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Radio frequency (RF) waves are routinely used in tokamak fusion plasmas for
plasma heating, current control, as well as in diagnostics. These waves are excited
by antenna structures placed near the tokamak’s wall and they have to propagate
through a turbulent layer known as the scrape-off layer, before reaching the core
plasma (which is their target). This layer exhibits coherent density fluctuations in the
form of filaments and blobs. The scattering processes of RF plane waves by a single
filament is studied with the assumption that the filament has a cylindrical shape and
infinite length. Furthermore, besides the major toroidal component of the externally
imposed magnetic field, there is also a small poloidal magnetic field component.
Considering also that the cylindrical filament’s axis is not necessarily aligned with
the toroidal direction, the total magnetic field is in general neither aligned with the
axis of the cylinder nor with the toroidal direction. The investigation concerns the
case of electron cyclotron (EC) waves (of frequency f, = 170 GHz) for tokamak
applications. The study covers a variety of density contrasts between the filament and
the ambient plasma, different magnetic field inclinations with respect to the cylinder
axis (for the same magnitude of magnetic induction B =4.5T) and a wide range of
filament radii.
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1. Introduction

An external antenna structure at the edge of a tokamak fusion device excites radio
frequency (RF) waves for heating and/or current drive. These waves propagate through
a turbulent scrape-off layer before they reach their intended target, in the plasma core.
The scrape-off layer is populated by filaments and blobs (see Krasheninnikov 2001;
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Grulke 2006; Myra et al. 2006; Myra, Russell & D’Ippolito 2006; Zweben 2007;
Pigarov 2012), where the plasma electron density differs from that in the background
environment. As a result, the plasma permittivity of these structures is different from
the background plasma’s permittivity. For this reason, the characteristic properties of
the incident radio frequency waves can change during their transition through the
scrape-off layer, so that the RF waves can be modified by these turbulent structures.

The study of the effects that the propagation through a different dielectric medium
(such as a filament) has on the incident wave’s properties could be based on the
geometric optics approximation (see Hizanidis 2010). However, there is a limitation
to the geometric optic’s applicability: the electrons density of the filament must be
close to the ambient electrons density, so that the absolute value of the relative density
contrast between the filament and the ambient electron density is very small (see Ram
2013, 2016), which is not the case: a typical experimental range of values is from 5 to
100 %. Thus, there is a physics reason to derive a more general approach with validity
in a much larger domain.

In this article, Maxwell’s equations are used to derive a full-wave analytical
model for the scattering process of RF waves by cylindrical density filaments. The
case of spherical density fluctuations has already been studied (see Ram 2013).
Moreover, elongated cylindrical density filaments have also been studied (see Ram
2016) but the axis of the cylinder was assumed to be aligned with the total magnetic
field. At this point, it should be noted that the total magnetic field in a tokamak
plasma is the result of the toroidal magnetic field component (which is externally
imposed) and the poloidal magnetic field component (which is generated by the
plasma current). The amplitude ratio, of the poloidal magnetic field component to
the toroidal magnetic field component, is known as the tangent of the magnetic field
pitch angle (see Prisiazhniuk 2017). This angle is not necessarily small, as there
are recorded experimental values of up to 40° (e.g. as referred to in Taylor 2005,
for the National Spherical Torus Experiment — NSTX). The combination of toroidal
and poloidal magnetic field components creates finally, in general, a helical total
magnetic field line structure and the magnetic field lines do not lie on a flux surface
but are open field lines. In the presence of this total magnetic field, the cylindrical
filaments created in the plasma are transported radially (towards the plasma edge, see
Krasheninnikov 2001; Grulke 2006), without having any physics reason for being
continually rotated in the way that would be needed to keep their orientation parallel
to the helical total magnetic field line. Furthermore, there is experimental evidence
(e.g. see Grulke 2014, referring to the fusion device Alcator C-Mod) proving that
the filaments are nearly, but not perfectly, aligned with the total magnetic field; thus,
there is a need to study the scattering effects in the general case, when the cylinder
axis is not parallel to the total magnetic field.

The study described here is a generalization of a previous work (Ram 2016): the
major magnetic field component is assumed to be along the axis of the cylindrical
filament, but in this article the presence of a magnetic field component with a different
orientation is also considered on the scattering of RF waves, so that the physics of
the scattering phenomenon changes. When there is only the major component of
the magnetic field, the component of the wave vector along the magnetic field k
is preserved; i.e. waves inside the filament and the scattered waves have the same
k; as the incident plane wave. In the presence of another magnetic field component
with general orientation this is no longer true, while only the component of the
wave vector along the cylinder axis k, is preserved. The scattered wave can have a
spectrum of k; which depends on the angle of inclination between the axis of the
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filament and the direction of the total magnetic field. In effect, the scattering process
broadens the k; spectrum of the waves transmitted towards the core plasma. This,
in turn, can affect the power deposition profile of the RF waves in the core of the
plasma.

So, by having no limitation for the total magnetic field to be aligned with the axis
of the cylinder, it is considered to be at an angle ¢, with respect to the axis. It must
be noted that for the purposes of this study, the toroidal plasma is assumed to have
a large aspect ratio, approximated by an infinitely extended slab, where the filaments
exist and the magnetic field is homogeneous. In addition, the axis of the cylindrical
filament is assumed to have infinite length, so that the edge effects can be ignored.
The background ambient plasma as well as the filament are assumed cold and uniform
with the respective permittivities being those of a cold plasma. First, in addition to
refraction, also reflection, diffraction and shadowing are incorporated. Moreover, the
fluctuations can couple power to other plasma waves (e.g. an ordinary mode wave can
activate an extraordinary mode one and vice versa). In addition, the scattered waves
propagate in all radial directions of the cylindrical filament and not only forward to
the core, so that there exists redirection of the incident power.

Another simplification made in this study is that the fluctuations in the scrape-off
layer are static: in fact, the fluctuations are moving. According to experimental
results, the speed of the toroidal propagation of the fluctuations around the tokamak
is approximately 5 x 10° m s™!, approximately five orders of magnitude below the
RF wave propagation speed, which is nearly the well-known speed of light in a
vacuum. That renders our simplification a valid assumption.

Concerning the structure of this paper, in order not to overwhelm readers with
the algebra — which the authors consider necessary and relevant to the complete
formulation — the following paragraphs outline the purpose of each section.

Section 2 starts with a geometrical aspect: two coordinate systems are defined. The
first coordinate system is with respect to the ambient magnetic field in which the
background plasma and the filament are embedded. The second coordinate system
is defined with respect to the axis of the filament. In a previous paper (Ram 2016)
the two coordinate systems were the same. The incident wave is best described in
the first coordinate system. The wave fields inside the cylindrical filament, and the
scattered fields are best described in the second coordinate system. For an overall
compatible description, the transformation between the two coordinate systems is set-
up in this section. Also, the incident wave is expressed in terms of the exponential
dyadic involving the complete set of the vector cylinder functions.

