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Abstract. We show that a cellular automaton (or shift-endomorphism) on a transitive
subshift is either almost equicontinuous or sensitive. On the other hand, we construct a
cellular automaton on a full shift (hence a transitive subshift) that is neither almost mean
equicontinuous nor mean sensitive.
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1. Introduction

Sensitivity to initial conditions (or simply sensitivity) is one of the classical notions of
chaos in dynamical systems. It was introduced for topological dynamical systems by
Guckenheimer [13]. By a fopological dynamical system (TDS) we mean a pair (X, T)
such that X is a compact metric space (with metric d) and 7 : X — X is continuous. A
TDS is sensitive if there exists € > 0 such that for every non-empty open set U C X there
exist x, y € U andn > O such that d(T"x, T"y) > ¢. In contrast to sensitivity, there is the
notion of equicontinuity (or Lyapunov stability); a TDS is equicontinuous if {7"},en is
an equicontinuous family. Using sensitivity and equicontinuity, one can classify transitive
topological dynamical systems (see Definition 2.2). Akin, Auslander and Berg proved that
any transitive TDS is either sensitive or almost equicontinuous [1] (a generalization of
the Auslander—Yorke dichotomy [2]). Nonetheless, this classification has some limitations,
because sensitivity is not a very strong form of chaos (for example: every non-finite
subshift is sensitive; for cellular automata (CA), equicontinuity is strongly connected to
local periodicity [8]). Inspired by the notion of mean equicontinuity (or mean Lyapunov
stability) first studied by Fomin [6] and Oxtoby [20], the notion of mean sensitivity was
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introduced [9, 17]. A TDS is mean sensitive if there exists ¢ > 0 such that for every
non-empty open set U there exist x, y € U such that d(T"x, T"y) > ¢ for any n in a
set with density greater than e. The key difference is ‘how many’ n satisfy the condition.
For example, the Sturmian subshift is sensitive but not mean sensitive [9]. Similar to the
classic case, one can classify transitive TDSs using the mean notions, that is, a transitive
TDS is either mean sensitive or almost mean equicontinuous [9, 17]. Mean equicontinuity
and sensitivity have been studied in other recent papers (for instance, [5, 7, 10, 11, 14] or
the survey [18]) and are strongly related to (measurable) discrete spectra, properties of the
maximal equicontinuous factor and quasicrystals.

CA are dynamical systems defined on full shifts A% (or more generally on subshifts).
They have been used to model phenomena that are based on local rules in physics, biology
and computer science. The notion of sensitivity in CA has been studied in many papers (for
example, [4, 8, 12, 15, 19, 21]). In particular, Kirka proved that any CA (not necessarily
transitive) is either sensitive or almost equicontinuous [16]. One of the main ingredients
of this proof is that the full shift is transitive (with respect to the shift map). Hence,
this statement can be generalized to any shift endomorphism on a transitive subshift (see
Proposition 2.8). Thus, it is natural to ask whether, as in the transitive topological dynamics
case, a similar dichotomy to Kirka’s holds for the mean versions on CA (on transitive
subshifts).

In this paper, we provide the first examples of the study of mean equicontinu-
ity/sensitivity on CA. First, we construct an almost mean equicontinuous CA that is
not almost equicontinuous (Theorem 3.14). Second, we construct a CA that is neither
mean sensitive nor almost mean equicontinuous (Theorem 3.14). Thus, Kidrka’s dichotomy
does not hold for the mean notions on CA. In conclusion, CA can be divided in the
following four disjoint non-empty classes (Theorem 3.14 and Theorem 4.4): almost
equicontinuous, almost mean equicontinuous but not almost equicontinuous, neither
almost mean equicontinuous nor mean sensitive, and mean sensitive.

2. Definitions and preliminaries
Definition 2.1. Let S € Zxo. We define the upper density of S by

D(S) = lim sup BSN0,...om - 1}).

n— 00 n

A TDS is a pair (X, T) where X is a compact metric space (with metric d) and
T : X — X is continuous.
Transitivity is a topological form of ergodicity.

Definition 2.2. Let (X, T) be a TDS. We say that (X, T) is transitive if for every pair of
non-empty open sets U and V there exists n > O such that T7"U NV # @.

Definition 2.3.

(1) Given a finite non-singular set A (called an alphabet), we define the A-full shift as
AZ_If X is the A-full shift for some finite A, we say that X is a full shift.

(2) Givenx € AZ, we represent the ith coordinate of x as x;. Also, given i, j € Z with
i < j, we define the finite word x[; j7 = x; . .. X;.
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(3) We endow any full shift with the metric

270 ifx # y wherei = min{|j| : x; # y;};
0 otherwise.

d(x,y) ={

This metric generates the same topology as the product topology.

