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Introduction

Fix a prime p > 5, an integer N > 0 prime to p, and let f € S2(T'g(Np)) be a newform.
Throughout this paper, we shall assume that f is split multiplicative at p, meaning that

f@=q+Y a(f)g" withay(f)=1.

n=2

Fix embeddings C it Q Cl—p> C,, let L be a finite extension of Q, containing z,,lgol (an(f))
for all n, and let O be the ring of integers of L. Since the U,-eigenvalue of f is a,(f) =1
by hypothesis, the form f is ordinary at p, and hence there is a Hida family

o
f=> a,q" el[q]

n=1

passing through f. Here I is a finite flat extension of the power series ring O [T], which
for simplicity in this introduction will be assumed to be Op[T] itself. Embed Z in the
space Xp, (I) of continuous Op -algebra homomorphisms v : I — 61, by identifying k € Z
with the homomorphism vi : I — 61, defined by 1+ T + (14 p)*~2. The Hida family
f is then uniquely characterized by the property that for every k € Zy, its weight k
specialization

o
fi .= Z vi(an)q"
n=1
gives the g-expansion of a p-ordinary p-stabilized newform fy € Sg(ICo(Np)) with £, = f.
Let K be an imaginary quadratic field equipped with an integral ideal )t C Og with
Ok /N ~ Z/NZ, assume that p splits in K, and write pOg = pp with p the prime above
p induced by 1,,. If A is an elliptic curve with complex multiplication (CM) by Ok, then
the pair (A, A[Dtp]) defines a Heegner point P4 on Xo(Np) defined over the Hilbert class
field H of K. Taking the image of the degree zero divisor (P4) — (c0) under the composite
map

Corp/x

Jo(Np) 2 Bl(H, Ta, (Jo(Np))) — H'(H, V) — H' (K, V) (0.1)
yields a class kr € Sel(K, V¢) in the Selmer group for the p-adic Galois representation

pr: Gq = Gal(Q/Q) —> Auty (V) ~ GLy(L)
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associated with f. On the other hand, by working over a p-tower of modular curves,
Howard [15] constructed a so-called big Heegner point 39 € Selg: (K, T") in the Selmer
group for a self-dual twist of the big Galois representation

pr: Gg — Auty(T) =~ GLy(I)

associated with f. The image of 3¢ under the specialization map v, : Selg (K, TT) —
Sel(K, Vy) induced by vp : I — 61, yields a second class of ‘Heegner type’ in Sel(K, Vr);
thus the question of comparing k r with v2(3¢) naturally arises.

For k > 2, the question of relating the specializations vg(3¢) to higher dimensional
Heegner cycles was considered in [2]. In that case, one could show (see [2, (5.31)]) that

P21

vi(ap)

2

locp (v (30)) = u~! (1 — > -locy (kg ), (0.2)
where u :=|0g|/2, locy : HY (K, W) — Hl(Kp, Vt,) is the localization map, and «f,
is a class given by the p-adic étale Abel-Jacobi images of certain Heegner cycles on a
Kuga—Sato variety of dimension k — 1. However, for the above newform f, the main result
of [2] does not immediately yield a similar relation between v2(3¢) and kg, = « ¢, since
in [2] a crucial use is made of the fact that the p-adic Galois representations associated
with the eigenforms under consideration are (potentially) crystalline at p, whereas Vy is
well known to be semistable but non-crystalline at p. Moreover, it is easy to see that the
expected relation between these two classes may not be given by the naive extension of
(0.2) with & = 2: indeed, granted the injectivity of locy, by the Gross—Zagier formula the
class locp (k ¢) is non-zero as long as L'(f/K, 1) # 0, whilst (0.2) for k =2 would imply
the vanishing of locy (12(30)) in all cases, since

pk/271 1
(1 _ ) _ (1 _ ) —o. (0.3)
Vk(ap) k=2 ap(f)

As shown in [15], the class 3¢ fits in the compatible system of similar classes 300 =
{3n}n>0 over the anticyclotomic Zp-extension of K; thus 3¢9 might be seen as the value of
300 at the trivial character. As suggested by the above discussion, in this paper we will
show that the class locy (v2(30)) vanishes, and prove an ‘exceptional zero formula’ relating
its derivative at the trivial character (in a precise sense to be defined) to the geometric
class k r. To state the main result, let & be the class number of K, write ph = mp Ok, and
define

log , (wp)

Lo (f K) = 2Lp(f) — ord ()’

(0.4)

where £, (f) is the Z-invariant of f (see [21, § I1.14] for example), @y 1= mp /Ty € Kp =
Qp, and log,, : Q;j —> Z, is Iwasawa’s branch of the p-adic logarithm.

Theorem. Let f € S2(T'g(Np)) be a newform split multiplicative at p, and define Zp 00 =
{Zp, fnlnz0 by Zp fn = lOCp(VQ(S,,)). Then Zy 0 =0 and

w10 = Lo (f, K) -locy (i f).
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In Lemma 3.10, we define the ‘derivative’ Z/  for any compatible system of classes
Zoo = {Zn}n>0 with Z¢ = 0. The above result, which corresponds to Theorem 3.11 in the
body of the paper, may thus be seen as an exceptional zero formula relating the derivative
of locp (12(300)) at the trivial character to classical Heegner points.

Remark 1. As suggested in [20, § 8], one might view p-adic L-functions (as described in
[28] and [29, Chapter 8]) as ‘rank 0’ Euler-Iwasawa systems. In this view, it is natural to
expect higher rank Euler—Iwasawa systems to exhibit exceptional zero phenomena similar
to their rank 0 counterparts. We would like to see the main result of this paper as an
instance of this phenomenon in ‘rank 1°.

Remark 2. It would be interesting to study the formulation of our main result in the
framework afforded by Nekovéi’s theory of Selmer complexes [23], similarly in the manner
that the exceptional zero conjecture of Mazur et al. [21] has recently been proved by
Venerucci [31] in the rank 1 case.

Remark 3. The second term in the definition (0.4) is precisely the Z-invariant .2, (xx)
appearing in the exceptional zero formula of Ferrero-Greenberg [9] and Gross—Koblitz [12]
for the Kubota—Leopoldt p-adic L-function associated with the quadratic Dirichlet
character xg corresponding to K. It would be interesting to find a conceptual explanation
for the rather surprising appearance of .2, (xx) in our derivative formula; we expect this
to be related to a comparison of p-adic periods (cf. [4]).

The proof of the above theorem is obtained by computing in two different ways the
value of a certain anticyclotomic p-adic L-function Ly (f) at the norm character Nx. The
p-adic L-function Ly(f) is defined by the interpolation of the central critical values for
the Rankin—Selberg convolution of f with the theta series attached to Hecke characters
of K of infinity type (24 j, —j) with j > 0. The character Ng thus lies outside the
range of interpolation of Ly (f), and via a suitable extension of the methods of Bertolini
et al. [1] to our setting, in Theorem 2.11 we show that

Ly(f)(Ng) = (1 =ap(f)p~") - (logy, (locy (), ). (0.5)

On the other hand, in [3] we constructed a two-variable p-adic L-function Ly g(f) of
the variables (v, ¢) interpolating (a shift of) the p-adic L-functions Ly (fy) for all k > 2,
and established the equality

Lpe® = L% (locy (3% ). (0.6)

where L%, is a two-variable Coleman power series map whose restriction to a certain

‘line’ interpolates
PFAINTL L wiay)
11— 1- -logy,
Ve (ap) pr? fe

for all k > 2. A second evaluation of Ly(f)(Ng) should thus follow by specializing
(0.6) at (v, 1). However, because of the vanishing equation (0.3), we may not directly
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specialize E‘}ﬂ, at (v2, 1), and we are led to utilize a different argument reminiscent of
Greenberg—Stevens’ [11]. In fact, from the form of the p-adic multipliers appearing in the
interpolation property defining £% ., we deduce a factorization

Ep(®)- Lye(0) = L%, p(locp(35 )

upon restricting (0.6) to an appropriate ‘line’ (different from the above) passing through

(v2, 1), where E‘féJ,T is a modification of L%, and Ey(f) is a p-adic analytic function
vanishing at that point. The vanishing of Z, ro thus follows, and exploiting the
‘functional equation’ satisfied by 3.0, we arrive at the equality

Zo(f. K) - Ly(HNK) = (1 —ap(f)p~") - (logy (2}, 1) ) (0.7)

using a well-known formula for the .Z-invariant as a logarithmic derivative of v (a,) at
k = 2. The proof of our exceptional zero formula then follows by combining (0.5) and
(0.7).

1. Preliminaries

For a more complete and detailed discussion of the topics that we touch upon in this
section, we refer the reader to [1, 6].

1.1. Modular curves

Keep N and p{ N as in the Introduction, and let
I':=T1(N)NTo(p) C SLa(Z).

An elliptic curve with T-level structure over a Z[1/N]-scheme S is a triple (E,¢t, )
consisting of

e an elliptic curve E over S;

e a section f : § —> E of the structure morphism of E/S of exact order N;

e a p-isogeny o : E —> E’.

