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Abstract

Detailed balance of a chemical reaction network can be defined in several different
ways. Here we investigate the relationship among four types of detailed balance con-
ditions: deterministic, stochastic, local, and zero-order local detailed balance. We show
that the four types of detailed balance are equivalent when different reactions lead to
different species changes and are not equivalent when some different reactions lead
to the same species change. Under the condition of local detailed balance, we further
show that the system has a global potential defined over the whole space, which plays
a central role in the large deviation theory and the Freidlin—Wentzell-type metastability
theory of chemical reaction networks. Finally, we provide a new sufficient condition for
stochastic detailed balance, which is applied to construct a class of high-dimensional
chemical reaction networks that both satisfies stochastic detailed balance and displays
multistability.
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1. Introduction

The mathematical theory of chemical reaction networks has attracted massive attention
over the past two decades due to its wide-ranging applications in biology, chemistry, ecol-
ogy, and epidemics [8]. If a reaction system is well mixed and the numbers of molecules are
very large, random fluctuations can be ignored and the evolution of the concentrations of all
chemical species can be modeled deterministically as a set of ordinary differential equations
based on the law of mass action. If the chemical species are present in low numbers, however,
random fluctuations can no longer be ignored, and the evolution of the system is usually mod-
eled stochastically as a continuous-time Markov chain on a high-dimensional lattice, which is
widely known as a density-dependent Markov chain [14]. The Kolmogorov forward equation
for a density-dependent Markov chain is the well-known chemical master equation, which was
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first introduced by Delbriick [13]. At the center of the mathematical theory of chemical reac-
tion networks is a limit theorem proved by Kurtz [31-33], which states that when the system
size tends to infinity, the trajectories of the stochastic model of a reaction system will converge
to those of the deterministic model over any compact time interval, whenever the initial con-
dition converges. Thus far, stochastic reaction networks have served as a fundamental model
for the single-cell stochastic gene expression dynamics of gene regulatory networks [20, 22—
25, 30, 39, 42]. Recently, the limit theorem of Kurtz has been generalized to stochastic gene
regulatory networks with bursting dynamics [9, 26].

The limit theorem of Kurtz [32] can be viewed as the law of large numbers for stochastic
reaction networks. The corresponding large deviation theory and the Freidlin—Wentzell-type
metastability theory for stochastic reaction networks have also been studied by many authors
[1, 3, 5, 34, 36, 43] and were rigorously established by Agazzi et al. under the mass action
kinetics [2]. At the center of the metastability theory is a quantity called quasi-potential, which
plays a crucial role in the analysis of the exit time and exit distribution from a basin of attrac-
tion, as well as the most probable transition paths between multiple attractors when the system
size is large [38]. However, the quasi-potential is usually defined via an abstract variational
expression, and hence it is very difficult to obtain a general analytical expression for it.

There are two types of reaction networks that should be distinguished: those satisfy detailed
balance and those violate detailed balance. In terms of physical chemistry, detailed balance is a
fundamental thermodynamic constraint for closed systems. If there is no sustained energy sup-
ply, then a chemical system, when it reaches the steady state, must satisfy detailed balance [40].
In the modeling of many biochemical systems, such as enzymes [12] and ion channels [41],
detailed balance has become a basic requirement [4, 21]. However, in the literature, there are
two different definitions of detailed balance for a chemical reaction network. From the deter-
ministic perspective, detailed balance means that there is no net concentration flux between any
pair of reversible reactions, in which case there is no chemical potential difference and thus the
system is in chemical equilibrium. From the stochastic perspective, detailed balance means that
there is no net probability flux between any pair of microstates on the high-dimensional non-
negative integer lattice, where each microstate is defined as the ordered tuple of concentrations
of all chemical species. To distinguish between these, we refer to the former as deterministic
detailed balance and the latter as stochastic detailed balance. Some authors have believed the
two types of detailed balance to be equivalent [7]. However, Joshi [27] pointed out recently that
they are not equivalent; they are equivalent when different reactions lead to different species
changes, while they are in general not equivalent for systems having two reactions that lead to
the same species change—deterministic detailed balance implies stochastic detailed balance,
and the opposite is not true.

In this paper, in addition to deterministic and stochastic detailed balance, we propose a
third type of detailed balance, which is called local detailed balance. This new type of detailed
balance characterizes the local asymptotic behavior of a reaction network as the system size
tends to infinity. We prove that the three types of detailed balance (deterministic, stochastic,
and local) are equivalent when different reactions lead to different species changes, while local
detailed balance is even weaker than the other two when some different reactions lead to the
same species change—stochastic detailed balance implies local detailed balance, and the oppo-
site is not true. This is the first main result of the present paper. More importantly, under the
condition of local detailed balance, we prove that a stochastic reaction network has a global
potential that can be computed explicitly and concisely. The global potential reduces to the
quasi-potential within each basin of attraction. In general, the quasi-potential is only defined
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within each basin of attraction. However, local detailed balance guarantees that the system has
a global potential that can be defined over the whole space. This is the second main result of
the present paper.

In [27], Joshi gave the sufficient and necessary condition for deterministic detailed balance.
While [27] also provided a weaker sufficient condition for stochastic detailed balance, it is
difficult to apply this condition in practice, because an infinite number of restrictions need
to be verified. In this paper, we provide a simpler sufficient condition for stochastic detailed
balance that is more applicable in practice. This new sufficient condition is imposed directly
on rate constants, and only a finite number of restrictions need to be verified. This is the third
main result of the present paper.

This paper is organized as follows. In Section 2, we recall the basic concepts of chemical
reaction networks and state some preliminary results. In Section 3, we reveal the relationship
among the four types of detailed balance and give some counterexamples. In Section 4, we
show that a global potential exists for stochastic reaction networks satisfying local detailed
balance and obtain an explicit expression for the global potential. The remaining sections are
devoted to detailed proofs of the main theorems.

2. Model and preliminary results

Let Z=0, R>0, and R. ¢ denote the sets of nonnegative integers, nonnegative real numbers,
and positive real numbers, respectively. Recall that a chemical reaction system is composed of
a collection of chemical species {S7, ..., S4} and a family of reactions

d
o ki j .
Ri:vaSjaZv”iSj, 1<i<N,

j=1 J=1

where v’ v/ e Z>¢ are the molecule numbers of S; consumed and created, respectively, in one
instance of that reaction. For simplicity, we write v; = (v,. . d) and v; = (v';, 1 v’d
which are called complexes. Then the reaction R; can be written more concisely as v; — vj.

Moreover, v} — v; is called the reaction vector of R;. Let
S={S1,...,84), C={v,vl|li=1,...,N}, R={Rjli=1,... N}

denote the collections of chemical species, complexes, and reactions, respectively. Then the
ordered triple {S, C, R} is called a chemical reaction network.

A chemical reaction network is called reversible if for any reaction R;:v; — v; € R, there
exists a reverse reaction R_'v{ — v; € R [27]. For any pair of reversible reactions R; and R,
we say that R; is a forward reaction if v; < vl, where the symbol < is understood in the lex—
icographic order (i.e. v; < v} if and only if v’ < v” for the first j at which v/ and v” differ);
otherwise, R; is called a backward reaction. Throughout the paper, we assume that all reaction
networks under consideration are reversible.

Most previous papers have assumed that different reactions have different reaction vectors.
However, in many reaction networks, different reactions may have the same reaction vector.
For example, the reaction S| — S and the enzyme-catalyzed reaction Sy + E — S> + E, where
E denotes an enzyme, may coexist in a biochemical reaction system, with the latter having a
larger reaction rate. To cover such systems, here we consider the more general case where

https://doi.org/10.1017/apr.2021.3 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.3

Local detailed balance and global potential for stochastic reaction networks 889

each reaction vector may correspond to multiple reactions. For convenience, we introduce the
following definition, which plays an important role in the present paper.

Definition 1. Two reactions are called equivalent if they have the same reaction vector.

From this definition, two equivalent reactions are either both forward or both backward.
Following the notation in [27], let V(R) = {v} — v;|R; is a forward reaction} denote the collec-
tion of reaction vectors for forward reactions. Throughout the paper, the elements in V(R) will
be listed as wy, - - - , w,, where 1 <r < N. For any w), = (a)l, cee a)g) e V(R), we set

R]Jj = {R;|R; is a forward reaction, v} — v; = wp},

R, = {R; |R; is a forward reaction, v; — v; = wp}.
Then we can relabel the elements in R;r and R[j as

+ d )

pl 2]
Si—> vplS,', 1 <1<y,

=
M=
~

=1 j=1
d

. k .
—. /j pl
Ry viSi—=> > w8, 1<i<r,

—1 j=1

~
Il

~

where 1), represents the number of forward reactions with the same reaction vector w,; we call
rp the multiplicity of w,. Here we mainly focus on the case of r, > 1l for som;: 1 <p<r. For
any l<p<randl1<I< Tps We set vplz(v;[,. el vgl) and V;/71=(V1’,1, e v/P,).

We first recall the stochastic model of reaction networks. For each 1 <j < d, let N;(¢) denote
the number of molecules of the chemical species S; at time 7. Then the concentration of S; at
time ¢ is given by va(t) = N;(1)/V, where V is the system size. Let XY= (le(t), R Xé‘i/(t))
denote the concentration process of all chemical species. At the mesoscopic level, the pro-
cess {X"(t):t > 0} can be modeled by a continuous-time Markov chain on the d-dimensional
nonnegative integer lattice

n
EVZ{VInZ(Vll,-.-,nd)EZi()]

with transition rate matrix Q¥ = (qu) whose elements are defined as follows: forany 1 <p <r
and any x € Ey,

p +
v :2‘: ks (Vx)!
) Vil =1 (Vx — v,,l)!’