(4) For any full shift AZ_ we define the shift map o : AZ 5 AZ by o(x); = x;j4+1. The
shift map is continuous (with respect to the previously defined metric).

(5) We say X is a subshift (or shift space) if X C AZ is closed and o -invariant.

Typically, CA are defined on a full shift. We give a more general definition. These
systems are also known as shift-endomorphisms or sliding block-codes.

Definition 2.4. We say that (X, T) is a cellular automaton (CA) if X is a subshift and
T : X — X is continuous and commutes with o,i.e., 0 oT =T oo.

As mentioned in the Introduction, CA can be described using local rules. Note that 7'x;
represents the ith coordinate of the point 7'x.

THEOREM 2.5. (Curtis—Hedlund—Lyndon) Let X be a subshiftand T : X — X a function.
Then, (X, T) is a CA if and only if there exist integers m < a and a (local) function f :
AL s A such that for any x € X and any i € Z,

Txi = f(X[itm,i+a])-

2.1. Sensitivity, equicontinuity and dichotomies. A subset of a topological space is
residual (or comeagre) if it is the intersection of a countable number of dense open sets.

Definition 2.6. Let (X, T) be aTDS and x € X.
(1) The point x is an equicontinuity point if

for all ¢ > 0, there exists § > 0 such that for all y € Bs(x)
andalln >0, d(T"x, T"y) < e.

The set of equicontinuity points of (X, T') is denoted by E Q.

2) (X, T)is equicontinuous if EQ = X.

3) (X, T) is almost equicontinuous if E Q is a residual set.

4) (X, T) is sensitive if there exists ¢ > 0 such that for every non-empty open set U C
X there exist x, y € U and n # 0 such that

d(T"x, T"y) > &.

Sensitivity and almost equicontinuity can be used to classify transitive topological
dynamical systems.

THEOREM 2.7. (Akin—Auslander-Berg dichotomy [1]) Transitive topological dynamical
systems are sensitive if and only if they are not almost equicontinuous.

A CA satisfies the same dichotomy without assuming transitivity. This result is proved
in [16] for CA on a full shift. Using the same technique, we prove the result for CA on
transitive subshifts.
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PROPOSITION 2.8. Let (X, o) be a transitive subshift and (X, T) a CA. Then, (X, T) is
almost equicontinuous if and only if is not sensitive.

Proof. =-: Assume that (X, T) is almost equicontinuous. This means that for every open
subset U C X, there exists x € U such that for all £ > 0 there exists § > 0 such that if
d(x,y) <é,thend(T"x, T"y) < eforalln > 0.
Let ¢ > 0. Observe that (using €/2) there exists § > 0 such that for all y, z € Bs(x) and
alln >0,
d(T"y, T"z) <d(T"y, T"x) +d(T"x,T"z)
e

+8
<-+-=s.
2 T27¢

Therefore, (X, T) is not sensitive.

<: Assume that (X, T') is not sensitive, that is, for all ¢ > 0 there exists an open set U €
X suchthatforallx, y € U andforalln > 0,d(T"x, T"y) < &. Now, since T is uniformly
continuous, for ¢ = 1, there exists » > 0 such thatif d(x, y) =277, thend(Tx, Ty) < 1.
This implies that for all x, y € X such that x—, ;] = ¥[—,], Txo = Tyo. Hence, for all
m > 0, there exist d >r and w € A2d+1 (given by U) such that for all x, y € X with
X[—dd] = W = Y[—d.d] and alln > 0,

Tnx[—m,m] = Tny[—m,m]o
Then, there is p € {0, . . ., |[w| — r} such that for all x, y € X satisfying x[o,jy|-1] = w =

Y[o,|w|—11> . .
T xp.ptr—11 =T " Yip,p+r—1]

foralln € N.
For every k > 0 we define the set
Qr={xeX: 3 <k xjiitw-11=wAIj =k X[jjtjw-1 = w}

The sets €2 are clearly open. Furthermore, the transitivity of (X, T') implies that Qg are
non-empty and dense, for every k > 0. Therefore, [ k>0 Q. is a residual set. We now show
that for every m > 0, there exists k;,, > 0 such that

Q, CEQyn:={xe€X:38 Vy,z€Bs(x), Vn >0, d(T"y, T"z) <27™}.
Observe that for all x, y € Q,
T"X(ixpitptr—11 = T"x(j4pjtptr—11 and  T"yiypitprr—11 = T"Yjtp,j+p+r—11-
If X[i j+jwn = Yli,j+w))» then for all n > 0 we obtain
T"X{itp.jtptr—11 = T" Vit p.jtptr—11-

Therefore, for every m > 0, there exists a k,, > O sufficiently large that Q, € EQp-n.
Hence, (", >0 2%, S =0 EQ2-». This makes (7),,~o EQs-» a residual set. Since
EQ =(),>0 EQ2-n, we conclude that (X, T) is almost equicontinuous. U

A TDS is minimal if every orbit is dense. The Auslander—Yorke dichotomy states that
a minimal TDS is either equicontinuous or sensitive [2]. Now, consider the proof of
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Proposition 2.8. Note that if (X, o) is minimal then ; = X. With this observation we
obtain the following result.

