dates, where the market price of the crops
was different. The exercise price of these options will be different, the exercise price of
the field with the lower historical price being lower than the other. The option with
the lower exercise price has a higher value. Consequently, the market price (net price)
of the field with the lower exercise price will be lower. This price differential can
occur also between two fields that were originally sold at the same time, but one of
which one was sold again later at a lower price.
Hence, the historical price at which a field was sold or rather the minimum of these

prices, if it was sold a few times, affects the current price of the field. This is a hidden
attribute of the field. It should be part of the field description and disclosed to poten-
tial buyers. We would like to suggest that the phrase ‘you shall not wrong one
another’ in Leviticus chapter , verse , might refer to these hidden esoteric attri-
butes. Perhaps this better settles Rashi’s difficulties with the placement of this warning

רשאשיאלרמאנשןושארהםעאלאבשחמוניאלואגלןודאההצרוםיתאמבינשלןושארורנידהאמבןושארלהרכמ20
ירהוחקולהדיבהחיבשהוהאמברכמםאןכו,ןורחאהםעבשחמז"ההאמבינשלןושארוםיתאמבןושארלהרכמ,ולרכמ
יפלבשחמהאמברכמהלהיואראיהירהוהפיסכהוםיתאמבהרכמםאו,רכמשהמיפלבשחמםיתאמברכמהלהיואראיה
.חקולהחכןיעירמוהזוחאהדשרכומחכםיפימםלועלו,איהשהמ

21 If the field is sold one year prior to the Jubilee the buyer, not the original owner, gets the produce of
the second year. The field is then returned to the original owner, a year after the Jubilee at no cost.
This is mentioned in:

בדומעטכףדןיכרעתכסמילבבדומלת
!לבויהרחאתרחאהנשולןימילשמלבויהינפלתחאהנשהלכא:אינתאלימ

and the Rambam also says:
ביהכלהאיקרפלבויוהטימשתוכלהם"במר
.תואובתינשרמאנשלבויהרחאהינשהנשהתואלכואחקולהירהלבויהינפלתחאהנשהרכמ

There is also a case where the buy-back rights can be forced prior to the elapsed time of two years
from the transaction time; this applies in the case of an unproductive field. The Rambam says:

גיהכלהאיקרפלבויוהטימשתוכלהם"במר
הדש,תואובתינשרפסמברמאנשםינשיתשמתוחפבהדופז"ההעירזלןייוארםניאשםיעלסואםימםיאלמםיעקנרכמ
םילעבלתרזוחהעירזלהיוארהניאשפ"עאהלאגאלםאו,םינשיתשרחאאלאתלאגנהניאשאוההאובתליוארה
.לבויב
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in the context of selling a field. After all, these attributes are concealed from the
buyers, while the number of years until the Jubilee is common knowledge.
Each time the field is sold, the buyer, as an integral part of purchasing the field,

writes an option to the original owner. Thus the exercise price of the option that is
always held by the original owner may be reduced. The current buyer, however,
only worries about the price at which one can be forced to sell the field, i.e. about
the exercise price of the option written to the original owner. The price one will
be willing to pay for the field is therefore affected only by the exercise price of the
written option.
The next section suggests a pricing model for the option embedded in a sale of

land. Within this model the phrase (Leviticus chapter ) ‘he shall calculate the
years for which the land has been sold, and return the remainder to the man to
whom he sold it’ is explained in a realistic way. In this interpretation the risk of
future crops is not ignored but is captured by the model. The risk of future crops
increases with time and their present value decreases with time.