The functor on Z[1/N]-schemes assigning to S the set of isomorphism classes of
elliptic curves with I'-level structure over § is representable, and we let Y/Z[1/N]
be the corresponding fine moduli scheme. The same moduli problem for generalized
elliptic curves with I'-level structure defines a smooth geometrically connected curve
X/Z[1/N] containing Y as an open subscheme, and we refer to Zx := X \Y as the
cuspidal subscheme of X. Removing the data of & from the above moduli problem, we
obtain the modular curve X{(N) of level I'{ (N).

For our later use (see, in particular, Theorem 2.4), recall that if a is any integer coprime
to N, the rule

(a)(E,t,(Y) = (Eva't’a)

defines an action of (Z/NZ)* on X defined over Z[1/N], and we let Xq(Np) = X/(Z/NZ)*
be the quotient of X by this action.
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The special fiber Xp, := X xz[1/N]F)p is non-smooth. In fact, it consists of two
irreducible components, denoted by Cop and Cs, meeting transversally at the singular
points SS. Let Frob be the absolute Frobenius of an elliptic curve over F,,, and Ver = Frob"
be the Verschiebung. The maps

yv : Xi(N)r, = X1(N) xzjiym¥p — Xp, vr: X1(N)r, — X¥,

defined by sending a pair (E, 1k, to (E,t, ker(Ver)) and (E, 1, ker(Frob)), respectively,
are closed immersions sending X (N)r, isomorphically onto Co and Coo, and mapping the
supersingular points in X{(N)r, bijectively onto SS. The non-singular geometric points
of Cy (resp. Co) thus correspond to the moduli of triples (E, ¢, «) in characteristic p
with ker(«) étale (resp. connected).

Corresponding to the preceding description of X, there is a covering of X as rigid
analytic space over Q,. Consider the reduction map

red, : X(C,) — Xp,(F)), (1.1)

let Wy and Wy, be the inverse images of Cy and Co, respectively, and let Zy C Wy and

Zoo C W be the inverse images of their non-singular points. In the terminology of [5],

Wo (resp. Weo) is a basic wide open with underlying affinoid Zy (resp. Z). If x € S,

then A, := red;1 (x) is conformal to an open annulus in C,, and by definition we have
X(Cp) =WoUWy = Z0UZcUW,

where W = Wy N Wy = (J,eg5 Ax is the union of the supersingular annuli.

1.2. Modular forms and cohomology
In this section, we regard the modular curve X as a scheme over a fixed base field
F. Let € = X be the universal generalized elliptic curve with I'-level structure, set
Zx = n’l(ZX), and consider the invertible sheaf on X given by

= n*ng/x(log 2X).

The space of algebraic modular forms (resp. cusp forms) of weight k and level I' defined
over F is

Mi(X; F) = H(X, 0F")  (resp. Si(X; F) := H'(X, 0$* @ 7)),

where w is the pullback of w to X xq F, and T is the ideal sheaf of Zy C X. If there is no
risk of confusion, F will be often neglected from the notation. Alternatively, on the open
modular curve Y a form f € Sp(X; F) C Mi(X; F) is a rule on quadruples (E, t, o, w),4,
consisting of an A-valued point (E, t, @) € Y(A) and a differential w € Q}E /A OVer arbitrary
F-algebras A, assigning to any such quadruple a value f(E,t, o, w) € A subject to the
weight k condition

FE t 0, 0) =2"%. f(E,t,0,w) forall A eAX,

depending only on the isomorphism class of the quadruple, and compatible with base
change of F-algebras. The two descriptions are related by

f(E, t,a) = f(E,t,«, a))a)k,

for any chosen generator w € 9}5 e
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There is a third way of thinking about modular forms that will be useful in the following.
Consider the relative de Rham cohomology of £/X:

L:=R'7,0— 0O — Qllg/x(logix) — 0),
which fits in a short exact sequence
0—bw—>L—o!—0 (1.2)
of sheaves on X and is equipped with a non-degenerate pairing

(,):LxL — Ox (1.3)

coming from the Hodge filtration and the Poincaré pairing on the de Rham cohomology
of the fibers. By the Kodaira—Spencer isomorphism

o :QX’Z = Q/lx(log Zy)
given by o (0w ® ) = (w, V1), where
V:L— LR®QY(ogZx)

is the Gauss—Manin connection, a modular form f of weight r +2 and level I" defines a
section wy of the sheaf ©®" ® Qk (log Zx) by the rule

wr(E t,a) = f(E, t,a, 0)o ®a(a)2).

If f is a cusp form, then the above rule defines a section wy of @® ® Qk, thus yielding
an identification
Sr2(X) = HO(X, 0® @ Q).

For each r > 0, let £, := Sym"L (with Lo := Ox), and define the de Rham cohomology
of X (attached to £,) as the hypercohomology group

HIL (X, £, V) = HY(LE : £, —5 £, ® Q2L (log Zx)). (1.4)

Twisting by the ideal sheaf 7 gives rise to the subcomplex £? ® Z — L?, and the weight
r 4+ 2 parabolic cohomology of X is defined by

Hy\ (X, Ly, V) := image(H' (£} ®T) — Hgg(X, Ly, V). (1.5)
The exact sequence (1.2) induces the short exact sequence
0— H'X, 0¥ ®Q)) —> Hy(X, L, V) — H'(X,0® ") — 0, (1.6)

and hence the above assignment f > wy identifies S,;2(X) with a subspace of
HI}H(X , Lr, V). In addition, the pairing (1.3) induces a non-degenerate pairing

()t Hyp(X, Ly, V) x Hp (X, L7, V) — F (1.7)

with respect to which (1.6) is self-dual.
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1.3. p-newforms

Consider the two degeneracy maps
w1, m i X —> X1 (N)

defined by sending, under the moduli interpretation, a triple (E, t, @) to the pairs (E, t)
and (¢(E), a(t)), respectively. These morphisms induce maps

mi s s Hyg (X((N), Ly, V) —> H) (X, L, V),

where HL (X|(N), £,, V) is defined as in (1.5) using the analogous objects over X1 (N).

par

Lemma 1.1. The map 7| @ 7; is injective.

Proof. This is [6, Proposition 4.1]. O
Define the p-old subspace lear(X, L, V)p"’ld of Hr}ar(X, Ly, V) to be the image of
i @y, and the p-new subspace HI}ar(X , Ly, V)PREY 6 be the orthogonal complement

of the p-old subspace under the Poincaré pairing (1.7). The space of p-new cusp forms
of weight k and level I' is defined by

Sr42(X)PMY 1= S, 15(X) N Hypo (X, Ly, V)PV,

viewing S,42(X) as the subspace of lear(X, Ly, V) in the form described above.

1.4. p-adic modular forms

Recall that the Hasse invariant is a modular form H over F, of level 1 and weight p — 1
with the property that an elliptic curve E over an F,-algebra B is ordinary if and only
if H(E, ®) is a unit in B for some (or equivalently, any) generator w € Q}g /B

Let R be a p-adic ring, i.e., a ring that is isomorphic to its pro-p completion. A p-adic
modular form of tame level N and weight k defined over R is a rule assigning to every
triple (E, t, w);a, over an arbitrary p-adic R-algebra A, consisting of
e an elliptic curve E/A such that the reduction E x4 A/pA is ordinary;

e a section 7 : Spec(A) —> E of the structure morphism of E/A of exact order N; and
e a differential w € Q}S/A,

an element f(E,t,w) € A depending only on the isomorphism class of (E,t, w),a4,
homogeneous of degree —k in the third entry, and compatible with base change of p-adic
R-algebras. Let My(N; R) be the R-module of p-adic modular forms of weight & and
level N defined over R; as before, if there is no risk of confusion R will be often neglected
from the notation.

Similarly to that for classical modular forms, it will be convenient to think of p-adic
modular forms of weight k as sections of the sheaf @®F over a certain subset of the rigid
analytic space X (C,). Let E,_1 be the normalized Eisenstein series of weight p — 1 (recall
that p > 5), and define the ordinary locus of X1(N) by

X1(N)™ = {x € X{(N)(C)) : |Ep_1(Ex, 0)]p > 1},
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where E,/C, is a generalized elliptic curve corresponding to x under the moduli
interpretation, w, € Q}sx /C, is a regular differential on E,, chosen so that it extends to a
regular differential over Oc,, if E, has good reduction at p, or corresponds to the canonical
differential on the Tate curve if x lies in the residue disc of a cusp, and | - |, is the absolute
value on C, normalized so that |p|, = p~!. Since E p—1 reduces to the Hasse invariant
H modulo p, it follows that the points x € X1(N)° correspond to pairs (Ey, t,) with E,
having ordinary reduction modulo p. Thus the assignment f +— (x — f(Ey, ty, a)x)a)l;),
for any chosen generator wy € Q}SX /Cp defines an identification

Mi(N) = HO(X1(N)™, 0®5).
LetI::{veQ:0<v<#},andforanyveldeﬁne
X1(N)(v) :={x € X1 (N)(Cp) : |Ep—1(Ex, wx)|p > p~"}.

The space of overconvergent p-adic modular forms of weight k and tame level N is given
by
MG(N) =Tim HO(X1 (V) (v), ®5),
v
where the transition maps H%(X{(N)(®v), ®®*) — HY(X{(N)(V'), o®), for v/ < v in I,
are given by restriction; since these maps are injective, MZ(N ) is naturally a subspace
of Mk(N).