PROPOSITION 2.9. Let (X, o) be a minimal subshift and (X, T) a CA. Then, (X, T) is
equicontinuous if and only if is not sensitive.

We now study the mean versions of equicontinuity and sensitivity (mean equicontinuity
is weaker than equicontinuity, and sensitivity is weaker than mean sensitivity).

Definition 2.10. Let (X, T)beaTDS and x € X.

(1) The point x is a mean equicontinuity point if for every ¢ > 0, there exists § > 0 such
that if d(x, y) < &, then

tod(Tix, T
lim sup 2izodT'x, T'y) <e
n—o0 n+1

We denote the set of mean equicontinuity points by E QM.

(2) (X, T) is mean equicontinuous if X = EQM.

(3) (X, T) is almost mean equicontinuous if E Q™M is residual.

4) (X, T) is mean sensitive if there exists ¢ > 0 such that for every non-empty open set
U C X there exist x, y € U such that

" d(Tix, T!
lim sup 2izo dT'x, T'y) >
n—o00 n+1

€.

Clearly, every almost equicontinuous TDS is almost mean equicontinuous. There exist
many almost mean equicontinuous TDSs that are not almost equicontinuous [11, 17]; none
of these examples is a CA. We will later construct an almost mean equicontinuous CA that
is not almost equicontinuous.

PROPOSITION 2.11. [9, Lemma 5] Let (X, T) be a TDS and ¢ > 0. Define

" d(T'y, T!
EQS” = {x € X:36 >0, Vy,z € Bs(x), lim sup Lizod(T'y, T'2) < 8}.
n—00 n+1

Then, EQQ’I is open and EQM = (M=o EQII";m. Furthermore, E QM is dense if and only
if it is a residual set.

The Akin—Auslander—Berg dichotomy can also be stated for the mean versions of
equicontinuity and sensitivity.

THEOREM 2.12. (Mean Akin—Auslander-Berg dichotomy [9, 17]) Transitive topolog-
ical dynamical systems are mean sensitive if and only if they are not almost mean
equicontinuous.

In view of the previous results in this section, it is natural to ask whether there is a mean
version of Theorem 2.8. Later, we show that this question has a negative answer. First,
we give a more concrete characterization of mean equicontinuity on CA. The following
proposition uses standard tools to connect density and averages.
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PROPOSITION 2.13. Let (X, T) be a CA and x € X. Then x is a mean equicontinuity point
if and only if for every m > 0 there exists m' > 0 such that for every y € B,_,s(x), the set

Sii={i €Zo0:T'xj #T y; VT x_; #T'y_}}
satisfies
— 1
D(S)) < T2’
forall0 < j <m+ 1.

Proof. =>: Assume on the contrary that there exists m > 0 such that for all m’ > 0 there
exists y € By (x) such that 5(51) > 1/2™ for some 0 <[ < m + 1. Therefore, there
exists (1) j>0 € Zxo such that

2S00, ..nj))

lim p—m
nj—oo n] + 1
Observe that
. BSNA{0, ..., n;h)  iesn(0.ny AT, T'y)
lim = lim
nj—00 nj—|-1 nj—00 nj+1

Then, we obtain
Silod(Tix, T'y)

lim >27",
nj—00 nj+ 1
Hence,
" od(Tix, T!
lim sup Lizo dT'x. T'y) >27",
n—o00 n+1

Therefore, x is not a mean equicontinuity point.
&: Forevery x,y € AZ and every pair of integers n, k > 0, define the set

Cog ={0<i<n:Txiu#T yrn)
Observe that:

(1) foreveryk >0,Cui C Cpiti;
(2) forevery k > 0,

Cok+1\Cog = {i €10,n]: T x{_ s
=T' ik} AT X 1)k+1] Z T Y—k4+1) k411

Now, assume that for every m > 0 there exists m’ > 0 such that for every y € B, Jon' (%),
the set