Next, in § 3 Maxwell’s equations are used to derive the appropriate fourth-order
cold plasma dispersion relation, which is set-up in both coordinate systems. The two
natural modes that satisfy the dispersion relation are categorized within and outside
the filament. Section 4 sets up the polarization of each of the two natural modes.

Given the form of the incident and scattered fields that exist in the background
plasma, and the confined fields inside the filament, a self-consistent solution is
obtained by satisfying the boundary conditions at the surface of the filament. It is
assumed that there are no free charges and currents on the surface. Then the requisite
boundary conditions follow from Faraday’s and Ampere’s equations. These are set-up
in §5. An important consequence of the boundary conditions is that, for all waves,
the parallel to the magnetic field component of the wave vector (k;) is not the same
if the axis of the filament is not aligned with the direction of the magnetic field. This
leads to the generalization of previous formulations of scattering theory (Ram 2016).

Section 6 sets up the form of the electric and magnetic fields and the Poynting flux
in the forward (to the plasma core) direction, that form the basis of our computations.
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FIGURE 1. Magnetic field and cylinder coordinate systems.

The numerical results are given in § 7 and cover a variety of different cases: magnetic
field inclination with respect to the filament axis varies while the magnitude of the
magnetic induction is kept the same B =4.5T, different filament radii are simulated,
the relative density contrast between the filament and the ambient electrons density
varies also and the polarization mode of the incident wave can be an O-mode or X-
mode. In § 8, the main conclusions of this study are presented.

2. Main assumptions and the geometry

The total magnetic field lines are considered to be parallel to the (z—x)-plane with z
being the axis of the cylindrical filament and ¢, being the angle of the total magnetic
field lines (axis z') with respect to z (see figure 1). In the cylinder (i.e. filament)
reference system, let ¢, be the azimuthal angle of a respective plane wave component.

The cylinder has radius a and it’s length, L, is assumed to be much larger than a
(a/L <« 1). Thus, we assume that it has infinite length in order to exclude edge effects.
Note that for the case of a finite RF beam incident at the midlength of a long filament,
this approximation is adequate. The electron density inside the cylinder, as well as the
electrons density outside, is considered as homogeneous and the plasma is assumed
to be cold. There is no limitation for the ratio of these two different densities.

Let Ry(¢y) be the rotation matrix (see appendix A.1) which transforms from the
Cartesian filament reference system to the magnetic field (axis z) primed reference
system. The magnetic field is assumed as homogeneous throughout this work. On the
other hand, let R.(¢;) be defined as the rotation matrix (see appendix A.2) which
transforms from the cylindrical reference system where a plane wave vector is defined,
to the Cartesian filament reference system.

The wave vector of an individual plane wave (either incident or scattered, etc.) is
denoted as k and the position vector in the filament reference system is denoted as r.
By normalizing these two vectors to the dimensionless ones n =kc/w and p =rw/c
with ¢ being the speed of light in vacuum and w =2xf being the angular frequency
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(while f is the frequency). The dot product of n - p (which is the normalized k - r)
can be calculated in cylindrical coordinates as:

nop=(x v ¢)(n|. @1

n;

where x, ¥ and ¢ are the normalized coordinates x, y and z of the position vector
on the cylindrical reference system, respectively. According to (A 8a.,b)

np
n-p=(pcosg psing &) Rgy) | 0 | =n,pcos(e — ) +n.t, (2.2)
nZ

where ¢ and ¢; are the azimuthal angles between the x-axis and p and n, respectively.
From now on, the subscript index ‘O’ is used when referring to the incident wave
(single plane wave), for which one may write:

ng - p =no,p cos(¢ — gor) + no L. (2.3)

The respective incident RF wave, propagating in the background plasma and
impinging on the cylindrical filament, is therefore:

E;(p) = E(ny, ®) exp(ing - p). (2.4)
The normalized to its amplitude (&) incident electric field intensity is:

E;(p) _ Ey(ny, w)

exp(ing - p) = e, exp{i[ng,p cos(p — @o + no.0)1}, (2.5)
& &
with £
el = Eo(no, ®) (2.6)
&

being the electric field polarization vector of the incident wave. Similarly, one may
define the respective polarization for a plane wave mode ‘k’ as:

E
e’ "('2’;@ @.7)

In terms of the exponential dyadic involving the vector cylinder functions m,, n, and
I, (see appendix B) in the cylinder frame of reference (convenient), one has

n=00

ef exp(ink * P) = ei * Z [aknmn(nkppa nkzé‘a (P) +bknnn(nkpp, nkz§’ 90)

n=—00

+cknln(nkp/0’ nkzé" (ﬂ)] ) (28)
where the vectorial coefficients a,, b, and ¢, in the dyadic of the exponential can be

calculated on the basis of the completeness property of the vector cylindrical functions
and the index ‘k’ is general (when °0’, it refers to the incident field). Thus, in the

https://doi.org/10.1017/50022377818001083 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377818001083

6 S. I Valvis and others

Cartesian coordinate system of the cylinder (the respective component is indicated by
a superscript):

A X X

X n=00 Ay bkn cin

5 ipn § y o y

Yy € o = Ui | My, + bkn ny, + Crn ln ’ (29)
—_ Z Z v4

z n=-o0 A kn Ckn

where after calculations, the coefficients are:

i, —SINON a1 ingy
a,, | = cosg — (2.10)
z kp
a, 0
. COS ¢
Pl Mz sin
by, | = —i"——e "% O 2.11)
b NNy _ Mo
kn
Ny
c/ﬁn e—impk nkp COos QDk
Con | =" [ mipsingy | . (2.12)
Z ny
Cin N,

3. Propagation of RF waves in plasma and the dispersion relation
3.1. The electric field in general

For a cold plasma, the Faraday equation combined with the Ampere equation in the
Fourier domain renders (see Ioannidis 2017):

2
£V X V x E(p) — (%) D(p) =0. 3.1)

Note that Maxwell’s equations are expressed in cylindrical coordinates with respect
to the flux tube, in order to maximally exploit the cylindrical geometry. It is
assumed that the plasma equilibrium is time independent and the linearized perturbed
electromagnetic fields have a time dependence of the form e, with ¢ being the
time. In normalized wave vector representation:

E(p) = / / / E(n) exp(in - p) d’n. (3.2)

The combination of equations (3.1) and (3.2) leads to:

D(p) = ¢ / / / K - E(n) exp(in - p) d’n, (3.3)

where K is the permittivity tensor (see Stix 1992). By substituting the (3.2) and (3.3)
into (3.1), it is:
D(n)-E=0, (3.4)

with D(n) = K + (nn — In?) being the dispersion tensor. For non-trivial solutions of
the electric field intensity, the determinant of the dispersion tensor must be zero. The
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latter requirement, the dispersion relation in other words, selects the sub-manifold in
the Fourier space, where non-trivial electric field Fourier components exist. That is:

det[D(n)] =0 (3.5)

or, in a cylindrical frame of reference for the wave vector with a z-axis aligned with
the cylinder’s z-axis:
det[D(ni,, niz, )1 =0, (3.6)

which will lead to a fourth-order equation with respect to ny,.