I I I

There are a few features of the option embedded in the field transaction that we will
relax somewhat in order to simplify matters. We start by assuming that the buy-back
option can be exercised starting two years after the transaction time, regardless of
whether these years are rainy or drought years.22 This assumption obviously over-
estimates23 the value of the option.
The option, as illustrated above, gives the seller the right to purchase back the

land. However, since the item sold is actually the stream of income from the field,
‘according to the number of years of crops, he shall sell to you’ and not the
field itself, the option is to purchase back the remaining stream of income (until the
Jubilee). In the terminology of option pricing the underlying asset is the stream of
income.
Financially, it makes sense that the crops of future years have greater uncertainty

relative to one of a closer year. We have already alluded to the fact that the commen-
taries (at least Rashi and the Rambam) in their examples of ‘he shall calculate the years
for which the land has been sold, and return the remainder’ do not address the
increasing uncertainty of future years of crops. Consequently, in their simplified
examples they assign the same present value to crops of different years.

22 The other relaxed feature is considered during the numerical calculation when the time the option
becomes alive is discretized. See the explanation in the Appendix.

23 A year in this context is qualified as a drought year, if it occurred not only in the field’s location but all
over the world. Hence the probability of such an occurrence is low and its effect on pricing not sig-
nificant. On the other hand, incorporating this feature will require us to use pricing methods which
are beyond arbitrage pricing, and necessitates some inputs about the risk tolerance of the agent in the
economy.
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Therefore the following framework of analysis is suggested. Assume for a moment
that the field could be sold permanently; its price in that case will be the present value
of the infinite sequence of the value of the crops. The crops are assumed to be a con-
tinuous stream modeled by a (deterministic) yield, which is a percentage of the value
of the field.24 The redemption option is an option to purchase the stream of crops
from the time the option is exercised until the Jubilee. This way of modeling provides
us with a framework that will recognize the increasing uncertainty of crops of subse-
quent years.
Furthermore, it also facilitates, with a slight modification, the use of the classic

Black-Scholes model of option pricing. We therefore assume that if the current
price of the field is S, its price in t years will be S(t)ey where y follows the normal dis-
tribution with an expected value of μt and a standard deviation of s

ffiffiffiffiffi
(t)

p
. The price of

the field, S(t), therefore is a lognormal random variable.
It is indeed the case that, in ancient times, certain fields could not be sold perman-

ently and thus prices could not be observed.25 However, there were fields that could
be sold permanently and thus a price of a strongly correlated asset could be observed.
Furthermore, as pointed out in footnote , there are cases where the field could be
sold for a very long period. That is the case where the contract specified the
number of years for which the field was sold. For example, if the contract specified
that the field was sold for , years it would not be returned to the original
owner in the Jubilee, but after , years. The price of a field in such a contract
would be close to the value of a field that was sold permanently. We can also
imagine a field owner who decides on a strategy of reselling the field for  years
after each Jubilee. Under this strategy the value of the field would be the present
value of the infinite sequences of income streams – the value of the crops.
The crops are assumed to generate a continuous stream of income, which is divS(t)

at time t, where div is a deterministic constant representing the crop yield. This model
therefore captures the risk of crops in future years since divS(t) is a random variable. It
also encompasses26 the fact that viewed from the current time, time , given t < t the
crops at time t possesses a larger volatility s

ffiffiffiffiffiffiffiðtÞ
p

than the volatility s
ffiffiffiffiffiffiffiðtÞ

p
of the

crops at time t. The volatility in our model is thus an increasing function of time.
The analysis is done from the point of view of the time of sale, which will be

denoted as . The time until the Jubilee will be denoted as T. Hence at a future

24 The crops in such an analysis are the counterpart of dividends in the case of a dividend-paying stock.
Dividends are usually modeled as being paid continuously by a (deterministic) dividend yield which is
a percentage of the value of the stock, and we adopt this framework.

25 Since it is not possible to conduct an empirical study of market prices of fields (due to the unavailabil-
ity of these prices), we will resort to some numerical examples.

