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Mobius Randomness Law for Frobenius
Traces of Ordinary Curves

Min Sha and Igor E. Shparlinski

Abstract. Recently E. Bombieri and N. M. Katz (2010) demonstrated that several well-known results
about the distribution of values of linear recurrence sequences lead to interesting statements for
Frobenius traces of algebraic curves. Here we continue this line of study and establish the Mdbius
randomness law quantitatively for the normalised form of Frobenius traces.

1 Introduction

1.1 Background on Frobenius Traces

Throughout the paper, € denotes a smooth projective curve over a finite field Iy of
q elements. Following Bombieri and Katz [4], we consider the sequence Ag(n) of
Frobenius traces defined by

#C(Fgn) = q" +1- Ae(n),

where #C(IFy») is the cardinality of the set C(IF ) of I« -rational points on C.
Let g be the genus of C, and assume g > 1. Since by the Weil bound (see [17,
Section VIIL.5.9]), we have

|Ae(n)| < 269",
it is convenient to normalise the sequence Ae(n) as
Ae(n)

2gqn/2
which is called the normalised Frobenius trace.

(L1) ae(n) = e [-1,1],

1.2 Some Previous Results

Here we recall some previous results on the distribution of the sequence ae(n)
given by (L.1). First, we recall that Bombieri and Katz [4], using an interpretation of
Ace(n) as a linear recurrence sequence of order 2g, showed that |ae(n)| is not too
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small. More precisely, by [4, Theorem 3.1], for any € > 0, there is a constant c(¢) > 0
depending only on ¢ such that for every 1, either ac(n) = O or [ac(n)| > c(e)g g ™.
However, unless ¢ = 1 (that is, C is an elliptic curve), the constant c(¢) is not effectively
computable. Using the argument of [7, Theorem 2.6], one can give a stronger and fully
effective bound of the form

jac(n)| > ¥,

which for any function y(z) — oo as z — oo, holds for almost all n in the sense of
asymptotic density.

The asymptotic distribution of the values ac(#) in the interval [-1,1] was studied
in [1], where it is shown that this distribution differs from the usually occurring Sato-
Tate law [13, 14]. On the other hand, an asymptotic formula for the average ¢-adic
order of Ae(n) for a prime £ + g was given in [21, Theorem 4].

Several related results about the distribution of Kloosterman and Birch sums have
recently been given by Perret and Gentil [19].

We also note that using the upper bound of van der Poorten and Schlickewei [20,
Theorem 1], on the number of zeros of linear recurrence sequences, one can estimate
the number of zero values ae(n) = 0 in a better way that is outlined in [4, Section 5]
(via uniform bounds on the number of zeros of linear recurrence sequences such as
in [2, 8]).

The second part of our motivations comes from the so-called Mébius randomness
law (see, for example, [12, Section13.1] and also Sarnak’s conjecture [23]), which
roughly asserts that for any bounded sequence s(n) of complex numbers, defined
in terms that are not directly related to u(n), we have

i#(”)s(”) =0o(N), asN — oo.

Here, we establish quantitatively the M6bius randomness law for the sequence ae (n)
defined in (1.1).

1.3 Our Results

We recall that the Mobius function is defined as y(#) = 0 if an integer # is divisible
by a prime squared and y(n) = (-1)" if n is a product of r distinct primes.

Our main result is Theorem 1.2. However, for the completeness, we also record
Theorem 1.1.

Theorem 1.1  For any B > 0 and for any integer N > 2, we have

‘ i”(”)ae(ﬂﬂ < c(B)N(logN)75,

where c(B) > 0 is a constant depending only on B.

When € is an ordinary curve, we can get a better result. Recall that C is called
ordinary if and only if the number of p-torsion points on the Jacobian of C is exactly
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pé, where p is the characteristic of IF; (see [11, Definition 3.1] for some equivalent
definitions).