3.2. The dispersion relation derivation

In the magnetic field Cartesian frame of reference the permittivity tensor has the form
(see Stix 1992):

K, —iK. 0
ke =ik, K. 0 |. (3.7)
0 0 K

With the help of the transformation formulas in appendix A, the permittivity tensor
can be expressed in the cylinder frame of reference, in Cartesian coordinates (see
(A):

Kat = R, (o) KSR, (o), (3.8)

which renders:

KLC% + KHS(% —iKXC() C()S()(KH — KL)
Kiiia = iK o K, —iK.so |, (3.9)
C()SO(KH —KL) iKXS() KLS%‘FKHC%

where
co=co0s ¢y, So=Ssin¢y. (3.10a,b)

It has to be emphasized that the angle ¢, is the angle between the axis of the
cylindrical filament and the magnetic field line and must not be confused with
the azimuthal angles in the cylindrical coordinate systems, which in general are
symbolized as ¢. The dispersion tensor can be calculated from the permittivity tensor,
in the same Cartesian frame of reference, by using the following:

D =K' + (nn — In)5. G.11)

Now, in cylindrical coordinates in the filament’s frame of reference (see (A 6)):

D, = R, (9D Re(y)
= R (@)K R(p0) +ny ()" — In’. (3.12)

Note now that the index in the azimuthal angle refers to a particular wave vector in
a k-space coordinate system with the k, component along the axis of the filament
and the azimuthal angle of the projection of k on the (x —y) plane with respect to
the x-axis of the Cartesian filament-based system. In the following, without loss of
generality, the azimuthal component of the k-field is set to zero by definition: the
frame of reference can be chosen so that the azimuthal angle of the wave vector of
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FIGURE 2. Symmetry-based pairs (O and X).

the incident wave is zero and then, the scattered wave will be derived by the following
mathematical analysis. By executing the multiplications, the elements of the dispersion
tensor (D;')[)i)jl with j=1,2,3 and /=1, 2, 3 in cylindrical coordinates in the filament’s

frame of reference can be computed as functions of K, K|, K, s, ¢, So, Co, Ry, Ny
and n, (see appendix C), where:

Ck =COS @, S = sin ¢. (3.13a,b)

Thus, the dispersion relation (3.6) written down previously in the filament cylindrical
frame of reference can be simplified as follows:

det(D,) =0. (3.14)

In the general case of (3.14), we observe that, for a fixed ng, (which is preserved
for an infinite cylinder along the z-axis), (3.14) possesses four distinct roots 7y, for a
particular choice of the angle ¢y, labelled n;” with L=1, 2, 3, 4. However, because of
the presence of the cosine of the azimuthal angle in the odd-order coefficients, these
roots, viewed as functions of the azimuthal angle ¢,, are symmetric with respect to
the midpoint ¢; = m and anti-symmetric with respect to ¢, = 7/2 and ¢, =37/2.

In figure 2, (Ny1, Nia), (Ni2, Ni3), (Na1, Nog), (Nap, Ny3) are the symmetric pairs
(N=0,X), while (N1, N»), (N1, Nip) are anti-symmetric pairs with respect to /2
and (N, Nig), (N3, Noy) are the respective ones with respect to 3m/2.

Thus, from one root function of ¢,, one may construct a second one by applying the
aforementioned symmetries. We may name this pair of solutions as ‘symmetry-based
pair’. Since there exist four roots, there must exist two symmetry-based pairs. It is
much more convenient to relabel the two pairs according to which one contains a
member which coincides with the radial index of the incident wave (in the cylinder
reference system). That is, one pair for the ambient environment will be labelled
as the O-pair (X-pair) if it contains the ng, of an incident O-mode (X-mode). The
respective pair for the filament parameters will retain the same characterization in
order to ensure that they coincide in the limit of zero contrast (between inside
and outside). The remaining pair automatically will be labelled as X-pair (O-pair).
Therefore, one may introduce the indices Oy, O,, X, X, where now Oy, O, and Xi, X
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are the two symmetry-based pairs. The symmetries are as follows with M =0, X and

i=1,2:
mp (o =0— 1) = —ng. " (g =1 — 0) (3.15)
and
M (9 =0 — ) = —nj (g = 27 — T) (3.16)
or, equivalently:
R (1) = Mg (270 — 1) = =y (0 — @) = =y~ (70 + @), (3.17)

Of course, for ¢, = m, 3n/2 the members of each pair are opposite (in the general
sense, which means that the one is equal to the negative of the other). In the following,
only one member of each pair will enter into play: in the case of real roots only, the
positive (O and X) ones. In the case of imaginary roots, only, the ones with positive
imaginary part. And finally, for the case of complex roots (there will be two complex
conjugate pairs for real n;), the ones with positive imaginary part. These two roots
are going to be used in the polarizations below.

4. Wave polarizations
The time-independent electric field E in (3.2) can be written as
En, w) = E(Exf + Ev, @ + Ec21), 4.1

with the hat signifying unit vector components in the wave vector reference system
(k-space), (Ey,, Ex,, Ei;) being defined as

(Ekp9 Ek(pa Ekz) = (ekpv €Ly ekz) (42)

\/|€kp|2 + ley |2 + e |?

and also (ex,, ey, €x;) are the components of the (normalized to the amplitude of the
incident electric field) polarization vector e}, which was introduced in (2.7), also in
the wave vector reference system.

A propagating incident wave, depending on the conditions of the ambient medium,
is considered to be either an O- or an X-mode (in the following the labelling ‘O’ and
‘X’ refer to the incident field). Note that the vectorial expression for the O-mode type
of polarization is

E Z A A A
€= g okt 15,91+ 162 =1, (43)
with eg, = Eo;/& and ro =rg, i+ rp,¢c + 5.2 and respectively, for the X-mode type
polarization,
Ey . . .
ey = g—:(r§prk + 15, O+ 15 2) = € 1y, (4.4)

with e, = Ex,/& and ry = ry # + rg, @ + 2. It is useful to renormalize the
polarization in such a way that leads in both cases to unitary complex vector of
polarization, that is,

AD A Ap A Ab A AP ~ P
€p=ep /15 rp) (EQ F+ Ep @ + Eg2) = ep \[16 - () Ep = coEy(ng)  (4.5)
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and

= ey, k- ) (EY P+ EY, @+ ER2) = e /1% - D) E, = cLE (ny),  (4.6)

where, by definition now:

E -E)=1 M=0X 4.7)

and the corresponding normalized vectorial electric field intensities e, and ey are
proportional to the respective unitary complex polarization vectors via the arbitrary
coefficients ¢!, (the polarization amplitudes), which are functions of the azimuthal
angle and common ng,. Because of azimuthal symmetries described previously and
the requirement of azimuthal continuity (azimuthal invariance under a rotation by
1) they are related within pairs of modes (independently O or X). They are also
periodic functions of the azimuthal angle. For this reason, they can be written as a
superposition of azimuthal modes, which form a complete basis that is:

n=0Q

ch (o m) =Y el (m)e™, (4.8)

n=—0o0

where M, = (O, FI), (0O, SC), (X, FI), (X, SC) and sflwﬂ‘(nkz) are going to be determined.
Note that FI is referring to the interior of the filament and SC to the exterior.

