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Abstract. The Chirikov standard map is a prototypical example of a one-parameter family
of volume-preserving maps for which one anticipates chaotic behavior on a non-negligible
(positive-volume) subset of phase space for a large set of parameters. Rigorous analysis
is notoriously difficult and it remains an open question whether this chaotic region, the
stochastic sea, has positive Lebesgue measure for any parameter value. Here we study
a problem of intermediate difficulty: compositions of standard maps with increasing
coefficient. When the coefficients increase to infinity at a sufficiently fast polynomial
rate, we obtain a strong law, a central limit theorem, and quantitative mixing estimates
for Holder observables. The methods used are not specific to the standard map and apply
to a class of compositions of ‘prototypical’ two-dimensional maps with hyperbolicity on
‘most’ of phase space.
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1. Introduction and statement of results

Let f : M — M be a smooth dynamical system. In many systems of interest, the dynamics
of f does not tend to a stable or periodic equilibrium, as evidenced, e.g., when observables
¢ : M — R of such systems fluctuate indefinitely, i.e., ¢ o f" (x) fluctuates as n — oo fora
‘large’ set of x € M. In such cases, the asymptotic dynamics of the system is best described
not by equilibria, but by a ‘physical’ measure u for f: an f-invariant probability measure
n on M is called physical if for a positive Lebesgue measure set of x € M (the ‘basin’ of
1) and any observable ¢ : M — R, we have that

n—1
1 .
ngn;o;§ﬁ¢ofl<x)=/¢du. (1)
i=0
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982 A. Blumenthal

Treating the sequence of observations {¢ o f i}izo as a sequence of random variables,
(1) above is a strong law of large numbers. Pursuing this interpretation, it is natural to ask
whether finer statistical properties hold, e.g.:

e central limit theorems (CLTs) pertaining to the convergence in distribution of
(1//n) Z?:_ol (¢ o f1(X) —m), where X is distributed in M with some given law
v and m € R is a centering constant; and

e decay of correlations, i.e., estimates on the decay of |[¢o f" -y du—
[ @du [ dulasn — oo for some class of observables ¢, y on M.

These properties are by now classical for maps f with uniform hyperbolicity, e.g.,
expanding, Anosov, or Axiom A maps (see, e.g., [23]). Outside the ‘uniform’ setting,
an extremely important tool in the exploration of statistical properties of deterministic
dynamical systems is non-uniformly hyperbolic theory, also known as Pesin theory [6, 33].
Assuming some control on the (typically non-uniform) rate of hyperbolicity, techniques
have been developed for use in conjunction with non-uniform hyperbolicity to probe finer
statistical properties of deterministic dynamical systems (e.g., the technique of countable
Markov extensions, also known as Young towers [34]).

1.1. Difficulties and challenges. Use of these tools requires establishing non-uniform
hyperbolicity, which is notoriously difficult to verify even for maps which ‘appear’
to be hyperbolic on most (but not all) of phase space. In the volume-preserving
category, the difficulties involved are exemplified by the Chirikov standard map family
{FL}1~0 of volume-preserving maps on the torus T2 [13]. For large L, the map Fy
exhibits strong hyperbolicity (i.e., F; admits a continuous, invariant family of cones
with strong expansion) on a large but non-invariant subset of phase space. A key
difficulty is that typical orbits will enter a set where cone invariance is violated (e.g.,
the vicinity of an elliptic fixed point for Fr), and the previously expanding invariant
cone is potentially ‘twisted’ towards the strongly contracting direction, after which all the
growth accumulated may be destroyed. Thus, the estimation of Lyapunov exponents (i.e.,
verifying non-uniform hyperbolicity) amounts to a delicate cancellation problem between
‘growth phases’, when tangent directions are roughly parallel to expanding directions, and
‘contraction phases’, during which tangent directions experience contraction.

These challenges are real, as the following results illustrate. Duarte [20] showed that
for a residual set of large coefficients L, the set of elliptic periodic points for the standard
map Fy is approximately L~!/3-dense in T?. On the other hand, Gorodetski [21] showed
that for a residual set of sufficiently large L, the set of hyperbolic points has full Hausdorff
dimension and is L~!/3-dense. In particular, taking L large does not alleviate the problem
of elliptic dynamics: for all such L, even quite large, chaotic behavior intermingles in a
convoluted way with elliptic-type behavior. It stands to reason, then, that distinguishing
one regime from the other should be extremely challenging. Indeed, it remains an open
question (the standard map conjecture) whether F7 is non-uniformly hyperbolic on a
positive-volume subset for any value of L > 0. We remark, however, that it has recently
been proved [8] that the standard map F7, is C" close to non-uniformly hyperbolic maps
for a large subset of L.
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1.2. Results in this paper. In the interest of studying a problem of intermediate
difficulty between the classical uniformly hyperbolic settings and the presently intractable
two-dimensional non-uniformly hyperbolic setting exemplified by the standard map, we
propose to study compositions of standard maps with increasing coefficient. Cone twisting
does occur on a positive-volume subset of phase space at each time step and so we contend
with many of the same problems described above for systems away from the ‘uniform
setting’. Indeed, our hypotheses do not preclude the existence of elliptic fixed points
for our compositions. Important for our analysis, however, is the fact that increasing
the coefficient at each time step both increases the strength of expansion and decreases
the size of phase space committing ‘cone twisting’—a crucial feature of this model is
that a generic trajectory reaches these ‘bad’ regions at most finitely many times when the
increasing coefficients {L,} are inverse summable (see §2.1).

Our main results pertain to the situation when the sequence of coefficients increases
sufficiently rapidly: we are able to establish a strong law of large numbers, a central limit
theorem, and decay of correlations (Theorems A, B, and C, respectively). Our methods are
quite flexible and only rely on the bulk geometry of hyperbolicity on successively larger-
volume subsets of phase space. As such, our results apply to a class of volume-preserving
maps which are qualitatively similar to the standard map family. For this reason, the
techniques of this paper are able to handle effectively ‘non-autonomous’ dynamics, i.e.,
dynamics whose behavior is allowed to change with time.

Along the way towards proving the main results, certain ‘finite-time’ decay of
correlations estimates are obtained for standard maps with fixed coefficient L, i.e.,
correlation estimates providing sharp bounds at all times n < N, (in our results, N7 grows
as a fractional power of L). This result (formulated as Theorem D) is of independent
interest: although it fails to be a true asymptotic result, these estimates demonstrate that
for large L, the standard map Fy, is strongly mixing on a relatively long time scale.

1.3. Related prior work. The study of non-autonomous dynamical systems is still
in its infancy and many open questions remain. That being said, the statistical
properties explored in this paper are closest to those on memory loss for non-autonomous
compositions of hyperbolic maps [4, §, 30] (see also [3]), Sinai billiard systems with slowly
moving scatterers [11, 31, 32], and polynomial loss of memory for intermittent-type maps
of the interval with a neutral fixed point at the origin [1, 26]. We have benefited especially
from the techniques in [14], which studies statistical properties of sequential piecewise-
expanding compositions in one dimension.

Pertaining to the Chirikov standard map, there is a large literature on this and related
systems (e.g., Schroedinger cocycles), which we do not include here. See, e.g., the
citations in [10] for a small sampling of such results and some additional discussion.

Random dynamical systems can be thought of as a version of non-autonomous
dynamics with some stationarity properties; see, e.g., [2, 22]. Lyapunov exponents of
random perturbations of the standard map with large coupling coefficient were studied
in [10]. We also note [19], which established quenched (sample-wise) statistical properties
for a large class of stochastic differential equations in both the volume-preserving and
dissipative regimens.
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The analysis in this paper bears some qualitative similarities with that used in [9],
which studies Lyapunov exponents and statistical properties of random perturbations of
dissipative two-dimensional maps with qualitatively similar features to the Henon map;
these results apply as well to the standard map. As it turns out, statistical properties of
the corresponding Markov chain can be deduced from finite-time mixing estimates for
the dynamics, very much in keeping with the spirit of the analysis in the present paper
(especially Theorem D).

Lastly, we mention that the techniques in this paper may be useful in future studies of
‘bouncing ball’ models of Fermi acceleration [15, 16, 18]. As it turns out, the static wall
approximation of bouncing ball models in a potential field gives rise to a Poincaré return
map bearing strong qualitative similarities to the standard map (see [15] for a detailed
derivation) and so it is conceivable that the analysis in this paper may shed insight on open
problems related to ‘escaping trajectories’ for such models.

1.4. Statement of results.

1.4.1. Definition of model. Let My e N, Ko, K1 > 0 be fixed constants. Let Lo > 0,
which should be thought of as sufficiently large, and let {L,} be a non-decreasing
sequence, i.e.,

Lo<Li=Lr<---=Lp=---.

In our results, we will assume that L, — oo at a sufficiently fast polynomial rate in n.
Foreachn > 1, let f, : T! — R be a C? function for which:

HD I faller =M fallco + 1 £ llco < KoLan;

(H2) C, :={£ € T': f/(X) = 0} is finite, with cardinality < Mo; and

(H3) foranyn > 1, x € T', we have | fi(x)] > L,,Kl_ld(x, Cn).

We will consider the non-autonomous composition of the maps F, : T2 — T2 defined by

setting

Jn(x) —y (mod 1))

X

Fy(x, y)=<

Above, (mod 1) refers to the projection R — T! defined by x — x — |x]t, having abused
notation somewhat and parametrized T' by [0, 1). We will continue to use this convention
throughout the paper.

We note that conditions (H1)—(H3) are satisfied by the family f,(x) := L, sin(2mrx) +
2x,in which case F,, is (up to conjugation by a linear toral automorphism) the standard map
with coefficient L,,. These conditions are also satisfied for the family f,,(x) := L, ¥ (x) +
an, where {a,} C [0, 1) is any subsequence and v : T! — R is a map satisfying some C3-
generic conditions—details are left to the reader. The hypotheses (H1)—-(H3) are similar to
those for [10, Theorem 1].

For n>m > 1, we write F); = F, 0o F,_j0---0 Fy, and write F" = F}'. We adopt
the conventions F~! =1d, F* =1d.

+ Here for x € R we define the floor function |x| = max{n € Z :n < x}.
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1.4.2. Results. Our first result is a strong law of large numbers, which can be thought
of as an ergodicity-type property for the non-autonomous compositions { F"}.

THEOREM A. Let o € (0, 1]. Assume that Ly is sufficiently large, depending on the

system parameters Ko, K1, Mo and on a. Let ¢ : T2 — R be a-Holder continuous with

[ ¢ dLebp =0.

@ IFNALYCM 50, then (1/N) YN g po Fi — 0in L2

(b) If N4+€L;a/(3a+4) — 0 for some arbitrary € >0, then (1/N) ZIN:O ¢poF -0
Lebesgue almost everywhere.

Example 1.1. Fix a € (0, 1], p > 0. Define L, = max{Lg, n”} for some p > 1 and L
sufficiently large. Then Theorem A(a) holds when p > a1 (6a + 8) and Theorem A(b)
holds when p > a~!'(12a + 16). The exponent of n is minimized when o = 1 (i.e., ¢ is
Lipschitz); here p > 14 suffices for (a) and p > 32 for (b).

Next is a central limit theorem for Holder observables.
THEOREM B. Let o € (0, 1]. Let Lq be as in Theorem A and, additionally, assume that

lim NSL*/TY =0
N—oo N ’
Let ¢ be an a-Holder continuous function on T2 for which [ ¢ dLebp=0. Let X be
a uniformly distributed T?-valued random variable. Then (1/o+/N) ZzNzo ¢ o FI(X)
converges in distribution to a standard Gaussian as N — 0o with

02=/¢(x,y)2 dx dy+2f¢<x,z>¢<z, ¥ dx dy dz.

provided that o > 0. Moreover, we have o =0 if and only if p(x, y) = ¥ (x) — ¥ (y) for
some continuous \ : T! - R

These conditions are satisfied for L, as in Example 1.2 when p > 8a~1(3a +4). The
asymptotic variance o appearing in Theorem B comes from an appropriate interpretation
of the ‘singular’ limit of the maps F;,, as n — oco. The condition ¢ (x, y) = ¥ (x) — ¥ (y)
has the connotation of a coboundary condition for this singular limit. See the discussion
in §3.1 (in particular Remark 3.2 and Lemma 3.3) for more details. Theorem B is proved
in §5. In the setting of Example 1.2, Theorem B holds when p > 8 3« + 4)/«; the result
is optimal when « = 1, in which case p > 56 suffices.

Finally, we present a decay of correlations estimate for the compositions { F"}.

THEOREM C. Fix ne (1/2,1). Let Lo be sufficiently large in terms of the system

parameters and 1. Assume that ), L;(l/z)(l_")

C(Ko, K1, My, n) for which the following holds.
Let o € (0, 1] and let ¢, Y be a-Holder continuous functions on T2. Then

00 o/(a+2)
1-2 —(1/2)(1—
‘/woF”-w—/wfw scnwnanwnamax{LW;],( oL ”’) }

i=|n/8]
foralln > 0.