26 It is true that we ignore the possibility of a drought year and the sabbatical year, which is not counted
in the calculation of the value of the crop. However, when two rainy years passed from the time of the
sale, our calculation is correct. We decided not to incorporate the rainy years’ provision as otherwise
the option valuation could not be done only by arbitrage arguments. Hence we settled for this
approach, which can be followed without reference to utility and risk attitudes.
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time t the time to the Jubilee will be T–t. The present value of the field as of time , not
including the crops that are obtained during the time interval [, t], is27 e−div(t)S(). The
present value of the perpetual stream of the crops is of course S().
Thus the present value of the stream of crops from time  to t is

S ð Þ � e�div tð ÞS ð Þ:
The present value of the crops from time  to t+  is

S ð Þ � e�div tþð ÞS ð Þ
and therefore the present value of the crops from time t to t+  is

S ð Þ � e�div tþð ÞS ð Þ � S ð Þ � e�div(t)S ð Þ� � ¼ S ð Þ e�div(t) � e�div(tþ)
� �

()

It is easy to verify that

d
dt

� �
S ð Þ e�div(t) � e�div(tþ)

� � ¼ S ð Þdiv e�div(tþ) � e�div(t)
� �

()

is negative. Hence the present value of the crops from time t to t+ , as of time , is a
decreasing function of t. Thus, we see that this model captures the time dimension.
The value of the field at time T, as of time t, not including the crops that are

obtained during the time interval [t, T ], is e−div(T – t)S(t). Applying the same argument
as above, the value of the crops from time t to T is

S tð Þ � S tð Þediv(T�t) ¼ S tð Þ � e�div(T�t)
� �

()

which is the value received when the option is exercised at time t. This expression is a
decreasing function of t and approaches zero, as one expects, when t approaches T.
If the option is exercised, say at time t, the original owner also has to pay a certain

amount (the exercise price). The issue at hand now is how to interpret the phrase in
Leviticus chapter , verse , ‘he shall calculate the years for which the land has been
sold, and return the remainder to the man to whom he sold it, and [then] he may
return to his inheritance’. If one takes the simplistic approach, ignoring the uncer-
tainty of the value of the crops, then the interpretation is as we saw above in the
example of Rashi and Rambam.
Within the model presented here, if the crops were originally sold at time , where

the field’s market price was S(), then the original owner sold the crops between
time t to T for S ð Þ e�div(t) � e�div(T )ð Þ. Therefore, we suggest that the remainder to
be returned by the original owner is

S ð Þ e�div(t) � e�div(T )
� �

()

27 This is a standard argument by which the value of an option on a dividend paying stock is calculated.
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In our opinion the expression in equation () better28 fits the biblical text of ‘return
the remainder to the man to whom he sold it’ or in Hebrew

ולרַכָמרֶׁשֲאׁשיִאָלףֵדֹעָהתֶאביִׁשֵהְו .

By the same argument, if the field has been sold again between the original time
and the redemption time when its market price was S < S(), in keeping with the
advantage given to the original owner, the remainder is defined by
S e�div(t) � e�div(T )ð Þ.
Based on the above model, we can revisit the example, given in the spirit of the

Rambam and Rashi,29 of a field that was sold ten years prior to the Jubilee for
,. If the crops of ten years were sold for ,, then by equation (), S(), the
price of the field which is the value of the perpetual stream of crops, satisfies
S ð Þ � e�divð Þ ¼ ,. Hence, to investigate and compare the examples of
Rambam and Rashi in a manner consistent with our framework, either the price
of the field or the crop yield must be assumed. If the crop yield is assumed to be
. then S()≈ ,. and the value of the crops for year i is given by
,: e�:(i�) � e�:(i)ð Þ. The numerical values, for years  to , are stipulated
in Table .
The payoff from a standard call option isMax S tð Þ � K , ð ÞwhereK is the exercise

price and S(t) the price of the underlying asset at the exercising time t. In our case the
maximum price the redeemer pays for the field at time t, is what the original owner
received for these years. Thus the expression in equation () is the exercise price of this
option. The market price of the crops from time t to time T, is S tð Þ � e�div(T�t)ð Þ.
Thus the payoff from the call option, when the field is redeemed, is

Max S tð Þ � e�div(T�t)
� �� S ð Þ e�div(t) � e�div(T )