For the incident field ¢f =1 for either O- or X-mode. From the expressions (2.10)—
(2.12), (4.5) and (4.6), the dot products e -a,, e} -b,, and e} - ¢, (with k=0, X) can
be calculated:

A i" CX 1
o ap =t TP 4.9)
I’lkp
1" exp(—imgy)
e’ b, =l (Elny, — nkz)% (4.10)
k" kp
. . it exp(—imgey)
€, - cn=—cy(Eg,n, + E,’;nkz)T. (4.11)
k

Note that for the incident wave ¢f =1 and k is replaced by ‘k’. Also, in all of the
following, the definition (4.12) holds:

n’=n, +ng,. (4.12)

From (3.14) one can derive rg,,, 74, 5., 1%, Tk, and ri_ as functions of n, n,, nq.,
s, ¢, So, co, Ky, K and K, (see appendix D).

5. Boundary conditions and coefficient computation
On the cylinder surface, the Maxwell boundary conditions hold:

Fx (esc+ey—ep)=0, Fx (hsc+hy—hr)=0, (5.1a,b)

where SC and FI stand for the exterior and the interior of the filament, respectively.
One can easily express the exterior products involved in the boundary conditions
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solely in terms of the vector functions and the tangential dyadics of unit vectors: zZr

and @z:
~ N Ny
rxm,=1i@zr) -n,— (5.2)
1%
~ AN nkz AA
Fxn,=i@Zr) -m,— — (¢7) - n, (5.3)
N
NNy,

Fxl,=@r)  -m, —i(@7) -n,—— (5.4)

nkp

The vector functions are calculated at a (the normalized radius of the cylinder) and the
tangential components of the electric field are matched. The respective Bessel function
in the vector cylinder function expression for the incident field, are of J,-type since
the incident field is launched at p — oco. The argument is an)’ 1o+ BY truncating the
summation over n and writing down the conditions for the azimuthal modes, that is

for each m with m = —n,,,, to m = n,,,,, we obtain the following linear system to
be solved:

N=RNmax

Z O.FI ,O.FI | _X.FI_X.FI 0.8C_0,SC _ _X.SC_X.SC\ _ 0 .

(aj,mn 811 + aj,mn 811 - aj,mn 8n - aj.mn gn ) - aj,m’ J= 1’ 2’ 3’ 4’ (55)
N=—Nmax
0/X,FI/SC 0 .

with a;,,, and a;, known (see appendix E).

6. Computation of electric field, magnetic field and Poynting vector
at arbitrary z

6.1. Synthesizing the fields at arbitrary z

As mentioned before, the cylinder is assumed to have infinite length in the direction
of z. So, the z-component has no effect in the computations of this study and the z
dependence can be integrated out. By expressing the electric field and the magnetic
field in terms of the vector cylinder functions (see appendix F) and by introducing
the respective expressions for the vector cylinder functions, one obtains for the
z-independent vector fields (denoted by a tilde over the vector functions) on the

x—y plane:
&p. Qs = Y Z "™ [E (00 + Epty (D) + ENL(DIE] 4y s (6.1
M=0,X m=—o00
where
Ex(p)
mp 21 d
Dr i(n—m
)] =Y emso [T e
M 0
iz (0) (FI1,5C)
. mZM .
—iZni”E% m Ekwk
nkplo
mZM
X m EM IZME%/( (6‘2)
nk,op
ZrAr:[ Ellg (FI,5C)
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and
) EO £ m=00 o
h(p, ©)1sc) = \/7 Z Z i"e™
Ho V' 1o M=0.X m=—c0
X [/ng (p)F + Hf‘,/,lw (0)@ + HnMw(p)‘%] (FI,SC) 6.3)
with
H%p (0) 7 dey
m 0 2T
He () (FI1,5C) !
L - mzZM - ~
iZMno B, 4+ =7 (ni EY — noEY)
Ny, 0 :
« | . . mZnAf A . 6.4
iZ) (m Byl — no.Ey) — —no By, 4
I’lkp
MM T
Z,y N Erg, (F1,5C)

In these expressions Z, (Z) stands for the Hankel function of the first kind (its
derivative) (see Abramowitz 1972), with argument anfp. Respectively for the incident

field:
Eo(p,p) =Y i"e™ [ED,(0)F + £, (0) + EN(p)E] 6.5)
where
i, — Mg
g’(r)lp(p) m=0p o, 0 Ogo
5,0 (p) | =e i meL A~ A (6.6)
5’5“’( Eo, — 15, Eog,
mz 10) nOpIO
P E,,
and
7 EO €o — sm_img 0 A 0 ~ 0 5
ho(p. )= 1oy /o > i (1Y, (0)F + Ho (D) + Ho (0], (6.7)
0 0 oo
with
. /O A m. 21 A A
/ng (,0) IJ,nnOzEO(po + m(”OpEOz - nOzEOp)
H?ﬂ (p) | =™ | A A mng o , (6.8)
Hg,i(p) IJ,S(HOpE()z - nOzEO,o) - mn()zEO(po
J?nnopEowo

where the superscript ‘0’ in the Bessel function refers to the mode type of the incident
plane wave (O or X).
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6.2. Calculating the time-independent Poynting vector and the Fourier spectrum

Now that all the electric and magnetic field components for every mode and
all regions (incident fields, scattered fields and filament fields) are derived, the
normalized and time-independent Poynting vector can be easily calculated by using
the well-known formula (see Griffiths 1999):

§=1Refe xh}. (6.9)

Equation (6.9) is used to compute all Poynting vector components for all waves and
regions. In §7, it is used to plot the numerical results.
Let us define the functions

Jam(p, @) = [Re{Sam}l,  folp, @) =IRe{So}l, (6.10a,b)

where ‘AM’ and ‘0’ respectively refer to the region outside the filament and the
incident wave. One can Fourier transform (denoted as F) with respect to normalized
p in the domain from p equal to the cylinder radius to an adequate value of p which
determines the maximum radial distance (note that ¢ is referring to the azimuthal
angle around the cylinder):

Fan (s @) = Flfa(o, ©)), foln,, ©) = Flfolp, 9)), (6.11a,b)

where n, is the normalized Fourier mode number. In §7, the quantity log,,{] fAM

(n,, ¢)|/max | f‘o(np, @)|} versus the dimensionless n, and n, components of the wave
vector is plotted.

