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Flow around a wedge of arbitrary angle in a
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In this note we modify and extend the work of Howison & King [12] to describe the situation
of flow around a wedge of arbitrary angle in a Hele-Shaw cell. An ingenious complex-
variable method due to Polubarinova-Kochina is used to construct an explicit solution to the
zero-surface tension problem.

1 Introduction

In a paper published in 1989, Howison & King [12] presented explicit solutions to a
selection of free boundary problems arising in fluid flow and diffusion. These problems
involved viscous-film-coating of 360°, 270° and 90° corners (problems (P1), (P2) and (P3)
in their notation); dopant diffusion in semiconductors ((P4) and (P5)), and etching of
semiconductors (P6). The solution method used (which we shall call the P-K method)
was devised by Polubarinova-Kochina [16] to solve the rectangular dam problem, but it
is remarkably versatile in its applications. In this note we use the method to solve for
Hele-Shaw flow around a wedge of given (arbitrary) angle am.

In the conclusions of Howison & King [12], the authors state that their solutions are
related to solutions of corresponding Hele-Shaw flows, and outline how the correspondence
works for the semiconductor etching problem (P6). In this particular problem, which is
described in detail in Kuiken [13], a pit is etched into a solid surface by covering part of
the surface with a mask, and immersing in some liquid etchant which ‘eats away’ at the
solid not covered by the mask, and partially penetrates beneath the mask. In industrial
applications it is important to know the shape of the pit so produced. In the ‘thin mask’
models of Howison & King [12] and Kuiken [13], this problem is related to that of
Hele-Shaw flow around a thin wall, or zero-angle wedge. Thus the solutions we present
in this paper, in addition to describing a Hele-Shaw flow, also describe the free boundary
for etching problems involving wedge-shaped masks, via the correspondence outlined
in Howison & King [12]. Geometries of this kind are sketched by Kuiken [13] under
the heading ‘Opportunities for further research’. With reference to Figure 1, the wedge
corresponds to the mask, the fluid region to the etchant, and the remainder corresponds
to the solid surface being etched.
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The wedge geometry in the Hele-Shaw problem is also of relevance for problems in
injection-moulding, where fluid is injected into the narrow space between two (usually
curved) plates, which form a mould. The fluid used is typically a molten plastic', and the
mould may contain solid obstacles to form a finished product of the desired shape (e.g.
with ‘holes’ in particular places). Our solutions describe the local situation as the fluid
passes round a corner of a given obstacle within the mould. It is important to understand
the motion of the free boundary around such obstacles, since obviously one wants to
ensure that the mould is filled entirely, without any air-bubbles being trapped behind
obstacles.

After this paper was initially submitted, other similar work by Craster et al. [4, 5]
and by Hoang et al. [9] was drawn to the author’s attention. In Craster et al. [4], the
viscous film coating solutions (P1)—(P3) of Howison & King [12] are extended to arbitrary
angles; and in Craster et al. [5] and Hoang et al. [9], quasi-steady solidification problems
in wedge-shaped domains are treated. While Craster et al. [4] especially is related to this
work (in that the geometry, like ours, involves flow exterior to a wedge of given angle),
the other two papers [5, 9] both involve solidification inside a wedge. We observe that
with the quasi-steady approximation® adopted in Craster et al. [5] and Hoang et al. [9],
the solidification problem is identical to the Hele-Shaw problem after a trivial rescaling of
time with the Stefan number (carried out in Craster et al. [5] but not in Hoang et al. [9]).
Thus we have another interpretation of our solutions: if the fluid domain € is identified
with the frozen region, the ‘air’ exterior to 2 with the unfrozen liquid, and the pressure
p with the temperature, we have the quasi-steady approximation to a freezing problem
exterior to a wedge.

In constructing our solutions we shall try to indicate how the P-K method works,
but we do not attempt to give a comprehensive description. Those unfamiliar with the
method are referred elsewhere [16, 3] for details, and for useful overviews/background
reading [12, 4, 5].

2 Problem formulation

A Hele-Shaw cell consists of two rigid parallel plates separated by some small distance, be-
tween which is sandwiched a layer of viscous fluid. The flow is effectively two-dimensional
(assumed to take place in the (x,y)-plane) and irrotational, the pressure p acting as a
velocity potential. If Q(¢) is the region occupied by fluid at time ¢ then the problem
satisfied by p is, in dimensionless variables:

V2p =0 in Q(1);
op

s 0 on fixed boundaries I ;

I Of course, molten plastics of the type common in injection moulding are generally non-
Newtonian, and require a different Hele-Shaw model (e.g based on a power-law fluid) leading to
a much more difficult problem. However, the Newtonian case provides an important starting-point
for a study of injection-moulding. Additional complications due to a curved mould will not be
important on this local lengthscale.

2 This assumes that the rate of motion of the free boundary is much slower than the rate at
which heat is conducted.
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FIGURE 1. The geometry of the problem.