Ip —
v "Lk (V!

q op = ’
v s V\vl/ﬂlfl (Vx —vpp)!

r

vV _ _ \%4 \4
Dxx = Z <qx,x-i-w—‘ﬁ7 + qx,x—%) ’

p=1

where |v| = Zf:l vj is called the order of the complex v = (vy, - - - , vg), and we write x! =

1—[7]:1 x;! for each vectorx = (x1, - - - , xg) € Zio- Let IPX (#) denote the probability of observing
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state x € Ey at time ¢. Then the evolution of the stochastic model is governed by the following
chemical master equation:

]P)V(t) ~ oy v
S dr 1 qx—w—\f7 IP)x &2 O+ Zl 9, +$ @
p= p=

_ Z( - +q )IP’;/(I), x € Ey.

p=1

We next recall the deterministic model of reaction networks. For each 1 <j <d, let x;()
denote the concentration of the chemical species S; at time ¢. At the macroscopic level, the
concentration process x(¢) = (x1(?), .. ., x4(¢)) of all chemical species can be modeled by the
following ordinary differential equation with mass action kinetics:

dx
i 3 U G0) — £ GO,
p=1 (1)
x(0) = xo,

with xo denoting the initial concentration vector and

p

@ =Y ki f 0= Zk A, xeRY, )
=1

where we write x¥ = ]_[/d 1 x ’ for any vectors x, y € R o- The relationship between the meso-

scopic stochastic model and the macroscopic determmlstlc model is revealed by the followmg
celebrated Kurtz theorem [31, 32]: for any §, T > 0, whenever xO € Ey and xo — Xxg € R>0,

lim P v( sup [|XV () — x| <8) =1, 3)

V—oo [0, T]

where ng(‘) =P(-1X"(0)=x}) and |lx|| denotes the Euclidean norm of x € R?. This implies
that as the system size tends to infinity, the trajectories of the stochastic model will converge
to those of the deterministic model on any compact time interval, whenever the initial value
converges.

The limit theorem in (3) can be viewed as the law of large numbers for the stochastic model.
The corresponding large deviation principle was proved recently by Agazzi et al. [2, Theorem
1.6] and is stated as follows. The Hamiltonian of a stochastic reaction network is defined as

H(x, 9)=Z[f;m (e ? = 1)+, () (e ? 1)], xeRey 6eR:, @)
p=1

where x - y = 27[:1 x;jy; denotes the usual scalar product on R?. The Lagrangian of a stochastic
reaction network is then defined as the Legendre—Fenchel transform of the Hamiltonian with
respect to the variable 6, namely

L(x,y)=sup (0 -y —H(x,0)), xeR%  yeR" (5)
HeRd
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The Lagrangian is nonnegative because L(x, y) > 0 -y — H(x, 0) = 0. Moreover, it is not hard
to prove that L(x, y) = oo for any y ¢ span(V(R)). This is because any y ¢ span(V(R)) can
be decomposed uniquely as y = y; + y», where y; € span(V(R)) and 0 # y, € span(V(R))*.
Thus for any K > 0, we have L(x, y) > Ky - y — H(x, Ky2) = K||y2||?, where we have used the
fact that H(x, ) =0 for any 6 € span(V(R))J-. Since K is arbitrarily chosen, we conclude that
L(x, y) = oo.

To proceed, let D[o,T](R‘iO) denote the space of cadlag functions ¢:[0, T] — R‘io, equipped
with the topology of uniform convergence. For any x € R‘io, let IxO,T:D[O,T](Ri()) — [0, o]
be the function defined as

fOT L(¢(1), q'b(t))dt if ¢ is absolutely continuous and ¢(0) = xo,
Ly, 17(9) = -

otherwise.

Using the properties of the Lagrangian, it is easy to see that Iy, 7(¢) = oo if there exists 0 <
t < T such that ¢(7) ¢ xo + span(V(R)). With this notation, Agazzi et al. proved the following
result [2, Theorem 1.6]: provided that the network is asiphonic and strongly endotactic (see
[2, Definitions 1.8 and 1.9] for detailed definitions), for any x(‘)/ € Ey and x(‘)/ — X0, the law of
the process {X"(¢):t € [0, T]} with XV (0) =x(‘)/ satisfies a large deviation principle with rate V
and good rate function I, 7. The large deviation principle means that for any measurable set
I'c D[O,T](Rio), we have

o] v .
liminf = log Py (X"(-) ro>— ¢1€an0 L. 7(),

(6)
1 _
limsup — log P v(X"(-)eT) < — inf Ly, 7(¢),

V—00 |4 0 ¢el’

where I'? and T denote the interior and closure of I, respectively. Combining (3) and (6), it is
easy to see that I, 7(x) =0, where x = x(7) is the solution of the deterministic model (1). The
rate function can be used to define the following quasi-potential:

Wixo, y) =inf {Ix, 7(¢):¢(0) =x0, ¢(T) =y, T=0}, xo,y€ Rio' (7

Intuitively, W(xg, y) represents the ‘cost’ for the stochastic reaction network to move from
xo to y. It is easy to see that the quasi-potential is nonnegative and jointly continuous in xp
and y [38]. Using the properties of the Lagrangian, it is easy to see that W(xp, y) =oco if y ¢
xo + span(V(R)).

Agazzi et al. [2, Theorem 1.15] also deal with the Freidlin—-Wentzell-type metastability
theory for chemical reaction networks, where the quasi-potential plays a central role. For sim-
plicity, we consider the case where the domain under consideration contains only one stable
equilibrium point. Specifically, we assume that the following four conditions are satisfied:

(a) D is a bounded open domain in R‘éo with a piecewise C2 boundary dD.

(b) The point ¢ € D is an asymptotically stable equilibrium point of the deterministic
model (1).

(c) The set D =D U 3D is attracted to ¢, which means that whenever xo € D, the solution of
the deterministic model (1) starting from x satisfies x(¢) € D for each ¢ > 0 and x(¥) — ¢
ast— o0.
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(d) There exists a ball B C D such that for anyxeBandye D, the set D contains the line
segment between x and y.

It is easy to check that Assumptions A.3 and A.4 in [2] are satisfied under these conditions.
Then the Kurtz theorem implies that when V is sufficiently large, the trajectory of the stochastic
model will stay in the domain D over any compact time interval with overwhelming probability.
However, it is still possible for the system to escape from D. The mean exit time from D has
the following asymptotic behavior:

1 .
Jim - log Bty = ylerg) W(c, y),

where Ty = inf{t > 0:X" (1) ¢ D} denotes the exit time of X" from D. Moreover, if there is a
unique yo € dD such that

W I =1 f W 9 ’
(¢, yo) nt (¢, y)
then for any 6 > 0, the exit position from D has the asymptotic behavior
Jim P (1x"(mv) = yoll <) =1,

and for any 6 > 0 and zp € dD, the exit distribution from D has the asymptotic behavior

o v
lim lim — log Py (IX"(1v) = 20ll < 8) = W(e. yo) — W(e. 20).

Intuitively, when V is sufficiently large, the stochastic model will escape from D around a
particular point yg € dD at which the quasi-potential restricted to 9D attains its minimum.
3. Detailed balance for chemical reaction networks

In this section, we investigate the relationship among different types of detailed balance con-
ditions for chemical reaction networks. Before stating our results, we first recall the definitions
of deterministic and stochastic detailed balance for chemical reaction networks [27].

Definition 2. We say that a reaction network satisfies deterministic detailed balance (or
reaction network detailed balance [27]) if there exists ¢ € R‘io such that
/
k;“lc"ﬁl = k;lc"l’l, forany 1 <p<r, 1 <I<r),. (8)
Here c is called a chemical equilibrium state of the reaction network.
Clearly, any chemical equilibrium state c is also an equilibrium point of the deterministic
model (1), and thus it is also called a detailed balanced equilibrium point. It has been shown

that for mass action kinetics, if one positive equilibrium point of the deterministic model is
detailed balanced, then every positive equilibrium point is detailed balanced [15, 27].

Definition 3. We say that a reaction network satisfies stochastic detailed balance (or Markov
chain detailed balance [27)) if for any V > 0, there exists a probability measure 7" = (rr;/ ) on
Evy such that

n):/q}éy = nyvq;/,x, for any x, y € Ey.

Note that here we do not require 77" to be a probability distribution.
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A simple method of verifying stochastic detailed balance is to use the Kolmogorov criterion
[29], which states that a reaction network satisfies stochastic detailed balance if and only if for
any V > 0, the transition rates satisfy the following Kolmogorov cycle condition:

0 Dy = Do B D,

for any finite number of states x1, . . ., x, € Ey. In other words, the Kolmogorov criterion states
that a reaction network satisfies stochastic detailed balance if and only if for any V > 0, the
product of the transition rates of the stochastic model along any cycle is equal to that along the
reversed cycle.

Besides deterministic and stochastic detailed balance, we introduce another type of detailed
balance which is defined as follows. This new type of detailed balance will play an important
role in constructing the global potential of a chemical reaction network.

Definition 4.
(i) We say that a reaction network satisfies zero-order local detailed balance if for any
integers &1, . . ., & satisfying Z;zl &pwp =0, we have
: F(x)
> & logf':— =0, forany xeR%,, ©)
fp

p=1
where ];"’ (x) and fp_ (x) are the functions defined in (2).

(i) We say that a reaction network satisfies first-order local detailed balance if for any
1 <p, g <rwith p # g, we have

I @ fF®
wg -V (logfi_(x)) =w, -V (logfz_(x)> , foranyxe R‘io. (10)

(iii)) We say that a reaction network satisfies local detailed balance if it satisfies both zero-
order and first-order local detailed balance.