7. Numerical results

By using the above formulas, one can achieve results for a variety of different
scattering processes. In some cases, it is necessary to change the value of only one
parameter, while the others are kept the same, in order to easily understand the effect
of each one of them on the scattering. It must be emphasized that the main purpose
of this work is to present the method and its application. Thus, an exhaustive study of
cases is beyond its focus and constitutes a subject for future work. Therefore, without
sacrificing generality, for comprehensive presentation purposes, the magnitude of the
externally imposed magnetic induction is B = 4.5T, the ambient electron density is
10" m~3, the frequency is 170 GHz and the propagation vector of the incident plane
wave is perpendicular to the magnetic field.

7.1. The way the filament radius affects RF scattering

Starting with the filament radius, one way to study the effect of the magnitude of the
cylinder radius on the scattering process, is by plotting figures of the time-independent
Poynting vector as in (6.9), especially of the component which points to the forward
direction. Figure 3 is referring to an incident wave of O-mode polarization and
presents the x- (a) and y- (b) components of the Poynting vector, for a filament with
radius equal to 2 mm, ambient density 10" m~3, filament density 2.0 x 10" m~ and
magnetic field inclination zero. It must be noted that the figure 3 filament radius is
of approximately the same size as the wavelength of the incident wave, since for the
frequency of 170 GHz and the given ambient density, the wavelength is approximately
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FIGURE 3. Poynting vector x- (@) and y- (b) components, frequency 170 GHz, incident
wave polarization O-mode, filament radius 2 mm, ambient density 10" m~3 and filament
density 2.0 x 10" m™, magnetic field inclination 0°, magnitude of magnetic induction
B=4.5T.

1.8 mm. The frequency of the RF wave has a major role in the scattering effects,
which are different, when the wavelength is bigger, smaller or approximately the
same size compared to the fluctuation. Figure 4 shows the x-component (a) and
y-component (b) of the Poynting vector for a bigger filament with radius equal to
10 mm, also at the same (EC) frequency of 170 GHz. The z-components of the
Poynting vector are not presented, while they are zero (for an incident wave of
O-mode polarization, there is by definition no z-component of the Poynting vector;
since the filament has no inclination with respect to the total magnetic field, &, is
preserved and thus, the scattered wave has no z-component, too).

In figure 5, one can see the Fourier spectrum (the left-hand side is the case with
2 mm radius and the right-hand side is the case with 10 mm radius). It is a polar
diagram of the normalized spectral amplitude as a function of the horizontal and
vertical projections of the Fourier mode number, normalized to the incident index of
refraction. The peak (dot) in the centre of the diagram (point (0, 0)), corresponds to
the spectrum of the incident wave. Without the scattering process which happens due
to the filament, the Fourier spectrum has only one peak (dot) in the centre of the
diagram (point (0, 0)). Because of the filament, the spectral amplitude is distributed
as a cardioid due to the presence of the filament. Note that the maximum of the
spectral density is in the forward direction. However, there is significant scattering at
the filament’s sides.

7.2. The way the filament density contrast affects RF scattering

Another interesting parameter for study is the density contrast between the cylindrical
filament and the background environment. As mentioned in the Introduction (§ 1), the
electron density of the filament can be very different compared to the ambient electron
density, so that the absolute value of the relative density contrast between the filament
and the ambient electron density can practically vary in a wide range of values: a
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FIGURE 4. Poynting vector x- (a) and y- (b) components, frequency 170 GHz, incident
wave polarization O-mode, filament radius 10 mm, ambient density 10" m~* and filament
density 2.0 x 10" m™3, magnetic field inclination 0°, magnitude of magnetic induction

B=45T.
@ logyo{|fart(np. 9)|/ max| fo(ny, ¢ (b) logyo{| fant (1, )|/ max | fo(n,, ¢
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1 ]
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FIGURE 5. Fourier spectrum: polar diagram of the horizontal and vertical projections
of the Fourier mode number, normalized to the incident index of refraction. Frequency
170 GHz, incident wave polarization O-mode, ambient density 10" m™ and filament
density 2.0 x 10" m™3, magnetic field inclination 0°, magnitude of magnetic induction
B=4.5T. (a) The case with 2 mm radius and (b) the case with 10 mm radius.

typical experimental range of values is inside (0.05, 1). In figure 6, the incident wave
is of O-mode polarization. The x- and y- components of the Poynting vector of EC
wave at frequency 170 GHz appear, for ambient density 10" m~> and filament density
1.2 x 10" m™, radius equal to 10 mm. One can compare these results with the ones
in figure 4, to see the differences between the relative density contrasts of 20 % and
100 % respectively. The z-component of the Poynting vector is not presented as it is
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FIGURE 6. Poynting vector x- (a) and y- (b) components, frequency 170 GHz, incident
wave polarization O-mode, filament radius 10 mm, ambient density 10" m~3 and filament
density 1.2 x 10" m™, magnetic field inclination 0°, magnitude of magnetic induction
B=4.5T.

log1o{|fant (np, @)/ max | fo(ny, ¢

1.5 0
-1

1
-2
0.5 o
-4
E‘-‘?° 0 -5
-6

-0.5
7
-1 -8
-9

-1.5

25 -2 -15 0.5

n:v

FIGURE 7. Fourier spectrum: polar diagram of the horizontal and vertical projections
of the Fourier mode number, normalized to the incident index of refraction. Frequency
170 GHz, incident wave polarization O-mode, filament radius 10 mm, ambient density
10" m™ and filament density 1.2 x 10" m™, magnetic field inclination 0°, magnitude
of magnetic induction B=4.5T.

zero. The magnetic field inclination with respect to the cylinder axis, is also zero.
In figure 7, the Fourier spectrum is presented and one can compare it with the one
in figure 5 for the same cylinder radius, but different relative density contrast. It is

https://doi.org/10.1017/50022377818001083 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377818001083

Scattering of RF waves in the plasma edge 17

(a) Re(3,)/|Re(3 ) Re(3,)/|Re(s
soo_Re(32)/IRe(30) Loy Re(3)/IRe(3o)|
10.1
1.3
0.02 0.02
L 0.05
0.01 0.01
e -
£ y |4Bx |1 0
= =
-0.01 09 oo
-0.05
0.8
-0.02 -0.02
0.7 -0.1
-0.03 -0.03
0.02 001 0 001 002 0.02 001 0 001 002

FIGURE 8. Poynting vector x- (a) and y- (b) components, frequency 170 GHz, incident
wave polarization O-mode, filament radius 10 mm, ambient density 10" m™3 and filament
density 1.2 x 10" m™3, magnetic field inclination 50°, azimuth 0°, magnitude of magnetic
induction B=4.5T.

evident that the spectral broadening due to the presence of the filament persists at
higher azimuthal angles when the relative density contrast is higher.