S;={i>0:T'x; #T y; vTx_j #T'y_;}
satisfies B(Sj) < 1/2™+2 forevery 0 < j < m + 1. Then,

lim su
n—>oop n+1
— lim sup #(Cno) + 2 _ie 1 (1/298(Cri\Cpi-1)
n—o0 n+1

https://doi.org/10.1017/etds.2020.108 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.108

3710 L. de los Santos Barios and F. Garcia-Ramos

-y Y (/2088 010, n]) + 352, 12 (1/2)(Cui\Cri—1)
n n—+1

n—oo

m+1

o0 1 2i . .
=< Z lL + lim sup Zl:m+2( / )ﬁ(cn,z\cn,, 1)
" 2i pm+2 R p——
m+1 0
1 1 1
=2 2 T > >
i=0 i=m+2
1 1
= St Tt
1
= 2—m.
This implies that x is a mean equicontinuity point. 0

Mean equicontinuity of CA should not be confused with equicontinuity with respect to
the Besicovitch pseudometric studied in [3].

3. Example 1: Pacman CA

In this section, we construct a CA that is almost mean equicontinuous but not almost
equicontinuous. First, we give the formal definition of the CA, then we give the heuristics
of the map so that the reader gains intuition and, finally, we approach the result using a
series of technical lemmas. We remind the reader that 7 x; represents the ith coordinate of
the point T'x.

Let A = {D, [ﬂ, , , , }. We define the function T : AZ — AZ locally as

follows:

(] if o e (LLBLEY AT e (ULIBRLEN A xip e LLILGYH
v(x; =Bl A xiq ¢ {LIL[®IH1)
V(xi—1 € (LI 18D A [ e (LB A xiqr e (LAY
Vxi =B A xi ¢ (LR,

[0 if x e {1 [®0 A xit1 ¢ {0, [@0),

B if o e LBLEYAx e {L]LRLE)A X e (&, R])

i v(riot € {100 A xi e L1080 Axivr =[RD.
OB i =B A L e {8 B A e (R B

V(xioy € (LI [8D} A x; € (L1 B
vixi—1 =B Axi ¢ (LRI A xipq € {LT, [R]H
v(x; =@ A xi1 e {L R,

if (o1 =[0G e (LB A =) v =)
v(xi—1 =B A xi, xiv1 ¢ (L [B), and

] if x; e (L1 80 A xi11 € {0, [RI).
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This CA has memory and anticipation 1. We define the members of the alphabet as
follows:
[_] empty space;
(L] empty door;
pacman;
ghost;
&= keymaster ghost;
[R] door with ghost.
We now explain the heuristics of this map so the reader gains intuition regarding the
dynamics. The reader does not need to know all the rules of the game Pacman, only that
pacmans eat blue ghosts.

e A door always stays fixed in the same place (a ghost might cross it); that is, x; €
(LT, [®0} if and only if Tx; € {1, [®]}.

e Pacmans [(§ move to the right (one position per unit of time) if there is no door; that
is, if x; = @land x; 41, x;42 ¢ {LI, [R]}, then Tx;1 =[Gl

e If a pacman encounters a door (on the right), it is transformed into a keymaster ghost
B that is, if x; = B and x; € {{ ], [&l} with j € {i + 1, i + 2}, then Tx;_; = [

e Ghosts (8], &) always move to the left (one position per unit of time) if there is
no pacman or door on the left; that is, if x; = (x,' = @), Xi_] € {D, -8 @} and
xip € (L8 B (xi 2 #[C). then Tx; ) = BI(Tx; ) = .

e If a ghost or keymaster ghost encounters a pacman (on the left) it will disappear (get
eaten); that is,

— ifx; € {8 &) and x;—; =[C], then Tx;_; ¢ (&), B
— ifx; e (8L, xi» =Bland x;_; ¢ ([ [®}, then Tx;_; =[Gl
o If a ghost [ encounters a door, it transforms into a pacman; that is,
—- ifx = and xi—1 € {LI, [®[}, then Tx; =[C};
— ifx; =@ x> = (L [R]) and x;_; ¢ {1 [&]. [}, then Tx;—; =[Gl

o Ifa keymaster ghost encounters a door, it will enter the door, lose its key and (in
the following step) proceed to the left; that is, if x; = B and x;_; € {[ﬂ [}, then
Txi—1 =[], and
- ifxj_3 = [ ] then sz,'_z =@l
— ifxj_3 =[Gl then T%x;_, = &.

When describing a point in A%, we use a point (.) to indicate the Oth coordinate; for

example, if x = [ [3] DOO then xo = and x; = [ for every i # 0. We now provide

some examples of how the Pacman CA works. Note that time flows downward in the
diagrams.