Remark 1. The ideas behind the above definition are explained as follows. For any integers
&1, ..., & satisfying er,:l &pwp =0, we can construct a cycle C in the integer lattice 74,
which is given by

C:0 — sgn(é)w) — - - — o
— &1 +sgn()wr — - - - = E1w +Ewr — - -
—§wr+Hw + - +sgn)or —> - = o +Hwr + -+ 50, =0.

Here sgn(x) is the sign function, which takes the value of 1 if x> 0, takes the value of
0 if x=0, and takes the value of —1 if x <0. Obviously, for any x" € Ey and xV — x ¢
Rio’ the cycle C can induce a cycle x¥ + C/V in Ey around x, which becomes smaller
as V increases. For convenience, let ny — 92 — - -+ — np — 11 denote the induced cycle
in Ey, where L = Z,r;=1 |&p| is the number of transitions in the cycle. If a reaction network

satisfies stochastic detailed balance, then it follows from Kolmogorov’s cycle condition that

\%4 \%4 \%
1
¥ <_) .= 1log qe,nzq;?/z,ns anL.,m —o. an
DopomDnzny " Dyine
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Note that the left-hand side of this equality is a function of 1/V. Since f(1/V) =0forall V > 0,

we have

1
f(0): = lim f(—) =0 (zero-order information)
V—o00 1%
and
(%) -ro
f(0):= lim 1 =0 (first-order information).

V—o00 v

Roughly speaking, the condition (9) extracts the zero-order information of the equality (11)
as V — oo, and the condition (10) extracts the first-order information of the equality (11) as
V — o0. Since the induced cycle becomes smaller as V increases, (9) and (10) actually contain,
respegtively, the zero-order and the first-order local information of detailed balance around
xeRL,.

It is a well-known result that deterministic detailed balance implies stochastic detailed bal-
ance for a chemical reaction network [27, Theorem 5.9]. The following theorem reveals the
relationship between stochastic and local detailed balance.

Theorem 1. If a reaction network satisfies stochastic detailed balance, then it also satisfies
local detailed balance. In other words, stochastic detailed balance implies local detailed
balance.

Proof. The proof of the theorem will be given in Section 5. 0

The next corollary follows immediately from Theorem 1 and [27, Theorem 5.9].

Corollary 1. For a chemical reaction network, the following statements hold:

(a) Deterministic detailed balance implies stochastic detailed balance.

(b) Stochastic detailed balance implies local detailed balance.

(c) Local detailed balance implies zero-order local detailed balance.

The above corollary reveals the inclusion relationship among the four types of detailed
balance—deterministic, stochastic, local, and zero-order local detailed balance—as illustrated
in Figure 1. Deterministic detailed balance is the strongest and zero-order local detailed balance

is the weakest. The following proposition reveals when the four types of detailed balance are
equivalent.

Proposition 1. If a chemical network has no equivalent reactions, then the following state-
ments are equivalent:

(a) The network satisfies deterministic detailed balance.
(b) The network satisfies stochastic detailed balance.
(c) The network satisfies local detailed balance.

(d) The network satisfies zero-order local detailed balance.
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S

deterministic stochastic local zero-order local
detailed balance detailed balance detailed balance detailed balance

FIGURE 1. Inclusion relationship among four types of detailed balance conditions for chemical reac-
tion networks: deterministic, stochastic, local, and zero-order local detailed balance. The four conditions
are equivalent for chemical networks without equivalent reactions and are not equivalent for chemical
networks with equivalent reactions.

Proof. By Corollary 1, we only need to prove that (d) implies (a). If the network satisfies

zero-order local detailed balance, for any integers &1, - - - , & satisfying Z;Zl &wp =0, we
have .
,
fy ()
Y & log— =0, xeR%,
=@
Since the network has no equivalent reactions, we have r, =1 for any 1 < p <r. This shows
that N N
yAE)) k k
logZ— =1log L_lx*“’f’ =log L_l — wp - logx, (12)
o (0 kpl kp1
where logx = (logxy, - - - , log x4). Combining the above two equations shows that
r r + r r +
e Ky k1
0= &logL—=>"¢,log kL_ - ngwp-logx=25plogki_ =0.
p=1 /N C— Pl p=I p=1 pl
Thus we conclude that for any integers &1, - - - , &, satisfying Z;zl E,,(v,’,l —vp1) =0, we have

r k+
Z &plog Lj =0.
p=1 kpl

This is exactly the so-called Wegscheider cycle condition, which is widely known as the suffi-
cient and necessary condition for deterministic detailed balance [17, Proposition 1]. Therefore,
we have proved that (d) implies (a). U

We have seen that if a chemical network has no equivalent reactions, then the four types of
detailed balance are equivalent. For chemical networks having equivalent reactions, however,
the four types of detailed balance are no longer equivalent, as can be seen from the following
three counterexamples.

The first example [27, 44] gives a reaction network that satisfies stochastic detailed balance
but violates deterministic detailed balance.

Example 1. Consider the following well-known Schlogl model [44]:

ki) k)
S, 281
ki kis

%]
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The stochastic model of this reaction network is a one-dimensional birth—death process and

thus must satisfy stochastic detailed balance. Moreover, it is easy to check that deterministic

detalled balance is satisfied if and only 1fk ki = kJr »/k 5 [44]. In other words, if kll/k11 #*
k5 /k12’ then deterministic detailed balance is v1olated.

The next example gives a reaction network that satisfies local detailed balance but violates
stochastic detailed balance.

Example 2. Consider the following chemical reaction system:

kf ky

2
1%} S1, S =——=2§i,
ky ky
(kF? 2k kS (k5 )?
%) 281, Si 381, 28 48;.
(ky)? 2ki ky (ky)?

By definition, the forward reactions are given by

i & W ik G
g— 81, S1 =285, 9—>2851, S —=> 381, 285 — 4S5y,

and the backward reactions are given by

ky K *k7)? 2ki ks ky)?
ST — 9, 251 =81, 25 —>® 38 —>S1, 45, —>251
It is easy to see that the first two forward reactions have the same reaction vector w1 = 1, and
the last three forward reactions also have the same reaction vector wp = 2. The multiplicities
of the two reaction vectors are given by r; =2 and r, = 3, respectively. We first prove that the
system satisfies local detailed balance. Clearly, the two reaction vectors are linearly related by
E w1 + & wr =0 with & =2 and & = —1. It is easy to check that

f2 (x) —log (k)2 + 2k kg x + (k)22 log (kf + k5 x)?
f2 (x) (k)22 + 2k ky x3 + (ky )t (ki x4k x2)?
M =2log £ 1+(x)

=21 =
o8 ki x+k, x2 f1 (x)
Therefore, we have
AE)) FANE) £t NANE)!
1 + &1 =2log —1 =0,
silogTm ) R log s o =2log o o —loe o

which shows that zero-order local detailed balance is satisfied. Moreover, we have

+
w29 (1050 _ - (10g 2 zg og @) _ 4 (1 B0 _g
fi &) f2 (x) f1 (x) dx f2 )

which shows that first-order local detailed balance is also satisfied. We next prove that the
system violates stochastic detailed balance. For each V > 0, consider the following cycle
in Ey:

n n+1 n+2 n
— -

— — —.
\% \% \% \%
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The transition rates along this cycle and its reversed cycle are given by

k,
=k (n+1)+—(n+1)n

Vv _ .t + \%4
qn n+i —k1V+k2n, CI% ,

VTV v
=
Goit ne s =KV 4D, g =kf(n+2)+72(n+2)(n+ 1),
Vo Vv
v (ky )2(n+ D(n+1) N 2k; ky (n+2)(n+ Dn N (k)2 (n+2)(n+ Dn(n—1)
T2y = v V2 V3 ’
(k3 )?

nn—1).

q‘li 2 = (ki‘r)zv"i_ 2ki"_k;n+
Vv

Direct computation shows that

14 14 Vv
9n nt19ns1 n129n42 0
Vv Vv Vv
14 14 Vv
qn+] 11q11+2 ﬂ'ql n+2

Vv Vv Ve

)4
KV 4+ K (n+ DIky)* V2 + 2k ky nV + (k3 )n(n — 1)]
ki V 4k (n+ DI(H2V2 + 2k K nV + ()2 — D]

KV +kgn)
C (kG V+kyn)

[k
[
It is easy to check that the left-hand side of this equation is equal to 1 if and only if kT /k| =
k; /k5 , which means that stochastic detailed balance is violated if ki” [k, # k; /ky .
The third example gives a reaction network that satisfies zero-order local detailed balance
but violates local detailed balance.
Example 3. Consider the following chemical reaction system:
+ + - -
ky ks ky ks

S, S S1+S8, @ S, S
ky ky K ky

%]

By definition, the forward reactions are given by

K K ky k5 1
F—81, S5—=814+8, T—8, S—=>25, -5+,

and the backward reactions are given by

ky ky ki ky I
S1—9, S1+45 =85, S$H— 9, 25— 5, Si+5H—> 0.

The first two forward reactions have the same reaction vector w; = (1, 0), the next two forward
reactions have the same reaction vector wy = (0, 1), and the last forward reaction has the reac-
tion vector w3 = (1, 1). The multiplicities of the three reaction vectors are given by rj =rp =2
and r3 = 1, respectively. We first prove that the system satisfies zero-order local detailed bal-
ance. Clearly, the three reaction vectors are linearly related by &1w; + & wy 4+ &3w3 = 0 with
& =& =1and & = —1. Itis easy to check that

o K +kEn e k+kn e

i kxtkhxax £ Kuot+kkd o xax
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Therefore, we have

+ + + + + +
£ log fi ()+$ log 5 (x)+§3 logf{(x)=logf17(x)+logf27(x) _logf{(X):O,
fl () fz (x) VENC) fi @ f ) f3
which shows that zero-order local detailed balance is satisfied. On the other hand, it is easy to

check that
+ + 4t -+ _ -
d k| +ky ki ks, —kik
wy-V log@ =——|log =) = T Y
fi & dxp k X1+ ky x1x2 (k)" +ky x2)(k; + k5 x2)

+ — -
ad ki +k
fr () 0x1 k" x2 + k5 x5
Clearly, the left-hand sides of the above two equations are equal if and only if kT /k| = k;r /k5 .