� �
, 

� �
()

This option can be exercised over an interval of time and not just at a particular
point in time. That is, it is an American option not a European option. Moreover,
in some instances (for example, when the field is sold originally), the option could
not be exercised within two years after the date of sale. For this reason a numerical
procedure, such as the Binomial Tree, must be used to value the option. The
option described is a real option because if crop technology becomes more efficient
it will affect the value of the option.
The time of the original sale, or rather the length of time to the Jubilee at that time,

is known only to the original owner (the redeemer). For subsequent transactions, the
price that should be used to calculate the exercise price is based on the minimum
between the price of the field when it was sold originally and the price(s) of the sub-
sequent transactions.

28 For an alternative interpretation of the ‘remainder’ see the Appendix.
29 See footnote  for the sources. Rashi uses a selling price of  and the Rambam , so the price of

the crops for one year is  and , respectively. We scaled it up just to get more accuracy while using
only three decimal digits.
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Table 1. Numerical values of the crops, as of the transaction time, for years  to 

         

. . . . . . . . . .
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The current owner knows only the price of the last transaction. Equation ()
assumes that the field is redeemed from the original buyer, i.e. there was only one
transaction before the redeeming time. The exercise price in fact depends on
the sequence of prices of the historical transactions since the field was first sold.
These prices (or the smallest price) should be kept and transferred from one buyer
to another and finally to the owner at the redeeming time. If the field was sold n
times after the original sale, at times t,t, … ,tn the exercise price, in equation (),
should have been based on the minimum price, i.e. based on

Smin ¼ Min[S ð Þ, S tð Þ . . . , S tnð Þ] ()

The S() in S ð Þ e�div(t) � e�div(T )ð Þ in equation () should have been Smin. The ori-
ginal owner (or the redeemer) and the owner at the redeeming time has some
private information (i.e. not publicly available) necessary for calculating the correct
exercise price. The Bible warning ‘you shall not wrong one another’ can be inter-
preted as a ‘heavenly regulator’s’ instruction to record this information and to transfer
it from buyer to buyer and to the redeemer so that, if and when the field were to be
redeemed, the correct exercise price could be used.
It seems that Rashi tries to explain the phrase ‘you shall not wrong one another’ as a

warning to the redeemer and the current owner to inform each other of the exact
number of years from the redeeming time to the Jubilee. Rashi explains that if the
price of the field is calculated based on too many years to the Jubilee, the buyer is
not paying the fair price and vice versa. However, as mentioned, the number of
years to the Jubilee is public information and it is hard to understand why the redeem-
er or the current owner would not be aware of it, in particular since they are about to
execute a transaction that depends on this information.
The next section illustrates numerically the differences in the valuation using the

Rambam and Rashi example and the current model.

IV

The technical issues of valuing the option with a payoff, as described in equation (),
are dealt with in the Appendix. This section illustrates the suggested model’s pricing
implications and compares them with the opinion of Rambam and Rashi.
The example, in the spirit of their opinion, mentioned above, is of a field that ini-

tially was sold ten years prior to the Jubilee for , shekel. Assuming that the crop
yield is ., then the model implications as explained above, for the price of the crops
per year, are summarized in Table . The field cannot be redeemed during the first
two years, but the option given to the original owner to redeem it later has a
value. Hence, if the crop value is , shekel, the price paid by the buyer to the
owner is , minus the value of the option. Assuming the field will be redeemed
at the end of the sixth year, where the crop price is stochastic as specified above,
the redemption price cannot exceed the implied value of the crops (as of the original
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time of the sale) for the last four years. The implied crop value in years , ,  and  (as
stipulated in the last four columns of Table ) is displayed in Table .
That is, if the field’s market price at the redemption time (and/or at an intermediate

sale time) does not imply a lower value for the crops, the exercise price of the option,
which is the redemption price, will be . + .+ .+ . = ..
In contrast, Rambam and Rashi stipulate the redemption price in such a case to be
(,=) ¼ .
The option’s values for the different assumed parameters’ values that are calculated

