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We study I(T), the number of inversions in a tree T with its vertices labelled uniformly
at random, which is a generalization of inversions in permutations. We first show that the
cumulants of I(T) have explicit formulas involving the k-total common ancestors of T
(an extension of the total path length). Then we consider X,,, the normalized version of
I(T,), for a sequence of trees T,. For fixed T,’s, we prove a sufficient condition for X,
to converge in distribution. As an application, we identify the limit of X, for complete
b-ary trees. For T, being split trees [16], we show that X, converges to the unique solution
of a distributional equation. Finally, when T,’s are conditional Galton—Watson trees, we
show that X, converges to a random variable defined in terms of Brownian excursions. By
exploiting the connection between inversions and the total path length, we are able to give
results that significantly strengthen and broaden previous work by Panholzer and Seitz [46].

2010 Mathematics subject classification: 60C05

1. Introduction

1.1. Inversions in a fixed tree

Let g1,...,0, be a permutation of {1,...,n}. If i < j and ¢; > ¢}, then the pair (o;,0;)
is called an inversion. The concept of inversions was introduced by Cramer [14] (1750)
due to its connection with solving linear equations. More recently, the study of inversions
has been motivated by its applications in the analysis of sorting algorithms: see e.g. [37,

T This work was partially supported by two grants from the Knut and Alice Wallenberg Foundation, a grant
from the Swedish Research Council, and the Swedish Foundations’ starting grant from the Ragnar Soderberg
Foundation.

§ Work partially conducted while affiliated with the Heilbronn Institute for mathematical research at the
University of Bristol.

https://doi.org/10.1017/50963548318000512 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548318000512

336 X. S. Cai, C. Holmgren, S. Janson, T. Johansson and F. Skerman

Section 5.1]. Many authors, including Feller [21, p. 256], Sachkov [52, p. 29], Bender [7],
have shown that the number of inversions in uniform random permutations has a central
limit theorem. More recently, Margolius [42] and Louchard and Prodinger [39] studied
permutations containing a fixed number of inversions.

The concept of inversions can be generalized as follows. Consider an unlabelled rooted
tree T on node set V. Let p denote the root. Write u < v if u is a proper ancestor of
v, that is, the unique path from p to v passes through u and u # v. Write u < v if u is
an ancestor of v, i.e. either u < v or u = v. Given a bijection 1 : V — {1,...,|V|} (a node
labelling), define the number of inversions:

n(r,n% Z Ly aw)-
u<v
Note that if T is a path, then I(T, A) is simply the number of inversions in a permutation.
Our main object of study is the random variable I(T), defined by I(T) = I(T, A) where 4
is chosen uniformly at random from the set of bijections from V to {1,...,|V|}.

The enumeration of trees with a fixed number of inversions has been studied by
Mallows and Riordan [41] and Gessel, Sagan and Yeh [25] using the so-called inversions
polynomial. While analysing linear probing hashing, Flajolet, Poblete and Viola [23] noticed
that the numbers of inversions in Cayley trees with uniform random labelling converge
to an Airy distribution. Panholzer and Seitz [46] showed that this is true for conditional
Galton—Watson trees, which encompass the case of Cayley trees.

For a node v, let z, denote the size of the subtree rooted at v. The following
representation of I(T'), proved in Section 2, is the basis of most of our results.

Lemma 1.1. Let T be a fixed tree. Then
(n<y"z, (1.1)
veV

where {Z,},cy are independent random variables, and Z, ~ Unif{0,1,...,z, — 1}.

We will generally be concerned with the centralized number of inversions, i.e. I(T) —
E[I(T)]. For any u < v we have P{A(u) > A(v)} = 1/2. Let h(v) denote the depth of v, i.e.
the distance from v to the root p. (The distance from u to v is the number of edges in the
unique path connecting u and v.) It immediately follows that

1
E[I(T)] = ;E[ll(u)>ﬂ,(v)] =5 X(T). (1.2)
where Y(T)déf >, h(v) is called the total path length (or internal path length) of T.

Let »q = »4(X) denote the kth cumulant of a random variable X (provided it exists);
thus s (X) = E[X] and s(X) = Var(X) (see [27, Theorem 4.6.4]). We now define Yi(T),
the k-total common ancestors of T, which allows us to generalize (1.2) to higher cumulants
of I(T). For k nodes vy,...,vr (not necessarily distinct), let c¢(vy,...,vx) be the number of
ancestors that they share, that is,

c(vl,...,vk)dg\{u eV iu<o,u< o, .., u <l
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We define
Y(TE Y clvn....m), (13)

where the sum is over all ordered k-tuples of nodes in the tree. For a single node v,
h(v) = ¢(v) — 1, since v itself is counted in ¢(v). So Y(T) = Y{(T) — |V]; that is, we recover
the usual notion of the total path length.

Theorem 1.2. Let T be a fixed tree. Let s (I1(T)) be the kth cumulant of I(T). Then
1

ST = V), (14)

Var((T)) = s(1(T) = 15 (0(T) = V),

BII(T)] = »a(I(T)) = 3 ¥(T) =

and, more generally, for k > 1

BZk

a1 (I(T)) =0, sex(I(T)) = 5= (You(T) — V), (L.5)
where By denotes the kth Bernoulli number. Moreover, 1(T) has the moment generating
function

nt
Efe! ™ =] S—— 1.6
[e"T] UGHVW—U’ (1.6)

and for the centralized variable we have the estimate

E[e'!(T-EUT exp( 2 (2 —1) ><6Xp< £y u>—€Xp<1 2Y2(T)> teR.

veT veT
(1.7)

Remark 1.3. Recalling that By = —1/2 and By =0 for k > 1, (1.4)—(1.5) can also be
written as

Al(T) = DD OT) = V1), k> 1.

Remark 1.4. Higher moments and central moments can be calculated from the cumulants
by standard formulas [53]. (Note that all odd central moments vanish by symmetry.) For
example, recalling B4 = —1/30, Theorem 1.2 implies that

Lom— vy = Lo - ).

E[(I(T) —E[I(T))'] = 3 (T)) + (I(T) = 22 30

Remark 1.5. An inversion is a special case of a pattern in a permutation. Thus, just
as we can study inversions in trees, we can also study other patterns in trees. A recent
paper by Albert, Holmgren, Johansson and Skerman [2] generalizes Theorem 1.2 from
inversions to any fixed patterns.
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1.2. Inversions in sequences of trees
The total path length Y(T) has been studied for random trees such as split trees [9] and
conditional Galton—Watson trees [4, Corollary 9]. This leads us to focus on the deviation

I(Tn) — E[I(Tn)]

s(n) ’
under some appropriate scaling s(n), for a sequence of (random or fixed) trees T,, where
T, has size n.

X, =

Fixed trees

Theorem 1.6. Let T, be a sequence of fixed trees on n nodes. Let
X, = I(Tn) - E[I(Tn)]
=
EV, Y2(Tn)
Assume that for all k > 1,

sz ( Tn)
YZ ( Tn )k

— (o,

for some sequence ({a). Then there exists a unique distribution X with

B
wk—1(X) =0, (X)) = 2%:(2/“ k>1,

d
such that X, —> X and, moreover, E[e*"] — E[e'X] < oo for every t € R.