In other words, if kT k| # k; /k5 , then first-order local detailed balance is violated and thus
the system does not satisfy local detailed balance.

In [27, Theorem 4.2], Joshi gave the following sufficient and necessary condition for
deterministic detailed balance.
Theorem 2. ([27, Theorem 4.2]) A reaction network satisfies deterministic detailed balance if
and only if the following two conditions are satisfied:

(a) Forany 1 <p <, the rate constants of the reactions in 72;' and R; satisfy

+ gt +
G _k_ b
kp_l k;Z k;rp
(b) For any integers &1, - - - , & satisfying Z;Zl &pwp =0, we have
r k-‘r
1
> & log L= =o0. (13)

While Joshi [27, Theorem 5.14] also gave a sufficient condition for stochastic detailed bal-
ance, it is difficult to apply this condition in practice, because an infinite number of restrictions
need to be verified. Here we give a simpler sufficient condition for stochastic detailed balance
that is more applicable in practice. To state our sufficient condition, we need the following
definition.

Definition 5. For each 1 < p <r, we say that the reaction vector w), satisfies the orthogonality
condition if

(V) =V )w) =0, forany 1<l b <rp q#p. 1<j<d.

Itis easy to see that if 7, = 1, then the orthogonality condition is automatically satisfied for
wp. The following theorem provides a new sufficient condition for stochastic detailed balance.
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This sufficient condition is imposed directly on rate constants and only a finite number of
restrictions need to be verified.

Theorem 3. Suppose that the reaction vectors wy, - - - , w, are linearly independent. Suppose
that for each 1 <p <r, either one of the following two conditions is satisfied: The reaction
vector w, satisfies the orthogonality condition.

(a) The reaction vector w, satisfies the orthogonality condition.

(b) The rate constants of the reactions in R]'," and R; satisfy

b _Kn_ _t (14
ky o ky kpr,
Then the reaction network satisfies stochastic detailed balance.
Proof. The proof of this theorem will be given in Section 6. ]
From Theorem 2, if the reaction vectors wy, - - - , @, are linearly independent, then (13)

holds trivially and hence the reaction network satisfies deterministic detailed balance if and
only if (14) is satisfied forall 1 <p <r.

We next use Theorem 3 to construct more examples of chemical reaction networks that
satisfy stochastic detailed balance but violate deterministic detailed balance.

Example 4. Consider the following chemical reaction system:

kii»l kE k;l k;z

o] S, S1 281, S» S1, 35 S1+285,.
- - + +
kl 1 k12 k21 k22

By definition, the forward reactions are given by

ki, ki k k>,
11 12 21 %)
g — 81, S1—251, S2— 51, 35— 8 +25,

and the backward reactions are given by

ki ki k) k3
S1— 9, 251 —= 81, S1— 952, S1+25 = 35,.

The first two forward reactions have the same reaction vector w; = (1, 0), and the last two
forward reactions have the same reaction vector wy = (1, —1). The multiplicities of the two
reaction vectors are given by r; = r, = 2, and the two reaction vectors are linearly independent.
Moreover, we have

v11=(0,0), vii=(1,0), vio=(1,0), vi2=(2,0),
11 =(0,1), vi=(1,0), v=(0,3), vir=(1,2).

It is easy to check that (vé2 - vél)w/l =0 for j=1, 2. This shows that the orthogonality con-
dition is satisfied for the reaction vector w»>. By Theorem 3, the reaction network satisfies

stochastic detailed balance if the condition (b) holds for p = 1; that is, kfrl /ki = kfrz /ki,. Thus,
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if kT] /ki = kB /k, but k; /ky, # k;z /k5,, then the system satisfies stochastic detailed balance
but violates deterministic detailed balance.

4. Global potential for chemical reaction networks

In this section, we investigate the quasi-potential of chemical reaction networks, which
plays a central role in the Freidlin—Wentzell-type metastability theory. The quasi-potential
defined in (7) has two important features: (i) it is locally defined within each basin of attrac-
tion and in general cannot be globally defined over the whole space, and (ii) it is defined
in the variational form, which is usually too complicated to be computed explicitly. The fol-
lowing theorem shows that, under the condition of local detailed balance, the quasi-potential
not only can be defined globally over the whole space but also has an explicit and concise
expression.

In the following, we always assume that the stochastic model X V starts from some x(‘)/ eEy

which satisfies x(‘)/ — X0 € Rio as V — oo. Recall that the critical points of a function U €

C 1(1&10) are those points in R‘io at which VU vanishes.

Theorem 4. Suppose that a reaction network satisfies local detailed balance. Let

{wi, -, wi,} be an arbitrary basis of span(V(R)) and let M:(a)iT], cee ,a)icl) be a
d x m matrix, where m is the dimension of span(V(R)). Let F :Rio — R be a vector field
defined as
+ +
i\ (%) o (x
F(x)= 1ogf”,—, -+, log ’T—) MMy M (15)
f;l (x) f;m (x)

Then the following five statements hold:

(a) The definition of the vector field F is independent of the choice of the basis of
span(V(R)). In addition, for any 1 <p <r, we have

+
F(x)- wp= 1ogjf(”_(i), xeRY, (16)
p

(b) The vector field F has a potential function U € Cm(R‘iO), ie.,
Fx)=—-VU(x), xe R‘io N (xo + span(V(R))). 17)
(c) The potential function U satisfies
iU(x(l)) <0, =0,
dr
where x = x(t) is the solution of the deterministic model (1), and equality holds if and only if

the deterministic model starts from any one of its equilibrium points.

(d) The critical points of U within R‘io N (xo 4+ span(V(R))) are also the equilibrium points
of the deterministic model (1).

(e) Letce R‘io N (xo + span(V(R))) be an equilibrium point of the deterministic model (1).
Ifye R‘io is attracted to c for the deterministic model (1), then
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W(c, y)=U(y) — Ulc), (18)

where W is the quasi-potential defined in (7).

Proof. The proof of this theorem will be given in Section 7. ]

It is easy to see that if two potential functions Uj, U, € C“(Rio) both satisfy (17), i.e., if
F(x)=—VUj(x) = -VU(x), xeR%; N (xo+ span(V(R))),

then U and U, must coincide with each other (up to a constant) on R‘io N (xo + span(V(R))).

Definition 6. The potential function U introduced in Theorem 4 is called the global potential
of the reaction network.

Remark 2. In the classic Freidlin—Wentzell theory for randomly perturbed dynamical systems
[16], it was shown that when detailed balance is satisfied, the system has a global potential that
can be computed explicitly [16, Chapter 4, Theorem 3.1]. The above theorem is actually the
counterpart of this result for stochastic reaction networks. It shows that under the condition of
local detailed balance, we are able to construct a global potential of the reaction network, which
is exactly the same as the quasi-potential (up to a constant) within each basin of attraction.

Remark 3. Combining Theorems 1 and 4, we can see that stochastic detailed balance ensures
the existence of a global potential. From the deterministic perspective, the vector field F'
defined in (15) can be understood as the chemical force of the deterministic model. Recall
that F has a potential function if and only if the line integral of F (the work exerted by the
chemical force) along any smooth closed curve is zero. Similarly, from the stochastic perspec-
tive, the chemical force of the stochastic model between any two states x, y € Ey is defined
as log q)‘cf), / q;/  [47, Theorem 2.5]. Then the Kolmogorov cycle condition guarantees that the
work exerted by the chemical force along any cycle is zero; that is,

Vv Vv 14

X1,X 9xy x Ay, x
log =+ +log 7= +- - +log 7~ =0
X2,X] X3,X2 X1:Xn

for any cycle x; - xp — - - - — x, — x1. This intuitively explains why stochastic detailed
balance implies the existence of a global potential.

The following corollary shows that the global potential U satisfies the time-independent
Hamilton—Jacobi equation.

Corollary 2. Suppose that a reaction network satisfies local detailed balance. Then we have
H(x, —~F(x))=0, xeR%

where H(x, 0) is the Hamiltonian defined in (4) and F(x) is the vector field defined in (15). In
particular, we have

H(x, VU(x)=0, xeRZ,N (xo+ span(V(R))),

where U(x) is the global potential introduced in Theorem 4.
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Proof. Since the network satisfies local detailed balance, it follows from Theorem 4(a) that

H(x, —F(x)) = Z :f,,*(x) (e*‘“ﬂ'”” - 1) /) (ewp~F<x> - 1)]
”jl e 2@ W

_ :];*(x)(e e _ 1) +];_(x)(e e _ 1)]

=Y @ -ffo+rw-fw|=o

The rest of the proof follows immediately from Theorem 4(b). (I

If a reaction network satisfies deterministic detailed balance, then any detailed balanced
equilibrium point ¢ € Rio of the deterministic model (1) must also be complex balanced (see
[7] for the detailed definition of this concept). Every complex balanced equilibrium point ¢ =

(c1y...,cq) € R‘io can be used to construct a similar potential
d
Ux)= Z [xj (logxj —logcj— 1) +¢j], x=(@x1,...,x0) € R‘io, (19)

Jj=1
which turns out to be a Lyapunov function of the deterministic model [6, 19]. The following

theorem reveals the relationship between the global potential U introduced in Theorem 4 and
the potential U defined in (19).

Theorem 5. Suppose that a reaction network satisfies deterministic detailed balance with
detailed balanced equilibrium point ¢ € Rio. Let U be the global potential of the reaction
network, and let U be the Lyapunov function defined in (19). Then U coincides with Uuptoa
constant) on Rio N (xp + span(V(R))).