in this section are summarized in Table  and discussed henceforth.
The value of this redemption option, as explained in the Appendix, depends on the

assumed value of the crop yield (. in our example), the interest rate in the market
and the volatility of the price of the field. The price of the option, the exercising of
which is at the discretion of the original owner starting two years after it was sold,
when the crop yield is ., interest rate is zero and the volatility is ., is .
(. if the volatility is .). Hence, the net amount to be paid by the original
buyer to the owner is ,–. = ., while according to Rambam and
Rashi the price paid to the original owner is ,.
If it is assumed that the rate of interest was  percent,30 the value of the option

would have been . and . for volatility of . and ., respectively.
Consequently, the amount to be paid by the buyer to the owner is ,–.
= . and ,-. = . for volatility of . and ., respectively.
The value of the option is of course affected also by the assumed crop yield. If the

assumed crop yield rose from . to of . and assumed an interest rate of zero, the
value of the option would have been . and . for volatility of . and .,
respectively. Consequently, the amount to be paid by the buyer to the owner is
,-.= . and ,–.= . for volatility of . and .,
respectively. For an interest rate of  percent these values are . and ..
Consequently, the amount to be paid by the buyer to the owner is ,–.
= . and ,–. = . for volatility of . and ., respectively.
The change in the option’s value as a result of a change in the crop yield reinforces
the notion that the option is a ‘real option’.
Furthermore, note that if the field had been sold originally  years prior to the

Jubilee, and a second time ten years prior to the Jubilee, the redemption option
could be exercised without delay. To illustrate the difference in the prices of the
options in these two cases assume:

• that the field’s market price at the second transaction implies the same value for the
crops as stipulated above, and

• that this value is smaller than or equal to the value of the crops as implied by the
original price of the field.

30 Evidence regarding rates of interest in Mesopotamia suggests very high rates, up to % on money
lent. See Hudson and Van de Mieroop ().
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Hence, the redemption prices at the end of the sixth year, in both cases, cannot
exceed .. The value of the option to redeem the field, where the interest
rate is zero and the redeemer does not have to wait two years to redeem, is
. and . if the volatility is . and . respectively. If the interest rate
is assumed to be  percent, these values are . and ..
Obviously, the value of the option when the field was redeemed at any timewould

have been be greater than or equal to the value of the option when the field was
redeemed after only two years. Consequently, the net amount paid by a second
buyer to the first buyer, ten years prior to the Jubilee, would have been (when the
interest rate is zero and the volatility is .) ,–. = .. That is,
smaller than the amount paid by a buyer to the original owner when the field was
sold ten years prior to the Jubilee. Consequently, two fields that were of equal
quality, but had different transaction histories, may have had different prices due to
the embedded option (which is not public knowledge).
The actual (realized) amount to be paid at the redemption time is not known at the

time of the transaction. It depends on the price of the field at the redemption time. If
at that time, the implied value of the crops from that time to the Jubilee is smaller than
this implied value at the time of the original sale (or any other transaction of this field
in the past), then the smaller value will be the redemption cost. Valuing the option, as
explained in the Appendix, is done numerically by discretization of the time and price
spaces.
Based on this discretization, we can calculate possible market prices at the end of the

sixth year and the implied crop values over the next four years. The redemption price
will be the smaller of the implied crop values over the next four years and .
(assuming a crop yield of .). The discretization used for valuing the option is
such that each year is divided into  equal parts. Over each sub-interval the price
of the field can go either up or down, where the up or down percentage change is
the same for all the intervals. As a result, at the end of six years there are  possible
price realizations.
Consider the case of a field that was sold ten years prior to the Jubilee at a price of

, shekel, when the volatility is ., the crop yield is . and the interest rate
zero. The redemption price at the end of the sixth31 year varies between .

Table 2. Numerical values of the crops, as of the transaction time, for years  to 

   

. . . .