Remark 1.7. By Theorem 1.2, Var(X,) = (Y2(T,) — n)/(12s(n)?). Thus, it is natural to
consider

s(n) = O(/ Yao(T,) —n) = O(/ Yo Ty)),

def
where we use Y»(T,) = Do, C(01,02) = 1P

Remark 1.8. The functions wxn(t)ngE[etX"] and ywyx(t) d;fIE[e‘X] are called moment gen-

erating functions of X, and X respectively. The convergence yyx,(f) = wx(f) <oo in a

neighbourhood of 0 implies that X, LN X and (| X,|")n>1 is uniformly integrable for all
r > 0; thus E[|X]|] — E[|X|"] for all r > 0 and E[X]] — E[X"] for all integers r > 1. See
e.g. [27, Theorem 5.9.5].

As simple examples, we consider two extreme cases.

Example 1.9. When P, is a path of n nodes, we have for fixed k > 1

k+1

Yi(Pn) ~ n

1
k+1
Thus Yo (P,)/Y2(Py)¢ — 2 = 0 for k > 2. So by Theorem 1.6, X,, converges to a normal
distribution, and we recover the central limit law for inversions in permutations. Also, the
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vertices have subtree sizes 1,...,n and so we also recover from Theorem 1.2 the moment
generating function []7_,(e/" —1)/(j(e" — 1)) [42, 52].

Example 1.10. Let T, = S,_, a star with n — 1 leaves, and denote the root by 0. We have
z, = nand z, = 1 for v # 0. Hence, by Lemma 1.1, or directly, I(S,—1) ~ Unif{0,...,n — 1},
and consequently

(I(T,)) — E[I(T,)])/n — Unif [—; ;]

This follows also by Theorem 1.6, since Y(S,_;) ~ n* for k > 2 (e.g. by Lemma 2.3 below).

It is straightforward to compute the k-total common ancestors for b-ary trees. Thus our
next result follows immediately from Theorem 1.6.

Theorem 1.11. Let b > 2 and let T, be the complete b-ary tree of height m with n =
(b™*1 —1)/(b — 1) nodes. Let

bd
I(T,) —E[I(Ty)] Uaj
X, = —2 "0 and X = =4
. an > G
d>0 j=1
where (Ugj)as0,j>1 are independent Unif[—1/2,1/2]. Then X, % X and E[eX"] — E[e'X]
< oo, for every t € R. Moreover, X is the unique random variable with

sz b2k—1

so—1(X) =0,  sex(X) = Sk bR

k> 1. (1.8)

Random trees. We move on to random trees. We consider generating a random tree T,
and, conditioning on T, labelling its nodes uniformly at random. The relation (1.2) is
maintained for random trees:

1
E[(Ty)] = E[EI(T,) | Tull = SE[Y(T,)].

The deviation of I(T),) from its mean can be taken to mean two different things. Consider,
for some scaling function s(n),

_ (1) —EU(T,)]

_1
Xn = Yn — I(Tn) _E[I(Tn) | Tn] _ I(Tn) QY(Tn)‘

s(n) ’ s(n) s(n)

Then X, and Y, each measure the deviation of I(T},), unconditionally and conditionally.
They are related by the identity

X, =Y, + Wn/2> (19)

where
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In the case of fixed trees W, =0 and X, = Y, but for random trees we consider the
sequences separately.

We consider two classes of random trees: split trees and conditional Galton—Watson
trees.

Split trees. The first class of random trees which we study are split trees. They were
introduced by Devroye [16] to encompass many families of trees that are frequently used
in algorithm analysis, e.g. binary search trees [28], m-ary search trees [47], quad trees
[22], median-of-(2k + 1) trees [54], fringe-balanced trees [15], digital search trees [12] and
random simplex trees [16, Example 5].

A split tree can be constructed as follows. Consider a rooted infinite b-ary tree where
each node is a bucket of finite capacity s. We place n balls at the root, and the balls
individually trickle down the tree in a random fashion until no bucket is above capacity.
Each node draws a split vector V = (V1,..., V) from a common distribution, where V;
describes the probability that a ball passing through the node continues to the ith child.
The trickle-down procedure is defined precisely in Section 4. Any node u such that the
subtree rooted as u contains no balls is then removed, and we consider the resulting
tree T),.

In the context of split trees we differentiate between I(T,) (the number of inversions
on nodes), and 1 (T,) (the number of inversions on balls). In the former case, the nodes
(buckets) are given labels, while in the latter the individual balls are given labels. For balls
P1, o, write f1 < f; if the node containing f; is a proper ancestor of the node containing
p2; if By, B» are contained in the same node we do not compare their labels. Define

Ty =" Ligsap.
Bi<B>
Similarly define Y’( T,) as the total path length on balls, i.e. the sum of the depth of all
balls. And let
¢ M) -EIT)] o _ T —sV(T)/2 5 _ Y(T)—E[N(T,)]

X, - > Y, 5 W, = . (110)
n n n

Here sy is a fixed integer denoting the number of balls in any internal node, and we
have X, = Y, + soW, /2 (formally justified in Section 4). The following theorem gives the
limiting distributions of the random vector ()A(,,, }A’n, Wn). In Section 4.4 we state a similar
result for (X,,Y,, W,) under stronger assumptions. Note that the concepts are identical
for any class of split trees where each node holds exactly one ball, such as binary search
trees, quad trees, digital search trees and random simplex trees.

Let d, denote the Mallows metric, also called the minimal 7, metric (defined in
Section 4). Let Mg’z be the set of probability measures on R with zero mean and finite
second moment.

Theorem 1.12. Let T, be a split tree and let V = (Vy,...,V}) be a split vector. Define

b

b

1

p==> E[VilnV] and D(V)=;2m1nm.
i=1 i=1
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A

Assume that P{3i : V; =1} <1 and so > 0. Let (X, Y, W) be the unique solution in ./\/1(3),2
for the system of fixed-point equations

§> ~b> D>
le
=
S
:
ng
7N\
Q
|
\‘/

(1.11)
i=1
b
S VW +14DV)
L i=1 J
Here
(Vl)"')Vb)ﬁ Ul?“‘7US()5 (Xv(l)7))\/(1)’ W(l))!""(y(b)f?(b) Ij/(b))
are independent, with U; ~ Unif[0,1] for j=1,...,50, and ()A(" W) ~ (f(, Y W)for

A

i=1,...,b. Then the sequence ()A(n, f/n, VV,,) deﬁned in (1.10) converges to (X ,)A’, W) in dy
and in moment generating function within a neighbourhood of the origin.

The proof of Theorem 1.12 uses the contraction method, introduced by Rosler [49] for
finding the total path length of binary search trees. The technique has been applied to
d-dimensional quad trees by Neininger and Riischendorf [44] and to split trees in general
by Broutin and Holmgren [9]. The contraction method also has many other applications
in the analysis of recursive algorithms: see e.g. [45, 50, 51].

Remark 1.13. We assume that sy >0, for otherwise we trivially have f(n =0 and
Theorem 1.12 reduces to Theorem 2.1 in [9].

Remark 1.14. In a recent paper, Janson [34] showed that preferential attachment trees
and random recursive trees can be viewed as split trees with infinite-dimensional split
vectors. Thus we conjecture that the contraction method should also be applicable for
these models and give results similar to Theorem 1.12.

Remark 1.15. Assume that the constant split vector V = (1/b,...,1/b) is used and each
node holds exactly one ball (a special case of digital search trees: see [15, Example 7]).
Then D(V) = —1 and (1.11) has the unique solution ()A(, Y, W) = (X, X,0), where X has
the limiting distribution for inversions in complete b-ary trees (see Theorem 1.11). This is
as expected, as the shape of a split tree with these parameters is likely to be very similar
to a complete b-ary tree.