Recall that the assertion U << V is equivalent to the inequality |U| < ¢V with some
absolute constant ¢ > 0.

Theorem 1.2 If C is an ordinary curve of genus g > 1, for any integer N > 2 we have
N
> u(n)ae(n) «< N9 (Jog N4,
n=1

where
y(q, g) = 2333371g3(71 +logq)log(16g) + 4.

We remark that the constant ¢(B) in Theorem 1.1 is currently not effectively
computable. For the implied constant in Theorem 1.2, it is effectively computable (due
to the effectiveness of Lemma 2.4), but getting an explicit value of this constant is
beyond the scope of this paper.

To prove the above results, we first interpret the normalised Frobenius traces as
linear recurrence sequences via the zeta function (see (2.11)). Then Theorem 1.1 is an
immediate application of a result of Davenport [6], given by (2.6) below, on bounds on
exponential sums with y(n) exp(2mia) for a € R, and Theorem 1.2 is a consequence
of an improvement of (2.6) when some Diophantine properties of a are known
(see Lemma 2.5). More precisely, this improvement relies on a lower bound of the
denominator in Dirichlet’s approximation of an irrational number « when exp(27ia)
is an algebraic number (see Lemma 2.3). Here, we are able to take advantage of this
stronger bound in the case of Theorem 1.2 (see Lemma 2.7).

2 Preliminaries
2.1 Linear Form in the Logarithms of Algebraic Numbers

The main tool in this paper is Baker’s theory of linear forms in the logarithms of
algebraic numbers; see [5]. Here we restate one of its explicit forms due to Baker and
Wiistholz [3].

First, recall that for a non-zero complex number z, the principal value of the natural
logarithm of z € C is

logz =log|z| + i - Arg(z),

where as usual, i is the imaginary unit, and Arg(z) is the principal value of the
arguments of z (0 < Arg(z) < 2m).
Let

A=blogay + byloga, + -+ b, loga,

where n > 2, by,...,b, €Z,and «y, ..., «a, are non-zero elements of a number field
K. Letd = [K : Q] and B = max{|by|,...,|bn|}. Foralll < j < n, choose a real number
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Aj such that
Aj > max {h(a;),|loga;|/d,1/d},

where h stands for the logarithmic absolute Weil height (note that the height function
used in [3] is different from ours).
Suppose that A # 0. Then we have

(2.0 log|A| > -C(n,d)A;-+-A, - max{log B,1/d},
where
C(n,d) =18(n +1)!n"*'(32d)"** log(2nd).

We remark that we in fact only need a lower bound on linear forms in two loga-
rithms of the form in [16, Théoréme 3]. However, the lower bound in [16, Théoréme 3]
essentially has the term (log B)?. This is not sufficient for our purpose. Alternatively,
using [10, Theorem 2.1] one can obtain such a lower bound having the term log B.

In addition, there is another explicit form of Baker’s theory due to Matveev [18,
Corollary 2.3]. However, for our purpose, Baker and Wiistholz [3] gives a slightly
better result.

2.2 Lower Bounds for Diophantine Approximations

The famous theorem of Roth [22] states that given an irrational algebraic number «
and ¢ > 0, there exists a constant c(«, €) > 0 such that for any integers r, s with s > 0,
we have

c(a, €)

(22) s2te

‘ r

S

Certainly, in general, for real transcendental numbers, no such bound is possible.
Here, using Baker’s theory of linear forms in logarithms (see [5]), we obtain such a
lower bound for a special kind of real transcendental numbers, namely, for irrational
arguments of algebraic numbers.

Now, let & be an irrational number. Define

e( (X) — eZm'a’
where, as usual, e is the base of the natural logarithm. If e(«) is an algebraic number,
then by the Gelfond-Schneider theorem, we know that & must be a transcenden-
tal number. Indeed, assume that « is an algebraic number; then by the Gelfond-
Schneider theorem, 1 = e(a)"/* is a transcendental number, which is impossible.