31 Of course it may not be optimal to redeem (exercise the option) the field at the end of the sixth year
for every eventuality of the price of the field.
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Table 3. The option value for different assumed parameter values with and without delay

Crop
value 
years
prior to
the
Jubilee

Crop
yield

Interest
rate Volatility

Option
value
with
-year
delay

Option
value

without
delay

Crop value
of last 

years given
original
price

Range of redemption
price in year  average

price

Rambam & Rashi’s
redemption price

in  years

 .  . . . . .-. .  = /*
 .  . . . .  = /*
 . . . . .  = /*
 . . . . .  = /*
 .  . . .  = /*
 .  . . .  = /*
 . . . . .  = /*
 . . . . .  = /*
. . . . . . .–. . .= *./
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(the implied crop value of the last four years based on the original sale price) and .
(the minimum implied crop value over the next four years, based on the price at the
end of the sixth year). Out of the  possible realizations, there were  cases where
the redemption price was below .. The average redemption price was .,
while according to Rashi and the Rambam the redemption price is deterministic with
a value of . Hence, the redemption price can differ significantly from the redemp-
tion price based on Rashi and Rambam. In the paradigm of Rashi and Rambam, the
buyer would have paid , shekel for the crops when they were sold originally. If
the value of the option is acknowledged, the price paid by the buyer to the original
owner would be , minus the value of the option, i.e. ,-. = ..
Assuming an interest rate of zero, as we have assumed here, the redeeming cost should
be increased by the cost of the option. Hence the average redeeming cost would have
been .+ .= ., which is still less than the redeeming cost in the
paradigm of Rashi and Rambam.
Finally, a case consistent with Maimonides, but not necessarily with biblical law, is

investigated. Consider a case where the interest rate is positive at  percent and the
crop value (over the last four years), implied by the second sale (ten years prior to the
Jubilee), is lower then the original sale (twelve years prior to the Jubilee). If the price of
the field at the second sale was , shekel, then the implied price of the crops for the
next ten years (based on the relation , � e�:�ð Þ) is . and over the last
four years .. Hence, if the field is redeemed four years prior to the Jubilee the
maximum price is .. If the volatility is assumed to be . then the value of the
option that can be exercised at any time is .. Following the explanation given
above, the average redemption price (four years prior to the Jubilee) is . and
the minimum price is .. Out of the  possible realizations in  cases, the
redemption price was obtained by exercising the option and paying ..
The second buyer paid the first buyer the price of the crops minus the value of the
option, i.e. .–. = ..

V

Therewere a few assets in ancient Israel where embedded options were part and parcel
of the deal so that the real estate transaction was in fact a ‘structured product’. This
article focused on land transactions, as they are more complex than others. The
pricing methods employed in this article assumed that exercising the option was
done at an optimal time. Since redeeming the land was considered to be a righteous
deed, this assumption may not necessarily describe the behavior of the redeemer.
It is apparent from the discussion above that the prices of fields were dependent on

some attributes that were not readily available. The exercise price of the option
depended on the original time of the sale, as well as on the price at which the field
was sold in the secondary market. Consequently, in the market there could exist
two fields that were identical but their prices would be different since the exercise
price of the embedded option was different. Furthermore, some of these hidden
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attributes of the options were known to the current holder of the field (e.g. the price
at which it was last sold) and some to the original owner (e.g. the price and time of the
original sale). Both attributes affected the price of the option and hence the price of
the field. It might therefore explain why in the middle of the paragraphs in which the
rules of the Jubilee are stipulated the Bible states: you shall not wrong one another.
Even if one makes the approximation and assumes that the price of crops of each

year is the same, the option value should not be ignored in calculating the redemption
price. That is, the basic amount from which the price of each year is calculated is the
money that was transferred from the buyer to the seller plus the value of the option. It
is nearly impossible to find out how these issues and the pricing system were handled
in ancient times.
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Appendix