Conditional Galton—Watson trees. Finally, we consider conditional Galton—Watson trees
(or equivalently, simply generated trees), which were introduced by Bienaymeé [8] and
Watson and Galton [55] to model the evolution of populations. A Galton—Watson tree
starts with a root node. Then recursively, each node in the tree is given a random
number of child nodes. The numbers of children are drawn independently from the same
distribution ¢ called the offspring distribution.
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A conditional Galton—Watson tree T, is a Galton—Watson tree conditioned on having
n nodes. It generalizes many uniform random tree models, e.g. Cayley trees, Catalan trees,
binary trees, b-ary trees and Motzkin trees. For a comprehensive survey, see Janson [32].
For recent developments, see [10, 17, 33, 38].

In a series of three seminal papers, Aldous [3, 4, 5] showed that T, converges under re-
scaling to a continuum random tree, which is a tree-like object constructed from a Brownian
excursion. Therefore, many asymptotic properties of conditional Galton—Watson trees,
such as the height and the total path length, can be derived from properties of Brownian
excursions [4]. Our analysis of inversions follows a similar route. In particular, we relate
I(T,) to the Brownian snake studied by Janson and Marckert [36], for example.

In the context of Galton-Watson trees, Aldous [4, Corollary 9] showed that n—3/2Y(T},)
converges to an Airy distribution. We will see that the standard deviation of I(T,)—
IY(Ty) is of order n®* < n¥/2, which by the decomposition (1.9) implies that n=*/?I(T,)
converges to the same Airy distribution, recovering one of the main results of Panholzer
and Seitz [46, Theorem 5.3]. Our contribution for conditional Galton—Watson trees is a
detailed analysis of Y, under the scaling function s(n) = n>/*.

Let e(s),s € [0,1] be the random path of a standard Brownian excursion, and define

Cls, ) C(t,5) 2 min e(u), for0<s<t <1,

s<ut

We define a random variable (see [31])

n& / C(s,t)ds dt = 4 / min e(u). (1.12)
[0,1]?

01 SSUst

Theorem 1.16. Suppose T, is a conditional Galton—Watson tree with offspring distribution
& such that E[¢] = 1, Var(¢) = ¢* € (0,00), and E[e*] < oo for some o > 0, and define

I(Tn) - %Y(Tn)

Y= 03/

Then we have
d
Y, > Y= — N, 1.13
25 V1 (1.13)

where N is a standard normal random variable, independent of the random variable n defined
in (1.12). Moreover, E[e'Y"] — E[e'Y] < oo for all fixed t € R.

The moments of # and Y are known [35]: see Section 5.

The rest of the paper is organized as follows. In Section 2 we prove Lemma 1.1 and
Theorem 1.2. The results for fixed trees (Theorems 1.6, 1.11) are presented in Section 3.
Split trees and conditional Galton—Watson trees are considered in Sections 4 and 5
respectively. Sections 4 and 5 are essentially self-contained, and the interested reader may
skip ahead.
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2. A fixed tree

In this section we study a fixed, non-random tree T. We begin by proving Lemma 1.1,
which shows that I(T') is a sum of independent uniform random variables.

Proof of Lemma 1.1. We define Z, =", ., Liw>ir) and note that

I(T) d;f Z li(u)>/l(v) = Z < Z 1,1(u)>2(v)> B Z “e

u<v uelV “vaw>u ueV

showing (1.1). Let T, < T denote the subtree rooted at u. It is clear that conditioned on
the set A(T,), 4 restricted to T, is a uniformly random labelling of T, into A(T,). Recall
that z, denotes the size of T,. If the elements of A(T,) are /1 < -+ < /,, and if A(u) =,
then Z, =i— 1. As A(u) is uniformly distributed, so is Z,.

We prove independence of the Z, by induction on V. The base case |V| =1 is trivial.
Let Ty,...,T; be the subtrees rooted at the children of the root p, and condition on
AMTh),...,(Ty). Given these sets, 4 restricted to T; is a uniformly random labelling of
T; using the given labels A(T;), and these labellings are independent for different i. So,
conditioning on A(T}),...,A(Ty), the d families (Z,),er, are independent, and each is
distributed as the corresponding family for the tree T;.

Hence, by induction, still conditioned on A(T}),...,A(Ty), (Z;),+, are independent, with
Z, ~ Unif{0,1,...,z, — 1}. Further, Z,=A(p)—1, and Ai(p) is determined by
MTy),...,A(Ty) (as the only label not in U‘f (T;)). Hence the family (Z,),+, of independent
random variables is also independent of Z,, and thus (Z,),cy are independent. This
completes the induction, and thus the proof. Ul

Our first use of the representation in Lemma 1.1 is to prove Theorem 1.2, which gives
both a formula for the moment generating function and explicit formulas for the cumulants
of I(T) for a fixed T. The proof begins with a simple lemma giving the cumulants and
the moment generating function of Z, in Lemma 1.1, from which Theorem 1.2 will follow
immediately.

Recall that the Bernoulli numbers By, can be defined by their generating function

- Xk X
k=0

(convergent for |x| < 2m): see e.g. [18, (24.2.1)]. Recall also By =1, By =—1/2 and
B, = 1/6, and that By, =0 for k > 1.

Lemma 2.1. Let N > 1, and let Zy be uniformly distributed on {0,1,...,N —1}. Then
E[ZN] = (N —1)/2, Var(Zy) = (N> — 1)/12 and, more generally,

Bk

a(Zy) = - (NF=1), k>2, (22)
where By is the kth Bernoulli number. The moment generating function of Zy is
Nt __ 1
Zyy _ ¢
Ele'M] Ne—1) (2.3)
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Proof. This is presumably well known, but we include a proof for completeness. The
moment generating function of Zy is

=z

—1 . Nt __ 1
o= T (2.4)

E[e?] = N =T

2| =
I

J
verifying (2.3). The function (¢’ — 1)/t is analytic and non-zero in the disc |t| < 2z, and

thus has there a well-defined analytic logarithm
t

: el —

f(1) =1log ——, (25)
with f(0) = 0. By (2.4) and (2.5), the cumulant generating function of Zy can be written
as

logE[e'“N] = f(Nt) — f(¢). (2.6)
Differentiating (2.5) yields (for 0 < |¢| < 27)
, d . e 1 1 1
f(t)—%(log(e — 1) —logt) = o1 _?_ﬁ+1_?’
and thus, using (2.1),
(o (1) = — +t—1—§:B ﬁ—lﬂ—iB LAY
T -1 I B T
Consequently,
B k1
fO =375+t (2.7)
k=2 ’
and thus by (2.6)
“ By tk N—1
tZN — g k . e -
log E[¢"¥] k; (N =)+ =t

The results on cumulants follow. (Of course, E[Zy] is more simply calculated
directly.) L]

Remark 2.2. Similarly, using (2.7), or by (2.2) and a limiting argument, if U ~ Unif[0, 1]
or U ~ Unif[—1/2,1/2], then »4(U) = By /k, k > 2.

Recall that in the introduction, we defined
def
iy, 00) = [{utu<vp,..u < v,

that is, ¢(vy,...,vx) is the number of common ancestors of vy,..., vk.