By the theory of the canonical subgroup (see [18, Theorem 3.1]), if (Ey, t;) corresponds
to a point x in Xl(N)(#), the elliptic curve E, admits a distinguished subgroup
can(E,) C E,[p] of order p reducing to the kernel of Frobenius in characteristic p. The
rule

(Ex, tx) = (Ex, tx, Gcan),

where ocan ¢ Ex — Ey/can(Ey) is the projection, defines rigid morphism X (N)(#) —
Weo, and hence if f is a modular form of weight k and level I', then the restriction fy,
gives an overconvergent p-adic modular form of weight k and tame level N.

1.5. Ordinary CM points

Let K be an imaginary quadratic field with ring of integers Ok equipped with a cyclic
ideal 9t C Ok such that
Ox/MN~Z/NZ.

Fix an elliptic curve A defined over the Hilbert class field H of K with Endg(A) ~
Ok having good reduction at the primes above p, and choose a I'{(N)-level structure
tg € A[D1] and a regular differential wy € Q}A/H. The identification Endgy(A) = Ok is
normalized so that A € Ok acts as

Ao=lov forallwe Q}A/H-

For every integer ¢ > 1 prime to Np, let O, = Z + cOk be the order of K of conductor

¢, and denote by Isog?'(A) the set of elliptic curves A’ with CM by O, equipped with an
isogeny ¢ : A —> A’ satisfying ker(g) N A[N] = {0}.
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The semigroup of projective rank one O,-modules a C O, prime to DTN O, acts on
Isoggt(A) by the rule
ax(p:A— A)=gqp: A — A" — A,
where Al := A’/A'[a] and ¢4 : A” —> A/, is the natural projection. It is easily seen that

this induces an action of Pic(O,) on Isogcm(A).
Throughout this paper, we shall assume that p = pp splits in K, and let p be the prime

of K above p induced by our fixed embedding 61, S C,. Thus if A" is an elliptic curve
with CM by O, defined over the ring class field H. of K of conductor ¢, then A’ has
ordinary reduction at p, and A’[p] C A’[p] is the canonical subgroup. In the following,
we will let 0‘;/3 = Ocan : A —> A’/ A’[p] denote the projection.

1.6. Generalized Heegner cycles
For any r > 0, let W, be the Kuga—Sato variety over
Xo := X1(Np)

obtained as the canonical desingularization of the r-fold self-product of the universal
generalized elliptic curve over Xg, and define

X, =W, xA", (1.8)

where A/H is the elliptic curve with CM by Ok fixed in the preceding section.

The variety X, is fibered over Xg, and the fiber over a non-cuspidal point x associated
with a pair (Ey, ) is identified with E x A". Thus for every isogeny ¢ : A — A’ in
Isog?T(A), we may consider the cycle

Y, = (F;))’ C (A" x A CX,,
where F; is the transpose of the graph of ¢, and following [1, § 2.3] define the generalized
Heegner cycle associated with ¢ by
Ay = €exYy, (1.9)

where €y is the idempotent defined in [1, (2.1.1)] (with X¢ in place of their curve C =
X1(N)). By [1, Proposition 2.7], the cycles A, are homologically trivial; by abuse of
notation, we shall still denote by A, the classes they define in the Chow group CH (X))o
with rational coefficients. For r = 0, set

A(/) = (A/a tA/) - (00)7

where 14 € A'[Np] is a T'|(Np)-level structure contained in A’[91p], and oo is the cusp
(Tate(q), Enp)-

2. A semistable non-crystalline setting

This section is aimed at proving Theorem 2.11, which extends the p-adic Gross—Zagier
formula due to Bertolini et al. [1] in the good reduction case to the semistable
non-crystalline setting.

https://doi.org/10.1017/51474748015000444 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000444

On the exceptional specializations of big Heegner points 217

2.1. p-adic Abel-Jacobi maps

Let F be a finite unramified extension of Q,, denote by Of the ring of integers of F,
and let ¥ be the residue field. The generalized Kuga—Sato variety X,, which was defined
in (1.8) as a scheme over Z[1/Np], has semistable reduction at p. In other words, there
exists a proper scheme X, over Of with generic fiber X, xz(1,n5p) F and with special fiber
A, X k whose only singularities are divisors with normal crossings.

By the work of Hyodo—Kato [16], attached to X, there are log-crystalline cohomology
groups H (X, xop k), which are Op-modules of finite rank equipped with a

log-cris
semilinear Frobenius automorphism @ and a linear nilpotent monodromy operator N
satisfying

N® =pdN.
Moreover, for each choice of a uniformizer of O there is a comparison isomorphism

HY  oris(Xr X0, ) ®0, F = Hi (X, F)

log-cris

endowing the algebraic de Rham cohomology groups H({'R(Xr /F) with the structure of
filtered (@, N)-modules. In the following, we shall restrict our attention to the middle
degree cohomology, i.e., we set j = 2r + 1.

Let Gr := Gal(F/F) be the absolute Galois group of F, and consider the p-adic
G p-representation given by

Vy = H "X, xp F, Qp).

Applying Fontaine’s functor Dg to V, yields another filtered (®, N)-module associated
with X,.

Theorem 2.1 (Tsuji). The p-adic Gp-representation V, is semistable, and there is a
natural isomorphism

Dy (V) ~ Hi ' (X, /F)

compatible with all structures. In particular, the assignment V +— Dy (V) induces an
isomorphism Exts(Qp, V;) > ExtMody (o, N) (F, Hgﬁ“ (X,/F)).

Here, Exts(Q,, V,) ~ HY(F, V,) :==ker(H'(F, V;) — H'(F,V, ®q, By)) is the group
of extensions of the trivial representation Q, by V; in the category of semistable p-adic
G r-representations.

The idempotent e€x used in the definition (1.9) of the generalized Heegner cycles A,
acts as a projector on the various cohomology groups associated with the variety X,. Let
V,.(r +1) be the (r 4+ 1)st Tate twist of V., and consider the étale Abel-Jacobi map

AT CH (X,)0(F) —> Extrepg, (Qps €x Vo (r + 1) = H'(F, ex Vo (r + 1))

constructed in [22]. By [22, Theorem 3.1(ii)], the image of AJ‘?,t lands in HY(F, exV, (r +
1)), and hence via the comparison isomorphism (2.1) it can be seen as taking values in
the group

Extmody (o, n) (F, éfoﬁJrl(Xr/F)(V +1)
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of extensions of F by the twist GxH§£+1 (X,/F)(r+1) in the category of filtered
(®, N)-modules over F. This group admits the following explicit description.

Lemma 2.2. Set H, := Hgﬁ“(X,/F) and let n = [F : Qpl. The assignment
00— exH (r+1) — E5 F— 0} ~ 5z =100 —nib),

where 7]}}501 : F — Fl'E (resp. ng"b i F — E®"=LN=0) is 4 section of p compatible with

filtrations (resp. with Frobenius and monodromy), yields an isomorphism

Extumody @.N) (F, €x Hy (r +1)) =~ ex H, (r + 1) /Fil’ex H, (r + 1).

Proof. See [17, Lemma 2.1], for example. O
Define the p-adic Abel-Jacobi map

Alp : CH ™ (X,)o(F) — ex Hint (X, /F)(r + 1) JFil’ex Hip T (X, /F)(r + 1) (2.1)

to be the composite of AJ'?Vt with the isomorphisms of Theorem 2.1 and Lemma 2.1.
Since the filtered pieces FilleXH(ﬁ;H(X,/F)(r) and FiloedeZlgH(Xr/F)(r 4+ 1) are exact
annihilators under the Poincaré duality

exHa " (X, /F)(r) x ex Hg ™ (Xe [ F) (0 +1) — F,

the target of AJr may be identified with the linear dual (Fil’“exH(flgH (X,/F))V.
Recall the coherent sheaf of Ox-modules £, = Sym” £ on X introduced in § 1.2, and set

Lrr =L ® Sym’Hle(A).

With the trivial extension of the Gauss-Manin connection V on £, to L, ,, consider the
complex

. v
Ly, Ly —> Lry ®Qy(log Zy),
and define le (X, Ly, V) asin (1.5). By [1, Proposition 2.4], we then have

al
exHp ™' (X, /F) ~ H)\ (X, L.y, V) = H) (X, L, V) @ Sym” Hyp (A/F)
and
Fil'Mlex Hin ' (X, /F) ~ H(X, 0® ® Q%) ® Sym" Hjg (A/F).

As a result of these identifications, we shall view the p-adic Abel-Jacobi map (2.1) as
a map

AJr : CH ™ (X,)0(F) — (H(X, 0® @ Q%) @ Sym" Hjx (A/F))". (2.2)

Moreover, if A =exA € CH 1 (X,)o(F) is the class of a cycle in the image of the
idempotent €y supported on the fiber of X, — X over a point P € X(F), we see that
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AJFr(A) may be computed using the following recipe. Consider the commutative diagram
with Cartesian squares:

0——=H. (X, L,,,V)Tr+1) Dy F 0

par
L cla

(X\ P, Lr,rv V)(r+1) ﬁﬁr,r(P)(r) ﬁov

0——=H! (X, L,,,V)r+1) — H!

par par

where the rightmost vertical map is defined by sending 1 € F to the cycle class clp(A).
Then AJr(A) is given by the linear functional

AJp(A) = (=, na),

where na = ng"l —ng"b = r]}g’i(l)—nfDmAb(l) is the ‘tangent vector’ associated, as in

Lemma 2.2, with the extension Dp as filtered (®, N)-modules, and
(.) ¢ Hyye (X, Ly, V() X Hpp (X, Ly, V)(r +1) — F (2.3)
is the Poincaré duality.