Example 3.1. Let m > 2, w = Il Dm [LI. We show a section of the orbit of x :=
o[ ] w[@™. In this example, the space between two doors acts as a ‘filter’, because many
ghosts disappear.
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L O E e R @ R EE
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OO0 0CQ A R B E
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Example 3.2. Let w:MDDDM We show a section of the orbit of
x = [ Juw[ "
OO0 e @ O 0B O
00 O O& B OO
O 00 00O
O 0O & & O O L O
00000 ooO O
O 0O00O0O0OQ.OdO o OO
OO0 O0O0O0O08 O 0O O
O O00OBO0 0~ 4
O O08 0000 4
O OB O00O0O00 0 4
N T O O A I | B | R
O W OO0 0000 0O O

We now prove a series of technical lemmas. If there is one (B to the right of a pattern
with empty spaces and empty doors, then [B] will ‘cross’ all the doors eventually. We state
this fact formally in the next lemma.

LEMMA 33. Let m > 1, and w € {D, [ﬂ}’” such that wg = [ =wn_1 and w; =[]
for all 0 <i <m—1. Set x = oo[].w Doo. Then, there exists N > 0 such that
TNx[(),m,]] =w.

Proof. Assume that m > 4. From the definition of 7, we have the following
implications:

o Txp_1=[RIATx; € {{_][I}foralli £m—1;

o T ix;=[lforl <j<m—1AT"Jx; e ({1} foralli # j;
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. Tm_2+jxj =Qlforl <j<m—-2AT"2tix; e {{_][}foralli # j;

° T3’”_6_jxj = for 1<j<m-=-2A T3’”_6_jx,~ € {D, [ﬂ} foralli # j;

o T3 Oxg =[RIA T ¢x; e {_][L]}foralli 0.

Then, for N = 3m — 5, we have that TNx[o,m_l] = w. The case when 1 <m < 3 is easy
to check. [l

Remark 3.4. Note that if x; = [ [land x; + 1 =[_]then Tx; =[]
Using Remark 3.4 and Lemma 3.3 we obtain the following result.

LEMMA 3.5. Letm > 0, w € A" and x = [_Jw[]] DOO. There exists N > 0 such that
foralln > N,

T"x; e LI} foralli>o0.

In the proof of Lemma 3.3 we describe the ‘trajectory’ of & from the start until it
crosses the doors. In the following lemma we describe a similar trajectory, but this time
we do it backwards in time.

LEMMA 3.6. Letm >2,v € AN and x := [l 1" . If N > 3m and TNxy =
then:

o TV, =[Rl

° TN72(m71)7jxj - for2 < j <m;

° TN”"fjxm_j = forl1 <j<m-—1;and

° TN_jxj:forlgjgm.

Proof. Assume the hypothesis of the lemma. By checking the rules of T one can see that

if TNxy = and x| # [L ] then necessarily 7V~1x; = B. We can go back step by step
to obtain the result. O

Using Lemma 3.6 we can see that if TNxy = = TN/xo, then N and N’ cannot be
near.

LEMMA 3.7. Let m > 0, v € AN and x = <[ J[[T["[Th. If N > N > 3m are such
that TN x¢ = = TN/xo, then:

e if0<m=<1l,then N —N >2m; and

o ifm>2then N —N>2m—1.

Proof. The case 0 < m < 1 is trivial.
Letm > 2,and N’ > N > 3m such that TN xg = = TN/xo. Assume that N/ — N <
2m — 1. From Lemma 3.6 we have that:

o TN ix;=Ffor1<j<m;and
° TN,_m_j,xm,j/ =Qlfor1 < j <m-—1.
First, suppose that N’ — N is even. Let j =m — (N’ — N)/2 and j' = (N’ — N)/2. By
the assumption on N, N’ and m it follows that | < j <m,1 < j' <m — 1 and
TN_J.x] — TN —m—j .xmfj,

a clear contradiction.
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Now suppose N’ — N isodd. Let j = m — [(N' — N)/2] and j' = [(N’ — N)/2]. By
the assumption on N, N and m it follows that | < j <m,1 < j <m — 1,

—_7 = Y]
TN .lsz and TN m 'lxm_j/Z.

Therefore,
TN x4 =BG
This is also a contradiction because is not on the image of 7. O

In Example 3.1, we see that in an infinite right-tail of keymaster ghosts, some get eaten
and some cross the doors. It is natural to ask the frequency of (] that cross doors. The next
lemma answers this question.