Lemma 2.3. Let z, denote the number of vertices in subtree rooted at v. Then for k > 1,

Sd=1(mE Y cvr.. ).

v U1 eeesUk
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Proof. It is easily seen that

E Zy = § l{ugv} = § c(v).
u u v
Similarly,
2 _ 1 — ,
Zy = {uouw} = C(U,W).
u u,o,w u,w

More generally,

k
Sat = I (E tec) = Xt

u i=1 v V1 5eensUkc

345

Remark 2.4. Observe that all common ancestors of the k vertices must lie on a path,
stretching from the last common ancestor to the root. Define a related parameter Y} (T)
to be the sum over all k-tuples of the length of this path (rather than number of vertices
in the path). We call this the k-common path length. Now Y{(T) = Y(T) and Y,(T) has
appeared in various contexts: see for example [31] (where it is denoted Q(T)). Let vy A v
denote the last common ancestor of the vertices v; and v,. It is easy to see that, with

n=|T|,

YUT)E Y hwr A Av) = (evn,....o) — 1) = Yu(T) — 1,

Ul seensUk OfpeeesVk

and by Lemma 2.3, Yx(T) = 3, 2, s0 Yi(T) = X, 27

Remark 2.5. Let S; be a star with k leaves /1,...,/x and root o. Then Y(T) is the
number of embeddings ¢ : V(S;) — V(T) such that ¢(0) < ¢(Z;) for each i. Similarly the
k-common path-length Y} (T') is the number of such embeddings ¢ such that ¢(0) < ¢(;)

for each i.

Proof of Theorem 1.2. Since cumulants are additive for sums of independent random

variables, an immediate consequence of Lemmas 1.1 and 2.1 is that

Al(T) = == 2y = ), k>

velV

where the last equality follows from Lemma 2.3. The fact that E[I(T)] = %Y(T) was

noted already in (1.2).
Similarly, (1.6) follows from Lemma 1.1 and (2.4).

For the estimate (1.7), note first, e.g. by Taylor expansions, that cosh x < /2 for every

real x. It follows that if U is any symmetric random variable with |U| < a, then

E[e'V] = E[cosh(tU)] < /2.
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(See [29, (4.16)] for a more general result.) Lemma 1.1 thus implies, applying (2.8) to each
Zl/‘ - IE[le]s

E[e!!(T)-EU(T HE (Z—EIZ)] < Hez (ze—1)2 o2 (1)

which yields (1.7), using also Lemma 2.3. L]

3. A sequence of fixed trees

In this section, we study
_ I(Tn) — E[I(Tn)]
s(n) ’

where T, is a sequence of fixed trees and s(n) is an appropriate normalization factor. We
start by proving Theorem 1.6, a sufficient condition for X, to converge in distribution

when s(n) = /Y2(Ty).

Proof of Theorem 1.6. First s(X,) = E[X,] = 0. For k > 2, note that shifting a random
variable does not change its kth cumulant. Also note that

def
Yi(T) = Z c(vy, ..., o) = nk.
VY gees Uk
Therefore, it follows from Theorem 1.2 that

. %k(I(Tn)) - ﬂ Tk(Tn) —n ~ & Yk(Tn)
e Xn) = (Yo(Ty) — k2~ k (YoT,) — k2 k Yo(T, k2’ k=2

Recall that all odd Bernoulli numbers except B; are zero. Thus letting {; = 0 for all odd
k, the assumption that Yo (T,)/Y2(T,)* — (o for all k > 1 implies that

Bk
Xn e
s (Xn) — ’

Since every moment can be expressed as a polynomial in cumulants, it follows that every

(o k> 1

moment E[X ’,f] converges, k > 1. Thus to show that there exists an X such that X, BN X,
it suffices to show that the moment generating function E[e*"] stays bounded for all small
fixed t; we shall show that this holds for all real t. In fact, using Lemma 2.3,

D (=12 <Y (5 — 1) = Yao(Ty) —n < Yo(Ty).

v

Hence, (1.7) yields

E[e*"] < exp( (t// YT, Z > < exp(étz), teR

This and the moment convergence imply the claims in the theorem. ]
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3.1. The complete b-ary tree
We prove Theorem 1.11, which asserts that for complete b-ary trees the limiting variable
of X, is the unique X for which

B: bkfl

k b1

for even k > 2 and zero for odd k. Fix b > 2. In the complete b-ary tree of height m, each
&l (pm=4+1 _ 1) /(b — 1). Hence

(X)) =

node v at depth d € {0,1,...,m} has subtree size z, = ayq
. . d
Lemma 1.1 implies that X,, = >, Z?:l Z4j/n, where

. Amd — 1 Amd — 2 Amd — 2 Amd — 1
Zd,j~Un1f{— T Ty 7 5 }

are independent random variables. Let Ug; be independent Unif[—1/2,1/2]. Approx-
imating Z,; = Ugjang and noticing that n/a,g ~ 4 intuitively we should have for
large n,

m b!
X, = zzamd Zij oy By (1)

a
d=0 j=1 md =0 =1

It is not difficult to show this rigorously by truncating the sums. Also, it is not difficult
to prove Theorem 1.11 by showing that E[¢/*"] — E[e¢'¥] for all t € R and checking the
cumulants of X, using Remark 2.2. But instead we choose the route of computing the
k-total common ancestors of b-ary trees and then applying Theorem 1.6.

Lemma 3.1. Assume b > 2. Let T, be the complete b-ary tree on n = (b"*' —1)/(b—1)
nodes. Then

bk—l
Y(T,) ~ nlogyn, Yi(T,) ~ mnk, k> 2.

Proof. The height of T, is m ~ log, n. It follows from Lemma 2.3 that

m+1

m b
T1)=sz=zbd”m~d— 12( pti— d)zb_l(m+0(1))~n10gb”~

d=0

Similarly, for any fixed k > 2

) m . . pm+Dk - M 1 1 k ' pk—1
Yi(Ty) = sz = Zb X g = (b —1F Z pd—1) (1 - bm-H—d) ~n pk—1 _ 1" U
v d=0 d=0

Proof of Theorem 1.11. Let X, = (I(T,) — E[I(T,)])//Y2(T,). By Lemma 3.1, for fixed
k>1,
bZk—l
nk 2%—1 k
Yo (Ty) pk—1_1 b b—1
Ta(T) GEEIANA
n2
(5=1)
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By Theorem 1.6, there exists a unique distribution X’ such that

: o By P /b—1\*
so-1(X") =0, %Zk(X):zikbzk—l—l(b)’ k> 1;

moreover, E[¢Xs] — E[¢'X'] < oo for every t. Recall that, using Lemma 3.1 again,

n

b\ 12
X, :(1+0(1))(b_1) X

Let X" = (b/(b —1))'/2X’; then E[e'X"] — E[¢'X"] for every real t and X” has cumulants

»2(X")=0 %(X”)zﬂL k=2
1 ] k k bk71 _ 13 = ]
as in (1.8). It is not difficult to show that X” has the same distribution as X defined in
(3.1) by checking the cumulants of X, using Remark 2.2. ]

3.2. Balanced b-ary trees

We call a b-ary tree balanced if all but the last level of the tree is full and vertices at the

last level take the leftmost positions. A simple example of a balanced binary tree is T,

in which both the left and right subtrees are complete b-ary trees but the left subtree has

one more level than the right subtree. Since the left subtree is of size about 2n/3, and the

right subtree is of size about n/3, Theorem 1.11 and Lemma 1.1 imply that
I(T,)—EI(T,)] & . 2X X"

Y =~ = e
" 7 — U+ +5

where U ~ Unif[—1/2,1/2] and X', X" are independent copies of X. The three terms in
the limit correspond to inversions involving the root, inversions in the left subtree and
inversions in the right subtree.