2.2. Rigid cohomology
Recall the rigid spaces Zo C Wy, 29 C W) introduced in § 1.1. Fix a collection of points

{P1,..., P/} of X(F) contained in Z4, containing all the cusps of Z, and such that
red,(P;) #red,(P;) for i # j. Let w, be the automorphism of X defined in terms of
moduli by

wy(E t,a) = (a(E), ar), a), (2.4)

where " is the isogeny dual to o, and set PJ’.‘ := w, P;. Then the points P;.“ factor through
Zp, and the set
S:={Pi,..., P, P, ..., P}

contains all the cusps of X. Since the points Q € § reduce to smooth points Q in the
special fiber, the spaces D(Q) := red;l(Q) are conformal to the open disc in D(0; 1)
in C,. Fix isomorphisms hg : D(Q) — D(0; 1) mapping the point Q to 0, and for a
collection of real numbers rg < 1 consider the annuli

Vo :={x € D(Q) :rg < |lho(x)|, < 1}. (2.5)

Denote by LI:,% the sheaf for the rigid analytic topology on X(C,) defined by the
algebraic vector bundle £, . If V C X(C,) is a connected wide open contained in ¥ (C)),
the Gauss—Manin connection yields a connection

V: E?f?’ y — E?,%Iv@m{;,
and similarly to that in (1.4) we define the ith de Rham cohomology of V attached to
L% by
HI(LS, 1) = Hig(V, L%, 9) = H (5l > L%y @ ).
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In particular, if V is a basic wide open, then

LEV) ®Q),

H'(Ly, ) ~
’ miﬁ% V)

and HO(E;JIV) ~ ng (V)V=Y is the space of horizontal sections of E over V. For r = 0,
we set
HY (L lv) = H'(V) == Q,/dOy,  H(LE,1y) = HO'V) := 0457,
where d : Oy — Q{) is the differentiation map.
In terms of the admissible cover of X(C,) by basic wide opens described in §1.1, the
classes in HdR(X (C ), E;l“;’, V) may be represented by hypercocycles (wg, wso; i), where

wp and weo are E, $-valued differentials on Wy and W, respectively, and fyy € L‘ng 04%)
is such that (weo —wo)lyy = V fiy; and two hypercocycles represent the same class if

their difference is of the form (V fy, V foo; (foo — fo0)|w) for some fy € /32% Wp) and fx €

L75 Wao).
If V is a wide open annulus, associated with an orientation of V there is a p-adic
annular residue

resy : Q%/ —C, (2.6)

defined by expanding w =), anT”# S Q{; with respect to a fixed uniformizing
parameter T compatible with the orientation, and setting resy(w) :=ag (see [5,
Lemma 2.1]). Combined with the natural pairing

L)LV x LBV el — ol

induced by the Poincaré duality (1.3) on £, (extended to L, , in the obvious manner),
we obtain a higher p-adic annular residue map

Resy : L150V)®@ Q) — Lr2(V)Y (2.7)
by setting
Resy (w) (o) = resy (o, w)

for every E $-valued differential @ on V and every section o € £ng (V). Since resy
clearly descends to a map H'(V) = V/dOV —> C,, by composing Resy with the

projection E;i,‘% V)Y — H O(E;’r [)Y it is easily seen from the Leibniz rule that we obtain
a well-defined map

Resy : H'(L},lv) — HO(L;,1v)". (2.8)

If Vo C D(Q) is the annulus attached to a non-cuspidal point Q € S, it will be
convenient, following the discussion after [1, Corollary 3.7], to view Resy, as taking
values on the fiber £, ,(Q), using the sequence of identifications

HO(L vy)Y = (HY(D(Q), L)V = L.(Q) = L1(Q) (2.9)
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arising from ‘analytic continuation’, the choice of an ‘initial condition’, and the
self-duality of L, (Q), respectively. (See [1, Corollary 3.7] for the case of a cusp Q € S.)

For a supersingular annulus Ay, the vector space H O(L';r |4,) is equipped with a pairing
(,)A,, arising from an identification (similar to (2.9)) with the de Rham cohomology of a
supersingular elliptic curve in characteristic p corresponding to x € SS. Moreover, since
HO(A,) ~ C,, the residue map (2.6) yields an isomorphism res 4, : H'(A,) — HA,),
and using a trivialization of L;f% |4, it may be extended to an isomorphism

Resa, : H' (L}, |a,) =~ H (LD, ] 4,) (2.10)

(see [6, Proposition 7.1]). It is then easily checked that (2.8) and (2.10) correspond to
each other under the identification HO(L:;’,|AX)v = HO(E;J|AX) defined by (,) 4, .
Let S be a set of points as introduced above, and define

Wi =2~ | D@ Vo, U:=WiUW;,
0eSNZe

where Wg =w ,,Wgo, and U := X \ S. The restriction of an £, ,-valued differential on

X, which is regular on U defines a section of LE% ® Q; over U. As argued in the proof of

[6, Proposition 7.2], this yields an isomorphism
H(}R(Ua Er,r, V) = Hl(ﬁ;,rlu)

between algebraic and rigid de Rham cohomology.

Proposition 2.3. Let the notation be as before.
(1) A class k € Hl(ﬁ;’r|u) belongs to the image of Hr}ar(X, Ly, V) under restriction
Hoo (X, Ly, V) —> Hig(U. Ly, V) ~ H' (L], |0)
if and only if Resy, (k) =0 for all Q € S.

(2) LetV be such that {U, V} is an admissible covering of X. If ke, ky € leaI(X, Lyr, V)
are represented by the hypercocycles (wy, wy; wunv), (Mu, Nv; Nuny) respectively,
with respect to this covering, then the value (ku,ky) under the Poincaré duality
(2.8) is given by

(Ko, kn) = Z resy, (Fw, 0. U),
QeS

where Fy, g s any local primitive of wy on Vo, i.e., such that VF, g = wyly, -

Proof. The first assertion follows from the same argument as in [1, Proposition 3.8], and
the second is [6, Lemma 7.1]. O

2.3. Coleman’s p-adic integration

In this section, we give an explicit description of the filtered (®, N)-module structure on
leaI(X, Ly, V), following the work of Coleman—Iovita [8]. We state the results for L,

leaving their trivial extension to £, = £, ® Sym” Hle (A) to the reader.
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As recalled in §1.4, for every pair (Ey,t,) corresponding to a point x € X{(N)( +1)
there is a canonical p-isogeny acan : Ex —> E /can(E,), where can(E,) C E,[p] is the
canonical subgroup. The map V : X](N)( ) — Xl(N)( 1) defined in terms of
moduli by

V(Ey, ty) = (ctcan(Ex), @can(ty)) (2'11)
is then a lift of the absolute Frobenius on Xi(N)p,. Letting s : XI(N)(#) — Wy

be defined by (Ey,ty) — (Ex, fx,can(Ey)), and letting W/, C Wu be the image of
X1 (N )(ﬁ) under 51, the map ¢, defined by the commutativity of the diagram

W Poo

-

X1(N) (G —= X1 (V) (5E),

is therefore a lift of the absolute Frobenius on X¥,.

As explained in [6, p. 41] (see also the more detailed discussion in [7, p. 218]), the
canonical subgroup yields a horizontal morphism Freo : ¢5, L, —> Ly|wy . Define the
Frobenius endomorphism ®s, on Hl('c;'Woo) by the composite map

e ﬁ§1g®9{%@ Woo)  (Froomid)gt, ,/;;‘g@gz]l%o W5) e
H (L) ~ " " ~ H' (L),
VLS Wso) VLEWE)
where the last isomorphism is given by restriction (see [6, Proposition 10.3]). Setting
Wy i=wpyW CWo = wpyWeo and ¢p := w;lqﬁoowp, where w,, is the automorphism of

X given by (2.4), we similarly define a Frobenius endomorphism &g of H'! (L2 wy)-

Theorem 2.4 (Coleman). Let f=q+Y vosan(f)g" € S,+2(F0(NP)) be a p-new
eigenform of weight r+2 > 2, and let wy € HY(X, o ®SZ ) C par(X Ly, V) be the
associated differential. Then for each % € {o0, 0} there exists a locally analytic section
Fry of L, on W, such that

() VFr. = oflw,;

(i) Fra— a”r(fl)qb* F. is rigid analytic on W,

Moreover, Fy,, is unique modulo H0(£;|W*).

Proof. This follows from the discussion in [6, § 11]. By [6, Lemma 11.1] we have &, =
pUp on the image of S, 2(X)P ™"V in H1(£;|Woo). Since U?, = p"(p) on the former space
and we have the relations U,ws = a,(f)ws and (p)wy = wy by hypothesis, it follows
that the polynomial

_oap(f )

P(T)=1- pr+1
is such that P(®oo)([wflw,]) =0, and hence also P(®o)([wr|w,]) = 0. The result thus
follows from [6, Theorem 10.1]. O
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A locally analytic section Fp, as in Theorem 2.4 is called a Coleman primitive of f
on Wi,.