< 00. Then there is a constant C =
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Above, all integrals | are with respect to Lebr2 and we have written

lo(p) — ¢(q)]
[l = sup TR and plla = llplico + [0l
pqer?  412(P: 9)

for a € (0, 1] the Holder moduli and norms, respectively, and dr is the geodesic distance
on T? endowed with the flat geometry of R?/Z?.

Example 1.2. Fix ne (1/2,1). Define L, =max{Lo, n”} for some p >4 and Ly
sufficiently large. In particular, ), L, A/2A=1 _ o if and only if p >2/(1 —n). One
obtains that the max{- - - } term on the right-hand side is

< Const. || ||o|l¢ ”anmax{p(17277),(oz/(ot+2))(1*(1/2)17(1*77))}'

The exponent of n is optimized at n= Bap +4p —2a)/(Sap + 8p) at the value
(4 — p)a/(Sa + 8) (valid since here p > 2/(1 — n) reduces to p > 4, which has been
assumed), leading to the estimate

< Const. [l g~ @2/ Cect8),

The exponent of n is minimized when o = 1, in which case decay of correlations is
summable if p > 17.

1.4.3. Finite-time decay of correlations estimates for fixed-coefficient standard maps.
Our estimates in this paper can also be used to obtain the following finite-time decay of
correlations estimate for Holder observables.

THEOREM D. Let a € (0, 1] and let L be sufficiently large in terms of o. Let ¢,  be
a-Holder-continuous functions on T2. Then

[oerrv-[ofv

foralln > 2, where C = C(«) > 0 is a constant independent of L, r, ¢.

< Clpllall¥lly - nL™/Cx+H

For each fixed L > 0, Theorem D provides a non-trivial upper bound on correlations for
times n < L*/3¢¥ "and thus gives information on the mixing properties of the standard
map in the so-called anti-integrable limit. Like before, the result is strongest at = 1.

1.4.4. Plan for the paper. ~We collect preliminaries and basic hyperbolicity results in
§2, with an emphasis on the geometry of iterates of curves roughly parallel to the strongly
expanding direction (called horizontal curves) for the dynamics.

In §3 we develop finite-time mixing estimates for the composition {F"}; this verifies
Theorem D and also lets us provide a statistical description of the ‘singular’ limit of the
maps F,, as n — oo. In §4 we deduce the strong law (Theorem A) and in §5 we prove the
central limit theorem (Theorem B).

The proof of Theorem C, carried out in §§6 and 7, is logically independent of §§3-5;
indeed, it should not be surprising that the ‘finite-time mixing’ estimates in these sections
do not yield the long-time asymptotic correlation estimate in Theorem C. The proof of the
latter requires a more careful study of the ‘shape’ of iterates of small, sufficiently nice sets
S C T?. This is carried out in §6 and the proof of Theorem C is completed in §7.
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1.4.5. Notation and conventions. ~We parametrize T' as [0, 1) throughout the paper.
The torus T? carries the flat geometry of R?/Z? and we identify all tangent spaces with
the same copy of R2. We write dp1, dpo for the geodesic metrics on T!, T? respectively.

We repeatedly use big-O notation: a quantity 8 € R is said to be O («) for some « > 0,
written 8 = O (k), if there is a constant C > 0, depending only on the system parameters
Ko, K1, My, for which || < Ck. Similarly, the letter C is reserved for any positive
constant depending only on the parameters Ko, K1, Mo.

We write Leb or Leby for the Lebesgue measure on T2, although, unless otherwise
stated, any integral | over T? should be assumed to be with respect to Lebesgue. When
y C T2 is a C? curve, we write Leb, for the (unnormalized) induced Lebesgue measure
ony.

If p € T2, we typically write po:= p and p, := F"~!pg; in general, objects with a
subscript 7 should be thought of as belonging to the ‘domain’ of F,. Given y C T2, we
likewise write yp = y and y, = F"~1y.

Lastly, the parameter Lo > 1 is assumed fixed and will be taken sufficiently large in a
finite number of places in the proofs to come. Whenever L is enlarged, it is done so in a
way that depends only on the system parameters K¢, K1, My, the Holder exponent ¢, and
the auxiliary parameter 1 introduced below in §2.1.1.

From this point forward, we will assume that {L,}, { f,} are as in (HI)—(H3) and that
{L,} is a non-decreasing sequence.

2. Predominant hyperbolicity

For all large n, the maps F, are predominantly hyperbolic, which is to say that the
derivative maps d F,, exhibit strong expansion along roughly horizontal directions on an
increasingly large (but non-invariant) proportion of phase space. Our purpose in this
section is to make this idea precise and collect some preliminary results.

In §2.1 we essentially deal with hyperbolicity on the linear level: when L, — oo
sufficiently fast, we show that the compositions {F"} possess non-zero (in fact, infinite)
Lyapunov exponents at Lebesgue-almost every point. On the other hand, the rate at which
this hyperbolicity is expressed is non-uniform across phase space and so, in analogy with
standard non-uniformly hyperbolic theory in the stationary setting, we develop in §2.1 the
notion of uniformity set to control this non-uniformity.

In §§2.2 and 2.3, we consider the nonlinear picture: the time evolution of curves
roughly parallel to the unstable (horizontal) direction. The basic idea is that sufficiently
long ‘horizontal curves’ proliferate rapidly through phase space: this is precisely the
mixing mechanism one anticipates when working with this model and is used repeatedly
throughout the paper. Standard hyperbolic theory preliminaries are given in §2.2, while in
§2.3 this mixing mechanism is more precisely laid out in the form of a mixing estimate for
Lebesgue measure supported on a sufficiently long horizontal curve.

2.1.  Predominant hyperbolicity of the maps F,. Let us begin by identifying subsets of
phase space where the maps Fj, exhibit uniformly strong hyperbolicity. For L > 0 and
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n > 1, define the critical strips
Sur=1{(x,y)eT?:d(x,C,) < K\L;'L}

and note that by (H3), for (x, y) ¢ S,.r, we have | f,,(x)| > L. For each n, outside S, 1, we
have that F), is strongly expanding in the horizontal direction: to wit, for any L sufficiently
large (L > 10 will do for our purposes) and any n > 1, p ¢ S, 1, the cone

2. 1
Ch={v=_(vx,vy) eR": |vy| < 1_0|Ux|}

is preserved by (d F;;), and all vectors in the cone are expanded by a factor > L /4.

In particular, observe that Leb(S,,, 1) &~ L/L,. Thus, for fixed L, the proportion of phase
space TZ\S,,, 1 on which F; preserves and expands Cj, increases as n increases. When
the sequence L, increases sufficiently rapidly, this implies an infinite Lyapunov exponent
almost everywhere, as follows.

LEMMA 2.1. Assume that Y oo, L' < co. Then
1
lim — log ||dFI'7' | =00 2)
n—oo n
for Leb-almost every p € T2,

Proof. For each L > 0, we have

0 o o0
> Leb(F" 7S, =) LebS, . <2KiMoL Y L, <oo.

n=1 n=1 n=1

The Borel-Cantelli lemma thus applies to the sequence of sets {(F' n=ly-1 Sn.L}n>1 and so
theset Sy ={peT?: F" pe Su.L infinitely often} has zero Lebesgue measure. Taking
S =¥~ S, it is now simple to check that (2) holds for all p € T2\S. ad

Let us emphasize, however, that the limit (2) is highly non-uniform in x, due to the
fact that the critical strips S, 1 have positive mass for all n > 1. We encode this non-
uniformity in a way analogous to that of uniformity sets (alternatively called Pesin sets) for
non-uniformly hyperbolic dynamics.

2.1.1.  Construction of uniformity sets for the composition {F"}. For our purposes in
this paper, it is expedient to ‘fatten’ the critical strips S, 1, as follows. Let n € (0, 1) and,
for n > 1, define

B,(n) ={(x, y) € T?:d(x, Cy) <2Ki L, """}

For p = (x, y) ¢ B,(n7), we have | f, (x)| > 2L, In particular, for such p, we have that
(dFy)p preserves the cone Cj, and expands tangent vectors in Cj by a factor > L. The
parameter n dictates the proportion of expansion we recover in (B, (1)) and hence the
tradeoff: the larger 5, the more expansion we demand away from the bad sets B, (), but
the larger the bad sets B, (1) become. We note that 1 appears throughout the paper and is
often fixed in advance; as such, for simplicity we often write B, = B, ().
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For p € T2, define

(p):=1+max{m=>1:F" 'peB,}
= min{k > 1: F"_lp ¢ B, for all n > k};

in particular, for a given orbit { p, = F"~! p}, the derivative mapping (d F;,) p, 18 uniformly
expanding along the horizontal cone Cy, for all n > 7(p). In this way, the sets

Iy ={t(p) < N}

can be thought of as uniformity sets for the composition {F"},>1. Repeating the proof of
Lemma 2.1 yields the following.

LEMMA 2.2. Fix n € (0, 1) and assume that ZZ‘;I L,;H_" < 00. Then T < 00 almost
surely and \ )y T'n has full Lebesgue measure.

Indeed, we have the estimate

o0 o o
Leb{r > N} < Y Leb(F" ")"'B,= ) LebB, = 0( > L,,”’?).

n=N n=N n=N

2.2. Horizontal curves. Curves roughly parallel to unstable directions, sometimes
called u-curves in the literature, are an effective and well-used tool for describing the
mixing mechanism of hyperbolic dynamical systems: the elongation of such curves under
successive applications of hyperbolic dynamics leads to their proliferation through phase
space, resulting in mixing. These ideas are standard for (autonomous) smooth dynamical
systems exhibiting hyperbolicity; see, e.g., [17, 27, 29].

In the setting of this paper, horizontal curves play the role of u-curves. Although much
of the material in this section is standard for iterates of a single map, we note that the maps
F,, in our compositions become more singular as n increases. So, it is important to ensure
that the necessary estimates (e.g., distortion control) do not worsen with n. For this reason,
we re-prove below in §2.2 what are otherwise standard results in hyperbolic dynamics.

The point of departure is an identification of a class of curves ‘roughly parallel to
unstable (horizontal) directions’.

Definition 2.3. A horizontal curve is a connected C? curve y C T? with the property
that y = {(x, hy, (x)) : y € I,,} for some (open, proper) subarc I, C T! and some Lipschitz
continuous function &y, : I, — T! with ||h;/ lco < 1/10. Note that I,, = (0, 1) is allowed.

The plan is as follows. In Lemma 2.4 below we describe the evolution of horizontal
curves under successive iterates of our non-autonomous compositions {F;, m < n} when
these curves are assumed to avoid the critical strips B, for each n. Lemma 2.5 is a
distortion estimate between trajectories evolving on the same horizontal curve. Finally,
Lemma 2.7 considers the time evolution of sufficiently long horizontal curves which are
allowed to meet bad sets.

The following is a description of the geometry of successive images of horizontal curves
which do not meet the bad sets { B, }.
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LEMMA 2.4. (Forward graph transform) Fixn € (0, 1), then the following holds whenever
Lo is sufficiently large (depending on n). Let N > 1 and let y C T? be a C? horizontal
curve of the form y = yy = graph gy = {(x, gn(x)) : x € In}, where Iy CR and gy :
Iy — R is a C? function for which lghllco <1/10 and |lgyllco < 1.

Let n > N and assume that for all N < k <n — 1, we have that

FE ')y n B =0.

Then, for each N <k <n, we have that yy = F 1@7] (y) is a horizontal curve of the form
graph gr = {(x, gk(x)) : x € I} for an interval Iy C T! and a C? function g : I — T!
for which:

(a) we have the bounds

- —3n+1
lgellco <L, and |ig{llco <2KoL,”|"": and

(b) forany piv ey, i =1, 2, writing Flli,_lpiv = p};, we have that
1 2 1 2
lpe — pill < LZ||P/¢+1 = Pyl

Proof. The proof is a standard graph transform argument, which we recall here. It suffices
to describe the induction step, that is, the procedure for obtaining g4 from g; for N <
k<n-—1.

To start, define the ‘lifted’ map Fr:T?2 > RxT! by setting Fr(x, y)=(fr(x) —y, x)
(that is, without the ‘(mod 1)’ in the first coordinate). Projecting Fr(x, gr(x)) to the first
coordinate results in a function fk . I — R of the form fk(x) = fi(x) — gr(x).

Since yx N By =@, we have | f| > ZLZ on I; and so |fk/| > ZLZ — 1/10 > 0 (on taking
Lo > 1). In particular, fk : Iy — R is invertible on its image fk+1. Defining I;41 C T!
to be the projection of fk+1 to T!, we define giy1:lx41 — T! to be the (uniquely
determined) mapping for which gz41( fk (x) (mod 1)) = x for all x € I;. This completes
the description of the induction step.