The above example shows that the limit distribution of X, in a balanced b-ary tree
in which each subtree of the root is complete should be U plus a linear combination of
independent copies of X. We formalize this observation in the following corollary.

Corollary 3.2. Let T, be a balanced b-ary tree. Let X, and X be as in Theorem 1.11. Let
def
{x} =x— |x]. Assume that

b—1,. 1
MMMMMA%Q+bQ+(m», (32)
where i € {0,...,b} is a constant. We have

i b
d b ; 1 i) def
X, — — XU — XV X(b,i
U+;b+i(b—l) +j;1b+i(b—1) (b,1),

where U ~ Unif[—1/2,1/2], XU) ~ X are all independent. Moreover, E[e*"] — E[eX(»1)]
for all t € R.
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Remark 3.3. Condition (3.2) is equivalent to saying that all the b subtrees of the root of
T, except one (either the ith or the (i 4+ 1)th) are complete b-ary trees and the exceptional
subtree differs from a complete b-ary tree in size by at most o(n/log(n)).

4. A sequence of split trees

We will now define split trees introduced by Devroye [16]. The random split tree T, has
parameters b, s, o, 51, V and n. The integers b, s, 5o, 51 are required to satisfy the inequalities

2<h, 0<s, 0<so<s, 0<bs; <s+1—sp. 4.1)

and V = (Vy,...,V}) is a random non-negative vector with Zﬁ;l Vi =1. We define T,
algorithmically. Consider the infinite b-ary tree U/, and view each node as a bucket with
capacity s. Each node u is assigned an independent copy V, of the random split vector
V. Let C(u) denote the number of balls in node u, initially setting C(u) = 0 for all u. Say
that u is a leaf if C(u) > 0 and C(v) =0 for all children v of u, and internal if C(v) >0
for some proper descendant v, i.e. v < u. We add n balls labelled {1,...,n} to U one by
one. The jth ball is added by the following ‘trickle-down’ procedure.

(1) Add j to the root.

(2) While j is at an internal node u, choose child i with probability V,;, where (Vi 1,..., Vip)
is the split vector at u, and move j to child i.

(3) If j is at a leaf u with C(u) < s, then j stays at u and we set C(u) « C(u) + 1.
If j is at a leaf with C(u) = s, then the balls at u are distributed among u and its
children as follows. We select sy < s of the balls uniformly at random to stay at u.
Among the remaining s + 1 — s balls, we uniformly at random distribute s; balls to
each of the b children of u. Each of the remaining s + 1 — sy — bs; balls is placed at a
child node chosen independently at random according to the split vector assigned to
u. This splitting process is repeated for any child which receives more than s balls.

For example, if we let b = 2,5 =59 = 1,51 = 0 and V have the distribution of (U,1 — U)
where U ~ Unif[0, 1], then we get the well-known binary search tree.

Once all n balls have been placed in U, we obtain T, by deleting all nodes u such
that the subtree rooted at u contains no balls. Note that an internal node of T, contains
exactly so balls, while a leaf contains a random amount in {1,...,s}. We assume, like
previous authors, that P{3i : V; = 1} < 1. We can assume V has a symmetric (permutation
invariant) distribution without loss of generality, since a uniform random permutation of
subtree order does not change the number of inversions.

An equivalent definition of split trees is as follows. Consider an infinite b-ary tree U.
The split tree T, is constructed by distributing n balls (pieces of information) among
nodes of Y. For a node u, let n, be the number of balls stored in the subtree rooted at
u. Once n, are all decided, we take T, to be the largest subtree of I/ such that n, >0
for all u € T,. Let the split vector V € [0, 1]” be as before. Let V, = (Vudts-.., Vup) be the
independent copy of V assigned to u. Let uy,...,u, be the child nodes of u. Conditioning
on n, and V,, if n, <s, then n,, = 0 for all i; if n, > s, then

(nu]a' . '9nuh) ~ Mult(n — 80 — bS], Vu,l:--'a Vu,b) + (slﬂslﬁ' . .,Sl),
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where Mult denotes multinomial distribution, and b, s, sg,s; are integers satisfying (4.1).
Note that Zf.’:l n,, < n (hence the ‘splitting’). Naturally for the root p, n, = n. Thus the
distribution of (n,, V,)uevw) is completely defined.

4.1. Outline
In this section we outline how one can apply the contraction method to prove Theorem 1.12
but leave the detailed proof to Sections 4.2 and 4.3. In Section 4.4 we state and outline the
proof of the corresponding theorem for inversions on nodes under stronger assumptions.
Recall that in (1.10) we define
& M@ BT o IT)—so¥(T)/2 5 () —EI(T)]

n— 5 n 5 n =
n n n

Let @7 = (ny,...,np) denote the vector of the (random) number of balls in each of the b
subtrees of the root. Broutin and Holmgren [9] showed that, conditioning on 7,

A I/l, Vl—S _ A n
Ay C ¢ Dum), DumE — Z S (4
i=1 n i=1

We derive similar recursions for X, and Y,. Conditioning on 7, T (T,) satisfies the
recursion

b
L)< Z,+ Y 1(T,)

i=1
where Z,, denotes the number of inversions involving balls contained in the root p.
Therefore, still conditioning on 7, we have

A

o A=ty L Zy IE[I(T) ”E T,
= X+ +Z

Xn Xn,-
n
i=1 i=1
b 5 5 b IS
N Z so E[Y(T)] E[Y(T,)]
— n n 2 n 2
i=1 i=1
b n; » Zp So A
= Z *Xn,- +—+ *Dn(n)s (43)
—n n 2
where we use that
A SO A
E[[(T,) | T, = 3 V(T,). (44)
(See the proof of Lemma 4.2.) It follows also from (4.4) that X, =Y.+ (s0/2) W, and
b A
A d n; p So n— So
= — — . 4.5
Z n 2 n (43)

In Lemma 4.3 below, we show that

A

V4 2
%LUI'i'""i‘UsO,
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where Uj,...,U,, are independent and uniformly distributed in [0, 1]. Broutin and
Holmgren [9] have shown that IA)n(ﬁ) 2 D(V), where

b b
p=—> E[Viln¥V;] and D(V)= 1214111 Vi (4.6)
: H“
i=1
Together with (n;/n,...,ny/n) BN (V1,...,Vs) (by the law of large numbers), we arrive at

the following fixed-point equations (already presented in Theorem 1.12):

b

ZVX(’ +ZU +S°D
i=1

b

> vy ”+Z<U —) . (4.7)

i=1

b
S VW +14DV)

i=1

g> ~b> >
le

For a random vector X € R, let |X| be the Euclidean norm of X. Let HXszef
E[|I X ?]. Recall that Mo,z denotes the set of probability measures on R? with zero
mean and finite second moment. The Mallows metric on ./\/lg,2 is defined by

dyv,2) = inf{|X — Y1 : X ~ LY ~v}.

. . . A d A
Using the contraction method, Broutin and Holmgren [9] proved that W, = W, the
unique solution of the first equation of (4.7) in ./\/1(1)52.