Remark 2.5. For r > 0, the spaces H 0(£;|W*) are trivial, and so the Coleman primitives
Fy,, are unique. On the other hand, for r = 0 we have H0(£;|W*) ~C,, and so Fy, are
unique modulo a global constant on W,.

2.4. Frobenius and monodromy

Denote by ¢ the inclusion of any rigid subspace of X into X. Associated with the exact
sequence of complexes of sheaves on X

0— L} — *(LIwy) ® " (LrIwy) LA KLY w) — 0,

there is a Mayer—Vietoris long exact sequence

. i . 5 i
> Hy (L Wpuiwse) — How(Lrlw) —> Hp (X, L7, V) —

o B! N
- H;}ar(’cr|W0UWm) B lear('crh/\/) —_>

in hypercohomology. By [6, § 10] and the discussion in the preceding section, each of the
non-central spaces in the resulting short exact sequence

Hyu (L2 1w) 5
00— o Op

L] 1:
Hpy(X, Ly, V) —> Hb(Lohypwa)? =0 — 0 (2.12)

is equipped with a Frobenius endomorphism. Therefore, to define a Frobenius action on
lear(X, Ly, V) it suffices to construct a splitting of (2.12).

As shown in [6, § A.5], this may be obtained as follows. Assume that « € HI}H(X, Ly, V)
is represented by the hypercocycle (wo, wso; fiyy) with respect to the covering {Wo, W}
of X. Since W = J, cgg Ax is the union of the supersingular annuli, we may write fyy =

{fi)ress with fi € L98(A,). The assignment

Ax I FLUoo'.Ax _Fw0|AX _fXa (213)

where F,, is a Coleman primitive of w, on W,, defines a horizontal section of ,C;ig on
W, and its image modulo IBO(H;?ar(LHWOUWOO)) is independent of the chosen F,, (see
Remark 2.5). It is easily checked that s6 =id, and hence we may define a Frobenius
operator ® on lear(X , Ly, V) by requiring that its action be compatible with the resulting
splitting of (2.12).

On the other hand, define the monodromy operator N on lear(X, L, V) by the
composite map

Dess Res
== 7

HYL (X, Ly, V) — H'(Lohw) 2 HOL W)~ Hiy (X, Ly, V),

where Res 4, are the p-adic residue maps (2.10).
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Lemma 2.6. Let k € Hp]ar(X, L,, V). Then we have

(i) forr >0, N(k) =0 <= Res4, (k) =0 for allx € SS;
(ii) forr =0, N(k) =0 <= there is C € C, such that res g (k) = C for all x € SS.

Proof. This follows immediately from the exact sequence (2.12) and the determination
of the spaces H(L2|yy,) recalled in Remark 2.5. O

By the main result of [8], the operators ® and N on H;}aI(X’ L, V) defined above
agree with the corresponding structures deduced from the comparison isomorphism of
Theorem 2.1.

2.5. p-adic Gross—Zagier formula

Fix a finite extension F/Q,, containing the image of the Hilbert class field H of K under
JE—

our fixed embedding Q <& Cp, and let ¢ > 1 be an integer prime to Np.

Proposition 2.7. Let f=q+Y vosan(f)q" € Sr42(To(Np)) be a p-new eigenform of
weight r +2 > 2. Let ¢ : A —> A’ be an isogeny in Isogzn(A), let Py € X(F) be the point
defined by (A’,t4), and let A, be the generalized Heegner cycle associated with ¢. Then
for all a € Sym’Hle(A/F), we have

Alp(Ap)(wf ANa) = (Froo(Par) A, clp,, (Ay)),

where Fr,o is the Coleman primitive of wy € HY(X, 0® ® Qk) on Wy (vanishing at oo
if r =0), and the pairing on the right-hand side is the natural one on L, ,(Par).

Proof. Following the recipe described at the end of § 2.1, we have
ATF(Ap) (@ A) = (wf Aa, h — pfiod), (2.14)

where
° ng"l is a cohomology class represented by a section (still denoted by r}g"l) of L, ®

Q}( (log Zx) over U having residue 0 at the cusps, and with a simple pole at P4 with
residue clp,, (Ap);
. ng"b is a section of ﬁg% ® Q}( over U having the same residues as 172"17 and satisfying
N(ntAmb) =0 and
Onho® = i + VG, (2.15)
for some rigid section G of E;ﬁ% on a strict neighborhood of (2 ﬂWg) U (2o ﬂWgo)
inU.
By the formula for the Poincaré pairing in Proposition 2.3, equation (2.14) may be
rewritten as

AJF(Ap)(wf Aar) = Z resy, (Fr.o Aa, i — nk), (2.16)
Qes
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where Fr o € L£.(Vp) is an arbitrary local primitive of ws on the annulus V. (Note that
here we are using the fact that the connection V on £, , = £, @ Sym” Hle(A /F) is defined
from the Gauss—Manin connection on £, by extending it trivially on the second factor.)

If Fyoo is a Coleman primitive of wy on Wy, then Fj[ppoo = Ffoo— a;r(fl) s Ffoo is

rigid analytic on W/, C Weo by Theorem 2.4, and hence

Z resVQ(Ffp Aa, niroPy 4 Z res 4, F}p Ad, anrOb) =0 (2.17)
0eSNWeo xesSSs

by the residue theorem (see [1, Theorem 3.8]). Since N (#°) =0, Lemma 2.6 implies

frob

that we can write n,°° = VG, for some rigid section G, € Er 7(Ay) on each supersingular

annulus Ay, and hence

d(FP) Ao, Gy) = (VFPL na, Go) + (FIPL Ao nfie®).

fr00

In particular, the right-hand side in the last equality has residue 0, and hence

res 4, (F/ Ae, nio) = —res 4 (VF[') Aa. Gy). (2.18)

Plugging (2.18) into (2.17), we arrive at
Z rest(F;p Aa, nioby — Z res 4, (V F[p Aa, Py = 0. (2.19)
0eSMWeo xesSSs
An entirely parallel reasoning with Wy in place of Wy yields a proof of the equality
Y resyy (il Ac i) + Y resa (VFIL Aa ni) =0, (2.20)
QeSNW, x€eSS

where Fpfo is a Coleman primitive of ws on Wy, and where we used the fact that
the supersingular annuli acquire opposite orientations with respect to Wy, and Wy.
Combining (2.19) and (2.20), we get

ap(f)
0= resy,( F“" Aa, nfioPy = (1— ;r+1 ) Y resy, (FroAanny®™®),  (2.21)
Qes QesS

o0

using (2.15) for the second equahty (see the argument [1, p. 1079]).
Since ap(f)2 = p”, this shows that there is no contribution from nfr"b (2.16). On the
other hand, since by the choice of nh"l we easily have

where F fp 0 denotes F /E-p ! or F p J depending on whether QO € Wy, or Wy, respectively,

D resyy (Frg A i) = (Fyoo(Par) A, clp, (Ay))
Q€S

(see [1, Lemma 3.19]), the result follows. O

Let (A, ta, wsa) be the CM triple introduced in §1.5, and let n4 € H r(A/F) be the
class determined by the conditions

A'na=Ans forall A € Ok, and (wa,na)a =1,
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where A — AP denotes the action of the non-trivial automorphism of K, and (,)4 is
the cup product pairing on Hle(A/F). If (A, ta, wa) is the CM triple induced from
(A,tp, w4) by an isogeny ¢ € Isog?,T(A), we define n4 € Hle(A’/F) by the analogous

recipe. For the integers j with 0 < j < r, the classes a)‘i‘,n:j/ defined in [1, (1.4.6)] then
form a basis of Sym” H;R(A//F).

Lemma 2.8. Let the notation be as in Proposition 2.7. Then, for each 0 < j < r, we have
AJp(Ap)(@f Aoy ) = deg() - (Froo(Pan), oy ) ars

where Fr o is the Coleman primitive of wy € H'(X, 0® ® Q}() on Weo (vanishing at oo if
r =0), and the pairing {, )a on the right-hand side is the natural one on SymrHJR(A’/F).

Proof. This follows from Proposition 2.7 as in [1, Lemma 3.22]. O

Recall that if f € Si(X) is a cusp form of weight k and level I', then flyy, defines
a p-adic modular form f, € My(N) of weight k and tame level N. Evaluated on a CM
triple (A’, t4/, wa/) of conductor ¢ prime to p, we then have

oA tar,wa) = f(A tar, e, 0p0),

where oy, : A" —> A’/A’[p] is the p-isogeny defined by the canonical subgroup of A’ (see
§1.5). By abuse of notation, in the following we will denote f, also by f. The map V
defined in (2.11) yields an operator V : My(N) — My(N) on p-adic modular forms
whose effect on g-expansions is given by g +— g”. Let a,(f) be the U,-eigenvalue of f,
and define the p-depletion of f by

= f—ap(NHVF.
Letting d = q% : Mg(N) — Mj42(N) be the Atkin—Serre operator, for any integer j
the limit
d—l—jf[P] ‘— lim dtf[P]

t—>—1—j

is a p-adic modular form of weight k —2 — j and tame level N (see [30, Theorem 5]).