The estimates in item (a) are now derived from the implicit derivatives

(fi_y — &_(gk(x)) g (x)= (fk/,l — g27])3 (gk(x)).

The estimate in (b) follows from the bound |(f;)'| > 2L] —1/10> L]. All estimates
require taking L sufficiently large depending on 7. O

gr(x) =

Next we obtain distortion estimates along forward iterates of horizontal leaves in the
setting of Lemma 2.4.

LEMMA 2.5. Assume the setting of Lemma 2.4. Let pﬁ\, ey,i=1,2, and write p;'l =
FI'\’,_lpﬁv. Then 1
I@dFy) 0 Iyl

log——————
I @Fy 2 7y

1-2
= 0Ly Mipl = p2I).

Remark 2.6. The above bound is quite poor unless n e (1/2, 1), which is why in
Theorem C, and indeed throughout the paper, we will work exclusively in the setting where
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n e (1/2, 1). Of course, the lower the value of n, the stronger the decay of correlations
estimate in Theorem C. It is likely that lowering 7 is possible: one way to accommodate
the distortion estimate in Lemma 2.5 is to further subdivide images of the curve y into
pieces of size <« L1727

Proof of Lemma 2.5. Write pi = Fy_ ' (py) = (x}, yi). Let yx = Fy, '(y) and gk : [y —
T!, Iy c T! be as in Lemma 2.4. Then

1+ (gl/<+1(xli+1))2

T o) FACARFACH]
k\ "k

I@F) Iy =

and so
o ”(dF]’\l/_l)p}v|Ty” —l(lo 1+(g}\’(x12\7))2 1+(g;/1(xrll))2>
ENary Dl 2\ T G ? T T (g ()2
n—1 7 SN
+ 3 log S — 805 3)

par R HEH B AC N
For the first two terms, observe that for 81, B2 € [0, 00), we have the elementary bound
[log(1 + B1) — log(1 + B2)| < |B1 — B2| and so for k = N, n we have
l + / x] 2
lo (gk( k))

e (e (i) = (8L ()] <2185 (xd) — g1 ()
k\"k

. 1 2
= 2L1p(g;/</) x — xil
Applying the expansion estimate along images of horizontal curves as in Lemma 2.4(a),
1 2 =11 2 - =1 .1 2
e = Xl S Ly gy — Xl <= LT L e — xgl )

3

and the estimate Lip(g}) < ZKOL,]; coming from Lemma 2.4, we obtain the following

upper bound for the first two terms in (3):

. . 1-3 —(n—N
Lip(gh) - [x) — x3| + Lip(g!) - I} — x2] <2KoLy (1 4+ Ly "M x! — 221,

n

Thus, these terms are O(L}V%n).
We now estimate the summation term in (3). With f; = fix — gk : Ir = R as in the
proof of Lemma 2.4, we have that

SUP;eg, |fk//(§)| ‘

1—
: = Ixj — x| <2KoL, "|x} — x7|.
infeer, | /(0]

llog fi (x) — log f(x)] <
Applying (4) and collecting,
rn—1vre 1
‘log(sz_l) (X,zv)
(fN )/(XN)

§2K0< ﬁ)lx,i — X,
k=N LkLk+1 Ly

n—1
S O D [ R
k=N

1-2
<3KoLy "lp) - P2

when L is taken suitably large. This completes the estimate. O
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The above results describe the dynamics of a horizontal curve y which ‘avoids’ the
bad sets {B,} for some amount of time. On the other hand, if a given horizontal curve is
allowed to meet the bad sets along its trajectory, then we lose control over the geometry
where these iterates meet bad sets. Below, we describe an algorithm for excising those
parts of a curve which fall into the bad set and describe the geometry of the parts of y with
a ‘good’ trajectory.

We say that a horizontal curve y is fully crossing if I, = (0, 1) (all notation here and
below is as in Definition 2.3).

LEMMA 2.7. Fixn e (1/2, 1). Let y be a horizontal curve. Then, for any m > 1, k > m,
there are a set Bﬁl(y) C y and a partition (possibly empty) 1:‘; (y) of F,’fl ()/\BZ (y)) into
fully crossing curves with the following properties.

(@) Foranyy €Tk (y), we have ||h;; lco < Lk_".

(b) We have the estimatet

k
Leb, (BX (y)) = 0( > Li1+">.

(c) Foranyy € f‘,’jl(y) and any p, p' € (F,ﬁ)_lf, we have

I @FE)plry
I dFE) Iy I

When k = m, we write T, () = T (y), Bu(y) = B%(y) for short.

Observe that Lemma 2.7 is inherently limited in two ways: (i) it is a finite-time result:
for a given curve y and fixed m > 1, we have Bfn(y) = y for all k sufficiently large; and
(ii) if y is too short, then we may even have y = B, (y).

=1+ O(L},".

Proof of Lemma 2.7. Below, Fy, : T2 — R x T is as defined in the proof of Lemma 2.4.
To start, we define f‘m(y), B, () as follows.

For each connected component y;, 1 <i < K, of y\By,, the image y; = I:"m(yi) is of
the form graph fli, where fz,- : i, — T! for an interval i, C R of the form (a; — r;, b; + i),
where aj, b,‘ € Z, ri, Sj € [0, 1).

If a; =b;, 1e., I:“m(y,-) Cla,a+1) x T! for some a € Z, then we set fm(y) = and
By (y) =y, checking that if this is indeed the case, then Leb,, (y) = O(L,;H") follows.

When a; < b;, we define T, (y) to be the collection of curves of the form graph
hi(-+1) (projected to T?) for [ = a;, ..., b; — 1. We set

K
Bu(y) = (v N0 Buw) U J(Fn) ™" eraph(hila;—r,.anums bitsn)-
i=1
For each curve of the form y = (1’3,,1)_1 (graph fzi l(a; —r:.a;)), We have

Leb, (p) = O(L,,")

T Recall that Leb,, is the unnormalized arc length along y.
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since ; N By, =¥ and similarly for curves of the form 7 = (F,,)~' (graph fz,'|(b,.,bl.+si)).
Combining this with the bound Leb, (y N By,) = O(L,;H"), we conclude that

Leb, (B (y)) = O(L,,'*™).

Lastly, item (c) holds for k = m by Lemma 2.5.

Let us now describe the induction procedure for obtaining I:£n+1(y), Bﬁ,,“(y) l <k,
assuming that ffn (y) and Bf,, (y) have been defined and that item (c) holds for k =1. We
define

o= U T,
7Eer, )
Bl =B,nuE)" | B
7ery, )
Repeating the above steps until step / = k, we have that f‘f‘n (y) is composed of fully
crossing horizontal curves y for which ||h;; lco < Lk_". Item (c) similarly follows by the

distortion estimate in Lemma 2.5.
It remains to estimate the size of Bfn (v). We have for each m <[ < k that

Leb, (B! () = Leby (B, (y)) + Leb, (F3) ™" |} Bira ().

7erh, )
For each y € T, (), we have Leb; Bi11(7) = O(Ll_+ll+") and so
Leb, (F,)™" | B = Y Lebp(Fo) ' B (7)
Vel () Vel ()
=(1+0LyM) > Leb, (F)™'P)
7elh ()
~Leby (Bi11(¥))
Leb; ()
—1+
= O(L]_H 77)7

having applied the distortion estimate in item (c) with k = /. This completes the estimate.
O

2.3. Decay of correlations for curves.  The proliferation of horizontal curves throughout
phase space is a mixing mechanism for our system. The estimates below justify this in the
following sense: the Lebesgue mass along a given fully crossing horizontal curve spreads
around throughout phase space in such a way as to approximate Lebesgue measure very
closely for Holder-continuous observables.

PROPOSITION 2.8. Let ne(1/2,1). Assume that Li;> Lo, where Lo=
Lo(My, Ko, K1, n). Let y be a fully crossing horizontal curve and let { : ™ >R
be a-Holder continuous. For 1 <m < n, we have

n—1

< CllYla (Ln Y S D ””)~

k=m

/ ¥ o Fyd Leb, — Len(y) ~/1ﬂ
¥
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Note that Proposition 2.8 does not require any conditions on the summability of the tail
of {L,}.

Remark 2.9. As one can see in the following proof, Proposition 2.8 boils down to the case
m = n, i.e., that for fully crossing horizontal curves y, the image curve F,, (y) is relatively
dense in phase space. Informally, observe that Lemma 2.7 implies that Fj,(y) consists
(mostly, up to O (L;] 1) error) of fully crossing branches y; stacked on top of each other,
ordered so that F,; L(y) is situated to the left of F, 1 (Yi+1). Since the x-coordinates of
F, 1 () are smaller than those of F,; 1 (Yi+1), it follows from the form of our maps Fj, that
Vi is situated below yi11. The vertical distance between 7, yii1 is O(Ly, ™17y —
O(L;(l_")) since (i) the approximate length of the subarcs F,;l()?i), F,;l()?i+1) Cyis
O(L;,") and (ii) the ‘gaps’ due to the critical set B,, are of width at most O(L,,"" ™).
Since the original curve y is fully crossing, all x-coordinates are realized on y and hence
all y-coordinates are realized by F(y). It follows from this argument that the image F(y)
is approximately O (L,,""~™)-dense in all of T2.

Proof of Proposition 2.8. With ¢ fixed and y a fully crossing horizontal curve, let K € N,
to be specified shortly, and £ = K.

Let I, ..., Ix denote the partition of [0, 1) into K intervals of length ¢ each. For
1<i,j<K,letR;j=1; x I;. Note that with ¥; ; =inf{y/(p) : p € R; j}, we have

Hllf - Z Vi j XR; ;

l=i,j<K

= 0¥ lla)-
LOC

Thus,
(%) ::/ Y o FjdLeb, = O(*||¥]la) + Z Vi j / XR;; © F,, dLeb,,.
% 1<i,j<K Y
Form f’,’;,_l(y), Bﬁ,‘l (y) as in Lemma 2.7, so that for each (i, j)-summand, we have

n—1
/ xR oF,;;dLeby=0<Z L,j””)
14

k=m

d Leb;
+ / XR; ; © F, z s
2 [ amsof IdFy " o (Fp~ )"

perm ()
so that

n—1
() =1 la 0(@“ +) L;”")
k=m

d Leb;
+ / r XR; ; © Fn.
Z v 2 7 dEy o (R =t

Isij=K yeli'o)

By the distortion estimate in Lemma 2.7(c), the (i, j, )-summand equals

(14 O(LL27) - Leb, (F2~H)'p) / XR;; © FndLebj .
Y

(sex)
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To estimate (*x), observe that 7 N F, 'R; j = 7|;, where for a set S C T? we write
S|i =8N ; x [0, 1)). Form now the collection T, (1) and the set B, (y|;). We obtain

— dLeb—/
(**):/ XR;; © Fad Leby = OBy (71N + Y / ————— &,
7 _, = Iy ldFalryll o Fy
y'eln(yl))

=0+ (1+ 0Ly Y Leby (7l - Leby(F, ')
7' el (7))
by the distortion estimate in Lemma 2.7(c). Since IIh;;, lco < L," foreach y’ € f‘n(ﬂj),
we easily estimate Leby/ (7'[;) = (1 + O(L,;™)¢, so that
(%) = O(L, ") 4+ (1 4+ O(L2M) (1 + O(L; ™) - € - Leby (71 \Ba(71))
=O0(L,"™) + 1+ O(LL™M) - € - Leby (71,\Bu(71))).

Now, Leb; (B, (7)) = O(L, '™™), so
Leby (71;\Ba(71;)) =Leby (71;) + O(L, ") = (1 4+ O(L, " )€ + O(L; ')
=+ 0" +e 'Ly,

-n

ey Consolidating our estimates,

having used the estimate ||h;7 lco <L

()= O(L, ") + (1L + 0L, D) - (A + O, +¢7'L, 1) - 2
=1+ 0y "+ L, + 7L, ) e,
This establishes the constraint £~>L,, 1+ « 1. Inserting the above estimate back into
the expression for (x) and using this constraint gives

n—1
) =¥l - O(K“ +> LE””)

k=m

+(L+ 0Ly "+ L, + 2L, ) Leby (\Byy ")) - D0 il
1<i,j<K

n—1
=1l - 0(@“ +3y L,J*”)
k=m

n—1
+ (404 Zan]+"))<Len(y) + 0( > L;1+">> . / W

k=m
n—1
=1Vl - 0(@“ +> L,:””) + 1+ O 4 ¢72L71F)) Len(y) - f v
k=m
n—1
=Len(y) - / Y+ 1Y e - o(e“ + 3L L ean”").
k=m
Onsetting K = ¢~ ! = (Lf,l_")/ (a+2)], the proof is complete. O

https://doi.org/10.1017/etds.2019.115 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.115

996 A. Blumenthal

3. Singular limit of { F,,}; finite-time mixing estimates
Although the compositions {F"} consist of maps becoming increasingly singular by
design, we argue in this section that the individual maps F; do converge, in a sense to be
made precise, to some stationary process. This we formulate in a precise way in §3.1. As
we argue below, these considerations naturally follow from finite-time mixing properties
of the partial compositions F for m, n very large, m < n; we state and prove these mixing
estimates in §3.2, verifying the convergence mode described in §3.1.