0 .
p=0, a—lz +|Vp|> =0 on free boundaries S(t);

see, for example, Crank [3] and Elliott & Ockendon [6]: the total fluid boundary 0Q(t) is
the union of I' and S(¢). The geometry we consider is sketched in Figure 1; we assume
that at time ¢t = O the fluid occupies the left half-space x < 0, so that it is in contact with
and parallel to the nearside of the wedge, which lies along the negative y-axis, the wedge
apex being at the origin. If w(z,t) is the complex potential for the pressure (p = —R(w)
and z = x + iy) then the solution to the outer problem, in which |z] > 1 and the free
boundary is assumed to be asymptotic to the y-axis for y large and positive, is easily
written down as

w = f(1)y2iz,

where f(t) is any function of time, and the factor of 2 is just for convenience later. This
clearly has vanishing real part on the positive y-axis, and its derivative has vanishing real
part on the negative y-axis: it corresponds to the asymptotic pressure

1 1
p~ FOI* + %) =12 (2.1)
cf. problem P6 in Howison & King [12]. The question we now address is, what will be
the free boundary shape for t > 0?
The problem and boundary conditions are not, as they stand, amenable to application
of the P-K method (see elsewhere [12, 16, 3] for the general suitable problem formulation).

The first step is to eliminate time from the problem except as a parameter by applying the
well-known Baiocchi transformation to the pressure [3, 6, 14]. For ¢ > 0 this is defined in
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the two regions x = 0, x < 0 as follows:

t

inx>=0: u(x, y,t) = / p(x, y,7)dr,
@(x.y)

where t = w(x, y) is a parametrisation of the free boundary S(¢); and

t
i <0 utxn) =)+ [ o
0
where ug is the solution to the Cauchy problem

Viuy=1 in Q(0),

u0=0=% on S(0), %=0 on I,
on on

so here 1y = x*>/2. The problem satisfied by u is easily seen to be
Viu=1 inQ(),
Ou Ou
u—0—$ on S(t), &—0 onl,
2
U~ "7 FI2 4+ =y [ f(odr,  asx?+)? > .
0

We can scale time t out of the problem altogether if we introduce similarity variables via

t t 2
(X,Y)/Of(wdr:(x,y), U(/0 f(r)dr> —u:

U then satisfies the problem

VU=1 inQ,
U:0:a£ nS, 6—U:O on I,
on on
X? ) ! 1 2 2
U~ T4 +Y2 —YE, as X+ Yo (22)

We have used hats to distinguish between domains/boundaries in the two problems
(though in fact [ and I' are identical, both being time-independent). We denote the
unknown point A where the free boundary S meets the fixed boundary r by (Xo, Yo).
Taking the complex variable Z = X +iY, with the point A described by Zy = Xo+iYy =
—iRge™™, we define the complex-valued function W by

W = Uy —iUy — X. (2.3)

Then clearly OW /0Z = 0, hence W is an analytic function of Z in Q. Our problem is
now in a form suitable for the P-K technique. Corresponding to Qisa region Q in the
W -plane. We conformally map both Q and Q onto the upper half-plane R({) > 0 in a
third complex plane ({ = & + in), via the mapping functions

Z =20, W=7Q0);

when these maps are found the solution is completed by elimination of the auxiliary
variable {. The boundary 0Q consists of the three distinct segments Iy, I, and § (cf.
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FIGURE 2. The mapping from the {-plane to the Z-plane. The arrows indicate the correspondence
and sense of the mapping from the real {-axis to the fluid boundary.

Figure 1); the points B (at infinity), 0 and A separating these three segments are singular
points of the flow. By Riemann’s mapping theorem we can prescribe the position of the
three points A, B and O in the ¢ -plane; for convenience we place them at 0, 1 and oo. The
point is that we are able to determine the singular behaviour of the functions & and #" at
these points, and this in turn is sufficient to determine fully 2 and ¥, which are analytic
except at the three singular points. By performing a local analysis on our problem at each
of the singular points we can find, at each point & = 0, 1, oo, two exponents f; and y; such
that the local behaviour of 2 and ¥ satisfies:

Z ~ Li({ — EYPF(0) + La(C — &) Gi(0),
W~ M — EVPF() + Ma(C — &) Gi(Q),

for functions F; and G; analytic in some neighbourhood of &;. (In the general theory it is
sometimes necessary to have more complicated local behaviour than the above, involving
logarithms, but such complications do not arise in our calculation.) The only singularities
of & and #" are then algebraic (or logarithmic) branch-points, hence 2 and ¥ must be
branches of the Riemann P-function

0 1 o
PS Bo B B L o,
Yo Y1 V2

which has the desired singular behaviour at the given points (see elsewhere [1, 2, &]
for a discussion of Riemann’s P-equation and Riemann P-functions). In this paper, we
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content ourselves with the above outline of the solution procedure (which §3 should
clarify) without attempting to justify the statements. For a more convincing argument, see
Crank [3] or Polubarinova-Kochina [16].