7.3. RF scattering with magnetic field inclination with respect to the cylinder axis
for O-mode incident waves

In figures 8 and 9, one can see the effect that the magnetic field inclination with
respect to the cylinder axis has on the scattering process, by keeping the same
magnitude of the magnetic induction B =4.5T. These figures are referring to incident
waves of O-mode polarization. For presentation purposes, the magnetic field is chosen
to be at an angle of 50° with respect to the cylinder axis (which is, of course, a big
value), while the chosen frequency of 170 GHz is referring again to the EC waves
case, the filament radius is equal to 10 mm, the ambient density is 10" m= and
the filament density is 1.2 x 10! m™* (so that the relative density contrast is 20 %).
One can compare these results with the ones in figures 6 and 7. Note that the results
are presented in the magnetic field’s frame of reference, which now is different from
the cylindrical filament’s frame of reference and so, the cylinder appears to have an
elliptical shape. It is obvious, that the scattering pattern is much more intense in
the presence of inclination. This could be attributed to the excitation of additional
modes in the interior of the filament, due to the fact that there is now a multitude of
parallel to the magnetic field wave vectors not coinciding with the respective one for
the incident wave (which is the case for the aligned filament).

Figures 10 and 11, are also referring to incident waves of O-mode polarization
and the parameters are the same as the ones in figures 8 and 9, with the difference
that now, the ambient density is 10" m™ the filament density is 2.0 x 10" m™ (so
that the relative density contrast is 100 % instead of 20 %). Note that the results are
presented in a different colour map. However, it is evident that the scattering is much
more intense in the case of higher relative density contrast. As a general remark, we
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FIGURE 9. Poynting vector z-component (a), frequency 170 GHz, incident wave
polarization O-mode, filament radius 10 mm, ambient density 10" m=3 and filament
density 1.2 x 10" m~3, magnetic field inclination 50°, azimuth 0°, magnitude of magnetic
induction B = 4.5T. Fourier spectrum (b) polar diagram of the horizontal and vertical
projections of the Fourier mode number, normalized to the incident index of refraction.

may observe that in both cases of low and high contrast, a considerable fraction of
the total power is channelled along the magnetic field lines, as expected.

7.4. RF scattering with magnetic field inclination with respect to the cylinder axis
for X-mode incident waves

In figures 12-15, one can see the effect that the magnetic field inclination with respect
to the cylinder axis has for incident waves of X-mode polarization.

Figure 12 presents the x- (a) and y- (b) components of the Poynting vector, for
a filament with radius equal to 10 mm, ambient density 10" m~3, filament density
2.0 x 10" m~3 and magnetic field inclination zero. The z-components of the Poynting
vector are not presented as they are zero. In figure 13, the Fourier spectrum for the
same case appears.

In figures 14 and 15, the same case as for figures 12 and 13 is presented, with the
difference that the magnetic field inclination with respect to the cylinder’s axis is 50°
instead of zero and as a result, the z-component of the Poynting vector is not zero.

8. Conclusions

The full-wave theoretical model presented in this paper, describes the scattering
process of plane RF waves by a cylindrical filament embedded in an ambient
magnetized plasma. In previous studies of RF scattering by cylindrical filaments,
the axis of the cylinder was assumed to be parallel to the total magnetic field (see
Ram 2016). The full-wave model presented has a main advantage compared to the
geometric optics approximation: the electron density of the filament does not have to
be close to the ambient electron density and thus, the full-wave approach has a more
general validity in a much larger domain.

Maxwell’s equations have been used to derive the full-wave analytical model. In
this study, due to the presence of a magnetic field component with general orientation
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FIGURE 10. Poynting vector x- (a) and y- (b) components, frequency 170 GHz, incident
wave polarization O-mode, filament radius 10 mm, ambient density 10" m~3 and filament
density 2.0 x 10" m~3, magnetic field inclination 50°, magnitude of magnetic induction
B=4.5T.
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FIGURE 11. Poynting vector z-component (a), frequency 170 GHz, incident wave
polarization O-mode, filament radius 10 mm, ambient density 10" m™ and filament
density 2.0 x 10" m™3, magnetic field inclination 50°, azimuth 0°, magnitude of magnetic
induction B = 4.5T. Fourier spectrum (b): polar diagram of the horizontal and vertical
projections of the Fourier mode number, normalized to the incident index of refraction.

relative to the cylindrical filament, the physics of the scattering phenomenon changes:
while, in the case of a fully aligned with the magnetic field filament the component of
the wave vector along the magnetic field k; is preserved, in the case where a magnetic
field component with different orientation is present, only the component of the wave
vector along the cylinder axis k, is preserved. The latter is set by the incident wave.
This mere fact introduces dependence of the polarizations on the azimuthal angle in
the cylindrical filaments frame of reference. Thus, in the present analysis, in contrast
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FIGURE 12. Poynting vector x- (a) and y- (b) components, frequency 170 GHz, incident
wave polarization X-mode, filament radius 10 mm, ambient density 10" m~3 and filament
density 2.0 x 10" m™, magnetic field inclination 0°, magnitude of magnetic induction
B=4.5T.
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FIGURE 13. Fourier spectrum: polar diagram of the horizontal and vertical projections
of the Fourier mode number, normalized to the incident index of refraction. Frequency
170 GHz, incident wave polarization X-mode, filament radius 10 mm, ambient density
10" m~ and filament density 2.0 x 10" m~3, magnetic field inclination 0°, magnitude
of magnetic induction B=4.5T.

with the aligned case, this dependence leads to integration over the azimuthal angle of
all the modes involved and an additional summation over azimuthal numbers in the
expression for the fields (6.1)—(6.4). In the aligned case, the respective exponential

https://doi.org/10.1017/50022377818001083 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377818001083

Scattering of RF waves in the plasma edge 21

(@) Re(s Re(s ) Re(s Re(s
oo (5.)/[Re(Bo)| - oo Re(3)/[Re(30)
14 0.8
0.02 35 0.02 06
0.4
3
0.01 0.01 0.2
g, E 3 ’
o 2 S 0.2
-0.01 1.5 -0.01 -0.4
; 06
-0.02 -0.02 -0.8
05 -
-0.03 -0.03
-0.02 -001 0 001 0.02 -0.02 001 0 0.01 0.02

FIGURE 14. Poynting vector x- (a) and y- (b) components, frequency 170 GHz, incident
wave polarization X-mode, filament radius 10 mm, ambient density 10 m~* and filament
density 2.0 x 10" m~3, magnetic field inclination 50°, magnitude of magnetic induction
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FIGURE 15. Poynting vector z-component (a), frequency 170 GHz, incident wave
polarization X-mode, filament radius 10 mm, ambient density 10" m—3 and filament
density 2.0 x 10" m~3, magnetic field inclination 50°, magnitude of magnetic induction
B =4.5T. Fourier spectrum (b) polar diagram of the horizontal and vertical projections of
the Fourier mode number, normalized to the incident index of refraction.