As they are of independent interest, these finite-time mixing estimates are re-formulated
for the standard maps Fr, L > 0, as Theorem D.

3.1. Singular limit of {F,}. As n increases, the maps F,(x,y)=(f,(x)—
y (mod 1), x) become more and more singular due to the fact that L,, — oo; in particular,
lim,_, o F, does not exist in any meaningful topology on diffeomorphisms of T?. To
motivate a meaningful convergence notion, let us consider the action in the x-coordinate
given by the map f,, : T! — T'.

Observe that for n extremely large, f, : T! — T! is predominantly an expanding map
and so in one time iterate the value of f,(x), x € T! is increasingly sensitive to x € T!.
Cast in a different light, f,, is increasingly ‘randomizing’ on T', to the point where x and
fn(x) are increasingly decorrelated as n — oo. One might expect, then, that in the limit,
fn(x) can be modeled by a random variable independent of x. A step towards a precise
formulation might be as follows: for some class of continuous observables ¢, ¥ : T! — R,
we should expect that

lim Tl<750fn(X)-w(X):/(ﬁ/lﬁ-

n—0o0

Morally speaking, we expect that when X is a random variable distributed in a ‘nice’ way
on T!, we have that the joint law of the pair (X, f,,(X)) converges, in a weak sense, to the
joint law of a pair (X, Z) for which Z is independent of X.

Let us now return to the implications for the full maps F,, : T?> — T? and make things
more precise. The above discussion motivates modeling F, for n large by a Markov
chain {Z, = (X,, Y,)} defined as follows. Let 81, B, . .. be independent and identically
distributed random variables uniformly distributed on T!. Given an initial condition
Zo = (Xo, Yo) € T2, we iteratively define

Zn—H = (Xn—i-l» Yn+l) = (,Bn—H’ Xn)

for n > 0. The form of this Markov chain agrees with the idea, argued above, that X, f,,(X)
are ‘roughly independent’ for large n. Note that Z,, 12 = (8,42, Bu+1) 1S independent of
Zn = (B, Bu—1) foralln > 1.

Let P denote the transition operator associated with Z,,, so that

P((x,y), Ax B)=Leb(A) - 6,(B)

for Borel A, B C T2, where 8, denotes the Dirac mass at x. Write PX for the
kth iterate of P. For ¢:T? — R, k> 1, we define P¥¢:T? — R by PK¢(x,y) =
[ PK(x, y), dx d7) (X, 7).
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PROPOSITION 3.1. Fix k > 1 and let ¢, y : T> — R be continuous. Assume that L,, —
oo as m — 0o. Then

lim [ ¢ o FH=1. g :/ Pky - .
m— o0

That is, the maps F;, converge to the Markov chain (Z,,), in the sense that the associated
Koopman operators converge to the transition operator P for Holder observables in a way

reminiscent of the weak operator topology. Proposition 3.1 is proved in §3.2 below.

Remark 3.2. The convergence described in Proposition 3.1 suggests that the asymptotic
variance of sums (1 /«/N ) vaz 61 ¢ o F' as in the central limit theorem (Theorem B)
should coincide with the asymptotic variance 62(¢) of (1/+/N) ZZNZBI O (Z), Zo ~
Leb2. Developing the Green—Kubo formula for 62(¢), we obtain

6%(¢) =E(¢(Z0)*) +2 Y E(p(Z0)p(Z)

=1
=E($(Z0)*) + 2E(¢(Z0)p(Z1))

=f¢2 +2/¢><x, V(. 2) dx dy dz,

where we have used the fact that Z;, Zg are independent when k& > 2. This is precisely the
form of o2 given in Theorem B. Here I refers to the expectation where Zo ~ Lebro.

This perspective also explains the ‘coboundary condition’ ¢ (x, y) = ¥ (x) — ¥ (y) for
some bounded ¥ : T! — R. If ¢ has this form, then the sums in the CLT for this
Markov chain telescope: ¢(Zo) + ¢ (Z1) +-- -+ ¢ (Zy—1) = - (Yo) + ¥ (X,) and so
the asymptotic variance is zero. Let us now check that this is also a necessary condition
for the asymptotic variance 62 (¢) to be zero.

LEMMA 3.3. Let ¢ : T2 — R be a Holder continuous function with f ¢ dxdy =0. Then
62(¢) =0 if and only if ¢p(x,y) =V (x) — Y (y), where ¥ : TV — R is some Holder
continuous function.

Proof. We have the identity

2
62(¢)=/ <¢(x,y)+/¢(z, x) dz—/¢(w,y) dw) dx dy,

the verification of which is a straightforward (albeit tedious) computation omitted for
brevity. Now, 62(¢) =0 implies that ¢(x, y) =¥ (x) — ¥ (y) pointwise (since ¢ is
continuous), where ¥ (x) := — / ¢(z, x)dx. O

3.2. Finite-time mixing estimates. —The limiting notion described in Proposition 3.1 has
at its core the statement that finite compositions F)), m <n are ‘mixing’ in the limit
m, n — oo. We will, in fact, prove something much stronger: a concrete estimate on
the correlation of (x, y) to F, (x, y) for m, n large with respect to C* observables.

PROPOSITION 3.4. Fixn e (1/2, 1) anda € (0, 1]. Let Lo be sufficiently large, depending
ona, n. Letm > 1 and let ¢1, ¢ : T> — R be a-Holder continuous functions. Then there
exists a constant C > 0, depending only on Ko, K1, My, such that the following hold.
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(a) We have

'/¢10Fm-¢2—/¢1(x11)¢2(z, y)dxdydz

— min{2n—1,a(1— 2+
< Cll¢i lallpallo Ly "1~ Hx I/}

(b) Letn > m. Then

‘/051017,?,'(}52—/051/(?2

n—1
— mi 1- 2 ,2n—1 -1
sC||¢1||a||¢z||a(me‘“{“< wiraml L N L *").
k=m+1

Observe that Proposition 3.1 follows easily from Proposition 3.4. Moreover, as we leave
to the reader to check, the proof of Proposition 3.4 requires only that the sequence {L,} be
non-decreasing and so applies equally well in the case when L, = L,,4+1 =---=L, =L
for some fixed L > 0. Thus, Theorem D follows.

Items (a) and (b) are proved separately in §§3.2.1 and 3.2.2 below, respectively.

3.2.1. Proof of Proposition 3.4(a).  Throughout §§3.2.1 and 3.2.2, we let I;, R; ; be as
in the proof of Proposition 2.8, where £ = K ~! and K € N will be specified at the end
(twice, once for part (a) and again for part (b)).

With @ € (0, 1] and ¢1, ¢, fixed, for [ = 1, 2, we define qﬁf’j = inle.,]. ¢y, so that

/ $10Fun-d2=0(1llald2llat®)+ Y. &7 / XRi; © F - XR,

1<i,j,i’,j'’<K

=0(llaligallat® + Y @b ol | xz

I=<ip,iy,ir<K

= O0(llpllat®).

Lo

l
b — Z ¢i,jXRi,j
iJ

To begin, we estimate

iyio XRiniy © Fms

where in passing from the first line to the second we have used that F;, (R; ;) C [0, 1) x I;.
Fixing ig, i1, i, let yg € I;;, and set H = I;; x {yp}. Applying Lemma 2.7,

() = / Xkyy, © Fud Leby = O(Lebyy (B (H)))
H

d Leb;
by [ e
e 7 NdFulral o By

=0(L,"™+ Y 1+ 0Ly, ) Leby(F,'7)- / X1, x10.1) d Leby,
7€ln (H) v

having used again that F,(I; x [0, 1)) C [0, 1) x I; to develop the integrand on the far
right. Estimating Leb; (y N 1;, x [0, 1)) = (1 + O(L,;,"))¢ (having used that IIh;7 lco =
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O(L,;"), we obtain
()= O(Ly," ™) + (1 + O(L,; *M)(1 + O(L;,") Leby (H\By (H)) - £
=0, + A+ 0@+ 0L, M)+ O, ) - ¢
=00+ 0@ g2 11,
Integrating over yg € I;,, we conclude that
Leb(Rii, N Ey ' Riyi) = (1 + 0201 4 L1=2my),
Summing now over 1 < iy, i1, ip < K gives

/ ¢10 Fn- 2= 01llalld2lla (€ + €L, T+ L))+ Y b 670

1<ig,iy,ip<K
= O0(lp1lallp2lle (€ + €721, + L1-2T)
+ /¢1 (x,2)¢p2(z, y) dx dy dz.

The proof is complete on setting K = £~! = L /%),

3.2.2. Proof of Proposition 3.4(b).  All notation is as in the beginning of §3.2.1. We
estimate

(**)=/¢1oF,:i~¢z=0(||¢1||a||¢z||az“>+ > ¥ /R__qnoF,Z-

1<i,j<K
Fix 1 <i, j < K. For yg € I;, write H = H(yo) = I; x {yo}. Then

/ ¢ 0 F;‘l =/ / ¢1 0 F,Zd LebH(yO) dyop.
Ri j yelj JH(yo)

Developing the inner integral and applying Lemma 2.7,

/ ¢ 0 Fyd Lebp(yy) = O(llé11lo Lebr(yy) B (H (¥0)))
H (y0)

d Leb;
+ Z 10 Fo
7€Fm(y (0)) y ||an1|TH(y0)|| o Fy,

= 0(||¢1||cOL,;1+77) +(1+ O(L,ln*2”))

X Z LebH(yO)(Fnjl);) [ ¢1 0 Ft:;-i-ld Leb; .
7€l (H (30)) v

The curves 7 cross the full horizontal extent of T2 and so fall under the purview of
Proposition 2.8. Applying the estimate there, we obtain

/ ¢1 o Fr’;+1d Leb);
Y

n—1
=Len(y) / ¢>1+0<||¢1||Q(L;"‘“‘””(2+“’+L;;2]"+ » L;Hn))

k=m+1

n—1
= / ¢1+0<||¢1||Q<L;““‘””<2+“)+L,1;21"+ > L,;1+'7)).

k=m+1
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Summing over y, we obtain that fH(yo) ¢1 0 F,d Leby ) equals

Olg1llcoLy, ™ + (A + O™y Y Lebygy(Fy,'7)
?Gf»;1(H(y0))

n—1
( / ¢ +0(||¢1 ||a<Ln““">/<2+“>+Ljn—+2y+ 3 L;“")))

k=m+1
1— 2 1 2
(”¢1”0¢< —14n _{_e( —a(l-n)/( +0‘) m+1’7+ Z L 1+’7>>>
k=m+1

+ (1 + O(LL2)) Lebyiyny (H (yo)\ B (H (y0))) / é1

—a(1— 2 1 2 -1
(||¢1||ot< —14n _|_£< a(l-n)/( +05) m+1’7+ Z L +77>>>

k=m+1
+ (L + 0L (1 + 0@ L) - ¢ / é1

n—1

=t {0(||¢1 ||a<£‘1L;1+" + L O Ly S Lk”"))

k=m-+1
+ /¢1}-

Integrating over yo € /; yields the same estimate for [ x R, ;91 o F,, with an additional
factor of £. Summing over 1 <i, j < K, we have that f ¢1 0 F)! - ¢ equals

n—1
0<||¢1||a”¢2”0[<£0[+€lel+r)+L;Ol(1—77)/(2+C()+L}n277+ Z Lk—l"r’]))

k=m+1

+Z£¢,,/¢1

i,j=1

n—1
= 0(Iollalalle (4 £ 2100 LTV Ly ST o))

k=m+1
+ /d’l /472.

The proof is complete on setting K = [L{~7/(1+)7,

4. Law of large numbers
We continue our study of the statistical properties of the composition {F"} by proving
Theorem A, a pair of formulations of a ‘law of large numbers’ for time averages of
observables.

In this section o € (0, 1] is fixed, as is a sequence of a-Holder continuous observables
i - T > R, i > 0 with f ¢i =0 foralli and sup;>o ll¢ille < Co for a constant Co > 0.
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For 0 < M < N, we define
Sun=¢moFM +. . +¢yoFV

and set Sy = 3’0, ~- Noting that the simple estimate

M—1

Z(biOFi

i=0

ISy — Su.nl = <CoM

holds pointwise on T?, it follows that to prove a strong law for Sy, it suffices to prove a
strong law for S MmN, where M = M(N) = L\/N ]. Similarly, a weak law for S n follows
from a weak law for § m.N- More precisely, to prove Theorem A, it suffices to prove the
following.