We can apply the same contraction method to show that the vector ()A(n, f’n, W,,) 2,
(X, Y, W), the unique solution of (4.7) in Mg’z. But we only outline the argument here
since we will actually use a result by Neininger [43] which gives us a shortcut. Assume
that the independent vectors (X@, ¥ @, W @), i = 1,.... b share some common distribution
ue M(3),2- Let F(u) € M&z be the distribution of the random vector given by the right-
hand side of (4.7). Using a coupling argument, we can show that for all v,4 € /\/1(3)’2,

dr(F(v), F(L)) < cda(v, A),

where ¢ € (0,1) is a constant. Thus F is a contraction and by Banach’s fixed point theorem,
(4.7) must have a unique solution (X .Y, W) € /\/1(3),2. Finally, we can use a similar coupling

~ A A d ~A A A
argument to show that (X,,, Y,, W,) = (X, Y, W)

4.2. Convergence in the Mallows metric
Lemma 4.1. Let (X,,Y,,W,) and (X,Y,W) be as in Theorem 1.12. Then

A A A A

d2((an f/rls Wn)7 (va Ya W)) — 0.

We will apply Theorem 4.1 of Neininger [43], which summarizes sufficient conditions
for the contraction method outlined in the previous section to work. Since the statement
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of the theorem is rather lengthy, we do not repeat it here and refer the readers to the
original paper.
A N A

Neininger’s theorem [43] implies that (f(,,, Yo, W, — (X, Y, W) if the following three
conditions are satisfied:

2 . %
(”,’“,...,’%,Dn(n)) 2, (Z Uy Vl,...,vb,DW)), n— o, (48)
j=1

n n n
b
D E<1, (4.9)
i=1
n; 2
E[l[n,-sﬂu[n,:n] (n> } =0, n— oo, (4.10)

forall /> 1 and i=1,...,b. (The three conditions correspond to (11), (12) and (13) in
[43].)

Condition (4.9) is satisfied by the assumption that P{3i : V; = 1} < 1. Since we assume
that so > 0, the event n; = n cannot happen. So the expectation in (4.10) is at most
(//n)*> = 0 and this condition is also satisfied. The last condition (4.8) follows from the
next two lemmas.

A 2 A
Lemma 4.2. We have D,(7) R D(V) and sup,,~; D,(n) is bounded deterministically.

Proof. We first derive an expression for the expected number of inversions. Any internal
node contains sy balls, so any ball at height h has sy X h ancestral balls. Let B(T,) be the
set of balls in T;. Conditioning on T, we have

E[H(T,)| T,] =E[ STOHB B < B AB) > A

BEB(T,)

m) = 3 Sk = Y

BEB(Ty)

Thus by Broutin and Holmgren [9, Theorem 3.1],

A N 1
E[I(T,)] = SEOE[Y(Tn)] - %0 [Mnlnn + no(Inn) + o(n)}, (4.11)
with u as in (4.6), where @ is a continuous function of period d =sup{a >0 :
P{InV; € aZ} = 1}. In particular, @ is constant if InV; is non-lattice, meaning that
d=0.

The convergence of the toll function can now be deduced from the same result on
the total path length from [9], but we include the short argument for completeness.
Conditioning on the split vector of the root (V1,..., V,,) and noting that (n;/n,...,n,/n) SN
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("1,...,Vp), we have from (4.2), (4.11),

b
N 1 1nilnn;  n;
D,(f) = ——Inn—w(lnn) + ( o lnni))—i—ol)
M =— ; R (

b
_ (Z Tnm > <Z %w (InV; +1nn)> —@(lnn) + o(1)

n
i=1 K i=1

1 b

i=1
where we use that @w is continuous and has the same period as In V;. So we have

A

_ def 1
Dn( ) _’ D(V V In V,,

without conditioning on (V1,...,Vp). Note that since for xi,...,x; = 0 with Zle x; =1,
we have Z _ XiIn(x;) > —lnb [13, Theorem 3.1], both D,(n) and D(V) are bounded

deterministically. Thus D,l(n) X, D(V) by the dominated convergence theorem. L]

Lemma 4.3. For i=1,...,5, let U; be a Unif[0,1] random variable independent of all

. . . A L?
other random variables. Then there exists a coupling such that Z ,/n — >, U;

Proof. We have Zp = Zf":l(ii — i), where 4; < A, <+ < A, are the labels for the balls
in the root, chosen uniformly at random from [n] without replacement. Indeed, the ball
with label 4; forms an inversion with the balls with labels {1 : 2 < 1,4 # ; Vj < i}, a set
of size A; — i.

Let 2} = [nU;] fori=1,...,s. Then 2},..., 4 , are chosen 1ndependent1y and uniformly
at random from {1,...,n}. Define Z;, = Z,: ()r —1i). We couple Z/ to Z by setting
2,, = Z//) whenever all 7} are distinct, and otherwise setting Z = ZF (4; — i) for some
distinct {4,..., 45} chosen uniformly at random. The probability that A} = )J for some
i #+ jis O(1/n). (See the famous birthday problem [20, Example 3.2.5].) Since Z < son

andZ < son,
Z, 2;) 2 L 4s(2) 2 1

As |2}/n—U;| < 1/n, it is clear that Z;/n= >, (4; —i)/n converges in the second

moment to E;‘;l U;. By the triangle inequality, this is also true for Z o/N. U]
Since (ny/n,...,ny/n) iGN (V1,...,Vp) and n;/n < 1 for all i = 1,...,b, the convergence

is also in L?. This together with Lemma 4.2 and 4.3 implies (4.8). Therefore, it follows
from Theorem 4.1 of Neininger [43] that (}A(n, f/n, W,,) L (5(, f’, W)
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4.3. Convergence in moment generating function
To finish the proof of Theorem 1.12, it remains to show the following lemma.

Lemma 4.4. There exists a constant L € (0,00] such that for all fixed t € R* with |t| < L,

Efexp(t - (X, Yoo Wa))] — Elexp(e - (X, 7, W))] < co,
where - denotes the inner product. If we further assume that P{3i : V; =1} =0, then L = c0.

Remark 4.5. The condition P{3i : V; = 1} = 0 is necessary for L = oo. Assume the op-
posite. By (4.7), for all ¢ € R,

b

b
E[¢*] > E {z (Z Ui+ VX0 4 ?cm)
i=1 i=1

— Ble' X VIP(Ei : v, = 1}E[Y],

31’:V,~=1}IP’{31’:V,'=1}

where U; are independent Unif[0, 1]. This implies that ]E[etf‘] = oo if we choose t large
enough such that E[e! S UIP(Fi: Vi=1} > L.

The proofs of the next two lemmas are similar to Lemma 4.1 by Rosler [49], which deals
with the total path length of binary search trees. However, we have extended the result to
cover general split trees. Moreover, Lemma 4.7 can be applied not only to inversions and
the total path length, but also to any properties of split trees that satisfies the assumptions.

Lemma 4.6. Let C; >0 be a constant. There exists a constant L such that for all t €
(=L, L), there exists K, > 0 such that

Elexp{C|t| + *K,U,}] <1, foralln €N, (4.12)

where
wr b /N2
U, < —1+ Z (n) .
i=1
If we further assume that P{3i : V; =1} =0, then L = oo.