The al ternat ive interpretat ion of the remainder

An alternative interpretation of the ‘remainder’ is to define it based on S()(− e−div(T - t))
which is the crop price of the nextT - t years (as of the redemption time, t), but based on
the field’s price at the time of the original sale. The expression S()(− e−div(T - t)) better
suits the interpretation of the original owner buying back the next T - t years of crops
(and not returning the remainder as stated in the Bible) based on the price of the field
that prevailed at the original time of sale. Thus if the field is redeemed at time t, and
the original owner returned to the buyer the price of the crops paid for the last T - t
years, at the time of the original sale, the amount should be as in equation (), i.e.,
S ð Þ e�div(t) � e�div(T )ð Þ.
If the alternative interpretation of the remainder is used, then the payoff from the

call option, if it is exercised at time t, is not as in equation () but rather

Max S tð Þ � e�div(T�t)
� �� Smin � e�div(T�t)

� �
, 

� �
()

If the option had been of a European type, equation () could be written as

� e�div(T�t)
� �

Max S tð Þ � Smin, ð Þ ()

Propert ie s of the opt ion: re lat ion to European opt ions

This subsection starts by investigating some properties of the option to redeem the
field and its relation to a European option. It then continues to describe the numerical
valuation of the true (American) option.
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If the option described by equation () had been a European option, it would have
been possible to price it analytically. Such analytical solutions provide lower bounds
on the true value of the option. To this end, assume that the option could have been
exercised only at its maturity time v < T, that the current time is  and that the Jubilee
is at time T. An examination of equation () reveals that in this case the t that appears in
the equation is a fixed number v and consequently the payoff of such a European
option at its maturity is

Max � e�div(T�v)
� �

S vð Þ � S ð Þ e�div(v) � e�div(T )
� �

, 
� �

()

As v increases, the time to maturity of this option decreases. The value of a regular call
option decreases as a result of a decrease in its time to maturity. However, in this case,
as opposed to a regular option, the exercise price also decreases as the time to maturity
decreases, causing an increase in the value of the option. Hence as the time tomaturity
decreases, even though the value of the underlying asset in this case also decreases, the
value of the option may increase. Equation () can be written as

� e�div(T�v)
� �

Max S vð Þ � S ð Þ e
�div(v) � e�div(T )

� e�div(T�v)
, 

� �
()

which stipulates the payoff of � e�div(T�v)ð Þ units of a European call option, where
the underlying asset is the field not the crops, with an exercise price

S ð Þ e
�div(v) � e�div(T )

� e�div(T�v)
. Consequently, the price of this European option is obtained

by applying the Black-Scholes formula.
Consider an option embedded in the transaction of selling a field at time  by the

original owner,T years prior to the Jubileewhere the crop yield is ., the volatility is
. and the price of the field is S(). If the current time isV then there are T -V years
to the Jubilee. If this option had been of a European type, maturing at time t where
V< t< T such that the crop value is minimized based on a historical transaction price
of Smin, its payoff at time t would have been

Max � e�div(T�t)
� �

S tð Þ � Smin e�div(t) � e�div(T )
� �

, 
� �

()

which equals

� e�div(T�t)
� �

Max S tð Þ � Smin e�div(t) � e�div(T )
� �

� e�div(T�t)
� ��

, 
� �

()

Applying the Black-Sholes formula where r is the risk-free rate and S(V ) the current
price of the field, the value of the call is stipulated below:

Call t, Smin, V, Tð Þ ¼ � e�:(T�t)
� �

S Vð ÞN dð Þ � e�r(t�V )KN dð Þ� �
()
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where

N zð Þ ¼
ðz
�1

e
�x
ffiffiffiffiffi
x

p dx, K ¼ Smin
e�div(t) � e�div(T )ð Þ
� e�div(t�T )

,

d ¼
ln

S Vð Þ
K

� �
þ r � div þ s



� �
t � Vð Þ

s
ffiffiffiffiffiffiffiffiffiffiffiffi
t � V

p

and d ¼ d � s
ffiffiffiffiffiffiffiffiffiffiffiffi
t � V

p
.