The following result gives such a lower bound for any irrational number a when
e(a) is an algebraic number. This can be viewed as a Diophantine property of
the arguments of algebraic numbers. In fact, 1+ x(«) is an upper bound of the
irrationality exponent of a.

We also remark that the following result is essentially a variant of [4, Theorem 4.1].
Following the same strategy, we provide a proof for the convenience of the reader and
also put it in a form suitable for our applications.
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Lemma 2.1 Let « be an irrational number. Assume that e(«) is an algebraic number.
Then, for any integers r,s with s > 1, we have
| _ r‘ N
s 7'[(25)“”(0‘) i
where
r(a) = 2%23°nd> A, log(4d),
d = [Q(e(a)) : Q]
A; = max{h(e(a)),2na/d,1/d}.

Proof = We can always replace a with its fractional part {a}. Hence, without loss of
generality, we assume that 0 < a < 1and gcd(r,s) = 1. Then if |r| > s, we have

a—-|>-,

=il
st s

which is better than the desired result. In the sequel, we assume |r| < s.

Denote

A=oa—--.
s

Then, since 0 < « < 1, we have

loge(a) = 2mia = Zm'(A + r),

s

and so

2smiA = sloge(a) — 2rmi = sloge(a) — 2rlog(-1).
Denote

A =sloge(a) - 2rlog(-1).
So,
A

(2.3) |A| = %

Note that « is an irrational number. So, e(«) is not a root of unity, and thus A # 0.
Using (2.1) with n = 2, we obtain

(2.4) log|A| > -C(d)A;A, - max{log B,1/d},
where
C(d) = C(2,d) =273°d*log(4d),
d = [Q(e(a)) : Q]
A; = max{h(e(a)),2na/d,1/d}, A,=n/d,
B = max{s, 2|r|}.
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Since |r| < s, we have B < 2s. In view of s > 1 and d > 2, we get
max{log B,1/d} <log(2s).
Hence, inequality (2.4) becomes
log|A| > —2%3%d” log(4d) A, log(2s),

which, together with (2.3), implies the desired result. [ ]

2.3 Dirichlet’s Theorem

We first recall Dirichlet’s theorem in Diophantine approximation; see, for example, [12,
Equation (20.29)].

Lemma 2.2 Let o be an irrational number. Then, for any integer N > 2, there are two
integers r, s such that

1
sN’

r
o — —
N

0< <

1<s<N, ged(r,s) =1.

In Lemma 2.2, if N tends to infinity, then s also goes to infinity. It is natural to ask
how large s can be. If « is an irrational algebraic number, combining Lemma 2.2 with
the bound (2.2), we have

(2.5) s> (c((x,s)N)l/(Hs).

The next result follows directly from Lemmas 2.1 and 2.2.

Lemma 2.3  Let a be an irrational number. Assume that e(«) is an algebraic number.
Then, for any integer N > 2, there are integers r, s such that

r 1
O0<|a-~|<—, 1<s<N,ged(r,s)=1,
‘ s‘ sN 8 ( )

and
s> %(N/(zn))””(“),

where (o) has been defined in Lemma 2.1.

2.4 Exponential Sums with Mobius Function

Recall the following bound of exponential sums with M6bius function, which depends
on the Diophantine properties of the exponent «; see [12, Theorem 13.9]. It can be
viewed as a variant of the modern form of the Vinogradov bound for exponential
sums over primes; see [12, Section 13.5] for more details.

Lemma 2.4  Suppose that the real a satisfies

r
o — —
N

<1
< —
$2
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for some integers r,s with s > 0 and gcd(r, s) = 1. Then, for any integer N > 2, we have

N
> u(n)e(na) < (51/4N1/4 +sTVANY2 4 N2/5)N1/2(logN)4.
n=1

We remark that the implied constant in Lemma 2.4 is effectively computable, but
getting an explicit value of this constant is beyond the scope of this paper.