Lemma 2.9. Let the notation be as in Proposition 2.7. Then for each 0 < j <r there
exists a locally analytic p-adic modular form G| of weight r — j and tame level N such

that
(Froo(Pa), 0yl Y ar = G (A tar, a0), (2.22)
where Fy o is the Coleman primitive of wy on We (vanishing at oo if r =0), and
A ) o / _ ig1d el A
Gi(A, ta,0p) — ——=Gj(p* (A, 14, wa)) = jld FPUA  tar, war). (2.23)
pr—j—H

Proof. The construction of G; as the ‘jth component’ of Fy is given in [1, p. 1083],
and (2.22) then follows from the definition. On the other hand, (2.23) follows from the
same calculations as in [1, Lemma 3.23 and Proposition 3.24]. O
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We now relate the expression appearing in the right-hand side of Proposition 2.7 to
the value of a certain p-adic L-function associated with f.

Recall that (A, 4, ws) denotes the CM triple introduced in §1.5, and fix an elliptic
curve Ao/H, with Endg (A;) =~ O,. The curve Aq is related to A by an isogeny ¢ :
A —> Agpin Isog?t (A), and we let (Ag, ty, wg) be the induced triple. Since we assume that
p = pp splits in K, we may fix an isomorphism w0 > Ag[p>] of p-divisible groups, where
Ao/Oc, is a good integral model of Ag. This amounts to the choice of an isomorphism
1 : Ay —> G, of formal groups, and we let @, € C be the p-adic period defined by the
rule

wo = Qp * Wean
where wean 1= l*% for the standard coordinate ¢t on Gm.

Finally, consider the set Z‘,j" . of algebraic Hecke characters x : K*\Agx — C* of
conductor ¢, infinity type (k+ j, —j) with j > 0 (with the convention in [1, p. 1089]),
and such that

X = Nk,
X|AQ

where N is the norm character on Aa, and for every x € X ,j' . set

Ly(HNGO = Y x ' @N@ - d/ [P @x (Ao, 1o, wean)), (2.24)
[a]ePic(O,)

and define

L(f, x "0
Lag(fx ™) = w07 € g0 Pt D,

where w(f, x) and C(f, x,c) are the constants defined in [1, (5.1.11)] and [1,
Theorem 4.6], respectively, Q is the complex period in [1, (5.1.16)], and L(f, x~',0)
is the central critical value of the Rankin—Selberg L-function L(f X 6,-1,s) of f and the
theta series of x 1.

As explained in [1, p. 1134], the set 2,1'6 may be endowed with a natural p-adic topology,

and we let ZAJk,C denote its completion.

Theorem 2.10. The assignment x +— Lp(f)(x) extends to a continuous function on ZA‘k,C
and satisfies the following interpolation property. If x € Z‘ZC has infinity type (k+ j, —Jj),
with j > 0, then

L 2 n
% = (I=ap(Hx ' EN*- Lag(f, x " 0).

Proof. See Theorem 5.9, Proposition 5.10, and equation (5.2.4) of [1], noting that 8, =0
here, since f has level divisible by p. O

Let X . be the set of algebraic Hecke characters of K of conductor ¢ and infinity type
(k—1—j,1+j), with j > 0. Even though Z‘ZC N X, . =Y, any character in X" can be
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written as a limit of characters in X" (see [1, p. 1137]). Thus for any x € X, ., the value
Ly (f)(x) is defined by continuity. ’ ,

The next result extends the p-adic Gross—Zagier formula of [1, Theorem 5.13] to the
semistable non-crystalline setting.

Theorem 2.11. Let f =g+ Y voran(f)q" € Sk(To(Np)) be a p-new eigenform of weight
k=r+22>2, and suppose that x € Xy . has infinity type (r +1—j, 1+ j), with 0 < j <

r. Then

L _ =J e

L)z(f‘)=(1—ap<f)x‘(p)>-<% > x T @N@) - AT (Aggg) (@ Ay ’)>.
Qp " [a]ePic(O,)

Proof. The proof of [1, Proposition 5.10] shows that the expression (2.24) extends in the
obvious way to a character x as in the statement, yielding

Ly(f)(x) - T
o rf,zj = Y x'@N@" a7 fPlax (Ao, 1o, wn)). (2.25)
QP [a]ePic(O,)
On the other hand, by Lemma 2.9 we have
ap(f)

Jd= 7 f PN @ (Ao, 10, @0)) = G j(ax (Ao, 1o, wp)) — s

G j(pax (Ao, fo, wp))- (2-26)

Substituting (2.26) into (2.25), summing over [a] € Pic(O,), and noting that
x@p ' =x""@p

we see that

Ly(HGO _

o (1-apHx"'®)

x<% > X_l(a)N(a)1+j-Gj(a*(Ao,to,a)o))>. (2.27)
" la]ePie(O,)

Finally, since the isogeny @q@o: (A, ta, ws) —> ax*(Ag, o, wg) has degree cN(a),
combining Lemmas 2.8 and 2.9 we have

G j(ax (Ao, o, w0)) = ¢ IN(@) - ATp(Agpo) (@5 A7), (2.28)
and substituting (2.28) into (2.27), the result follows. O

3. Main result

In this section we prove the main result of this paper, giving an ‘exceptional zero formula’
for the specializations of Howard’s big Heegner points at exceptional primes in the Hida
family.
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3.1. Heegner points in Hida families

We begin by briefly reviewing the constructions of [15], which we adapt to our situation,
referring the reader to [15, § 2] for further details.

Recall that p{N. Let f =Y 72 a.(f)g" € Sk(To(Np)) be a newform, fix a finite
extension L of Q, with ring of integers O containing the Fourier coefficients of f,
and let

pr: Gq = Gal(Q/Q) —> Auty (Vy) ~ GLa(L)
be the Galois representation associated with f. Also, let K = Q(+/—Dg) be an imaginary

quadratic field as in § 1.5. For the rest of this paper, these will be subject to the following
further hypotheses.

Assumptions 3.1. (1) f is ordinary at p, i.e., 1,(ap(f)) is a p-adic unit;
(2) Py is absolutely irreducible;
(3) Py is ramified at every prime ¢ dividing (Dk, N);
(4) p1thk = |Pic(Ok)|, the class number of K.

Note that by [15, Lemma 2.15], the first assumption forces the weight of f to be k = 2,
which will thus be assumed for the rest of this paper. As noted in [19, Remark 7.2.7],
this also implies that the residual representation p ; is automatically p-distinguished.

Definition 3.2. Set Ap, := Or[1+ pZ,]. For any Ao, -algebra A, let X5, (A) be the set

of continuous Op-algebra homomorphisms v : A — 6,, such that the composition
14 pZ, — Af, — A" —> Q,

is given by y > =2 for some integer k, > 2 with k, =2 (mod 2(p — 1)) called the
weight of v.

Since f is ordinary at p, by [13, Corollary 1.3] there exists a local reduced finite
integral extension I of Ap,, and a formal g-expansion f= ) a,q" € I[g] uniquely
characterized by the following property. For every v € X(“QL (M) of weight k, > 2, there
exists a newform f,, € S, (I'o(N)) such that

ky—1

v(f) = fulg) — 2

v(ap)

H(@?), (3.1)

and there exists a unique vy € X(“OL (D) of weight 2 such that v (f) = f(q).
By [13, Theorem 1.2], there is a free I-module T of rank 2 equipped with a continuous
action

pr: Go —> Auty(T) = GLy(I)

such that for every v € X “L, v(pr) is isomorphic to the Galois representation py, : Gg —>
GLQ(GP) associated with f,. Moreover, by [32, Theorem 2.2.2], if D, C Gq is the
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decomposition group of any place P of Q above p, there exists an exact sequence of
I[Dp]-modules

0— " T—T—7T—0 (3.2)
with .Z*T free of rank 1 over I, and with the D p-action on F T given by the unramified
character sending an arithmetic Frobenius Fr;] toa, e I*.

Following [15, Definition 2.1.3], define the critical character ® : Go —> I* by the
composite

Ecye : yioy 12

0:G0 575 14 pz, L2V 14 pz, — AY — T, (3.3)

where &cyc is the p-adic cyclotomic character and (-) denotes the projection to the 1-units
in Z,. Let I" be the free I-module of rank 1 where Gq acts via ©~!, and set

TN =TI’

equipped with the diagonal Galois action. Then, if for every v € X(‘f)L (M) we let Vy, be a

representation space for py,, then v(T?) =T ®r,» v(I) is isomorphic to a lattice in the
self-dual Tate twist Vy, (k,/2) of V, (see [26, Theorem 1.4.3] and [24, (3.2.4)]).

Let Ko be the anticyclotomic Z,-extension of K, and for each n > 0, let K,, be the
subfield of Ko with Gal(K,,/K) ~ Z/p"Z.

Theorem 3.3 (Howard). There is a system of ‘big Heegner points’

300 = {3ulnz0 € Hyy (Koo, T 1= lim H' (K, T")

n
with the following properties.
(1) For each n, 3, belongs to the Greenberg—Selmer group Selgr (K, TT) of [15,
Definition 2.4.2]. In particular, for every prime q of K above p, we have
1ocq (300) € ker (HIIW(KOO,q, T — H (Koo, ﬁ’TT))

for the natural map induced by (3.2).
(2) If 3%, denotes the image of 3o under the action of complex conjugation, then
3;0 =w- 30

for some w € {£1}.