Figure A demonstrates the value of the option as a function of the time to matur-
ity, t, of crops sold ten years prior to the Jubilee where the rate of interest was zero, the
volatility ., the crop yield . and the price of the field at that time was ,..
As indicated, indeed the value of the option does not increase with its time to

maturity. Rather, the value of the option, as a function of its time to maturity, pos-
sesses a maximum. The maximum value of the option is obtained by maximizing the
expression in equation () with respect to t. The solution is t= . and the value
of the call at this t is ..
The option that is granted to the original owner is, however, the American type.

Hence, the original owner can exercise the option from two years after the sale until
the Jubilee. The value of the American option is higher than the value of a European
option, because it can be exercised t years prior to the Jubilee for t such that max
(V, ) ≤ t≤ T. Thus the American option’s32 value is higher than the maximum
value of the European option and indeed its value is . as calculated above.
Equations () and () are equivalent only if the option is of a European type.

Furthermore, the case at hand is different from the regular call option, as both the
exercise price and the underlying asset depend directly on t. For these reasons a
numerical procedure is utilized to value the option.

Numerica l va luat ion

Consider an option that was written at time  and could not be exercised until time h,
but could be exercised at any time from time h to its maturity, time T. Assume that the
risk-neutral distribution of the value of the option at time h is known. Then the value
of the option at time  is its expected value discounted by the risk free rate.
When the value of such an option is solved with the Binomial model, time h will

not necessarily coincide with one of the nodes in the tree. Let D be the length of a
period in the Binomial Tree and h=D½ � be the smaller integer, which is larger than
h=D. Thus the distribution of the value of the option at time h=D½ � can be calculated
using the regular procedure of the Binomial model, taking into account the exercising

32 The calculations of the values of the American and European options, as well as the visualization of
the optimal exercising strategy, were done using the Maple library in Prisman () or some slight
modification of its code.
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provision at each node greater than h=D½ �. During the period  to h=D the option
cannot be exercised since this is a condition of the option. It also cannot be exercised
from time h=D up to (and not including) time h=D½ � due to the discretization of the
Binomial Model. Therefore the value of the option within the realm of the model, at
time zero, is its discounted expected value, under the risk-neutral distribution, as of
time h=D½ �. Of course the risk-neutral distribution of the option’s value at time
h=D½ � is easily calculated within the Binomial model and consequently its value as
of time zero is obtained. Hence, to calculate the value of the option when there is
a period in which the option cannot be exercised, we value it based on the above pro-
cedure and we report as follows.
The numerical values reported in the text generated by the Binomial Tree method

with  nodes per year was used to solve the value of the American option. The set of
optimal exercising times is defined as the set of coordinates (t, y) such that t is the node
(time) in the Binomial Tree and y (state of nature) is the number of up movements in
the price of the underlying asset. This set is visualized for the case where the option
cannot be exercised during the first two years and for a case where the option can be
exercised immediately. In order to visualize the optimal exercising set in a clear way
we report the case where each year was divided into four subperiods. Hence over ten
years there were  subperiods. If the option could not be exercised during the first
two years the first node at which the option could be exercised is .
That is, in our case both y and t can take any value from  to . The figures below

demonstrate this set by placing a square at each coordinate where it is optimal to exer-
cise the option. Figure A corresponds to an option that can be exercised with a delay

Figure A. The value of the European option
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Figure A. The optimal exercising set with a delay of two years

Figure A. The optimal exercising set without a delay
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of two years and Figure A, an option that can be exercised without delay. Based on
this discretization, the value of the first option was . and the second
..
The shape of the set is of course affected by the value of the parameters. If the vola-

tility is low (.), the rate of interest high (%) and the option can be exercised
immediately, based on a discretization above the value of the option is ..
The optimal exercising set for this case is displayed in Figure A.
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