In addition, Davenport [6] (see also [12, Theorem13.10]) has established the
following general result: for any real number « and N > 2, we have

N
(2.6) | z::l‘u(n)e(ncx)‘ <c(B)N(logN)™®

for any B > 0, where c(B) > 0 is a constant depending only on B. We remark that the
constant ¢(B) is currently not effectively computable. The upper bound in (2.6) has
the very attractive feature that it is independent of a.

Involving the dependence on «, the bound (2.6) can be improved for some special
cases.

Lemma 2.5 Let a be an irrational number. Assume that e(a) is an algebraic number.
Then, for any integer N > 2, we have

N
> u(n)e(na) < NIV U+ (160 N)4,
n=1

where k(a) has been defined in Lemma 2.1.

Proof By Lemma 2.3, for any integer M > 2, there are integers r, s such that
r 1

0< ‘0( - _‘ < )

sM

1<s <M, ged(r,s) =1,
s

and

5> %(M/(zn))“”(“),

where k() has been defined in Lemma 2.1. Then, by Lemma 2.4, we have

N
(2.7) > u(n)e(na) < (51/4N1/4 +sTVANY2 4 NZ/S)NI/Z(logN)4.

n=1

Note that

%(M/(Zn))l/“(“) <s<M,
hence

SVANVA | VANI2Z o pp/ANI4 +M—1/(4n(a))Nl/2,
which with

M = [N/ 5 5]

https://doi.org/10.4153/50008439520000363 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000363

Mobius Randomness Law for Frobenius Traces 199

becomes

SYANIA | UVANY2 o NU/2-1/(4n(a)+4)

Substituting this into (2.7), we see that the term N 9/10 never dominates, and we obtain
the desired result. u

From the above proof, one can see that if an irrational number « has a Diophantine
property as in Lemma 2.3, then the upper bound (2.6) can be improved similarly. For
example, this can be done for irrational algebraic numbers by (2.5).

2.5 Frobenius Eigenvalues and Angles

We refer the reader to [17] for a background on curves and their zeta-functions.
For a smooth projective curve € over the finite field IF;, we define the zeta-function
of C as

Z(T) = exp(Z#G(Fqn) 7: )

It is well known that if C is of genus g > 1, then

21y - —20
(1-T)(1-qT)
where
2g
P(T) = 1._{(1 -B;T)
i=
is a polynomial of degree 2¢ with integer coefficients, and i, 32, . .., B2, are algebraic

integers, called the Frobenius eigenvalues, which satisty

(2.8) Bil=4"%  j=12...,2g

see [17, Section VIIL5]. Then, for each §;, since all its conjugates have absolute value

g'/%, we have (via the Mahler measure, see [24, Lemma 3.10])

1 .
(2.9) h(B;) = Elogq, i=12,...,2¢.
Furthermore, in view of (2.8), we write

(2.10) Bj = q"%e(a;),

with some & € [0,1), j=1,2,...,2g. Usually, these 27ra; are called Frobenius angles.
We then call «; normalised Frobenius angles. Now simple combinatorial arguments
lead to the well-known identity

28
#C(Fgpn) =q" +1- Zﬁ}’,
j=1
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which implies
(1) = = S*e(n)
(2.11) ac(n)=—>» e(na;).
28 4 !
This is crucial for our approach.

2.6 Diophantine Properties of Normalised Frobenius Angles

We recall the following irrationality property of normalised Frobenius angles given
by [1, Lemma 8]

Lemma 2.6  Suppose that C is an ordinary smooth projective curve of genus g > 1 over
IFy. Then all its normalised Frobenius angles aj, j = 1,2, ...,2g, are irrational.

Now, we can use Lemma 2.1 to obtain a Diophantine property for the normalised
Frobenius angles.