PROPOSITION 4.1. For N > 1, let M = M(N) = |/N]|.
(a) IfN2L;]a/(3a+4) — 0, then (1/(N — M))SM,N converges in L? to 0.
®) If N4+5Lf\%ja+4) —0 as N — oo for some € >0, then (1/(N— M))Sy.n

converges almost surely to 0.

Proof of Proposition 4.1. To start, we expand

N
/SIZVI,NZZ/(%%OF;&Z—FZ Z /¢n°FrZ+1'¢m-

n=M M<m<n<N

For the first term, each summand is precisely f ¢n2 < Cé. For the second term, the (m, n)-
summand is bounded

n—1
— min{a(1-n)/(2+a),2n—1 —14
||¢n||a||¢m||a-O(mef“{"‘( e S S '7)
k=m+2

by Proposition 3.4(b) and so the entire summation is bounded

N
C2N — M)20<LMmm{a(1n)/(2+a),2171} 'y Lk—1+n>
k=M
— C(%(N _ M)S0(L;/[mln{ol(1—71)/(2+¢¥),271—1})'

Optimizing in 7, the function  — min{a (1 — n)/(2 + «), 2n — 1} is maximized at the
value o/ (3a + 4) at the point n = 2o 4+ 2) /(3 4 4). Hereafter this value of 7 is fixed.

Setting M = M(N) = [/N], we obtain that N2 [ _SA’%,LN — 0 as N — oo so long

as N LL_j/N?OCH) — 0, as we have in the hypotheses of item (a). For (b), our estimates

2+4¢ 7 —/(Gat+4)
nmab Ny 20
for some € > 0 (which we have from the condition in (b)). Summability implies fast

convergence in probability, which implies almost sure convergence (using the Borel-
Cantelli lemma). This completes the proof. O

imply that the sequence {N 2 i 3‘/2‘,, ~JN=1 is summable whenever
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5. Central limit theorem

Here we carry out the proof of the central limit theorem in Theorem B. A standard
technique, attributed to Gordin, for proving the central limit theorem for a deterministic
dynamical system is to look for reverse martingale difference approximations for sums of
observables and then to use probability theory tools for proving the central limit theorem
for sums of reverse martingale differences (see, e.g., [24] for an exposition).

For expediency, we pursue a slightly different method: we construct here an array of
forward martingale difference approximations. The corresponding forward filtrations are
composed (mostly) of fully crossing horizontal curves. The filtration is constructed in
§5.1.1. Our martingale difference approximation is constructed in §5.1.2 and in §5.1.3 we
show how the CLT for our approximation implies the CLT as in Theorem B. The CLT for
our martingale difference approximation is proved in §5.2.

Throughout this section a € (0, 1] is fixed and ¢ : T> — R is assumed to be an a-Holder
continuous observable with [ ¢ = 0. The value n € (1/2, 1) is assumed fixed; as we did
in the previous section, in §5.1.3 we will specialize to a particular value of n depending
ona.

Notation. We write E below for the expectation with respect to Lebesgue measure on
T2. When G is a sub-sigma-algebra of the Borel sigma-algebra, we write E(-|G) for the
conditional expectation with respect to G.

5.1.  Preliminaries for CLT: construction of a martingale approximation.

5.1.1. Construction of the increasing filtrations {QAM,k, k> M}. We will produce an
increasing filtration of (most of) T2 by horizontal curves with a small and controlled
exceptional set. Below, M € N should be thought of as large.

First, we will construct a sequence of partitions {y oy, S M+1, - - - » EM ks - - - Of T2
with the following properties for each M <k < N:
(A) the partition £p x is ‘mostly’ composed of fully crossing horizontal curves; and
B) tmx < F Cuant.
Once the ¢y x are constructed, we define Gy x to be the sigma-algebra of measurable
unions of elements in ¢y x and, finally,

Guk = (Fi)'Gu it

so that {QAM,k}kz M 1s an increasing filtration on T2. This is the filtration we will use in the
following to construct our forward martingale difference approximation.

Construction of {Em k, k > MY} satisfying (A) and (B).  Set ¢ m to be the partition of
T2\ {x = 0} into horizontal line segments. Applying Lemma 2.7, for each ¢ € y7.p7, form
By (¢) and Ty (¢), writing

Gu.m+1= U ¢ Buomir= U Fu(Bu(2)).

$€m.m C€lm.Mm
celm(¢)

+ Here ‘<’ refers to the partial order on partitions: two partitions ¢, ¢’ satisfy ¢ < ¢’ if any atom of ¢ is a union
of ¢ atoms.
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Defining the partition Hy m4+1 ={Gm,m+1, Bu,m+1}, we now define the partition
. m+1 = Hor, m+1 as follows:

M MA11Gy i =18 ¢ €TMQ), ¢ € by},

M M+11By oy = FM () N By pv1 16 € Emm )

Iterating, assume that ¢y ; has been formed, where k > M + 2, along with the partition
Ha ke ={Gm.k» Bmx} for which &pr o > Hpyp k. For each & € &1 k|G > form Iy (¢) and

define
Guiri= |J ¢ Buari= |J FB@)
$€imk $€8M K
¢l ()

and define {ps x+1 by

MGy =1 C €TR(), € € Mkl G}
Mg+ 11Byg i = {Fk(&) N Byg+1: ¢ € Sk}

Below, we formulate and verify properties (A) and (B) above for the sequence {7k, k > M
constructed above.

LEMMA 5.1. The partitions {Cm xYk=m> Hm .k = {Gm k. Bum x} are measurable and have

the following properties for each k > M.

(@) Every atom & € Ly |Gy IS a fully crossing horizontal curve for which ||h/{ lco <
L.

(b)  We have ¢y i < Fk_ls“M,kH.

(c) We have the estimate

k—1

Leb(By i) = 0( 3 Li1+">.

i=M

Proof. Measurability is not hard to check. Items (a) and (b) follow from the construction.
For the estimate in item (c), observe that for each k > M, ¢ € {y k|G, ,» We have
Lebe (Bx(¢)) = O(L; ™) and hence (Lebp2); (Bi(0) < (1+ O(L; ")) - O(L; ™) =
O(L,:H"), where here (Lebrz ), is the disintegration measure of Lebpe |G, , with respect
t0 ¢ € tm klGy - We conclude that

Leb(Garis1) = (14 O(L, ")) Leb(Garx)

and hence
m—1 m—1
Leb(Gum) = [[ 0+ 0@ ™) =1+ 0( > Lk””). O
k=M k=M

The choice of QAM,;{ is made so that F}]“/I_IQAMJ( = Fk_lgM,k_H is a very ‘fine’ sigma-
algebra. Before proceeding, we record the following estimate.
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LEMMA 5.2. Let ¢ be a-Holder continuous, k > M. Then
¢ — E@IF, ' GurD)] = OUldlla Ly ™)
on Fk_lGM,k_;_l.

Proof. Let¢ € Gy k+11Gyp4,- Then F,;l ¢ is, by our construction, a subsegment of a fully
crossing curve {’ € Ly k|G, , With diameter O (L, "). So, for any points p, p’ € F,:lg“, we
have [¢(p) — ¢(p))] = OUpllaL; ™). m

5.1.2. Approximation by sum of martingale differences. ~ For a bounded observable ¢ :
T2 > R, convergence in distribution of (1/ VN)Sy(X), X ~ Leb2, where

N
Sv=) ¢oF"",

n=1

is equivalent to convergence in distribution of (1/ VN)S M N(X), X ~ Lebp2, where

N
SM,N = Z ¢) o F;llil
n=M

and M = M(N) is a sequence satisfying M (N) < ~/N. Here ‘X ~ Leby2’ means that X
is a T?-valued random variable with law Lebqo.

Thus, for Theorem B, it suffices to prove convergence in distribution of
(1 /\/N)SMVN(X); for this, we approximate Sys, y by a sum of martingale differences with
respect to the increasing filtrations QAMyk, k>M.

PROPOSITION 5.3. Let M < N. Define

N N
Sun=Y_ E@IF)'Gunr) o Fj =D EpoFy ' 1Gun).
n=M n=M
(@) The sum S’M,N admits the representation S’M,N = Z,ILM Uy N.n, where

N-1
Unnn= Y E¢oFyGun) —E@o FijlGu.n1)).
m=n—1
The sequence {Upy nn, M <n <N} is a forward martingale difference
adapted to (Gpn, M <n <N). Precisely, E(Uym NnlGmn) =Umnn and

E(Um NlGmn-1) = 0.
(b) We have

N
1Su.n — S| = 0<<N —M)|plla Y L,,:"“)
m=M
on GM,N~
Above, we use the convention that _C’;M, M—1=1{9, Tz} is the trivial sigma-algebra on 2.
For notational simplicity, when M, N are fixed, we write U, = Up N .
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Proof. Ttem (b) is a simple consequence of Lemma 5.2. For item (a), the relation SM, N =
Y mr<n<n Um.Nn can be verified by a direct computation.

Afte;natively, following the analogue of the derivation of a reverse martingale difference
approximation given in [14] for forward martingale differences, one can look for a
martingale difference U, =E(¢ o FMQAM‘,,) ~+ hy — hyy1, where (hy) M<n<nN+1 1S some
sequence of ‘coboundary’ functions to be determined. Making the ansatz hy41 = 0 and
‘solving’ the conditions E(Un|gAM,n) =U,, ]E(Un|gAM)n,1) =0 for each n, we deduce

formally that
N-1

hn=— Y E$oFilGmn-1).
m=n—1
Inserting this formula into the relation U, = E(¢ o F 1{’,[|QAM7,,) + hy — hy4q yields the form
of U, given above. The choice Gy p—1 = {9, ']I‘2} ensures that /), = 0 and hence S‘M,N =

ZMgngN Un+hy —hyt1 = ZMSHSN U, holds. O

5.1.3. Deducing Theorem B from the martingale approximation. We will deduce
Theorem B from the following.

PROPOSITION 5.4. Assume that NSL;,O‘/O“H) —0as N—>o0o. For N>0, let M =

M(N) = |V/N]. Then

{ N
Z Um,Nn(X), X ~Lebp
vV PO ]EUl%d,N,n n=M

converges weakly to a standard Gaussian as N — o0.

Proposition 5.4 is proved in the next section. Let us first complete the proof of
Theorem B.

Throughout, M = |¥/N|. For the remainder of §5, we specialize to the value 1=
(2a +2)/(Ba + 4), noting that this value maximizes the function n — min{2n — 1, a(1 —
N (¢ +2)}. In particular, NSLZ_\,mm{z"_l’a(l_n)/mﬁ)} — 0 as N — oo under the
conditions of Proposition 5.4.

As we noted at the beginning of §5.1.2, it suffices to prove the CLT for (1/+/N)S M.N
since here M ~ N/* « 4/N. Thus, to prove Theorem B, it suffices to check that:
M ISu.n — Su.nll;2 — 0as N — oo; and
a ((1/nN) Z,iV:M EU}%/I,N,V; — o2 as N — oo, where o2 is as in Theorem B.

For (I), we estimate || Sy ny — S’M,N ||z2 as follows:

N
1S5 = Sm.nllz2 < CN — M)|gllo Leb(Bar.n) + C(N = M)plla Y L™
m=M
N
<C(N = M)lglle Y Ly,mmemt=m,
m=M

applying first Proposition 5.3(b) and then Lemma 5.1. The above converges to 0 as N —
oo by the hypotheses of Proposition 5.4.
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For (I), we observe that

N N 2
Z EUj v =E( Z UM,N,n) =f S, vd Lebp
N, o SH.

n=M n=M

= /T _ Siynd Lebrz +O(ISu.n = Su.ll72).

From (I), it follows that 1imN_>oo(||S’M,N||%2 - ”SM,N”iz) =0. It remains to compute
1Sar. v ||i2, which we do below.

LEMMA 5.5. Assume the setting of Proposition 5.4. With M = M(N) = |~/N |, we have

1
lim ﬁ/S,zv,’NdLeb:oz:/¢2+2/¢(x,z)¢(z, y) dx dy dz.

