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THE EXPONENTIAL DIOPHANTINE PROBLEM FOR Q

MIHAI PRUNESCU

Abstract. We show that the set of natural numbers has an exponential diophantine definition in the

rationals. It follows that the corresponding decision problem is undecidable.

There were two steps leading to the negative solution of Hilbert’s Tenth Problem.
First Martin Davis, Hilary Putnam and Julia Robinson proven in [2] that it is
undecidable if exponential diophantine equations have solutions in N. Later Yuri
Matiyasevich shown that the exponential relation (x,y,xy) is diophantine in N

and concluded that it is undecidable if diophantine equations have solutions in N,
see [3].
In the present note is shown that the Davis–Putnam–Robinson step forQ reduces

easily to Hilbert’s Tenth Problem for N.
We study here systems of exponential diophantine equations, which are

expressions of the shape:

m
∧

i=1

Pi(t1, ... , tn) = 0,

where Pi ∈ Z[t1, ... , tn] are polynomials and the terms tj have the shape α
â where

α and â are allowed to be variables or integers. We observe that an exponential
expression xy with x,y ∈ Q does not have necessarily real values, and is in general
multivalued.We know, however, that the values belong to the algebraic closureQ. A
disjunction of exponential diophantine equations over Q can be always represented
as an exponential diophantine equation, because P = 0∨Q = 0↔ PQ = 0. This
cannot be said anymore about conjunctions, at least in an apparent way, and
probably is not true about complements.
The following result has been already known to Euler, see Dickson’s History [1]:

Lemma. The system xy = yx ∧ 0 < x < y has no other solutions in Q as all the
pairs:

xn =
(

1+
1

n

)n

, yn =
(

1+
1

n

)n+1

,

where n ∈ N\{0}. ⊣
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Q |= α > 0 ↔ ∃x1, ... ,x5 α = x
2
1+ ···+x24 ∧ αx5 = 1.

It follows that in Q the set N of natural numbers is exponential diophantine as
one has:

Q |= w ∈ N ↔ w= 0 ∨ ∃x,y(x> 0 ∧ y – x> 0 ∧ xy = yx ∧ wy= (w+1)x.)

Indeed, if w satisfies the right side and w 6= 0, one gets y= (1+ 1
w
)x. If we apply the

Lemma, we see that for some n ∈ N\{0},
(

1+
1

n

)n+1

=
(

1+
1

w

)(

1+
1

n

)n

,

with unique solution w = n. On the other hand for some natural number w = n ∈
N\{0} we construct the pair (xn,yn) as defined in the lemma. This pair satisfies the
right side. ⊣
Using this definition, for every diophantine equation we can effectively construct

an exponential diophantine system of equations, such that the later has solutions in
Q if and only if the former has solutions inN. This implies that the decision problem
for exponential diophantine systems of equations over Q is undecidable.
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