LEMMA 3.8. Letw = [ J[_I"[]} with m > 0 and x = [_JwE".
If 0 <m <1, then:
T3m_2XQ — IE]I
T3’"_2+(2m+1)kx0 =@l Jork > 0; and
Tixog =1 forall3m —2+ @Qm + Dk <i <3m —2+ 2m + 1)(k + 1) and k > 0.

Ifm > 2, then:
° T3mx0 —

73m+Qm=Vkx, = [R] for k > 0; and
Tixo =1 forall 3m + 2m — Dk <i <3m+ 2m — 1)(k + 1) and k > 0.

Proof. The proof for 0 <m <1 is similar to the proof when m > 2. Thus, we only
prove the result when m > 2. Using a similar argument to that used in the proof of
Lemma 3.3, we obtain that T3"xy = [[R] and Tixo =[] for all 0 < i < 3m. Also, we
have that 72"~ 1x,,,» = & Hence, 75" 1x, = [@].

We proceed by induction on k. Assume that

T3m+(2m—1)1xO — |E]|

Next, let k = [ + 1. By the induction hypothesis,
sz—1+(2m—1)1x(m+2) — B
Hence, 7o~ 1+@m=Diy — [[a]. By simple calculations, we obtain

TIm+@m=1A+D o (],

The proof of Tixg =[], for all 3m + 2m — Dk <i < 3m + 2m — 1)(k+ 1) and
k > 0, follows immediately from Lemma 3.7. O

We now prove that the set of equicontinuity points is empty.

PROPOSITION 3.9. Letm > 1 and w € A™. Then there exist x, y € AZ such that

X[0,m—1] = W = Y[0,m—1]
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and the set
S=1{ie€Zso:T'xo# T yo}
is infinite.

Proof. Letm > 1,w € A™ and x =*° D.w[]oo. By Lemma 3.5, there exists N > 0 such
that T"xg € {D, [ﬂ} for every n > N. Let y =*° [ 1wl oo; then, by Lemma 3.8 the
set S is infinite. O

Lemma 3.8 tells us the exact frequency of @ crossing doors when we have a tail ™
to the right. If we do not have precise information on what is on the right, we may not have
the exact frequency, as in Lemma 3.8. However, using Lemma 3.7, we can obtain an upper
bound.

Now we explore a similar situation but with finitely many doors.

LEMMA 3.10. Let {d;}}_ be a finite set of non-negative integers, v € AN,

w =0 - - OO0

x =" Jwv and 0<j <n+ Z;’;Ol d;. Assume that Tij = = TN/xj for some
N, N’ > 0. We have that:

e if0<d, <1,then|N — N'| > 2d,; and

e ifd, >2 then|N — N'| > 2(d, — 1).

Proof. The case where n = 0 is a direct application of Lemma 3.7. We prove the other case
by induction. Assume that for n = p the result holds. Now, letn = p 4 1 . By the induction
hypothesis, if x; = [foralll <j<p+1+ ZLO d;,and Tij = = TN/xj for all
N, N’ > 0, then

if dyy>2 then [N — N'| > 2(dpy1 — 1) or
if 0<dy; <1 then |N—N'| >2dy.

Hence, all that is left to prove is that for xo = [l and all N, N’ > 0 such that TV X0 =

=TV xo,

if dyy>2 then [N — N'| > 2(dps1 — 1) or
if 0<d,; <1 then |N—N'| >2d,.

For 0 < dp41 < 1 theresultis trivial. So, let us assume that d,, 1 > 2. Also, let us assume
that there exist N, N’ > 0 such that T¥xy = =T7N /xo. This means that there exist
Ny, N§j > 0 such that TNxg+1 = [B] = TNédeH and Ny+r =N"and No+r = N.
Therefore,

2dpp1 — 1) < IN' = N, 0

For Lemma 3.11 it will be useful to consider the CA as a (vanishing) particle system,
where ghosts and pacmans are particles.
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We define the particle function y : AZ — {_], [@]}Z as

(1 it x e {1 LI,
@ ifx; € (B E G (=),

where x € AZ and i € Z. Observe that with this function, Examples 3.1 and 3.2 turn out

as follows.

v (x)i

UIOICIOIOIOICIOIOICICIOICICIOC)
UIOICIOIOIOICIOIOICICIOICICIOC)
RIOIOIOIOIOICIOIOICICIOIOICION)
L[] 0/[e][e][@]/e]e]@]e]e]e]e]eee)
LU el e/e/[e][e]@e] |ee]e e e
LU e/ e]e]e e |[ |[ ]e][e]ee)
Dot eele L [elee)
LU OHeUootdnele)
HHooOHoddUooddote
f
BEE e i B e
B B B B B B B B B P ) B B B
H (=l [a] [ [a] [ [« [« [a] [a] [ [« [« [« ] =]
(11 e e e et e et e e et e e et
LI e e e e e e (O B e €
LI e e e e (01 11 el e
OO0 et e L] B e e
HHoOHHeddooddiEg
| ) e e e e e