N—o0

Proof. We have

2
/SM,N

:(N—M+1)/¢2+2 > /¢OF,"V;.¢OF;;

M<m<n<N

N
=(N—M+1)/¢2+2 > /¢~¢0Fn+2 > /¢-¢OF;+1dLeb.

n=M+1 M<m<n<N
m<n—1

Applying Proposition 3.4(a) to the middle summation, we obtain the estimate
2(N — M) f $(x, DB, y) dx dy dz + Ol (N — MLy, ™"~ Hed=n/@rol,

Applying Proposition 3.4(b) to the (m, n)-summand in the third term,

n—1
— mi 1- 2 ,2n—1 -1
f¢.¢OF;;+1dLeb=0<||¢|I§,<mel‘“{"“ w2l N L +”>>

k=m+2
— min{e(1-n)/(2+a),2n—1
= O(IpI2(N — MLy, ™™=/ 20=11y

and applying the summation, the third term is bounded
— min{a(1—n)/(24a),2n—1
O(IBIR(N — M)PLy,mmieti=m/ @+ 2n=1)y

All error terms go to 0 under the hypothesis of Proposition 5.4. O

5.2. Proof of Proposition 5.4. We use the following criterion for the CLT for arrays of
martingale differences.

THEOREM 5.6. (McLeish) Let (2, F,P) be a probability space. Let {ky}n>1 be
an increasing sequence of whole numbers tending to infinity and, for each n > 1, let
Fin CFon C--- CFk,.n CF be an increasing sequence of sub-o-algebras. For each
such n, i, let X;, be a random variable, measurable with respect to F;,, for which
E(X; n|Fi—1.n) =0 and write Z,, = Zl<i<kn X p. Assume that:
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(a) max;<k, |X;nl is uniformly bounded, in n, in the L? norm;
(b) max;<, |Xin| — 0in probability as n — oo; and

© Xiz,n — 1 in probability as n — .

Then Z,, converges weakly to a standard Gaussian.

We apply this to the array
1

N 2
\/Zsz(N) EU3 vy, Nm

where as before M(N) = |7/N|.
A preliminary asymptotic estimate for U,, is given in §5.2.1. The verification of (a)—(c)
as in Theorem 5.6 is given in §5.2.2.

Uniny,nn(X), M(N)<n<N, X~Lebp,

5.2.1. Anasymptotic estimate for U,.  The following approximation is extremely useful
in the coming arguments.

LEMMA 5.7. Set U, = U, o (FI=1)~). Then

Un=¢ =V +¥ 0 Fari + O(N|[gllg Ly, "7/ 02071
with uniform constants on Fn_lGM‘n+], independently of n, where ¥ (y) = [ ¢ (X, y) dx.
Proof. We have

Un =E@IF, ' Gu ) = E@IGun) + E@IGu.nr1) o F

N—-1 N—1
+ Y E(@oF|Guat1) o Fu+ Y E(@ o F'Gun). (5)
m=n+1 m=n

As we will show, the terms in the top line approximate to ¢ — ¥ + ¥ o Fj, 41, while the
terms in the second line are small.
For the first term in (5), we have from Lemma 5.2 that |E(¢|Fn_lgM,n+1) —¢|=

0(”¢”0th an) on Fn_lGM,n+1-
For the second term in (5), we have that

1
B =——— [ ¢dLedb
@190) = [ /yqb eby
on Gy ,, where y is a fully crossing horizontal curve with ||h;, lco < L;jl_ Let now
p €y, p=(xo, yo). Noting that |¢(x, h,(x)) — d(x, yo)| < |Pllalhy (x) — hy (x0)|* <
CligllaL, "], we have

1
Len(y)

1
f¢dLeby=(1+0(I|¢|IaL;f1))/0 ¢ (x, hy(x)) dx
14

1
= (1 + Ol L) / b (x. yo) dx;
0
we therefore conclude that

IE@IGm.n) — ¥] < CldllaL, ]
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on Gy . Similarly, for the third term in (5), we obtain the bound
|]E(¢|gM,n+l) ok, — 1# o Fn| =< C”(b”aL;Om

on Fn_lGM,n_;,_l.
For the fourth term in (5), we estimate from Proposition 2.8 that on Gy ,,

1
E(p o F,"|Gmn) = Len() /y ¢ o F,'d Leb,
m—1
— 0<”¢“0{ . <Lma(171)/(2+0() + L},_zn + Z Lk—l+ﬂ>)
k=n

— minfer(1-1)/(2+a).27-1
= O(|plla(N — M)L,, "=/ @201}

for some y € ¢y,,. Estimating similarly the fifth term in (5), we deduce that on
Fn_lG M.n+1, the contribution of the fourth and fifth terms combined is

— min{a(1-1)/(2+a),2n—1
O(lplla(N — M)>Ly,m =/t 2=y .

5.2.2. Verifying properties (a)—(c) in Theorem 5.6.
Properties (a) and (b). By Lemma 5.7, we have that on (FI{,IV*] )1 Gu.N,

—mi 1— 2 _—
|Unl = Ol¢llco + ”¢||ozN2LMmm{a( m/Q+a),2n })
= O(||¢||aNZLA—/Imm{a(l—n)/(2+a),2,7_1}),

which is uniformly bounded inn, N. Property (b) is now immediate since Leb(G s x) — 1
as N — oo.
For property (a), off (F,{}]_l)’1 Gu . N, we have

[Unl < CN||llas

= Cliglla - N /Leb(GYy v) + Clidlla-

Property (a) follows from the estimate Leb(GY, ,) = O(Z%_l L,;Hn) =O0({N —
ML) in Lemma 5.1. 0

SO

H max_|Up nal
N

M<n< L

Below is a formulation of property (c).

PROPOSITION 5.8. (Strong law for {U2}) We have

in probability.
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Proof. We prove the stronger property of convergence in L2. To start, we evaluate
N N 2
f (Z Ur=Y_ E(U,f)) d Leb
M M

= Y [w-swh@; - By dLe

M<m,n<N
N
=Y EUH-EUHH+2 / (Un, = EU U7 —EUD) o Fp~'d Leb.

n=M M<m<n<N
We start with bounding ]E(U,%), E(U,f ). For N sufficiently large, we have on
(Fﬁ_l)_lGM,N that |U, | = O(]|¢|l¢) by Lemma 5.7, while on the complement we have
|Uy| = O(N||¢|ls) and so, applying the estimate on Leb(GfM’N), we obtain

EWUD) = 0(Ig12(N*Ly, ™ +1)) and  E(U;) = 0(lplIE (N Ly, ™" +1)).
Thus, the first summation is bounded like
O(lgIEN(N Ly, ™+ 1)).

For the second summation, let us write ¢.(x, y) :=¢(x, y) — ¥ (y) + ¥ (x) in the
notation of Lemma 5.7. Since this quantity appears repeatedly, let us also use the shorthand
¢ = a/QBa + 4), noting that under the hypotheses of Theorem B we have that N 2L;f —-0
as N — oo. We estimate

Uy = 62 = (Un + ¢:)(Un — ¢:) = OI$lZN*Lyf (1 + N* L)) = O(l9 2N L)
on (EN=1~1Gy v and so
IE(02) — E@)| < CN3GI2Ly, " + Clol2N2Lyf = OUIgIZ(N3 Ly + N2Lyf):
hence,
IE(UDEUZ) — E@H? < E(UHIEUR) — E@D)| + E@DIEWUL) — E@D)]
= 0(lpI3(1+ N3Ly THWN3LY, ™+ N2Ly)).
On (EN-1~1G v, we have
0% - 020 Fp~' —¢2 - ¢Z 0 Fp 7|

<UnUz o Fpt =gl o ' |+ 7 0 Fyy' - Uy, — 6]

= 0(lplg(1 + N2 Ly IN?Ly) = O(lIpllgN*Ly).
Collecting,

f 02020 Fi~' —E(U2)EU?) — ( / ¢2-¢loFr ! — E<¢$>2)

= 0(IpllE(1 + N3L, YN L, T+ N2LyO)).

Applying now Proposition 3.4(b), we obtain the estimate

[ogem—([8)

= 0(lplIE(NLy, T + 139,
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so we conclude that

Ar A _ -1 —1 _
/ U202 0 FI7' —E(U2)EWU2) = O(llgllt (1 + N3Ly, THY(N3Ly, ™ + N2Ly)).

m=n

Summing over the ~ N? terms and noting that (ZQ’,I I['E(Unz))2 ~ o*N? for N large, we
obtain
N 2
| XuUs
A

= O((1+ N2Ly ™YWLy 4 N2Lyd) + N~ 4 N Ly, ™.

L2

The proof goes through if all terms on the right-hand side go to 0 as N — oo. For this, it
suffices that N2L;,C — 0 as N — oo: to see this, observe that N4L;,,1+'7 < N4L;,126 holds
forany n € (1/2, 1), a € (0, 1). The latter clearly goes to 0 when NzL;f — 0. O

6. Hyperbolicity and the shape of successive iterates of a set
We close this paper with the proof of Theorem C, given in §§6 and 7.

We argued in §2 (see Remark 2.9) that fully crossing horizontal curves proliferate
throughout phase space in a roughly uniform way and that this proliferation is the mixing
mechanism for the compositions { F'}. In this section we flesh out this picture by showing
the following: given a set S C T2 with a suitably nice boundary and » large enough, the
nth image F”(S) is ‘mostly’ foliated by disjoint fully crossing horizontal curves.

The plan is as follows. In §6.1 we construct for each n a foliation of S, = Fr-lg by
horizontal curves. It is shown in §6.2 that for n sufficiently large, a large proportion of the
curves in the foliation of S, are ‘sufficiently long’, in the sense that in one time step such
curves become fully crossing. In §6.3 we show that on disintegrating Lebesgue measure
restricted to S, the disintegration densities on the leaves of our horizontal foliation are
controlled. These results are synthesized in Proposition 6.11 in §6.4, the main result of
this section.

This last result is a primary ingredient in the proof of Theorem C, the proof of which
will be completed in §7.

6.1. Construction of foliations by horizontal curves. Let S C T? be an open subset and
write vg for normalized Lebesgue measure on S. Our aim is to build a foliation of the nth
image F"(S) by horizontal curves with the property that for n sufficiently large, ‘most’ of
the foliating curves are sufficiently long.

6.1.1. Standing assumptions for §6. The parameter n € (1/2, 1) is fixed. The open set
S € T? is such that the topological boundary 8§ = S\ is the finite union of smooth curves
and, moreover, is assumed to have the following property: for any / > 0,

vs{p e S:d(p,dS) =1} =< Csl, (6)

where Cg > 0 is a constant independent of /. Let us write S| = S and Fr=l§, =8, for
n > 1, noting that 95, = F"~138, since each F" is a diffeomorphism.

For n > 1, we write B, for the partition of T2 into the connected components of B, and
By, noting that each is a partition of T2 into vertical cylinders (sets of the form / x T! for
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a proper connected subinterval I C T!). We also abuse notation somewhat and write 35,
for the union of the boundaries of each atom of BB,,; that is, /3, is the union of circles of
the form {%, & 2K L, ™"} x T! as %, varies over Cy.

Define the sequence of partitions {P,},>1 of T? as follows:

Pr=DB1V {51, 5]}

and, forn > 2,

Pn = Bn Vv Fn—l(Pn—l)-

Above, V refers to the join of partitions. Hereafter for ¢ € T2, we write P, (¢) for the atom
of P, containing g. Again we abuse notation somewhat and write dP, for the union over
the collection of boundaries of each atom comprising P,,.

Additional notation. For g = (x, y) € T2, let us write H, = T! x {y} for the horizontal
circle containing g. When P is a partition of T? and p € T2, we write P(p) for the atom
of P containing p. We write ‘<’ for the partial order on partitions: for partitions P, Q, we
write P < Q if each atom in P is a union of Q atoms.

6.1.2. Algorithm for foliating S, by horizontal curves. ~We now define, for each n > 1,
a foliation (partition) 9, of S,, by horizontal curves.
For n = 1, we define p; to be the partition of S| consisting of atoms of the form

71(p) = H, N P1(p)

for p € S1. Clearly y; is a measurable partition of S1 and y; < Pils, (here < indicates the
partial order on partitions in terms of refinement and P;|s, denotes the restriction of P;

to S1). Inductively, assume that pp, ..., %, have been constructed and that p, > P,|s,.
To define P41 (pu+1) for pp41 € Sp+1, we distinguish two cases. Below, we write p,, =
F, n_1 (Pn+1)-

Case 1. p, ¢ B,. By construction, y,(p,) N B, =@ and so F,(y,(py,)) is a horizontal
curve (Lemma 2.4). In preparation for the next iterate, we cut this image curve by P,41;
that is,

);n+l(pn+1) =F, (7911 (pn)) N Prl+l(pn+1)'
Equivalently, V11| F,(Bens,) = Fn(Vn N By) V Put1lF,(Bns,)-
Case 2. p, € B,. In this case 7,(p,) C B, and so we lose our control on the image curve

F,,(,(pr)). The procedure here is to repartition the entire image of B,, by horizontal line
segments cut by P, in preparation for the next iterate. Precisely, we define

7;n+l (Pn+1) = Hp,,+1 N Pug1(Pns1)-
Equivalently, P,+1|F,(B,ns,) is the join of P,y1|F,(8,ns,) With the partition of F},(B,) into
horizontal circles (sets of the form T! x {y} c T? for y € T!).
This induction procedure bootstraps because 7,1 is a partition of S, into horizontal
curves for which P11 > P41 |s,.i- All partitions mentioned are measurable [28] and so
we have the following.