Proof. Let p=P{3i:V; =1}. Recalling the assumption that p <1, we can choose a
constant 6 € (0,1 — p). Then, for ¢ small enough,

b
) )
IP’{—I—{—ZKZ}—s}gIP’{Hi:Vi:l}—i-z=p+2.
i=1

Since U, S Zle Vf, there exists nyg € N such that

b
1)
P{U,,}—s}é[@{—l-l—ZVf}—s}-{-z<p+5<1, for all n > nyg.
i=1
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Together with U, < 0, the above inequality implies that for all n > ng, t € (—L, L), and
K; € R,
E[1[y,>—q exp(Cit| + *K,U,)] < e (p+0) < 1, (4.13)
if L is small enough. On the other hand, we may assume that ¢ # 0 and then
E[1{y,<—q exp(Cit] + K, U,)] < exp(Cit| — *Ke) < 1 — e 5 (p + ), (4.14)
if K, is large enough. Together (4.13) and (4.14) imply (4.12). Note that if p =0, then L

can be arbitrarily large. U]

Lemma 4.7. Let (J,),>1 be a sequence of d-dimensional random vectors. Let (J\)),>1 for

i=1,...,b be independent copies of (J,). Let AY) be a diagonal matrix with n;/n on its
diagonal. Let (B,)n>1 be a sequence of random NP — R¢ functions. Assume that conditioning
on n,

b
Jo £ 3" AV 4 B, (7).
i=1

Further assume that sup,||B,(n)| < C1 and ||J1| < C; deterministically for some constants
Ci1,C, and that sy > 0. Then there exists a constant L € (0,00], such that for all t € R? with
It < L, there exists K, > 0, such that

Elexp(t - J,)] < exp(||t|*K;), for all n € N. (4.15)

Moreover, if J, 4, J*, then for all t € R with |t| < L,
Elexp(t - J,)] — Elexp(t-J")] < oo. (4.16)
If we further assume that P{3i : V; =1} =0, then L = oo.
Proof. It follows from Lemma 4.6 that there exists an L € (0, 0], such that for all ¢ with
It < L, there exists K; > 0, such that
Elexp(Cy |11l + K[| t]*U,)] < 1. (4.17)

Now we use induction on n. Since ||J;| < C,, we can increase K, such that (4.15) holds
for n = 1. Assuming that it holds also for all J,; with n’ < n, we have

b
Elexp(t - J,)] =E [exp(t “Bu() +t- Z Aﬁng?)]
i=1

b 2
< SR IST K, (1™
e S OK [

i=1
= KV Eexp(Cy||e] + K[ t]2U,)] < X,

where we use (4.17) and that n; <n for i=1...,b (since sy > 0). The above inequality

implies that (e"’+),>1, are uniformly integrable (see [27, Theorem 5.4.2]). Therefore J,, N

J* implies (4.16) (see [20, Theorem 5.5.2]). U]
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A

Proof of Lemma 4.4. LetJ, = (An, Y, W,). Then (4.3), (4.5), (4.2) can be written as

Jn = ZA(’)J(’) + By(

where AY fori=1,...,b are as in Lemma 4.7 and
7 A Son—So n—39S T
B (n) |: D (n) 71) T + Dn(ﬁ) s
n n 2 n n

where T denotes the transposition of a matrix. By Lemma 4.1, J, converges in distribution
to (X, Y, W). Note that ||B,(n)|| is bounded. Therefore Lemma 4.7 implies that there exists
an L € (0,00] such that for all t € R® with |t < L, E[e’"] — E[e"XY")] < . O

4.4. Split tree inversions on nodes
We turn to node inversions in a split tree. The main challenge in this context is that the
number N of nodes is random in general. Thus we will limit our analysis to split trees
satisfying the two assumptions

N 12

SN (4.18)
n

and

E[Y(T,)] = %nlnn-}—nw(lnn) + o(n), (4.19)

for some constant o € (0, 1] and some continuous periodic function w with period
=sup{a >0 :P{lnV € aZ} =1}

(constant if d = 0), with u = —> E[V;1n V1].

These two conditions are satisfied for many types of split trees. Holmgren [30] showed
that if In V7 is non-lattice, i.e. d = 0, then E[N]/n = o 4 o(1) and furthermore (4.18) holds.
However, in the lattice case, Régnier and Jacquet [48] showed that, for tries (split trees
with so = 0 and s = 1) with a fixed split vector (1/b,...,1/b), E[N]/n does not converge.
Thus (4.18) cannot be true for these trees.

Condition (4.19) has been shown to be true for many types of split trees including
m-ary search trees [6, 11, 19, 40]. More specifically, Broutin and Holmgren [9] showed
that in the non-lattice case, if E[N]/n = a4 O(In"'"*n) for some & > 0, then (4.19) is
satisfied. However, Flajolet, Roux and Vallée [24] showed that even in the non-lattice
case, there exist tries with some very special parameter values where E[n]/n — o tends to
zero arbitrarily slowly.

We have the following theorem, which is similar to Theorem 1.12.

Theorem 4.8. Assume the split tree T, satisfies (4.18) and (4.19), and define

1 —
Xy = LD EBT -y 1T YT, YT —ED(TL)]
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Assume that P{3i : V; = 1} < 1. Let D(V) be as in (4.6). Let (X, Y, W) be the unique solution
in Mg)z for the system of fixed-point equations
b -
; o
S VX0 4ol + 2D(V)
i=1

b 1
Z viY® + a(Uo - 2)

w i=1
b

> Viw ta+aD(V)
L =1 J

~
[|e

Here
Vi, Vo), Uy, (X, YD), W<“), s (XY O )

are independent with Uy ~ Unif[0, 1] and (XW, YD, W) ~ (X, Y, W) fori = 1,...,b. Then

(X, Y, W) — (X, Y, W). If s > 0, then (X,,, Y,, W,)) also converges to (X,Y, W) in mo-
ment generating function within a neighbourhood of the origin.

The convergence in the Mallows metric again follows from Neininger [43, Theorem 4.1].
We leave the details to the reader as it is rather similar to inversions on balls. However,
we emphasize that the assumption (4.19) is needed to argue that

E[Y
D, — [ ( EN(T] 1 ZEY(T = HZVan—ocD(V)
i=1
For convergence in moment generating function, note that sy > 0 implies N < n and

Z,/n < 1. Therefore, we can again apply Lemma 4.7 as in Section 4.3.

5. A sequence of conditional Galton—Watson trees

Let ¢ be a random variable with E[¢] = 1, Var ¢ = ¢? < o0, and E[e*] < oo for some
o > 0, (The last condition is used in the proof below, but is presumably not necessary.)
Let G° be a (possibly infinite) Galton-Watson tree with offspring distribution ¢. The
conditional Galton—Watson tree T on n nodes is given by

P{T: = T} =P{G* = T | G* has n nodes}

for any rooted tree T on n nodes. The assumption E[¢] =1 is justified by noting that
if { is such that P{¢ =i} = cO'P{{ =i} for all i >0, then T; and T} are identically
distributed; hence it is typically possible to replace an offspring distribution { with an
equivalent one with mean 1: see [32, Section 4].

We fix some ¢ and drop it from the notation, writing T, = T;.

In a fixed tree T with root p and n total nodes, for each node v # p let Q, ~
Unif(—1/2,1/2), all independent, and let Q, = 0. For each node v define

def Z Q,, andletJ T)def Z(I)

uv veT
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In other words, @, is the sum of Q, for all v on the path from the root to u. For each
v # p also define Z, = |(Q, + 1/2)z,], where z, denotes the size of the subtree rooted at
v. Then Z, is uniform in {0,1,...,z, — 1}, and by Lemma 1.1, the quantity

1'(1)< Y (2, —E[Z))
vEp

is equal in distribution to the centralized number of inversions in the tree T, ignoring
inversions involving p. The main part (1.13) of Theorem 1.16 will follow from arguing
that for a conditional Galton—Watson tree T,

J(T) 4, y 1
n3/4 J12a
Indeed, under the coupling of Q, and Z, above,

HT)=) d=% > 0,

voouuko

:ZQu Z 1:ZQuZu

[PRIES) u

u#p

JIN. (5.1)

and similarly J(T,) > [*(T,) — n. As p contributes at most n inversions to I(T,), it follows
from the triangle inequality that |J(T,) — (I(T,) — Y(T,)/2)| < 2n = o(n*/*). Thus (5.1),
once proved, will imply that

def I(Tn) - Y(Tn)/z

T,
y, J(Ty) d

/A =o(1) 54 — Y.