Proof. Since c € R‘io is a detailed balanced equilibrium point, it follows from (8) that

k+
log%lzlogc-wp, I<p=r, 1<I=<r,
pl
where log c = (logct, . . ., log cg). This shows that for any x € R‘io,
k+
VU(x) - wp =(logx —logc) wp =logx-w, —log Lj
pl

Moreover, it follows from Theorem 4(a), Theorem 4(b), and (12) that for any x € R‘io N (xo +

span(V(R))),
%) ki
VU) - wp=—F(x)-w,p =10gfi+(x) =logx-w, —log k:%'

Combining the above two equations yields

VUX) - wp =VUE)-wp, xR N (xo+span(V(R))).
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Then the function H = U — U must satisfy
VH(x)-z=0, xeR% N (x+ span(V(R))), z € span(V(R)).

For any x,ye R‘io N (xo + span(V(R))), let ¢:[0, 1] — R‘io be an arbitrary smooth curve
satisfying

#0)=x, ¢(1)=y, ¢(-)€xo+span(V(R)).
Then we have

1
H(y) — H(x) = /O VH(¢(1)) - p(H)dr =0,

where we have used the fact that (i)( -) € span(V(R)). This implies the desired result. O

From the above theorem, U must coincide with U on R‘io N (xo + span(V(R))) if the reac-
tion network satisfies deterministic detailed balance. Moreover, Theorem 4(b) shows that U
is the potential function of the vector field F. However, the following counterexample shows
that U is not necessarily the potential function of the vector field F, even the reaction network
satisfies deterministic detailed balance.

Example S. Consider the following chemical reaction system:

k+

S Si.

P

Clearly the system satisfies deterministic detailed balance and V(R)) = {(1, —1)}. It is easy to
check that the vector field F is given by

1 ktx
F(xi,x2) = 7 log k_—xfa,—n. (20)

Suppose that xg = (1, 0). Then there is a unique detailed balanced equilibrium point

kt k™ )
c= (k+ iy k‘) € RZy N (xo + span(V(R))).

The Lyapunov function U associated with the equilibrium point ¢ is given by
+
kT 4k~

k 1)+1
kT +k '

U(xl, X2) = X1 <10gx1 —log — 1) + x2 (logxz —log

This shows that
kt k~

Vf]()q, xX2) = (logxl —log m, log x» — log m) .

It is easy to check that —VU+#F on R2>0 N (xo + span(V(R))) unless (x1, x2) = c.

We next give an example showing the application of the results in this section.

Example 6. We revisit the chemical reaction system given in Example 4. Recall that the
system satisfies stochastic detailed balance when kfrl /ki :kfrz/kfz. Here we assume that
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this condition is satisfied. Under this condition, it follows from Theorem 1 that the sys-
tem also satisfies local detailed balance. Note that the reaction vectors in V(R) are given
by w1 = (1, 0) and wy = (1, —1), which are linearly independent. Therefore, the matrix M is
given by

(L L\ T n—1a,T
M_(O_l)_(M MM,

and thus the vector field F is given by

+
Fe = [1og LY 1og L MMy~ M7
f] (x) f2 (x)

— (10g k| + K log = k%2 + ko (1 1)
kyyx1 +k12x1 k21x1 +k22x1x2 0-1

+ + +
_ ki k(K5 4 k5,9)
=|log ——, log —— — |-
kyyx1 kyy (kyyx2 4 kypx3)

where we have used the condition k k= k+2 ki, It then follows from Theorem 4(b) that
the system has a global potential Wthh satisfies

+ + ot 2
_(8U 8U) log ki log ki1 (kyy +Kypx7)
kx| 11 (k5 >

ax;” dx nx k(g + ko)

Integrating the above equation gives the following explicit expression for the global
potential:

kiyxt ki x2 ky, %+k2_1
U(xy, x2) =x1 <log T —1)+x2 <log T —1)+x210g+27
ki) ki) kyp3 +45

k5, k>, k3, k3,
+ 2. [ = arctan “Zxy ) =2 —- arctan —xz + C,
kyy k) ky, k21

where C is a constant which can be chosen so that the minimum of U is zero. By Theorem
4(d), any critical point ¢ = (c1, ¢2) € R2 < of the global potential U must satisfy VU(c) =
that is,

_' o+ 2 ==t
1= ) kukzzcz ki1kyycs + kyyky o — ki ky = 0.

Note that ¢; satisfies a cubic equation, which is capable of having three distinct positive real
roots. In this case, the global potential U has two local minimum points c4 and cc and one
saddle point cp, as illustrated in Figure 2. It is easy to see that c4 and cc¢ are stable equilibrium
points of the deterministic model (1) and cp is an unstable equilibrium point. Therefore, by
applying Theorem 1, we have constructed a high-dimensional chemical reaction network that
both satisfies stochastic detailed balance and displays multistability, i.e. multiple attractors for
the deterministic model.
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FIGURE 2. Potential function U of the reaction network given in Example 4. (a) Three-dimensional plot
of the potential function U. (b) Heat plot of the potential function U. The rate constants of the reaction
network are chosen as k|, =3, k;; =1, ki, =3, kj, = 1, k5, = 1000/3, k5, =350, k3, =35/3, k5, = L.
The local minimum points of U are given by c4 = (3, 20) and c¢c = (3, 5), and the saddle point of U is
given by cg = (3, 10).

When V is large, a stochastic reaction network can transition between multiple attractors
with low-probability events. In analogy to the classic Freidlin—Wentzell theory [16], if xg is
in the basin of attraction of c4, then for any § > 0, it follows from [2, Theorem 1.15] that the
transition time between attractors has the following asymptotic behavior:

1
lim — logE B =
Jim = log Eyo (Blec, 8)) = Wica, cp),

where o (B(cc, 6)) denotes the hitting time of the ball centered at c¢ with radius 6. By Theorem
4(e), forany y € R2>0 staying in the basin of attraction of c4, we have

W(ca, y) =U(y) — Ulca).

Taking y — cp in the above equation and applying the continuity of the quasi-potential finally
yields

. 1
Vll)moo v log EXE)/O'(B(Cc, 8))=U(cp) — Ulcp).

Note that the right-hand side of this equation is independent of cc. This is because the trajectory
of the stochastic model will be attracted by c¢¢c with very high speed once it has escaped from
the basin of attraction of c4. Therefore, the hitting time of B(cc, §) is mainly determined by
the exit time from the basin of attraction of cy4.

Remark 4. The reaction networks in Examples 1 and 4 are called multistable systems, since
they are capable of producing multiple positive equilibrium points of the deterministic model.
So far, many results have been obtained to identify whether a deterministic reaction net-
work admits multiple equilibrium points [10, 11, 28]. Here we mainly focus on the stochastic
model, and our results can be applied to investigate the stochastic transitions between multiple
attractors.
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5. Proof of Theorem 1

Proof of Theorem 1. By the definition of the transition rates of the stochastic model, it is
easy to see that forany 1 <p <r, XV eEy,andx¥ = xe R‘io, we have

14

wp p d _ v_J
e . ilﬁ [1 Ve Ve - Vg v
Voo  V _Vaooll P['l v v 7 %
= j:
p
=% Hx =/ (),
=1 j=1
_ quervp’xv o, A ijy—i—a);, Vx}/—l—a);,—l fo—i—wé—v}’i—i—l
lim ——— = lim k[l_[
V—o00 \%4 V%ool . Pt " \% \% 1%
= Jj=

p d U/J'
— - pl_ =
= k[ 15" =8 .
=1 j=I1

This clearly shows that

qvv wvaer f+(x)
lim — v @1
Xl S @

To prove that the system satisfies local detailed balance, we first prove that zero-order local
detailed balance is satisfied. For any sufficiently large V and any integers &1, . . ., &, satisfying
Z;Zl &pwp = 0, we construct the following cycle in Ey:

sgn
vy (f/l)wl _)_”_)xv+$1w1
Ly &lo + S‘;%n@z)wz oy &lo t&wz N
L Slw1 + &Swn +‘-/- -+ sgn(ér)wr I &l +$2w2V+ et Eor _

where sgn(x) is the sign function, which takes the value of 1 if x > 0, takes the value of 0 if
x =0, and takes the value of —1 if x <0. Applying the Kolmogorov cycle condition to this
cycle yields
v
[E1]—1 qxv+sgn(§‘}')lwl

v, senEDU+Dog
X+ v

Vv
o 4 I+1 l
1=0 xv+5g"(‘§1)‘(/+ oy ’xv+5g"(‘§&)w1

14
l&r—1 qxv+ Elwl+Ezw2+‘;-+sgn<5r)lwr AVt 51“’1+§2“’2+""‘/*'5g"(§r)(1+I)wr

=1
% .
1=0 qxv+51101+§2w2+--";rbgn($r)(1+l)wr Vet Slw1+$2w2+\;--+sgn(ér)1wr

Taking the limit as V — oo in this equation and applying (21) yields
3
G ‘...G&)Zl
fi r ()
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Taking logarithms on both sides yields
d @ F(x)

) =0,
2 b loe )

p=1

which shows that the system satisfies zero-order local detailed balance.

We next prove that first-order local detailed balance is satisfied. To this end, for any suffi-
ciently large V and any 1 < p, ¢ < r with p # ¢, we consider the following parallelogram cycle
in Ey:

1) %) 1) 1)
xv—>xv+7p—>xv+§+vq—>xv+7q—>xv.