LEMMA 6.1. Foreachn > 1, the partition 7, of S,, as above is defined and is a measurable
partition of Sy, into connected, smooth horizontal curves for which y, > Pyls, .
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6.2. Estimating time to curve length growth. As indicated in the procedure laid out
above, the curves of y,11 coming from 7,|s,npc have been elongated by the strong
expansion of F; along horizontal directions. However, this elongation of curves competes
with the ‘cutting’ of curves near bad sets (case 1) and the occasional ‘repartitioning’ of
the images of the bad sets S, N B, by horizontal line segments (case 2). Our aim now is
to show that for large n, the expansion wins out and ‘most’ of the curves comprising the
foliation y, are of sufficiently long horizontal extent.

6.2.1. Preparations. For a connected C! curve y C T? and a point ¢ = (x, y) € y, we
define

Rad, (y) =dy (g, 9y).

Here d,, denotes the Euclidean distance on y and dy denotes the end points of y; that is,
if y = graph h, for h,, : I, — T, then 3y = {(&, hy (%)) : X € 31, }. Recall that I, C T!
is always a proper connected subarc, so 31, and hence dy, consists of exactly two points.

Additionally, let us define the following alternative of the time t defined in §2.1: for
p € T?, we define

T(p)=1+max{m>1:d(F" '(x,y), Bn) < KiL,' ™"}
=min{k > 1 :d(F"""(p), B,) > K\L;"*" forall n > k}.

Here we have set

Clearly 7 < t. A straightforward variation of the argument for Lemma 2.2 implies that

7 is almost surely finite and satisfies an analogous tail estimate to that of T whenever
- / .

>, Ln - . Precisely, we have

o
Leb{f > N} < ) 6K L, = 0( > L;‘“"). (7)

n=N n>N
For the remainder of §6, we shall assume that the sequence {L,} is such that the right-hand
side of (7) is finite.
6.2.2. The curve growth time os.

Definition 6.2. Given p € S1, we define the curve growth time os(p) by

. — A~ —1+n
os(p) = min{k > 7(p) : Rad,, (Pe(pr)) = K1L; "},
where above we write py = Fk-1 (p).

In this section we write o = o for short.

Our definition of o is motivated by the following consideration. Let p € S, p, =
F"1(p) and assume that o (p) = n. Then ,(p,) N B, =@ and 5, (py| = 2K1L;1+n/:
this implies that Fy(7,(pn)) is a union of approximately Li"*1 > 1 fully crossing
horizontal curves. Thus, o has the connotation of a mixing time: the set {oc <n}C S
is a region of S which has proliferated throughout T?.
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A possible obstruction to mixing is that once this mass has proliferated, it could become
‘trapped’ again by the bad sets B,,. This is not possible, however, due to the way that o is
defined. Precisely, we have the following.

LEMMA 6.3. Let p € S and assume that o (p) = n for some n > 1. Then Rad, e(pr)) >

K]Lk_H_n forallk > n.

Proof. Tt suffices to show that for any k > 7(p), we have that Rad,, (7 (pr)) > K1L,:1+",

implies that Rad, ,, (Px(pk)) = KlL,ZHn,. This is implied directly by Lemma 2.7. O
The main result of §6.2 is the following estimate on the tail of o.

PROPOSITION 6.4. There is a constant C, depending only on Ki, My, such that the
following holds. Let Lo be sufficiently large. Then, for any n > 1, we have that

c ad —14+y
v{a(p)>4n}§<Leb(S)+CS>;Li .

Proposition 6.4 bears a strong resemblance to the volume lemma in billiard dynamics,
used to control the lengths of unstable manifolds; see, e.g., [12].

Remark 6.5. Let us draw a comparison between the present situation and that of a typical
non-uniformly hyperbolic system for which correlation decay and statistical properties are
known, e.g., systems admitting Young towers with controllable ‘good’ return times to their
bases [34]. Roughly speaking, the typical situation is that a given ‘lump’ of mass can fail to
proliferate: for example, nice hyperbolic geometry can be spoiled (as happens for Henon
maps; see, e.g., [7]) or mass may become ‘trapped’ somewhere (as happens for intermittent
maps; see, e.g., [25]). In a typical situation admitting a Young tower, a given ‘lump’ of
mass experiences infinitely many ‘proliferations’ (returns to the base), followed by some
possibly unbounded ‘reset’ time (sojourn up the tower) before the next proliferation takes
place. Thus, correlation decay estimates depend critically on the delicate balance between
these two behaviors.

In contrast, the situation for our composition { F"} is simpler: at any time, some positive
proportion of v, is ‘trapped’ in a bad region, but, as time evolves, an increasingly larger
proportion of the mass of v, has ‘permanently proliferated’ throughout T?.

6.2.3. Proof of Proposition 6.4. 'We require two estimates:

(A) forany p, € Sy, n>1,a ‘bad’ a priori estimate on Rad, (Pn(pn)); and

(B) for Leb-almost every p € S, a ‘good’ estimate for Rad, (Pn(pn)) for n>> t(p)
(where p, = F"1(p).

Afterwards, we will (C) synthesize these estimates to obtain the desired estimate on the

tail of 0.

Let us briefly elaborate on this strategy. Before time 7(p), we have no control
whatsoever on the orbit of p and so our procedure may indeed produce very short curves
Yu(pn), pn = F"~1(p) for such n. As a result, we have access to only the ‘worst possible’
estimates for Rad,, (Y, (pn)). We carry these estimates out in (A) below. Once 7(p) has
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elapsed, we will leverage our control on the orbit of p after time 7(p) to grow the curves
7 (py) to sufficient horizontal extent—this is carried out in part (B).

(A) ‘Bad’ a priori length estimate for y,(p,) for all n. Here we prove the following
estimate.

LEMMA 6.6. Let py € S1 and write py = F*~'p; for k > 1. Then, for any n > 1,

Radp,,(ﬁn@n))zmin{ min {(HZKOL) d(p,»,aB,-)},

1<i<n

< I1 2K0Lj> d(pi, asl)}.
j=1

Lemma 6.6 will be obtained from the corresponding identical estimate for d(p,, 0P,).

LEMMA 6.7. In the setting of Lemma 6.6, we have

n—1

-1
d(pu, 3P,) zmin{ min {( ]_[ 2KoL; ) d(pi, 88,-)}, (]‘[ 2KoL ) d(pi, asl)}.

1<i<n

In both of Lemmas 6.6 and 6.7, the empty product ]_[ 1s to interpreted as equal to 1.

Proof of Lemma 6.7. To prove this estimate, recall that for kK > 1, we have 9P, = 0B U
Fi—1(0Pk—1); thus,

d(pk, 3Pr) = min{d (pr, 3Bk), d(pr, Fr—1(0Pr—1)}.
Noting that Lip(F;'|) < 2KoLk_1, we obtain
d(p, Fio1(3Pe—1)) = QKoLi—1) " 'd(pr—1, 3Ps_1).
Thus, for all n > 2, we obtain the following. Below, we write a A b = min{a, b} for short.

d(pn, Py) = min{d (pn, 3B,), CKoLn—1)"'d(pp—1, 9Pu_1)}
> min{d(py, 3B,), 2KoLy—1)"'d(pa—1, 3B,_1),
QKoLy—1)""(2KoLy—2)"'d(pn—2, 3Py-2)}

n—1

-1
-+ >d(pn, 0B;) A min {(HZKOLj> d(p,-,aBi)}

2<i<n—1 [\ 11
Jj=i

n—1 —1
A ( I 2K0L‘,~> d(p1, P)).
j=1

The desired estimate now follows from the fact that 3P; = 05, U 95;. O

Proof of Lemma 6.6. With n € N fixed, define

ny=max{l <k <n-—1:px € By},
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where we use the ad hoc convention n; = 1 if py ¢ By forall 1 <k <n — 1. Observe that
Pn1+1(Pn,+1) is formed by using Case 2 in the algorithm and that i (px) is formed by
using Case 1 for every k > ny + 2. In particular,

Radpnl+1(l;n1+l([7n1+l)) > d(PnlJrl, 37Dn1+1)
and, for every n1 + 2 < k < n, we have

Rad,, (Y (pr)) = min{d (pi, 0Px), Rad, (Fi—1(Pk—1(pk—1))}.

To prove Lemma 6.6, it suffices to show that

Rad, (Ya(pn)) = min  {d(pk, 3Px)}. (®)
ni+1<k<n
Once (8) is proved, Lemma 6.6 follows on inserting the estimates for d(py, dPy) for 1 <
k <n.
Turning to (8): if n;y = n — 1, then there is nothing left to show. If n; < n — 1, then we
estimate

Rad, (7) = d(pn, Pn) A L) _ Radp, | (Pa1(p)),
>d(pn, 3Pn) A LZ_ld(pn—l» 0Pp—1) A L) LZ_2 Radpn,z();n—Z) A

n—1

n—1
>d(py. 0Py) A min {(]‘[Lj)d(p,-,api)}

ni+2<i<n—1 s
J=t

A Radp,,l_H ();n1+1(pn1+1))-

Here we have used the simple estimate

Rad,,, F;(7;(p;)) = L' Rady, (7} (p))). )
which follows from the expansion estimate along horizontal curves in Lemma 2.4.
Replacing all L;{ terms with 1, we obtain (8). O

(B) Good length estimate for v, (py,) for n > t(p). Here we prove the following.
LEMMA 6.8. Let N > 1 and let p € S1 be such that T(p) < N < oco. Then, foranyn > N,
n—1
Rad, (72 (pn)) > min {d(pn, 0Bn), ( l_[ LZ) Rade()?N(pN)))}. (10)
k=N
Proof of Lemma 6.8. The proof leans on the following claim.
CLAIM 6.9. Let p € S be such that T(p) < N < oo. Then, for alln > N, we have
Radp,lﬂ (];n+l(pn+l)) = min{d(PnH, 8Bn+1): RadPn(Fn(),)n(pn)))}‘

Proof of Claim. Observe that since n > T(p) > t(p), we always use Case 1 in the

construction of Py41(Pn+1)s i-€s Yut1(Pnt1) = Fu(Pn(pn)) N 0Pnt1(pu+1). Moreover,
Pn(pn) C Pn(pn) by construction and hence F,, (3, (p,)) C F,(P,(py)) and so we arrive

at
);n+1 (Pna1) = Fn();n(Pn)) N Bn+1(l’n+1)-
The desired estimate now follows. O
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Fixing n > N, we now estimate
Radp,, (7911 (pn)) > min{d(pn, 3B,), Radp,, (anl()?nfl(pnfl)))}‘

Observe that since d(p,—1, 08,-1) > K| L ~1 it follows that

n—1 >
Radpn (Fu—1 (?nfl (pn—1))) = LZ—I Radp,,,l ();nfl (Pn—-1)),

on applying (9). Iterating,

n—1
Radp, (Pu(pn)) = d(pn, By) A min {(]_[ LZ) d(pr. 8Bk)}
i=k

N<k<n—1

n—1
A ( I1 L,’?) Rad,,,, (v (PN))-
i=N
Note however that for N <k <n — 1, we have that
-1
d(p, 3B = KiLy ™

and hence L] -d(py, 9By) = KiL*+) =15 1 (recall that n > 1/2, so n+n — 1>
2n — 1> 0) when Ly is sufficiently large in terms of K, n. This yields the desired
estimate. O

(C) Final estimates on the tail of . We are now in position to prove our estimate on
Leb{p € S| : 0(p) > 4n}. Assume that p € S| and 7(p) <n < oo; finally, assume that
o (p) > 4n. From Lemma 6.8, it follows that

4n—1 -1 4n—1 -1
-1
Rad,, (7a(pn)) < KiLy, ™" ( [1 LZ) s( I1 LZ)
k=n k=n

for Lo sufficiently large since here we always have d(pa,, 9Bay) > K ILZan by
definition of 7, o. Inserting our estimate from Lemma 6.6, there are two cases to consider.

Case (a). For some 1 < k < n, we have
1=} 2KoL;
l—[4n 1 Ln

1=n

d(pr, 0By) <

(again the empty product []7_, Uis taken to equal 1).