Proof. In the following, all the references are to [15]. The construction of 3 is given in
§§2.2, 3.3 and the proof of (1) is given in Proposition 2.4.5. For the proof of (2), we need
to briefly recall the definition of 3,. Let H,.+1 be the ring class field of K of conduction
p"t1 and note that it contains K,. By Proposition 2.3.1, the ‘big Heegner points’ X1 €
Hl(Hpn+1, T") satisfy CoernH/Hp,, (X 1) =Up - Xpn, and hence the classes

3, = U;" . COI"Hpn+1 /K (:fp;z+1) (3.4)
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are compatible under corestriction. Denoting by 7 the image of a class under the action
of complex conjugation and using Proposition 2.3.5, we find that

T T
Coern+l /Kn (’/fp”+1 ) = Z ngrl
UeGal(Hpn-H /Kn)

-1
o T
= § xp)1+l

o€Gal(H n41/Kn)
=w- COI‘Han/Kn (%pnﬂ) (35)

for some w € {1}. Combining (3.4) and (3.5), the result follows. O

3.2. Two-variable p-adic L-functions

As in the preceding section, let f € S>(Ig(Np)) be a newform split multiplicative at p,
and let f € [[¢] be the Hida family passing through f. Recall the spaces of characters
Z‘,fc and ZA‘k,C introduced in §2.5. In the following, we only consider the case ¢ = 1, which
will henceforth be neglected from the notation.

By [1, Proposition 5.10] (see also Theorem 2.10), for every v € X(%L (I) the assignment

X Ly(f)0 =Y x'@N@ 7 -dl flPax (Ao, 10, wean))
[a]lePic(Ok)

extends to a continuous function on Z:’ku. Using the explicit expression for these values, it
is easy to show the existence of a two-variable p-adic L-function interpolating Ly (f,) for
varying v. For the precise statement, denote by 2 = hg the class number of K (which we
assume is prime to p), and let ¢, be the unramified Hecke character defined on fractional
ideals by the rule

¢o(a) = a/&, where (a) = a”. (3.6)

Assume that Op contains the values of ¢,, and denote by (¢,) the composition of ¢,
with the projection onto the Z,-free quotient of O;, which then is valued in 1+ pZ,,
and define & : K*\Ag — I* by

. 1/2h
E:KN\AY 2 0F <L 14pz, 5 14 p2, — AH, — " (3.7)

Similarly, recall the critical character ®:Gg — I* from (3.3), and define y:
K*\Ag — I* by

x(x) = O(recq(Ng/(x))),
where recq : Aé —> Gal(Q®/Q) is the geometrically normalized global reciprocity map.
Let I'oo := Gal(Ko/K) be the Galois group of the anticyclotomic Z ,-extension of K, and
denote by X7, (Foo) the set of continuous Op-algebra homomorphisms Of o] —> Q;

induced by a character ¢ of the form ¢ = ¢‘3¢/
(mod p — 1). Finally, let

for some integer £y > 0 with £4 =0

Nk : K* \AX 2 Q\Ay BLINYGE
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be the norm character of K, and for every v € X(%L @), let &, and x, be the composition
of & and x with v, respectively.

Theorem 3.4. The exists a continuous function Ly ¢(f) on X(%L M) x X(“QL (') such that
for every v € X(%L (I) we have

Ly e (®)(v, ) = Ly(f1) (950 xvNk)
as functions of ¢ € XE’,)L Tso)-

Proof. See [3, Theorem 1.4]. (Note that if (v, ¢) € X(“QL @ x X(“QL (I'so), then ¢&, x,Ng is
an unramified Hecke character of infinity type (k, +£€4 — 1, —(£y — 1)), thus lying in the
domain of Ly(fy).) O

3.3. Ochiai’s big logarithm maps

By our assumption that pth = hg, the extension K /K is totally ramified at every
prime q above p; let Koo ¢ be the completion of Ko, at the unique prime above ¢, and set
I'g,00 = Gal(Kwo,q/Kq). Even though I'q o may be identified with 'y, in the following it
will be convenient to maintain the distinction between them. Write " = mqOk, and set
wq =1g/7g € ch; in particular, note that @y = w,;l.

Recall the T-adic Hecke character introduced in (3.7), and let & : Gk —> I* also denote
the Galois character defined by

£(0) == [(do(0)) /",

where @, : Gx —> O; is the p-adic avatar of the Hecke character ¢, in (3.6). Finally,
set
Ty =T, ®E™", Tp:=T g, ®E,

and for every v € X(“QL (I) denote by V), the specialization of Tq at v (it will be clear from
the context which prime q above p is meant).

Theorem 3.5. Let A =a, —1 and set1:=1x"1 ®z, Z‘I‘,r. For each q € {p, p}, there exists
an I[Tq,c0]-linear map

L%, Hy(Koo,g, FTTq) — 1[Mg.00]

such that for every Yoo € Hllw(Koo,q, er']I‘q) and every (v, @) € X(“QL @ x X(‘BL (Tq,00) we

have
(pwi/h)kv/Z—l v(a,,)wfd’/h
l—q—) @i Do) (v, ) =1 !1(1——")<log<v®oo)¢>,cbv>,
< v(ap)aré“’/h F+T, ¢ p(pwal/h)ku/z_l

where log =1og z+y, g4 H' (Kq, 7TV, ®¢) — DR(FTV,®¢) is the Bloch-Kato
logarithm map, and v(YPeo)? € Hl(Kq, FTV, ®¢) is the ¢-specialization of V(Poo).
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Proof. See [3, Proposition 4.3]. O

Remark 3.6. Fix a compatible system ¢oo = {¢r},>0 of p-power roots of unity, and let
Coot ™! be the associated basis element of D4r(Q,(1)). In Theorem 3.5, @ denotes a
generator of the module

D = (FTTq(—1)&g, Z}) %0,
which by [25, Lemma 3.3] is free of rank one over L. (Note that .Z+Tq(—1) is unramified.)
As explained in [25, Lemma 3.3], for each v € X((IQL () there is a specialization map

v : D — D, ®z, Qp = Dar(F TV, (—1)).

Then, letting w, denote the image of V(@) ® foot ™' in Dgr(ZF 1V, (—1) ® Dgr(Qp(1)) =~
Dar(F V), the class @, € Dgr(F~ V(1)) in the above interpolation formulas is defined
by requiring that

(wy, ) =1

under the de Rham pairing (, ) : Dgr(Z*V,) x D@r(Z ~ V(1)) —> F,.

The big logarithm map L',‘f’L/G;JrTq of Theorem 3.5 may not be specialized at any pair
(v,1) with v € X(“QL (I) such that v(A) =0, i.e., v(a,) = 1. Since such arithmetic primes
are in fact the main concern in this paper, the following construction of an ‘improved’
big logarithm will be useful.

Proposition 3.7. There exists an I-linear map
L, H (Kp, F1Ty) — 102, Q)
such that for every 2o € Hl(Kp, FTTy) and every v € Xg)L @), we have

v(a,)p~!
1/ kg, j2—1
(pog’ ™)

v (E% 7, @0) = (1 - )(10gg+v\,(1}(@0)), Bu).

Proof. This can be shown by adapting the methods of Ochiai [25, §5]. Indeed, let
Ly, H' (Ky, FTTp) ®Q, — D®z, Q)

be the inverse of the map expyp constructed in [31, Proposition 3.8] (see Remark 3.6 for
the definition of D), and define

G, t H' (Kp, FTTp) — 102, Q)

by the relation £g+1,(—) = L.CZZWP(_) - w. Setting

-1
~ . a,p ] 1 n
F1, = (1 - m)ﬁ}wp tHY Ky, Z7Tp) — 10z, Qp,

the result follows. O
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Corollary 3.8. For any Qoo = {Dnln>0 € Hllw(Koo,p, ﬁﬂfp), we have the factorization in
I:
(1 ©~ & (Frp)

ap

) '8( %*Tp (QJOO)) = N?,U7+'H‘p Do),
where € : ﬁﬂrooﬂ — T is the augmentation map.

Proof. Comparing the interpolation formulas in Theorem 3.5 and Proposition 3.7, we see

that
0, &, (Fry) ~
(1 S ) Een, @0 1) = v (£, D0)
for every v € X(”QL (I); since these primes are dense in I, the corollary follows. O

The proof of our main result will rely crucially on the relation found in [3, § 4] between
the p-adic L-function Ly ¢ (f) of Theorem 3.4 and Howard’s system of big Heegner points
300- We conclude this section by briefly recalling that relation.