Applying the Kolmogorov cycle condition to this cycle yields

14 14
qxv,xv_,_ I’qu+ 1 v+“’1’+‘“qq v+“’1’+ v+“’_‘;1qxv+“’7q v i

Vv Vv v =
Tovyop qu+’””+ s s I e

Taking logarithms on both sides of this equation yields

Z kpl (vx¥ +wy)! Z"p pl 1238}
=1 VI ol (vaerq,va)' =1 V\vpll (VXV*VpI)'
Iy: =log - —log
o ky (Y twgtop)! o K (V)
=1 V\v;ﬂ (V&Y +wgtop—vp)! =1 V|v1/)1\ (V&Y +ap—vp)!
+ K
Z kql (Vx +wp)' Z ql (VXV)'
=1 gl (V¥ 4w, —vgp)! I=1 Yol (V¥ —vy)!
=log v L —log v =Tly.
rq kg (VY taoptay) rg kg (WVtwy)!

=1 V|u[1,\ (VY +@ptwg—vj)! =1 V\v;ﬂ (V¥ =)

By the mean value theorem, it is not hard to prove that

F(x)
Jim Y =w,-Vlo gf
-y fp (x)
1l S
lim TV =wp - Vlogfti ).
V—oo v fq (x)

Combining the above two equations yields
+ +
f}) ( V 1 f q ( )

- Vlog = .
o R ey

b (
which shows that first-order local detailed balance is also satisfied.

6. Proof of Theorem 3

To prove that a reaction network satisfies stochastic detailed balance, it suffices to prove
that for any V > 0 and any cycle n; — n2 — - - - — n, — 11 in Ey, the Kolmogorov cycle
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condition
vV v o _ Vv v vV
Dy Dpns " Do = Dypom Doz, 1L

is satisfied. To this end, we need the following lemma.

Lemma 1. Under the conditions in Theorem 3, for any x € Ey and any integers &1, - - - , &,
whenever
Vv
q" o, >0
X, x4+
and
Vv
95 52 >0

for some 1 <p <r, we have

1% 1%
Loar sy (x+ap)!  Tar® (Vitop)! )
v ’ | -V ’ Y] ’
qx+’”—‘5’,x (Vx)! q5c+$,5c Vo)l
where o
e T
q#p

Proof. We first discuss the relationship between the reactions that can occur at x and the
reactions that can occur at x. Foreach 1 <p <r, let

Ry ()= (R} e R} :Vx; > u;, forall 1 <j<d)

be the family of reactions that belong to R;; and can occur at x. We claim that if ), satisfies
the orthogonality condition, R, (x) # @, and R} (¥) # @, then R} (x) = R} (%). To prove this,
set

hh={<jsdv, =v, foralll <li, b <n).

Since R;;(x) # @, there exists 1 </ <r, such that Vx; > Vll;ll for all 1 <j <d. It then follows
from the definition of J,, that Vx; > Vll;l foralljeJ, and 1 <! <r,. Similarly, since R;‘(fc) * O,
we conclude that Vx; > V]];l for all j € J, and 1 </ <r,. On the other hand, if ), satisfies the

orthogonality condition, then a){] =0 forall j ¢ J, and g # p. This shows that

j
5 w
H=x+) & =5
\%
q#p
for all j ¢ J,. Therefore, forall 1 <j <d and 1 </ <r,, we have proved that Vx; > v; " holds if

and only if Vx; > v ; holds. This clearly shows that R;r(x) = R;;(ic). We are now in a position
to prove (22). For each 1 < p <r, note that

& . S o o
X,X-"-T[ ) (Vx + a)p)! _ l:RpIERP (x) Vlvpll_l (VX—Vpl)! (V.x + a)p)!
q" . (Vx)! kyy (Vitwp)! (Vx)!

P
X+ ,x 7 7
4 YIvpil=1 (Vatap—vp))!
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k+
Z + + — 1
ERYER S (1) ylpil=T (Vx—v,)!
kot 1
(Vx—vpp)!

p
ZleeRp @

where we have used the fact that w, — v,’,l =—yy forany 1 <p <rand1=<[<r,. Since

|4
q, 22 >0

and

we have R} (x) # @ and R} (¥) # @. This shows that R} (x) = R,} (¥). Similarly, we have

ki

qV 5 Z " pl_ (VX! "
i+ (Vx—i—a)p)! _ LRYERS (%) V\u,,z\ TVi—u)! (VX + wp)!
4 o k. 5 | Vi)!
g op - (Vx)! pl (Vi+awp)! (Vx)!
VX ZZR IERP ®) |v pil—1 (V5c+a)p7u;l)!
ky 1
ZZR IE'R], (x) Vlvpl\ T (Vx— v[,l)'
ki 1

[ -
ZZR ,eRp (x) |V -1 (VE=vp)!

To prove (22), we only need to prove

- +
k, 1 K 1

pl
ZI:R;leR+(x) V\u,,lw T (Va—v,)! ZZR;,eRp ) YIpI=T (Vi—vp))!

Kyt 1 kot 1

N S 1’ N S,
21R+e72p x) - o (V! ZZR;,eR x) =1 (VE=vp)!

Since vl/,l =y +wpforany 1 <p <rand 1 <[<r,, we only need to prove

+
) U T NN S i1
l:RpleRp @) ylvpil (fovl,I)! lRpleR (x) VI I (Vi— v[,l)' 23)
k
pl 1

Z kwl 1 Z
LRGER () Ylvpll (VA—vp)! LRTERS (x) v'” i (Vi—v,)!

pl

If w, does not satisfy the orthogonality condition, then (14) must hold. In this case, it is easy

to see that
ke 1 ] 1
. B S + ol 1
ZI:R;’,eR;“(x) ylvpil (Va—v,p)! k,,l ZlR ,eRp ) Yhpil (Vx=vp)!
Ky 1 Tk kol 1 ’

1 1
QLR ERS () Tl e P ZZ:R+eR 00 o VA= vpD)!
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If w), satisfies the orthogonality condition, then we have

k
pl 1
ZZR;,eRp ) Yhopil (V=]
Z k)I 1
IR Ie’Rp (x) VI i (Vi—vp)!

k+
Zl:R*eRp @)y I;II njejp (V}cj—v;l)!l]_[jéjp (Vxj— VII)I
kyy 1
Zz RYERS () VI ;zl i (V}j_V;l)l e, (in_vli)[)!
ki 1 ki 1
ZI:R+eRp €5 VI zlm P ER () Yol m

(24)

ki 1 W i
ZI:R+ER,, ) v' ,n T, (Vi) 2R ERY (1) v' I, (V-

pI pI
Z ki pl 1
ERGERS () YIopl (Va—up))!
Z : k)I 1
IR IERP (x) Vl 11 (Vx—vp)!

9

where the second and third equalities in (24) follow from the fact that v oy = v’ for any 1 <
l1, b <1y and j € J, and the fact that X; = x; for any j ¢ J,. Therefore, we have proved (23).
This completes the proof. O

We are now in a position to prove Theorem 3.

Proof of Theorem 3. Let ny — ny — - -+ — nr — 1 be an arbitrary cycle in Ey. We first
prove that there is a one-to-one correspondence between the transitions in the cycle. Since
w1, -+ - , o, are linearly independent, for each 1 < p <r, the number of transitions resulting
from the reaction vector w) in the cycle must be equal to the number of transitions resulting
from the reaction vector —wj. (Otherwise, the reaction vector w, could be linearly expressed
by other reaction vectors in V(R), which would contradict the fact that the elements in V(R)
are linearly independent.) We then pair the transitions resulting from the reaction vector w,
with the transitions resulting from the reaction vector —w), in the following manner. First, we
project the cycle onto the one-dimensional line spanned by w), as illustrated in Figure 3. Note
that the projection mentioned here means oblique projection rather than orthogonal projec-
tion. (Suppose that wy, - - - , o, are linearly independent vectors; if a vector w can be linearly
expressed by w1, - -+ , wr a8 @ =ajw] + - - - + a,wy, then the (oblique) projection of w onto
the direction of w, is simply defined as a,wy.) The image of the projection onto the one-
dimensional line is still a cycle, and only the transitions resulting from w, exist in the pro-
jected cycle. Second, we decompose the transitions in the projected cycle into multiple floors,
and we pair each transition with one of its reversed transitions located on the same floor, as
depicted in Figure 3. This is always possible since the number of transitions resulting from w,
on each floor must be equal to that resulting from —w),. Based on this method, each transition

@p
775—>775+1=mi7

can be paired with a transition

w, , [
m+2$q7qi7p=nj—>m+1 =m+2$q7q
q#p q#r
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3 My 7 g
N3 Na N7 M3
VAN A4 s/l oefsye/
(R CRA (X o, projection onto . 2 s fs o
the direction of w, T2 o
() ©® 2nd floor @/ @/
7]1. L ’711. Mo m Mo

—

3 / M4 M
@/ @/ Wl/‘/ 1stf|oor// / @/
M3 M2

D —— . .

M3 M2 w2/ V

FIGURE 3. Pairing of the transitions in a cycle resulting from the reaction vector w; with the transitions
resulting from the reaction vector —wj. The cycle to the left can be projected onto the direction of
w1, forming the projected cycle (‘projection’ here refers to oblique projection rather than orthogonal
projection). The projected cycle can be decomposed into many floors. Each transition in the projected
cycle can then be paired with one of its reversed transitions located on the same floor. This establishes a
one-to-one correspondence between the transitions resulting from w; and the transitions resulting from
—wj1. In this way, n; — 17 is paired with ng — 119, 72 — 13 is paired with n4 — ns, n¢ — n7 is paired
with ng — 1o, and 111 — 112 is paired with 713 — n14.

for some integers &1, - - - , &-. Obviously, this method establishes a one-to-one correspondence
between the transitions in the cycle. Applying Lemma 1 to the paired transitions yields

\%4 \%4
Dni i (Vnig1)! o q77j+la'1j (Vﬂj)!
By VIO ah L (Vi)

This shows that
14 14
qﬂi-,ﬂi+|q7/j-,7/j+| _ (Vni)!(an)!
qr‘y/,-+|,n,~%‘7/,-+.,q,~ (VnirDI(Vnjp)!