Case (b). We have
1=/ 2KoL;

4dn—1 11
an

d(p1,381) <

By volume preservation, it follows that foreach 1 <k <n — 1,
[1/2; 2KoL;

peS:t(p) <n,o(p)>4n,
Leb 4n—1 ;1
n[:n Li

and Case (a) holds for value k

} 2#(Cr) -
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Additionally, using the estimate (6), we have

peS :t(p)<n,o(p)>4dn, [T ' 2K L;
Leb <Leb S1:d(p, 9S8 —_
© { and Case (b) holds sLebypeSidp. 95 = 1-[4n Oy
1=n L
1—1 2KOL
<Cg Leb(S)T
i=n i
Thus,
[1/=) 2KoL;
Leb{pe S1:t(p) <n,o(p)>4n} < (2nMy+ Cg Leb(S))T. (11
i=n i
To develop the right-hand side, observe that
n—1 n
2KoL; _
1_[3—10 EHZK()L; 2n <1,
Hznn Ln i=l1
using that {L;} is a non-decreasing sequence, on taking Lo sufficiently large so that
21(0L(1)_2’7 < 1. For the terms i = 3n, ..., 4n — 1, we estimate
4n—1 4n—1 1/n 4n—1 4n—1
_ - -1
HZLin=<HLinn> <—ZL”" ZL +n

i=3n i=3n i=3n i=3n

by arithmetic mean-geometric mean inequality, on noting that L, ™ < L, ' ™" forall n > 1.

Thus,
4n—1

(11) < (2Mo + Cs Leb(S)) ) L
i=3n

For the final estimate, observe that

Leb{p e S1:0(p) >4n} <Leb{pe S :7(p) <n,o(p) >4n}+ Leb{p € S1:7(p) > n}
4n—1
<@My+Cs) Y L; 1+’7+6K1MOZL

i=3n i=n

oo
< (2Mo + Cs Leb(S) + 6K M) Z Ll-_H"
i=n

on using (7) and that {L;} is non-decreasing. This completes the proof of Proposition 6.4.

6.3. Disintegration of Lebesgue measure along horizontal foliation y,. To complete
our description of the foliation y,, of S,,, we describe here how 7, disintegrates Lebesgue
measure v, = F"~'vg = (1/ Lebp2(S,)) Leby |5, on S,.

Below, for n > 1 and an atom y € y,, we write (vn)y for the disintegration measure
of v, on y; the disintegration measures (v,), are the (almost surely) unique family of
probability measures, supported on the y € y,, which satisfy

v (K) = f )y (y NK) dv] (y)
YESn/Vn

for Borel K C T?; here v! is the pushforward of v, onto the quotient space of equivalence
classes Sy /7.
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LEMMA 6.10. Letn > 1 and fix y € p,. Let pJ’} denote the density of (v,), with respect to
Leb,. Then, for any p, q € y, we have that

pa(p)  det@dFy Ity ) o (FrilD ™' (@)
Py@  det@F " Ty, ) 0 (Fr D=1 (p)

Here ny =max({0} U {1l <k <n —1: px € Br}), pn € y is an (arbitrary) representative,
Pk € Sk is such that F,;'_lpk = py for each k < n, and yy, 1 is the atom in Py, 41 for which
Fi ) D

Proof. To start, let us describe the disintegration measures (I for p1 € S1. Itis
clear that

VDp(p) = (12)

————— Leby, 15,
Leprl (VI(PI)) P1 Vl(pl)

where Hp, is as in §6.1 and Len(y) denotes the arc length of a smooth connected curve
y C T2. Thus, Lemma 6.10 holds trivially in this case with n; = 1.
Inductively, let us express the disintegration v, 41 in terms of that for v,,. Observe that

Vg1 = (Fn)«Vuls,nB, + (Fn)xVnls,\B,;

since S, N By, S\ B, € Py, it suffices to consider these separately in working out the
disintegration measures (Vy+1)y, ¥ € Vut1.

On F;, (S, N By), Case 2 is applied in constructing ¥,+1|, (s,ns,) and so disintegration
measures are obtained using the analogue of (12) with n + 1 replacing 1.

On F,(S,\B,), we apply Case 1 in the construction of P,4, i.e., Ppt1=
Prsi1lFy(5,nBy) vV Fu(Pnls,nB,). In particular, the disintegration (v,41/F7,(s,\By))y» ¥ €
Yn+1 can be obtained by disintegrating, for each y € y,, the measures (F;)«((v,);) against
the (finite) partition P, 11|, ). To wit, if ¥ € Yu+1lF,(s,\B,) has y C Fy(y) for y € yu41,
then

(Vng1)y = (Fn)« (W) p)ly -

)y (Fr ')

In particular, we have shown that for any p, g € y, we have that
PI(p)  detdFulry) o Fy'(q) P50 By (p)
py*@)  det@Falry) o Fy'(p) pfo Fi'(q)

Lemma 6.10 follows by iterating the above relations fromn; + 1 ton — 1. a

6.4. Description of (F"),vs. Here we synthesize the results of §§6.1-6.3 into our main
result, a precise description of the bulk of (F"),vs as foliated by a collection of fully
crossing horizontal curves with controlled disintegration densities.

PROPOSITION 6.11. Let n>2. Then there are a measurable set G C F"S and a

measurable partition G of G with the following properties.

(a) Each atom y € G is of the form graph h,,, where h, : (0, 1) — T is a C2, fully
crossing horizontal curve with ||h;, lco = oL, M.
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(b) We have the estimate

Va1(G) = 1 — 0L, Py —ygio > n}

c o —(1/2)(1-)
>1- 0(1)+C5+—> L, 7 (13)
( Leb(5) i:%;zu l

on inserting the estimate in Proposition 6.4.

(¢) Let vg denote the restriction vpii|lc and let {(vG)y}yeg denote the canonical
disintegration of vg with respect to G by probability measures supported on each
vy €4§. Let p, : y — [0, 00) denote the density of (vg), with respect to Leb,,. Then,
for any p1, pa2 € y, we have

p(p1) ~ o,
p(p2)

Proof. To start, define

on =P €Pn: W)y F" Mo <n} >0} and G,= [ 7.

?eén
By Lemma A.1 in the appendix, we have
vn(Gn) = vy (P € Ga) = vi{o <n).
Recalling the notation in Lemma 2.7, we define G by
G=J M@ ad G=Jrv= FRO\B.?D),
7€G, veG  peb,

noting that G partitions G into horizontal curves y which satisfy item (a) by construction.

To check item (b), for each y € y, and subset K C y, we have that

(Vn))? (K) <

Ton3) Leby (K)

on applying the distortion estimate in Lemma 2.5 to the density p” derived in Lemma 6.10.
12

Since Len(p)~! = O(L,l,_",) from the fact that p N F" '{o <n} # ¢, we obtain the

estimate
—l+n

L, _ a
()5 (Ba () = O(L—1+n’> _ o,

on inserting K = B, (7). Thus, (13) follows on noting that —1 +n' = —1+ (1 +n)/2 =
(n—1/2. .
For item (c), let p;, p» € y forsome y € G and assume that y € T, () for y € 9,,. Then
_ —1
Py (P1) _ det(anlT)?) o F, 1(172) '0; o F, " (p1)
Py(p2)  detdFulry) o Fy ' (p1) oo Fi'(p2)

1-2;
in the notation of §6.3. The first factor is bounded < ¢€Ln "llpr=p2l by Lemma 2.5. For
the second factor, note that | F, " (p1) — F;'(p2)|| < L, |l p1 — p2|l by Lemma 2.4 and

. . 1=2n p—=ny - . ..
so Lemma 6.10 yields the estimate < eClm L llP1=p2ll < ¢CLn | The estimate in item

(c) follows. O
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7. Decay of correlation estimates
Leaning on the mixing mechanism explored in the previous section, we complete here the
proof of Theorem C.

In §7.1 we will show how to reduce Theorem C to the case when ¢ is the characteristic
function of a small square (Proposition 7.1). In §7.2 we apply the results of §6 when S is
a small square and give the proof of Proposition 7.1.

We assume throughout §7 that n € (1/2, 1) has been fixed and that {L,} has the property
that )", L;H_n, <00, where n' =+ 1)/2 is as in §6.2.1. These assumptions are
consistent with the hypotheses of Theorem C.

7.1. Reduction. We will show here that to prove Theorem C, it suffices to prove the
following.

PROPOSITION 7.1. Let R be a square in T2 of side length £ and let v denote the normalized
Lebesgue measure restricted to R. Let  : T> — R be a-Holder continuous. Then

[oera-f

o0
— min{2p—1,a(1- 2} - —(1/2)(1—
sCIIWIlamax{LMI/T;T{n a(l1-n)/@+2)} (-2 3 L4/ n)}.
i=|n/8)

Proof of Theorem C assuming Proposition 7.1. Below, n > 2 is fixed, as are «-Holder
continuous ¢, ¥ : T2 — R. Let us write S, for the first element in the max{- - -} in
Proposition 7.1 and write 7, for the summation in the second term, so that the bound
on the right-hand side reads as < C||¥/||¢ max{S,, £~ >Ty}.

With K € N to be specified later, subdivide T2 into rectangles R; ;, 1 <i, j < K of side
length £ = 1/K each. We set

gi.j= inf @(p).
pER,;j
Define ¢ := ij:l ®i.jXR; ;> S0 that
/((p —¢)dLeb=O(llglls - £).
Let v’/ denote normalized Lebesgue measure on R; ;. Then
K
/woF” .¢:/1//oF”~((p—</3)+ Z Zz(pi,j/wdevi’j.

ij=1
For the first term,

/ Yo F" (¢ —¢)=0¥lallelat®).

Similarly, we estimate
K
/w-/¢=/<¢—¢k>-/w+ > e%oi,j/w
ij=1
K

= 0¥ llaligllat®) + Y pi; / v

i,j=1
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hence,
Joerv=[ e[|z 8 a| [oari-[
+ O (1Y | colelat®)
=¥ lall@lle - OSn 4+ €73Tn + [91al®).
Setting

o {( [(0]0[ ) 1/(2+0l)J ’
Tn
we obtain the estimate

Joero-fos

The only difference between this and our desired estimate is the exponent of ||¢||,, on the
right-hand side. To fix this, define ¢ = ¢/| ¢l and note that ||@||, = 1; for this function,

we have
[voro-[d[v

and so the desired estimate follows on multiplying both sides by |¢]||¢. To complete the
proof, observe that

2
< CY llo llp)| G/ @red (Tl ) | 5,

< CllYllo (T 4+ 5,)

2 12 Unem @2
max{S,, T/} < max { Ln/21]’ ( Z L —(1/2)( n)) }
i=|n/8]

since 7;10(/ @+2) always dominates L, O;(;J n/@+2) O

7.2. Proof of Proposition 7.1. To complete the proof of Theorem C, it remains to
prove Proposition 7.1. We combine the description in Proposition 6.11 of the foliation by
long horizontal curves with the mixing estimate in Proposition 2.8 along those horizontal
curves.

To wit: let ¥ : T> — R be a-Holder continuous and let R be a square of side length ¢
as in the statement of Proposition 7.1. With v denoting the Lebesgue measure restricted to
R and (for notational convenience) applying the substitution n — 2n, we will estimate

/woFZ” dv:/w F2 d(F!v). (14)

For each k > 1, define vy = F*~1v|, where v; = v. Applying Proposition 6.11 to S =
R, we obtain the collection G of horizontal curves foliating the set G C F"R. In the
notation of Proposition 6.4, we have Cr = O(Z’]) and so

o
vn+l(GC) — 0<£—2 Z Li_(l/Z)(1+n)).

i=|n/4
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Returning to the estimate of (14),

(14) = O (1 la vus1(G)) + / Vo F2, dvg

(/ Yo F2 d(vG)y)dv(T;,
Y

where the transversal measure vg is the pushforward of vg onto G/G.
Fixing y € G, we have by the density estimate in Proposition 6.11 that

/ Yo F2 d(vg)y = (14 O(Ly™) / ¥ o F, dLeb,
Y 14

= O(I¥lla va+1(G)) +/
G/G

and so applying Proposition 2.8 with m +— n + 1, n +— 2n, we have
/ Yo Fol d(vg)y
14

=1+ OLY) Len(y) - / Y+ (1 + OL)NIY

2n—1
—a(1-n)/Q2+a) 1-2n —14n
.0<L2n +Ln+l + Z Lk )
k=n+1
2n—1

= / v+ ||w||a~0(L2,,““”>/<2+“>+L};2"+ oLt
k=n+1

N——"

Collecting these estimates, we conclude that

oo
‘ / Yo F¥ dv— f 1//‘5C||1//||a(L;mln{zn_l’a(l_")/(2+a)}+2_2 3 L;“/Z)“—")).
i=|n/4]

This completes the proof.
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A. Appendix.
LEMMA A.l. (Partition saturation) Let X be a compact metric space, Bor(X) the Borel
o-algebra on X, and i a probability on (X, Bor(X)). Let & be a measurable partition
of X and denote by (j.c)cee the canonical disintegration of w with respect to §. Let wt
denote the transverse measure on X /1.

Let Y € Bor(X). Then ,uT{C eX/n:puc¥)>0}>u@).

Proof. We estimate

M(Y)=/ ne(Y) duT(C)=/ uc¥)du® (C)
X/n ceX/nipuc(Y)>0

<u'{CeX/n:pc¥) >0}
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