Lemma 2.7  Suppose that C is an ordinary smooth projective curve of genus g > 1 over
IFy. Let a be an arbitrary normalised Frobenius angle of C. Then, for any integers r,s
with s > 1, we have

o= —
s17 (2s)+r(a: )7

where
#(q, g) =2%3°ng’(m + log q) log(16g).

Proof Let f3 be the Frobenius eigenvalue corresponding to « as defined in (2.10).
That is, B = '/%e(«). Hence, e(«) is an algebraic number. Besides, by Lemma 2.6, «
is an irrational number. Then, appying Lemma 2.1, we have that for any integers r, s
with s > 1,
e
s n(2$)1+m(a) ’
where
k() =273 1d? log(4d) Ay,

d=[Q(e(a)) : Q],
A, = max{h(e()), 2a/d, 1/d}.

Since deg 3 < 2¢, we have

d =[Qe(@)) : Q] = [Q(Bg ) : Q] < 2deg f < 4g.
Using (2.9), we obtain

h(e(a)) =h(Bg™"*) <h(B) +h(q"*) =logq.
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Note that we must have d > 2. So, we have A; < 7 +log q. Hence, we get
k() <23’ g’ (7 + log q) log(16g).
This completes the proof. [

3 Proofs of the Main Results

3.1 Proof of Theorem 1.1
By (2.11), we have
| z u(n)ae(n)| < - <z \ z (n)e(nay)|.
Then the desired result follows directly from the bound (2.6).

3.2 Proof of Theorem 1.2

Let ap, s, ...,z be the normalised Frobenius angles of C. For each j, using
Lemmas 2.5 and 2.7, we have that for any integer N > 2,

N
(3.0) 3 u(n)e(na;j) « N7YE@ 44 (1og N4,

n=1

where k(q, g) hasbeen defined in Lemma 2.7.
So, combining (2.11) with (3.1), for any integer N > 2, we have

| ac(n)] - 5 iu(n>§e(naj>|

1 2 N
2—Z|Z e(nocj)|

J 1 n=1
« NIVs(a, 9+4) (1o Y4,

This completes the proof.

4 Comments

We remark that our methods also apply to the sequences of character sums
1
S(n) =~z % ¥ (Tre,m, (R(2)))
qn

where Trr,, /r, is the trace function from IF g» to I, y is a fixed additive character of I,
and R(X) € IF,(X). We recall that if R(X) is not of the form R(X) = Q(X)? - Q(X)
for any other function Q(X) € Fy(X), where p is the characteristic of F;, then 8z (1)
can be expressed as a power sum of the same type as (2.11); see [12, Section 11.11].
Hence, a full analogue of Theorem 1.1 holds for these sums for any R(X) € F,(X),
such that R(X) # Q(X)? — Q(X) for any Q(X) € [y (X).
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The situation with an analogue of Theorem 1.2 is more complicated as one needs
an irrationality of angles statement similar to Lemma 2.6, which does not seem to
be readily available. There are some results in this direction in [4, 19], in particular
showing that the required irrationality holds “generically” in some special cases, but
they are not enough to make a conclusive statement about the sums Sg (). Hence, we
pose this as an question to find appropriate sufficient conditions on R(X) for which
an analogues of Theorem 1.2 holds for Sg(#n).

Perhaps, it is natural to start with Kloosterman sums

1
jc(”):W > W(Trmqn/wq(aX+x‘l)), n=12,...,
erF;n

where a € IF; is a fixed element. Indeed, it is well known that for some 9 € C with

19| = g'/2, we have
fK(n):S”+§n, n=12,...;

see [4, 19], where this representation is also exploited. We note that this setting is dual

to that of [9, 15] where Kloosterman sums modulo a large fixed prime p (and more

general trace functions) are ordered by the coefficient 7 in the exponent nx + x 7%,

rather than by the degree of the field extension as in this setting.

Acknowledgment The authors are very grateful to the referee for valuable com-
ments.
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