Thanks to the one-to-one correspondence between the transitions in the cycle, we finally
obtain

\%4 \%4 \%4
Dy n9nyns " Do V)Vt - (Vipp)! 1
qf‘Y/zsﬂlq)l/an o 'qi‘7/1,nL (Vm)!(V3)! - - - (Vipp)!

Thus we have proved that the Kolmogorov cycle condition is satisfied for each cycle, which
implies that the system satisfies stochastic detailed balance. O

7. Proof of Theorem 4
To prove Theorem 4, we need some lemmas. The following lemma is exactly Theorem 4(a).

Lemma 2. Suppose that a reaction network satisfies zero-order local detailed balance. Then
the vector field F defined in (15) is independent of the choice of the basis of span(V(R)).

Moreover, for any 1 <p <r, we have

-+

F(x)- o, = 10g?_$), X € Rio.
P
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Proof of Lemma 2. Let {w;,...,w;,} and {wj, ..., w;,} be two arbitrary bases of
span(V(R)), and let M = (a)iT], AU “’Z,,) and M = (a)ﬁ, e, a)/{n) be two matrices. Since the
columns of M, as well as the columns of M , are linearly independent, there exists an invertible
matrix A = (apr) € Myuxm(R) such that M = MA, where M, «m(R) denotes the set of m x m
matrices whose components are all real numbers. Since rank(M) = m, the matrix M must have
an invertible m x m submatrix. Since the entries of M and M are all rational numbers, using
Cramer’s rule for computing the inverse matrix, it is easy to see that the entries of A are all ratio-
nal numbers. Note that each column of M can be linearly expressed by the columns of M as

Since the system satisfies zero-order local detailed balance and since apr € Q for all
1 <p, k <m, we obtain

f,j() “ fiX e
= 1<k<
TS =2 aploe o

p=1

Since rank(A) = rank(ATA) for an arbitrary real matrix A [46, Section 3.5], it is easy to see
that the matrices M7 M and MT M are both invertible. Thus we obtain

+ +
(1 LD g fm(’“))(zvzw)w

f]‘l ( ) fm(
+ +
(x) fim )
— 10 1 ..,log T Jm 7 A*l(MTM)flMT
f)l ( ) f}m
+ -+
(€9 fi (0
= (log Ty & o log=m— ) MMy M
T i@
This implies that the definition of the vector field F is independent of the choice of the basis
of span(V(R)). On the other hand, since {w;, --- , w;,} is a basis of span(V(R)), for each
1 < p <r, the reaction vector w, can be linearly expressed by w;,, - - - , w;,, as

wp =ajw;; + - -+ apw;, = aMT,
where a = (ay, - - - , ay) € R™. This shows that

@l ol MM M ol = M M) M Ma" = Ma” = o]

Since the system satisfies zero-order local detailed balance and since the entries of
MTMy ‘M Ta); are all rational numbers, we immediately obtain

h@ fin @)
F(x)-w, = [log = -+, log MMy M o]
e %
o 25)
=logZ—, xe Rio.
Jp (0
This completes the proof. (]
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The following lemma is exactly Theorem 4(b).

Lemma 3. Suppose that a reaction network satisfies local detailed balance. Then the vector
field F has a potential function U € COO(R‘iO), ie.,

F(x)=—-VU(x), xe€ Rio N (xg + span(V(R))).
Proof. For any x € xg + span(V(R)), there exists y = (y1, - - - , ym) € R such that
X=Xx0 +y1w;; + -+ Ymi,, =X0 +yMT-

Since {w;,, - - - , w;,} is a basis of span(V(R)), this equation establishes a one-to-one corre-
spondence between x € Rio N (xp + span(V(R))) and y € E, where E is some convex open
subset of R™. We denote this correspondence by

g E— Rio N (xo + span(V(R))), g(y)=xo + yMT.
The inverse of this affine transformation is then given by
g iR N (xo + span(V(R)) — E, g~ '(x) = (x — xo))MMT M)~ 1.
For convenience, we introduce a function /#:E — R defined by

fi o) LS80
oy eon )

Im

h(y) = (10g

It is then easy to check that

d + +
. (&) . (&)
W)=Y 9, |log =& of = w;, - Vlog =£ .
e ;P[ gmg(y))} N A T0)

Since the system satisfies first-order local detailed balance, we immediately obtain
Ohi(y) = 0khu(y), 1<k, I<m. (26)

To proceed, we construct the following smooth differential 1-form on E:

®=> " h()dy.

k=1
It then follows from (26) that
m m
do=") """ dhu()dy Adyx = Y [0hu(y) — dhe()]dyx A dyr =0.
=1 [=1 k<l

This shows that the differential form w is closed. Since E is a convex open subset of R”, it then
follows from the Poincaré lemma [35, Theorem 17.14] that the kth de Rham cohomology of
E vanishes for each k > 1, which means that w is exact. In other words, there exists a function
U € C*°(E) such that

m
w=—dU=— Z 3 U(y)dyg.
k=1
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This clearly shows that h = —Vf] . Since U is a smooth function on the open set E C R”,
we can extend it to a function U € C®°(R™). To proceed, we define the potential function
UeC®RY,) as

U =U((x—x)MM™M)™"), xeRe,.

For any x € R‘io N (xo + span(V(R))), straightforward computations show that

—VU@) =-VU(E ' )M M) M" = (g™ )"y~ m”
lo ﬁT(X) -, 1o i'J':(X)
g fil_ (x)’ , 10g

D2 ) MTMYIMT = Fx).
fi;(x)>( ) (x)

This completes the proof. (]

The following lemma is exactly Theorem 4(c)—(d).

Lemma 4. Suppose that a reaction network satisfies local detailed balance. Then
d Ux()) <0, t=0
. X ) — Y,
dr -

where x = x(t) is the solution of the deterministic model (1), and equality holds if and only
if the deterministic model starts from any one of its equilibrium points. Moreover, the critical
points of U within R‘io N (xo 4+ span(V(R))) are also the equilibrium points of the deterministic
model.

Proof. Let x =x(¢) be the solution of the deterministic model (1). It then follows from
Lemma 2 that

d
3 V0 = VUG@) - ¥

= "I ) — £, GUDIFG() -

< 27)
Y o) — £ oo 2 <
et ’ Sham

where the equality holds for some ¢ > 0 if and only if fp+(x(t)) = fp_(x(t)) forall 1 <p<r,
which implies that x(f) is an equilibrium point of the deterministic model (1). If the determin-
istic model does not start from any one of its equilibrium points, then x(¢) is not an equilibrium
point and thus the equality in (27) cannot be attained. Finally, if ¢ € Rio N (xp + span(V(R)))
is a critical point of U, then we have F(c) = —VU(c) = 0. It then follows from (16) thatprr(c) =
fp’(c) for each 1 <p <r, which shows that ¢ is an equilibrium point of the deterministic
model. ]

The above lemma shows that the asymptotic stability of equilibrium points of the determin-
istic model (1) can be analyzed with the aid of the potential function U, according to the classic
Lyapunov stability criterion [45, Chapter 30].

https://doi.org/10.1017/apr.2021.3 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.3

Local detailed balance and global potential for stochastic reaction networks 915

Lemma 5. Let {wj,, -+ ,wj,} be an arbitrary basis of span(V(R)), and let M=

(a)iTl, cee a)ifn) be a d x m matrix. Then for any x € R‘io and y € span(V(R)), we have

L= ua (09 = 32 [0 (¢4 = 1) g o (e 1] ),
p=1

where A=MMT"M)~" and L(x,y) is the Lagrangian defined in (5). Furthermore, there exists
a unique 6 = 6y € R™ at which the maximum is attained.

Proof. Let {vy,--- ,v4_mu} be an arbitrary basis of span(V(R))J-, and let

MTMY ' MT
N= (Vfa RN Vg_m)dX(d—m)a B= <( IV)T
dxd

be two matrices. We first prove that the square matrix B is invertible. To this end, we consider
the system of linear equations Bz’ = 0. Since Bz/ =0, we have M”z/ =0 and N"z" = 0. Since
the columns of M and N constitute a basis of RY, we conclude that z = 0. Thus the system of
linear equations Bz” = 0 has only the zero solution, which implies that B is invertible. (|

For any x € R‘io and y € span(V(R)), we have

r

L(x, y) = sup (9 Y- Z [f,,Jr(x)(e‘*’P'e — D) +fy @t - 1)] )

HeRd p=I
= sup (6B-y— Y [ — 1)+ e~ 1)) ) (28)
HeRd p=1
= sup (9 3B -3 [f,j(x)(e@-waT — 1)+ fy (e B - 1)] )
HeRd p=1
where we have used the fact that B is invertible. Since y € span(V(R)), there existky, - - - , k; €

R such that y=kjw;, + - - - + kywj,. Since the columns of M and the columns of N are
orthogonal, we have

yBT =k, ..., k)MT MM ™M) ', Ny=(k1, ... km, O, ..., 0).

Similarly, we can prove that the last d — m components of a)pBT are O for all 1 <p <r. Thus
the supremum in the last equality of (28) can be taken over the first m components of 6;
that is,

L(x, y)= sup G(x,y,0),
OcRm

where

G(x,v,0)=0-yA — Xr: [fp+(x) (e“)'“’p/‘ - 1) +f5 () (e_g'“’l’A _ 1)] _ 0k, (29)

p=1
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and A=MWMTM)~!. Direct computations show that the Hessian matrix of the function
G(x, y, 0) with respect to € is given by

gix,0) 0 ... O o
0 g(x,0) ... 0 wy

_AT(a)’]rv wgv R wf) . . A’
0 0 e 8r(x, 0) wy

where
gp(x, ) =fF e’ rt + f (e Pt 1 <p<r.