The quantity J(T,) and the limiting distribution (5.1) have been considered by several
authors. In the interests of keeping this section self-contained, we will now outline the
proof of (5.1) which relies on the concept of a discrete snake, a random curve which under
proper rescaling converges to a Brownian snake, a curve related to a standard Brownian
excursion. This convergence was shown by Gittenberger [26], and later in more generality
by Janson and Marckert [36], whose notation we use.

Define f : {0,...,2(n — 1)} — V by saying that f(i) is the location of a depth-first search
(under some fixed ordering of nodes) at stage i, with f(0) = f(2(n — 1)) = p. Also, define
V(i) = d(p, f(i)) where d denotes distance. The process V(i) is called the depth-first walk,
the Harris walk or the tour of T,. For non-integer values ¢, V,(t) is given by linearly
interpolating adjacent values. See Figure 1.

Finally, define R,,(i)(iéfd)f(i) to be the value at the vertex visited after i steps. For non-
integer values ¢, R,(t) is defined by linearly interpolating the integer values. Further, define
Ra(t) by Ru(t) & R,(t) when t € {0, 1,...,2n}, and

Em@{MM)ﬁnWD>WML
Ru([t]) if Vu(Lt]) < Va([2]).
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V121

V11 V21
1011

7
o [ [
516 V1 V2 t

(a) (b)
Figure 1. The depth-first walk V,(t) of a fixed tree.

In other words, R,(¢) takes the value of node f(|t]) or f([¢]), whichever is further from
the root. We can recover J(T,) from R,(t) via

2(n—1) _
20(T,) = / R, (1)dt.
0

Indeed, for each non-root node v there are precisely two unit intervals during which I~{n(t)
draws its value from v, namely the two unit intervals during which the parent edge of v
is being traversed. Now, since Q, ~ Unif(—1/2,1/2) we have |R,(i) — R,(i — 1)] < 1/2 for
all i >0 and

J(T,) 1 D % o ) P 1 ; 1
- L(D)dt = —— W(t - = (s ,
Wegwm [ ROa= o [ R@a 00 = [ rsids+ o)

where ,(s) & n=V4R,(2(n — 1)s). Also normalize v,(s) % n=1/2V,(2(n — 1)s). Theorem 2 of
[36] (see also [26]) states that (r,,v,) N (r,v) in C[0,1] x CJ0, 1], with r,v to be defined
shortly.

Before defining r and v, we will briefly motivate what they ought to be. Firstly, as the
offspring distribution ¢ of T, satisfies E[{] = 1, we expect the tour V, to be roughly a
random walk with zero-mean increments, conditioned to be non-negative and return to
the origin at time 2(n — 1), and the limiting law v ought to be a Brownian excursion (up
to a constant scale factor). Secondly, consider a node u and the path p = ug,u;y...,uq = u,
where d is the depth of u. We can define a random walk ®,(t) for t =0,...,d by ®,(0) =0
and @,(t) = ZE:1 Q,, for t > 0, noting that ®, = ®@,(d). Under rescaling, the random walk
®,(t) will behave like Brownian motion. For any two nodes uj,u; with last common
ancestor at depth m, the processes ®@,,,®,, agree for t =0,...,m, while any subsequent
increments are independent. Hence Cov(®,,,®,,) = cm for some constant ¢ > 0. Now,
for any i, j € {0,...,2(n — 1)}, the nodes f(i), f(j) at depths V,(i), V,,(j) have last common
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ancestor f(k), where k is such that V,(k) is minimal in the range i < k < j. Hence r(s)
should be normally distributed with variance given by v(s), and the covariance of r(s), ()
proportional to mingg,<; v(u).

We now define r,v precisely. If Var & = ¢2, then v(s) d§f2o'*le(s), where e(s) is a standard
Brownian excursion, as shown by Aldous [4, 5]. Conditioning on v, we define r as a centred
Gaussian process on [0, 1] with

1. 1
Cov(r(s),r(t) | v) = T Sr<nulr<1tv(u) = EC(S, 1), s<t

The constant 1/12 appears as the variance of the random increments Q,. Again, Theorem 2
of [36] states that (r,,v,) LN (r,v) in C[0,1]>. We conclude that

Tn 1 1 .
tim 771 =/ rn(t)dt+0(1)—d>/ (dt Y
n—ow 1 0 0

This integral is the object of study in [35], wherein it is shown that

def

1
1
y & 4i_°
/0 ridt \/@\MN’

where N is a standard normal variable, 5 is given by
n= / C(s,t)ds dt,
[0,11?

and n, N are independent. The odd moments of Y are zero, as this is the case for N, and
by [35, Theorem 1.1], for k > 0,

vy 1 (2k!)
E[Y™] = (120 )k 20=472T((5k — 1)/2)

a,

where a; = 1, and for k > 2,
k—1
a = 2(5k — 4)(5k — 6)a_1 + Y _ aict_i.
i=1
In particular ([35, Theorem 1.2]),

1 27328

E[Y*] ~ (1200 5

(2k)1/2(1063)—2k/4(2k)(3/4)'2k’

as k — oo, where § = 0.981038.... Further analysis of the moments of # and Y, including
the moment generating function and tail estimates, can be found in [35].

Remark 5.1. Conditioning on the value of #, the random variable Y has variance
n/(120). The random variable # can be seen as a scaled limit of the second common

path length Y,(T),), which appeared in our earlier discussion on cumulants. Indeed, recall

that Yo(T,) ¥ $

of u,v.

wer, (U, 0), where c(u,v) denotes the number of common ancestors
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5.1. Convergence of the moment generating function
The last part of Theorem 1.16 that remains to be proved is that E[e'Y"] — E[e'] for all

. d -
fixed ¢ € R. Since we have already shown Y, — Y, we can apply the Vitali convergence
theorem once we have shown that the sequence e'"" is uniformly integrable. This follows
from the next lemma.

Lemma 5.2. For alln € N and t € R, there exist positive constants Cy and ¢y which do not
depend on n such that

Ele'"] < Cret"”.

Proof. Conditioned on T,, we have by (1.7)

VRS 2 YT,
Ele™ | T,] < CXP<8 (’15/4) Y2(Tn)> = eXP(S ' ;g/z")).

By (1.3), we have

Yo(Ty) = > clu,0) < n*(H, + 1),

upeT,

where H, denotes the height of T,,. It follows that

E[e'] < E[exp(leg/j;”)tzﬂ <E {exp(H'i/—; 1t2)] < erzE[exp(j%tzﬂ.

The random variable H, has been well-studied. In particular, Addario-Berry, Devroye and
Janson [1] showed that there exist positive constants C, and ¢, such that

2
P{H, > x} < Cyexp (—62x>,
n

for all n € N and x > 0. Therefore, we have

H « H,
E|exp( —=¢ =1+/ ePy 2 > xpdx < 1
Jn 0 i
0 2
+ / e*Cyexp (—Q?)dx <1+ G2
0

for some positive constants ¢3 and C;. (For the equality in the above computation, see
[20, p. 56].) Thus the lemma follows. L]
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