By [15, Lemma 2.4.4], for every prime q of K above p the natural map

H (Koo g, ZTTH) — HL (Koo q, T
induced by (3.2) is injective. In light of Theorem 3.3, in the following we will thus view
locq(30) as residing inside HIIW(KOO,q, FTTH.
Theorem 3.9. There is a generator w = wg of the module D such that

£y (0cy(35 ) = Ly c()

as functions on Xg,)L (@) x X(“,)L Tso)-

Proof. The construction of the basis element w =wf of D is deduced in [19,
Proposition 10.1.2] from Ohta’s work [27], and it has the property that (w,, w,) =1,
for all v e X(%L (I), where wg, is the class in FillDdR(VU*) ~ Dgr(-F V(1)) associated
with the p-stabilized newform (3.1); in particular,

J)vf = wy

in the notation of Remark 3.6. The result is then the content of [3, Theorem 4.4]. O

3.4. Exceptional zero formula

Let f= ijozlan(f)q" € S2(I'g(Np)) be an ordinary newform as in §3.1, and assume
in addition that f is split multiplicative at p, meaning that a,(f) = 1. Recall the CM
triple (A, 14, ap) € X (H) introduced in § 1.5, which maps to the point P4 = (A, A[Ip]) €
Xo(Np) under the forgetful map X — Xo(Np). Let oo be any cusp of Xo(Np) rational
over Q, and let kr € HY(K, V¢) be the image of (P4) — (00) under the composite map

Jo(Np)(H) =5 H'(H, Ta,(Jo(Np)) ®z, Qp) —> H'(H, V) SOk, Ve). (3.8)
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If f € I[q] is the Hida family passing through f, and vy € X5, (D) is the arithmetic
prime of I such that v¢(f) = f, it would be natural to expect a relation between the class
k¢ and the specialization at vy of Howard’s big Heegner point 3¢. As done in [14, § 3],
one can trace through the construction of 3¢9 to deduce a relation between the generic
(in the sense of [14, Definition 2]) weight 2 specializations of 39 and the Kummer images
of certain CM points. However, the arithmetic prime vy is not generic in that sense,
and in fact one does not expect a similar direct relation between v¢(3¢) and k¢ (see the
discussion in [14, p. 813]).

In Theorem 3.11 we will show that in fact the localization at p of vf(30) vanishes, but
that nonetheless it can be related to « s upon taking a certain ‘derivative’ in the following
sense, where we let log, : Q; —> Z, be Iwasawa’s branch of the p-adic logarithm, i.e.,
such that log,(p) = 0.

Lemma 3.10. Let T be a free Op-module of finite rank equipped with a linear action of
Gq,, let keo/Qp be a Zp-extension, and let y € Gal(koo/Q)p) be a topological generator.
Assume that T % = {0}, and let 2o, = {2, Jn>0 € Hllw(koo, T) be such that Zy = 0. Then
there exists a unique Z)//’oo = {ZJ’,’n},,)o € Hﬁ,v(koo, T) such that

Zo=(y =12,
Moreover, if n : Gal(keo/Qp) = Z, is any group isomorphism, then
Z/
Zpi= — 20— ¢ H'(Q,. T[1/p))
0" log,(n(y)) r
is independent of the choice of y.
Proof. Consider the module Ty := T®0, O1[Gal(kso/Q))] equipped with the diagonal

Galois action, where Gq, acts on the second factor via the projection Gq, —>
Gal(koo/Q)p). By Shapiro’s lemma, we then have

H' (Qp, Tro) = Hy, (koo T),

and the assumption that 7%~ = {0} implies that H l(Qp, Too) is torsion-free. Therefore,
the exact sequence of O [Gal(koo/Q)p)]-modules

-1
0—>Tooy—>Too—>T—>O

induces the cohomology exact sequence

0 —> H'(Qp. Too) 2> H'(Q). Too) —> H'(Q,. T).

giving the proof of the first claim, and the second follows from an immediate calculation.
O

Recall the uniformizer wy = /5 € K,;( ~ Q introduced in § 3.3, and define

L (f. K) =2, (f) — L (xk). (3.9)
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where £, (f) is the Z-invariant of f (as defined in [21, §I1.14], for example), and

logp(wp) B _210gp(7r§)
ord, (@p) h

‘iﬂp (xkx) ==

is the Z-invariant of the quadratic character xx associated with K (see [10, §1], for
example), with ord, the p-adic valuation on Q, with the normalization ord,(p) = 1.
The following derivative formula is the main result of this paper.

Theorem 3.11. Let f € S2(To(Np)) be a newform split multiplicative at p, let f € I[q]
be the Hida family passing through f, let 3 € HIIW(KOO, T") be Howard’s system of big
Heegner points, and define Zy f,00 := {Zp, fnlnz0 € HIIW(Koo,w ﬂ"'Vf) by

Zy fn = locp (vy(3n)),
where vy € X(“?L (I) is such that f =ve(). Then Zy 10 =0 and

Z, 1o =% (f. K) -locp (i p), (3.10)

where £, (f, K) is the £ -invariant (0.4), and k5 € HY(K, V) is the image of the degree
zero divisor (A, A[Mp]) — (c0) under the Kummer map (3.8).

Proof. By Proposition 3.7, Corollary 3.8, and Theorems 3.9 and 3.4, respectively, we see

that
1 . o g1
(1 —a,(f)p ) (log(Zp, £.0), wf) = Ul;n\}f v <E37+T(100p(30 )))
. 0, '€, (Fro) \ ., =
= ullg;l/ (1 — T[z)q) g;ﬂy(locp (5‘30 N, 1)
o 07t (Fry)
= 1)linvlf (1 — TI;) Ly H, 1)

= (1=a,(N7") - Lp( £ Np).

Since a,(f) = 1 by hypothesis, this shows that (log(Zy, r0), @) = 0, and the vanishing
of Zy 0 follows. Now we turn to the proof of the derivative formula (3.10).

Denote by Ly g(f)' the image of Ly ¢(f) under the involution of ﬁ[[f‘oo]] induced by
complex conjugation, so that Ly ¢(®)'(x) = Lp,g(f)(x_l) for every character x of I's.
One immediately checks the commutativity of the diagram

w

L
locy F+Typ

Hl (Kso, F+Tp) ———— H\ (Koo p, FTT}) Iy 0]

F L* L
lo Eau;f‘*"ll‘f

H} (Koo, Z+T5) ? Hl (Koo 5. FTp) T[Tl

where the left and middle vertical arrows denote the action of complex conjugation.
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From the discussion in [11, §2.6], we may find a disc U C Z/2(p — 1)Z x Z,, contained
in the residue class of 2, and a unique morphism of Ao, -modules

.//Z%fIHHJZ(U

such that .#(r)[x=2 = vy (r) for every r €I, where @ C L[k —2] denotes the subring
of power series convergent for k € U endowed with the Ap,-algebra structure induced
by the character 1+ pZ, — <7, which sends y € 1+ pZ, to the power series Y2 .=
exp((k —2)log, ().

For every k € UNZy, the composition of .# with the evaluation map at k defines
an clement v € X (I). Set a,(k) := .2 (ay), and for (k,¢/") € (UNZz2) x XS (Teo),
define the functions

(pwl/h)k/27]
Lok, 1) = (1 - ”—,)Lp (O (e, ¢/,
/h '
a,,(k)wF
1/h\k/2—1
w _
Lk, 1) := (1 - %)Lm(ﬂ(v,ﬁ o.M,
a,(k)ary/
By the combination of Theorems 3.5 and 3.9, we then have
t/h
1 a, (ko (1=k/2+1)/ h .
Lptk, ) = (1 - #h;/zl) (log (locp (v (300)*” ) by
: p\pos a
p
and by the above diagram we also have
1 a (k)wt/h k/2-1-00/h
Lyk, 0) = (1 - %) (log (locg (v (35,)% ). ).
: p(pw, -

By the ‘functional equation’ satisfied by 3.0 (see Theorem 3.3), it follows that the
function

Lpk,t) = Lyk,t) —wLlgk,k—2—1)

vanishes identically along the ‘line’ t = k/2 —1. By [15, Proposition 2.3.6], the sign w
is the opposite of the sign in the functional equation for the p-adic L-function L ,(f,s)
associated with f in [21]. Thus, if w = 1, then ords—1 L, (f, s) > 2, and by [31, Lemma 6.1]
the right-hand side of (3.10) vanishes; since the vanishing of the left-hand side follows
easily from the construction of Z}, ., in Lemma 3.10, we conclude that (3.10) reduces to
the identity ‘0 = 0’ when w = 1. As a consequence, in the following we shall assume that
w=—1.

Using the formula for the #-invariant of f as the logarithmic derivative of a,(k) at
k =2 (see [11, Theorem 3.18], for example) and noting that (pwﬁl/h)kﬂ_1 = n%k_z)/h by
definition, we find
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0 d log , (75) d log , (75)
ﬁﬁp(kv t)’(z,O) = [ﬁap(k)’kﬁ - pr —w (ﬁap(k”k:z - pr>:| Ly (f)(Nk)

1 _
—_ [( . ) () —zpum)} Lp(/)(Ng)

= =2 ([, K) - Lp(f)(NK). (3.11)
Using the aforementioned vanishing of £, (k, k/2 —1) for the first equality, we also find
9 19 (1—w) -
LD 0 = =3 = Lpke D] ) = = (1= ap(Hp~") log(Z, o). )
= —(1=p - (log(Z, ;o) @), (3.12)

and comparing (3.11) and (3.12), we arrive at the equality

(1= p)-(log(Z} o), @f) = Zp(f, K) - Ly(f)(NK). (3.13)
On the other hand, letting ¢g : A —> A be the identity isogeny, by Theorem 2.11 we
have
Ly(/)(Ng) = (1 —a,(HHp™h) Z (AJF(Agapy)s @f)
[a]ePic(Ok)
= (1= p™") - (log(locy (k). wy),
which combined with (3.13) concludes the proof of Theorem 3.11. O
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