Since AT(] . ..., 0l )=M"M)"'M"M =1 and g,(x, 6) > 0 for any x € R? , it is easy to
check that the Hessmn matrix is negative definite. Therefore, G(x, y, 0) is a strictly concave
function with respect to 8 [37, Corollary 3.8.6].

We next prove that

lim 0-yA — Z [f;(x) (eG'W‘ - 1) W (efe'wvf‘ - 1)] — 0.  (30)
p=1

6] —o0

Since yA = (ky, - - - , k), forany 6 = (01, - - - , 6,,), we have

2[ (¢4 1) g0 (0]

r

Xm:[fJ“(x)eg o 4 (e ]+ [fp"'(x) + fp_(x)]

p=l1

[0 4700 %] + 32 [ +£7 ]

1 p=1

Ms

bS]
I

Il
NE
M§ i

kpBp —

~
Il
-

P

[k = (£ 0™ + £ e™) | + Z @+ ]
p=1

Ms

~
Il
-

Therefore, (30) follows directly from the fact that exponential functions grow much faster than
linear functions.

Since G(x, y, 0) is a strictly concave function with respect to 6 and since (30) holds, it fol-
lows that G(x, y, 8) must attain its maximum at a unique 6 = 6y € R” [18, Chapter B, Theorem
4.1.1]. O

For any absolutely continuous trajectory ¢:[0, T] — R¢ ¢ satisfying

$0)=x0, ¢(T)=y, &(-)€xo+span(V(R)),
we define

T
S(¢) = /O F($(1) - p(1)dt

to be the line integral of the vector field F along the trajectory ¢. If the system satisfies local
detailed balance, then the vector field F has a potential function U. In this case, S(¢) can be
represented by the potential function U as

T
S(p) = —/0 VU@ () - (0)dt = Uxo) — U(y),
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which depends only on the endpoints of the trajectory ¢ and thus is ‘path-independent’.
Moreover, we define the reversed trajectory of ¢ as

o )=¢(T -1, 0<t=<T.

Lemma 6. Suppose that a reaction network satisfies local detailed balance. Then for any
absolutely continuous trajectory ¢:[0, T] — Rio satisfying

#0)=x0, ¢(T)=y, ¢(-)€xo+span(V(R)),
we have
Ly (™) — Ly, 7(¢) = Ulxo) — U(y), (31
where ¢~ is the reversed trajectory of ¢.
Proof of Lemma 6. Since ¢( - ) € xo + span(V(R)), we have q[b( -) € span(V(R)). It then fol-

lows from Lemma 5 that for each 0 < ¢ < T, there exists a unique 6 = 0(¢) € R” such that the
following maximum is attained:

L($(®), (1) = max G($(1), §(1), 0), (32)

where G(x, y, 0) is the function defined in (29). Using Lemma 5 again shows that for each
0 <t <T, there exists a unique 8 = 6>(f) € R™ such that the following maximum is attained:

L), =p(1) = max G($(1), =$(1), 0). (33)

Since the maximum in (32) is attained at 6 = 0(¢), taking the derivatives of G(¢(?), é(t), 0)
with respect to 6 and evaluating at 6 = 6;(¢) yields

r

HOA=Y" (7 @ — 1 @0)e ") wya,

p=1

where A = M(MTM)~!. By the proof of Lemma 5, G(¢(7), o), 0)is a strictly concave func-
tion with respect to 6. This shows that & = 61(¢) is the unique solution of the following equation:

GOA=Y" (1 @O " — £ (@0)e ") wpA. (34)
p=I

Similarly, since the maximum in (33) is attained at 8 = 0,(¢), we obtain

r

A== 3 (@0t — (@0 20 ) . (35)

p=l1

To proceed, let

S @ 0 .
fx)= <logfi_(x), e logf_(x)) , xeRE,.

Im
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It then follows from (16) that

£

X)) wpA=F(x) wp = logf;(x).

This clearly shows that
5L @@) =f; @) POt £ (1) = £ (p(1)e /OO ent (36)
which implies that

];— (¢(t))e—02(t).pr _fp+ (¢(I))602(t)'wI’A
:fp+ (¢(t))€_[92(t)+f(¢(t))] “wpA _fp_ (¢(t))e[92(t)+f(¢(t))] ‘opA

Substituting this equation into (35), it is easy to check that 6 = —0,(f) — f(¢(?)) is also a
solution of the equation (34). By the uniqueness of the solution of the equation (34), we
immediately obtain

01(1) + 02(1) = —f(¢(1)).
It follows from (32), (33), and (36) that

L(g(1), —p(1)) — L(p(D), (1))
=G(p(1), —h(1), 62(1)) — G(B(D), (D), 01(D))
= — (010 +62(0)) - (DA

n Xr: [fp+(¢(t))e<0l (O+02(0)-wpA _ f,,_(¢(t))] (e—exz)»pr _ O (z)»pr)

p=1

=) - $DA=F(@1)) - ().
For the reversed trajectory ¢, note that

L¢p™ (T — 1), ¢~ (T — 1)) = L($(1), —¢(1)).

Finally, we obtain
T
Lyr(¢p7) — Ly 1(p) = fo [(L(p™(T — 1), § (T — 1)) — L(gp(1), $(1)] dt
T
= /O [L(p (1), —d(1)) — L((2), p(2))] dt

T
:/o F(¢(0) - p()dt = S(¢) = U(xo) — U(y).
This completes the proof.
The following lemma is exactly Theorem 4(e).

Lemma 7. Suppose that a reaction network satisfies local detailed balance. Let ¢ € Rio N
(x0 + span(V(R))) be an equilibrium point of the deterministic model (1). If y € R‘io is
attracted to c for the deterministic model (1), then

W(c,y)=U(y) = Ulo).
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Proof. Let ¢:[0, T] — Rio be an arbitrary absolutely continuous trajectory satisfying
¢0)=c, ¢(T)=y, ¢(-)exo+span(V(R)).

It thus follows from Lemma 6 that

ler(@)=UQ) - Ule)+L,r(¢") = U(y) — Ulo),

where ¢~ is the reversed trajectory of ¢. Taking the infimum over ¢ on both sides of this
equation yields

Wi(e,y) = U(y) — Ulc). (37)
On the other hand, let ¢,(#) denote the trajectory of the deterministic model (1) starting from
v. In addition, let

Yr()=¢y(T —1, 0<t<T,
denote the reversed trajectory of ¢, over the interval [0,7]. Applying Lemma 6 again shows
that
Iy, r), 1(Yr) =UQ) — U(dy(T)) + Iy, 7(dy) = U(y) — U(y(T)).

Moreover, let
(@y(T) — o)t
lpy(T) — ||

be an absolutely continuous trajectory from ¢ to ¢, (7). Recall that for any y € span(V(R)), we
have

{r()=c+ s 0=1=|lgy(T) —cll,

L(x,y)= sup (9 EDY [ﬁ(x)(ee'“’p/‘ — D+ fy (et — 1)] )

HecRm

p=I
= gselﬁgn (9 YA — g [];Jr(x)ee'“”’A +fy (x)e_e'“’l’A] ) —l—; [J‘p+(x) +f, (x)] ,

where A = M(MTM)~". Since y is attracted to c, for any € > 0, we have lpy(T) — c|| <€ when
T is sufficiently large. For convenience, set

Co= er_nCi‘PqUﬁ*(x),ff(x), N ALCON €I} 8
Cr= max {0, f7 @), ....f; ), f7 @}

lx—cll<e

Forany 6 = (64, - - - , 6,,) € R™, whenever ||x — c|| <€, we have

r

Z (prr(x)ee-pr +fp7(x)€70'w”'4) >Cop i (6’9"%"‘ + e*9'wpf‘)

p=1 p=1
m

m
> Co Z (EG'wi”A + eig'w"PA) =Cy Z (891’ + 6‘791’) .
p=1 p=1
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Thus for any y =kjw;, + - - - + kyw;,, € span(V(R)), whenever ||x — ¢|| <€, we have

r

Loy = Y [+ w]

sup (9 YA - Z [f,,* (et + ];;(x)e*@wpf\] )

feR™

p=1 p=1
m m
< sup (Z ky6, — Co Z (egf’ + 6‘791’) )
HecRm le P=1
” (38)
= Z sup (k,,@,, —Cy (60” + e_el’))
p=1 OpeR

m
=Y kb = Co (% + %) =1,
p=1

where
ky + /K2 +4C]
0 =log ————— 1<p<m.
p =108 2Co , L=p=m

It is easy to see that the function f* is continuous on span(V(R)). Since ||{'T(t)|| =1 and f* is
bounded on compact sets, there exists a constant C; > 0 such that for any 7 >0 and 0 <t <

Iy (T) — cll, '
" Er o)l < Ca.

Thus when T is sufficiently large, it follows from (38) that for any 0 < ¢ < [|¢y(T) — c||,

r

L&, 1) = 3 [£H@ro) +£; @]+ Gre) =2rC + o,

p=1

where we have used the fact that ||{7(f) — ¢|| < € when T is sufficiently large. Finally, we obtain

llgy(T)—cl .
Le jigy(T)—c)| (§T) = /0 L(¢r (D), ¢r(n))dr < (2rCr + Cr)e.

Combining ¢r and {7, we obtain an absolutely continuous trajectory from c to y. Therefore,
we have

Wie, y) = 1e,jgym)—cl CT) + 1), 7(¥7) < U(y) — U(@y(T)) + (2rC1 + Co)e.

Since y is attracted to ¢, taking 7 — oo in the above equation yields

W(e,y) =U(y) = Ulo), (39)

where we have used the arbitrariness of €. Finally, the desired result follows from (37)

and (39). O
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