that contains the azimuthal angle collapses to a Kronecker delta function that isolates
a particular azimuthal mode number from the aforementioned summation. Therefore,
in the general model in hand and at the physics level, this leads to a scattered field
for a spectrum of k; values which depends on the angle ¢, of inclination between the
axis of the filament and the direction of the total magnetic field. Thus, the presence
of a broad k| spectrum of waves alters the power deposition profile of the RF waves
in the core of the plasma as compared to the aligned case.
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The dispersion relation (3.14) can be satisfied by two independent plasma waves,
one of which is the incident RF wave. Inside the filament, a set of wave modes are
excited by the incident RF wave and each one of them is a linear combination of the
two independent plasma waves. These wave modes propagate in all directions outside
the filament and create wave modes that are linear combinations of the cold plasma
waves. Therefore, there are scattered fields not only in the forward direction, but in
the backward direction and sideways too, as it is clearly shown in the figures of §7
where the numerical results are presented. A useful tool implemented in this work is
the poloidal spectral diagram of the total power (the magnitude of the real part of
the Poynting flux) emanating from the filament. In this diagram, the azimuthal angle
refers to different azimuthal angles around the cylindrical filaments circumference
and, thus, the respective spectral intensity amplitude around the cylinder provides
a measure of the scattering process. The respective spectral figures of §7 clearly
show a broad and distributed spectral intensity around the filament shaped as a broad
cardioid, instead of a single isolated dot which would present the Fourier spectrum
of a plane monochromatic wave in the case where the filament is not present.

The filament radius can be of approximately the same, bigger than or smaller than
the wavelength of the incident wave. To this end, filaments of different radii have
been shown in §7.1. As expected, the respective scattering effects are not the same.
In fact, the scattering effects are stronger when the filament’s radius increases. At
this point, it must be mentioned that for the EC frequency of 170 GHz and the
ambient density of 10" m™ which are both the same for all figures in §7, the
wavelength of the incident wave is approximately 1.8 mm. Concerning the relative
density contrast between the filament and the ambient electron density, as referred
to in the Introduction (§ 1), it can practically vary in a wide range of values and a
typical experimental range of values is inside (0.05, 1). The numerical simulations
in §7.2 have been made for a relative density contrast of 20% and their results
(figures 6 and 7) are compared to the ones in §7.1 (figures 4 and 5) which are
referring to a relative density contrast of 100 %. It is evident from these results,
that the spatial variations in the power flow increase as the density contrast between
the filament and the background increases. When the filament’s density gets larger
relative to the background density, the scattering effects become stronger. When the
density contrast between the filament and the background tends to zero, that is when
the filament becomes indistinguishable from the ambient plasma, the scattering effects
must tend to disappear.

In the figures of §§7.3 and 7.4, there are cases in which the total magnetic field is
at a non-zero angle ¢, with respect to the axis of the cylindrical filament. It must be
noted that the chosen values for ¢, for the simulations in the whole of §7 are ¢y =0
and ¢y = 50°. The value ¢y =50° is intentionally large in order to demonstrate the
differences between the general case of the present work and the previous cases for
the fully aligned filament (see Ram 2016). In the figures of §§ 7.3 and 7.4, we observe
that the scattering pattern is more intense in the presence of a poloidal magnetic field
component, when the total magnetic field is at a non-zero angle ¢, with respect to the
axis of the cylindrical filament. This could be attributed to the excitation of additional
modes in the interior of the filament. This, in turn, is due to the fact that there is
now a multitude of parallel to the magnetic field wave vectors not coinciding with
the respective one for the incident wave (which is the case for the aligned filament).
Moreover, comparing the figures of § 7.3 with the figures of § 7.4, it must be noticed
that the scattering process has different characteristics when the incident wave is of
O-mode polarization and when it is of X-mode polarization.
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Appendix A. Transformation matrices

A.1. Transforming from the magnetic field coordinate system to the infinite length
cylindrical filament coordinate system

In order to transform between the Cartesian coordinate systems of the filament and the

magnetic field one has to rotate around the fixed

matrix
cos¢py O
R, (¢) = 0 1
singg 0
to obtain:
% X X
V| =R |3]. (I |=R(=c0)
4 b4 b4

axis y with the help of the turning

—sin ¢y

0 (AD)
COoS @y
i\:/ .i'/
y|=R1@) [¥]. (A2ab)
2/ 2/

where the primed unit vectors refer to the magnetic field line coordinate system with

the same y-axis. Similarly, for any vector a:

ax ay ay
a;’ = Ry(¢0) ay 9 ay - R);(—¢Q)
aé a a;
and
(a; ay a/z) = (ax ay C’Z) R, (=)

(av a, a)=(a, 4,

a, a,
ay | =R, (¢) | 4, (A3a,b)
a, a,
=(ax a, a;) R, (o) (Ad)
a.) Ry(e). (A5)

A.2. Transforming from Cartesian to cylindrical coordinates and vice versa

While in the cylinder (filament) based frame of reference, one can transform from a
Cartesian coordinate system to cylindrical coordinates in the same frame. Thus, by

using the transformation matrix

cosg, —sing; O
R.(p)= | sing, cos¢r 0O (A6)
0 0 1
one obtains:
X r r X X
Y| =R 9], ¢ | =R(—p) [ ¥ | =R () | ¥ (A7a,b)
Z b4 Z Z Z
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Here, ¢, refers to the azimuthal angle in the filament-based coordinate system.
Similarly, for any vector a:

a, a. a. a, a,
a,| =Rgo) a, |, |a|=R=00|a|=R"@)|a| (A8abD)
aZ aZ aZ aZ aZ

and

(ax ay, a)=(a, a, a)R(—p)=(a, a, a))R (g (A9)
(Clr day az) = (ax ay az) Rr((pk) (A 10)

Appendix B. Cylindrical vector functions

The cylindrical vector functions (see Stratton 1941) in cylindrical coordinates are as
follows:

Zy(n,p),  dZ,(n,p) .
P ¢

q ] expli(n. + ne)] B1)
0

ml‘l(nppa nz;, (p) = |:il”l

dz, . Z . 2 . .
(1,0, 1.8, @) = {’: [i éZp,O)r_n (’:P)(o} + ’::Z,,(npp)z} expli(n,¢ + ne)]

(B2)

and

dZn A . Zn A
(npp)r Lin (npp)q)
P

dp +inzZn(np/O)2:| expli(n: +np)]. (B3)

Li(nyp, n:, ¢) = {

Note that these vector functions are expressed in terms of the position in space (in
cylindrical coordinates), while the wave enters only via its axial and radial refractive
indices in the cylinder frame of reference. For the incident wave the Bessel functions
involved are J,. The vector functions obey the following relations:

V.m,=0, V.n,=0, V.l,=-n’Z,expli(n,¢+nep)] (B4a—c)

as well as:
Vxl,=0, Vxm,=nn, V Xn,=nm,. (B 5a—c)

Appendix C. The dispersion tensor

The dispersion tensor elements in cylindrical coordinates, in the filament’s frame of
reference, are:

(D;’,Z)“ =c,%(ch§+KHs(2))+KLsi—ni —n’ Ccn
(Dﬁé)lz = —skck(ché + Kusé) + K seer — iKco + njyny, (C2)
(Dfi)1s = cxcoso(Ky — K1) — iK.cs08¢ + npn. (C3)
(D;iﬁ,)zl = —sici(Kicg + Kysp) + Ko sie +iKcco +npn, (C4)
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(Dji)n = sp(K i+ Kysg) + Kucf =y — (€5)
(D;ﬁ)zs = —spcoSo(Ky — K1) — 1K, soc + nyn, (C6)
(D;i)li),%l = cxCoSo (K — K1) + 1K so8k +n,n, (CT
(D;%i)y = —sicoSo(Ky — K1) + 1K, sock + nyn; (C8)

(D;)zzl)% = (K 55+ Kycg) — ni — ni- (C9

Appendix D. Wave polarizations

By solving the system of (3.14), r(,, 15,s 76 Tx,» Ty, and ry, are:

0
1 2 2 2 2
r‘gp = I(KJ_ — K”)[npl’lQZS()S + (KJ_ —n )COC]SO - (KJ_ —n )npnoz - KXCOSOC
0]
+iK, (K — n?)sso
1
Ty = 7 {K2co+ [npno.cso — (KL —nd)col (KL — Ky} sso

+ K [(K| — n5,)soc + n,no,co)

ro, =1,
where
do = (n2 — nf}sz)(Kl — K“)S(z) + (KLC(% + K”S(Z) - nz)KL - (KL - nz)n(z)z — KiCé
(D1
and
r)’;p =1
1
rh, = a(KL — Ky)n,ng.s0cos + [K> — (KL — K))(K, — ni)]CSSS
—iK, [(K) — nf))co + n,n0,50¢]
1 2 2 2 2
re, = ;(KL — K [npnos08” + (KL — n)coclsy — (K — n-)nyng, — K5 sococ
X
— K, (K — n%)sos,
where
dx = _(KJ_ — l’lz)l’li — I’IZKHCS + (525(2) + CS)KLKH
+ {[KL (KL —n2) — K21 — Kyn2s* — K.nd } s¢.

D2)

Appendix E. The linear system that boundary conditions imply
The linear system that the boundary conditions imply, is described by the (5.5) with

the coefficients q%ﬁ’ﬂ/ ¢ and aj(.’m being calculated as follows:
2n d JM
MFI_ i _in-myg [ irm M g Wi
ai o _/0 . e lEk(kam Ekp—n%)a (E1)
g HOM
M,SC P in—myge [ ipM M fm M
al,mn :/ 2 el(n "k (lEk(pkHﬁ(l) - Ekp Mm ) (E 2)
0 T nkpa
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. ~ ’ A mJO
ay, =e" <iEo%J,,? — Eg, = ) (E3)
’ I/lopa
27
do; . A
ag/lr:;l[ = / ﬂel(”_m)ﬁl’k (EI/:’ZIJZ/) (E4)
' 0 2T
M,SC 7 dgy i(n—m)gr ¢ M pp(HM
a2,mn = Ee (Eszm ) (ES)
0
a,, =e " (EyJ0) (E6)
2n M
d§0k i(n—m s T / T m,m
aigt= [ S gn {1(EkMzn%) B — ngpknm,%} E7)
0
2n Hm
d§0k i(n—m .o ~ ’ A mH;n)
aynfnc :/o ge( i [1(EIZ”% - EkMpnOZ)HnEI)M - Ekaknon (E8)
kp
Cimon | oa . o mJ?
Clg’m = e~ Mm% |:1(E0Zn0p — E()pi’loz).]”? — EOM%I’IOZ”:| (E 9)
0p
M.FI _ T dgy i—m)gr (MM M
Ay = ge (Ek(pknkam) (E10)
0
M.SC _ o der i—mygx (MM ()M
Ay = —e (Ekwknkam ) (E11)
0 2T
af,, =e " (Eopynopd)). (E12)

Appendix F. Expressions of electric and magnetic field in terms of the cylindrical
vector functions

Equation (3.2) takes the general form

4 27 00
E(p)=> / dey / dny By, (nic. @0). e, @i exp(in - p), (F1)
m=10 -0

with the letter ‘M’ denoting which one of the four solutions is referred to.
Equivalently, by using the solutions of (F1):

4 2m 00
E(p,¢,0) = Z/ d‘ﬂk/ By Iy, (i, @) My 4]
M=1 0 —00

x exp {i [pm, cos(p — @) +m:L ]} (F2)

By normalizing the expression (F2) for the electric field, one obtains:

E 21 o0
e(p) = ép) =/ dfﬂk/ dny
0 0 —00

in!
X Z {eiu[n%)(wk’ nkz)v q)kv nkz] + e%[_n%)(wlm nkz)v q)kv nkz]}e ke
M=0,X

p cos(p—pp)+ing&
9

(F3)

where & is the amplitude of the electric field intensity and also each one of the
eigenmodes under the integral sign is spatially constant. For the incident field on the
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other hand,

eo(p) = (Z;p) — eo(@o, 1g,)e™” cos(p—¢o)+ino:L (F4)
0
In terms of the cylindrical vector functions and the exponential dyadic, finally
we have:
m=00 n=00
e(p) = Y i / dey / drge Y Y el (meel
m=—00 M=0,X n=—00
_EMV EA{I’I E l’lk
X ],T; mm(,Onkp, @, ) + % m(,OnkMp, @, {ny;)
nkp nkpnk
EM nM 4+ EMp,
%lmwnﬁ, 0. L) ¢ - (F5)

For the incident wave, one obtains,

EOz”O —Eo )
/g o7 Uz
—”m(/mop, @, &no;)

eo(p) = Z e im0 {imm(pnop, ©, Lny,) +
nop

m=—0o0 NopNo
_E n —i—I:Z n
- IWMMW @, cnoa} : (F6)
0

Notice that for the aligned cylinder the mode selection does not depend on the
azimuthal angle and therefore the integration over that angle will facilitate the
application of the orthogonality condition for the azimuthal dependence.

The magnetic field can also be easily evaluated from Faraday’s law:

H g() HO gO
h=—= —1/ V hy=— —1/—7V , F7a,b
Ho Ho\ moi e 0T Ho Ho \ 1o i o (F7a.b)

where 7, is the amplitude of the magnetic field intensity. Therefore:

8 m=0Q n=0oo )
h(e) = ,/ oy / dos / dne 37 el e
O’n_—oo

n=—oo0 M=0,X

E EMpM EMnk
x {nﬁ‘; Y (onlh, 0, Cn) — - (ot g, ¢y b (F8)

kp kp

and for the incident magnetic field:

&
ho(p) = H(Z)”Mo Z Mg imeo

m=—00
EO E() no Eo no

X {%nonm(pnOpa fl’l(y) - lwmm(pn()p’ @, é‘n()z) . (F 9)
Ny, Nop
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