HiRNNnRNEN
Ulnnnninn e
HelHHOHHonn
el L]
@ @@ Je e[ ][I ][]
oL /ee[ ][I Je[ I ][]
LeeIH LU e
e HOUULel]
HHoOgUoygdon e
)
OO OOUogdont
B OUDoUonn]
Heg85858885888H8
e 1B LI
Ol Ee ] IB L]
e a0
He oD e
NS ).
| e e e e e

Given x, y € X, we define the sets

Syj =1 =0:T'x; #T'y;}

and

S_ji={i=0:Tx_; #T'y_j}).

Observe that §; = S ; U S_; (see Proposition 2.13 for the definition of ;).
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LEMMA 3.11. Letd > 0, w = [D[]d[ﬂ x =% D.w[]oo, v e AN and y == [ Jwo. If
1<i<d, then

3D(St(+1)) = D(S40).

Proof. Using the CA and the particle function we can define a trajectory function of an
specific particle (a ghost/pacman) p. We will not construct this function explicitly, but we
give its properties. Given a point x € X and a particle of that point, that is, p € Z with
y(x)p = (@], we can define trajectory of that particle (all the way to infinity or until it
disappears). This trajectory is a function 7, : N — Z where N C N is the lifespan of the
particle (N = N if it never disappears), 7,(0) = p and 7,(n) is the position at time #.
We have that |t,(n) — 7,(n + 1)] < 1 for n + 1 € N. Using the properties of T, it is not
hard to see that for every z € Z we have that |‘L'p_ ()| < 3, that is, a particle can be at a
particular position at most three times. By Lemma 3.5, there exists N > 0 such that if for
some [ > 0, TNy, ¢ {{_] [}, then there exists a unique k > |w| such that y (y); =[@
and (N + ) = i. Hence, for all n € S, there exist a unique &, > |w| and m < n such
that 7y, (n) =i and 1, (m) =d + 1. Since yz41 = LI, |rk_nl(d + 1)] = 1. Define P :=
{z €Z:y(y). = @]} Therefore,

38[(U,ep . 1(d + 1) N0, n]] - lim sup

2l(U.ep 721 @) N0, 1]

lim sup,,_, o,

n+1 n—+1
(1)
Since y (x), = [ Jforallz € Z,
U rz_l(i) =Sy, and
zeP
U T 'd+1) = Syt
zeP
Therefore, from (1), we conclude that
3D(S4(@+1) = D(S4). 0
2 1 0 0 1 2
PROPOSITION 3.12. Let x =[N NPT MICFIICFIDCY -
Then, x is a mean equicontinuity point.
Proof. We divide the proof in two parts.
Part 1: Letm > 0,m' =m + 3 + Z;":Jff 2! and y € X, with
2m+3 22 21 20 20 2] 22 2m+3
=010 - IO OIE M My oo moer - - e 0

for a certain k. By Lemma 3.10, if x; =, where 0 < j <m +3 + Z}";Oz 2! then for all
N, N’ > Osuchthat TVy; =[] =Ty, [N — N'| = 22"+ — 1). Now,

SinN O, S N 0’ ] S N O,
hm Sllp M 5 hm Sup ﬁ( +Jj [ I’l]) + hm sup ﬁ( J [ I’l]) )
00 n+1 n—n n+1 n—n n+1
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Define Nog = min S;;. Observe that #(Sy; N[0, Nol)/(No+ 1) =1/(No+1). Let
Ny = min S; j\{No}. We have that £(S;; N[0, N{])/(Ny +1) =2/(N1 + 1) <2/(Np +
202m3 — 1)+ 1). Following this construction, for every r > 1, we define N, =
min(S4;\{N;}/_,). Observe that

#(S+; N[0, N ) r+1

N, +1 TN+ 1
r+1
< .
r@2m+4 —2 4 1/r)
Since
li r+1 1 _ 1
e Ny P T
we have
. S+ N[0, Ny D) 1 1
lim < < .
r—00 N, +1 202m+3 — 1) ~ om+3

Similarly, we obtain

95— NI0.ND 1
m

Y T
Thus,
lim g(S; N[0, Ny1) < 1 .
r—00 N, +1 om+2

Part 2: By Lemma 3.11 and Part 1, for all j € Z with x; = [ ]and

m+2 m+2
—(m+2+ZZl> <jsm+2+) 2,

=0 1=0

we have
3D(Sq) > D(S)),

where d = m + 3 + Y707 2!, Since D(Sy) < 1(1/27%2), D(S;) < 1/2"+2. Therefore,
by Proposition 2.13, x is a mean equicontinuity point. O

The proof of Lemma 3.13 is very similar to that of Lemma 3.12.
LEMMA 3.13. Letm > 0, w € A" and
SR 1 e % o | P
Then x is a mean equicontinuity point.

THEOREM 3.14. (AZ, T) has no equicontinuity points (hence is not almost equicontinu-
ous). However, it is almost mean equicontinuous.

Proof. The first statement follows immediately from Proposition 3.9.
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Now, let x € AZ, m > 0and w = x[o,n]. We set

| 1 o [

From Lemma 3.13, we conclude that y is a mean equicontinuity point. Therefore, (A%, T')
is almost mean equicontinuous. (|

4. Example 2: Pacman level 2 CA

Let A={_][L] R B C R} A ={]6d D), and let T: A% — AZ be the
Pacman CA of §3. We define 7> : A% — A% as

] ifx; =L
Thxj = if x; =Dk
D if x; = el

Now, we define a skew product. We define Ap := A x Aj and the map Tp : A% — A% as

(Txi, Toxy)  ifx; ¢ { (0 [64)), (], [&8]), (R [¢8)) };
(T, [@e)) if x; € { (B0, o)), (1], 6], (21 o) }.

LEMMA 4.1. Letm > 0, w € A’; and
x =)@ D) D)™,
Then, there exists N > 0 such that for alln > N and all 0 < i < |w]|,

Tpxi € {(p. @) : p e {LL [} A g € A2}

—_

Tpx,- =

Proof. This proof follows immediately from Lemma 3.5. O

We want to show that (A%, Tp) is not almost mean equicontinuous. Using Proposition
2.11, we need to find a non-empty open set that does not contain any mean equicontinuity
points.

LEMMA 4.2. Let m > 0 and w € A% such that wo = ([, [e)). Then, there exist x, y €
A% such that

X[0,Jw|—=1] = Y[0,|lw|-1] = W,
and the set
Zn=o\n € Zn=0 : Tpxo # Tpyo}
is finite.
Proof. Let w € A’} as in the hypothesis of the lemma. Define
x = D)w (L L) @& L) L O™
and

y =1 O[O )™
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Using Lemma 4.1, we can assume, without loss of generality, that w; € {(p,q) : p €
(LI A q € Az}. Now, there exists N > 0 such that Tllgvxo = (®], ¢), where q €
{8, DDJ}. Meanwhile, for all i > 0, we have that T;;yo = ([}, ¢) with g € {@%, ]D}}. There
are two cases to prove.

Case 1:TYxo= (Rl ). This implies that T, tlxo = (1, [é8)). Meanwhile,
T},V leyo = (1 D). Therefore, we can easily see that T},V + X0 # T}I,V +iyo, foralli > 0.

Case 2: TYx = (R, ). Again we have that 75 "'xo = ([1[8). So, T} *xg =
TIZJV +i yo for all i > 0. In this case, we redefine

x =20 ) (L ) (1 D) &, ) (. L)

and finish the proof with a similar argument as the one given in Case 1. (]

LEMMA 4.3. Let x € A% such that xo = (L}, [e)). Then, x is not a mean equicontinuity
point.

Proof. This lemma follows immediately from Lemma 4.2. (]

Note that for all € > 0, any y € B.(x), where xog = (L1, [@)), is not a mean equiconti-
nuity point.

THEOREM 4.4. (AZ, Tp) is neither mean sensitive nor almost mean equicontinuous.

Proof. Letus show that (AZ, Tp) is not mean sensitive, that is, for every ¢ > 0 there exists
aopenset U C A% such that for every x, y € U,

" d(Tix, Tk
lim sup 2izo 4Tpx, Tpy) <e
n—oo n+1

From Proposition 3.13, we have that the element

=000 OO DO DO DY @O o -

is a mean equicontinuity point. By Proposition 2.11, for every ¢ > 0, there exists § > 0
such that for all y, z € Bs(x),

lim sup Liso d(Tpy. Tp2) <e
n—oo n+1

Therefore, (AZ , Tp) is not mean sensitive.
The fact that (A%, Tp) is not almost mean equicontinuous follows immediately from
Lemma 4.3. O

We finish the paper with a question. A minimal TDS is mean equicontinuous if and only
if it is not mean sensitive [9, 17]. Considering Proposition 2.9, we ask the following.

Question 4.5. Does there exist a minimal subshift (X, ) and a CA (X, T) that is neither
mean equicontinuous nor mean sensitive?
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