3 Solution to the problem

We need to find the local behaviour of Z({) and #7({) at each of the singular points
{ =0, 1, co. To do this we must first solve the local problem for U(X, Y) at the points A
(Z =Z), B(Z =), 0 (Z =0).

The free boundary S must meet the fixed boundary I at right angles at A. On § both
U and its normal derivative must vanish, while on I" only the normal derivative vanishes.
Hence, if (f( , f’) are co-ordinates along and perpendicular to the side of the wedge, with
origin at A, the local solution is

%2
T2

In terms of Z, then, the local behaviour of W is

U (X — Xo)sinam — (Y — Yg) cos om)>.

| —

W~ =3(Z + Zo) — 3¢ "(Z — Zy), (3.1)

near Z = Z,. At large distances (infinity, or the point ﬁ’) W satisfies
1
i 2
W~ + (2‘Z> as |Z| — oo, (32)
as may be seen from (2.2) and (2.3); the branch of the square-root must be chosen
consistently later. Near the wedge tip 0 the leading-order behaviour of U is

3n/2 — 9) R?

U~ JRC—
S\, 4

where R> = X>+ Y2, tanf = Y /X and A is a (real) constant; hence the behaviour of W
is

VA

W~ kz1=0/C=0 = 33

L (33)
where the complex constant k has the form k = Zexp(—3mi/(2(2 — ))), 4 € R. If we now
write down the behaviour of the mapping function Z({) at each of the singular points,
the above allows us to deduce the local behaviour of #7({) also, and hence the values of
the exponents in the Riemann P-function.

The unknown point A= (Xo, Yp) is the image of { = 0. From the geometry, simple

considerations of conformal mapping show that near { = 0 we require

Z(O)~Zo+pe™ > peRY, (34)
so from (3.1) we find
W () ~ —Rgsinam — pl? cos . (3.5)

Thus the values of the exponents at { =0 are o =0, yo = %
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The point at infinity B is the image of { = 1; near this point we have

Z(L) ~ 1%& veR"; (3.6)
(3.2) then gives
1
1 — 2
ro~+ (150 (a7)
v
so the exponents at { =1 are ff; = —1, y; = %

Finally, near the wedge-tip O, { — oo and we have

Z() ~—ic"*® 5 eRT, (3.8)
so that by (3.3)
in(2
W(E) ~ &exp (—M) (= FeR. (3.9)

Thus the exponents at { = oo are f =2 — o, y, = —1 + . It then follows from the P-K
theory that the functions Z({) and #7({) are branches of the Riemann P-function

0 1 0 0 1 0
PLO =1 2—a ¢ 3=(1-=0""PL 0 0 1—a ( %
Ll —14a 13 24«

the equality is due to a transformation given in Carrier et al. [2]. This is equivalent to
being able to express 2 and ¥ in terms of branches of a hypergeometric function,
since the branches of the P-function on the right-hand side are in fact branches of the
hypergeometric function F(1 — o, —2 + «; %;C) [2].

For convenience of notation, we write a = 1 — a, then Z({) and #7({) are linear
combinations of independent branches of (1 — {)~'F(a,—1 — a;%;(). Abramowitz &
Stegun [1] and Gradshteyn & Ryzhik [8] give closed-form expressions for one branch of
each of the hypergeometric functions F(a, —a;%;() and F(a,1 — a; %;C); these functions
are simply related to the function we seek by one of Gauss’ relations for contiguous
hypergeometric functions ((15.2.11) in Abramowitz & Stegun [1]; (9.137.3) in Gradshteyn
& Ryzhik [8]). For our purposes, this relation takes the form:

(a+ 3)F(a,~1—a;3:0) — (3 +2a(1 = O))F(a,—a; 35{)
+a(l —{)F(a,1—a;5;0) =0,
where
F(a,—a;%;() = cos(2asin™' \J0),
Fla,1—a;1;0) = ﬁ cos((2a — 1)sin™" \/Q),

(formulae (15.1.17), (15.1.18) in Abramowitz & Stegun [1] and (9.121.31), (9.121.32) in
Gradshteyn & Ryzhik [8]). Hence one branch of the required hypergeometric function is

(a+ HF(a,—1—a;1:0) = (4 +2a(1 — ) cos2asin™" /)

—av/1—{ cos((2a— 1)sin~" 1/0), (3.10)
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which is readily verified to be the branch analytic at { = 0 (corresponding to the zero index
at { = 0). Another, independent branch is given [1, 2, 8] by \/ZF(a—F %, —(a+ %); % ;0); we
again use properties of contiguous hypergeometric functions and closed-form expressions
for the related functions (given this time by (15.1.15), (15.1.16) in Abramowitz & Stegun [1]
and (9.121.29), (9.121.30) in Gradshteyn & Ryzhik [8]) to find

2a(a+ 1)/ (F(a+ 1, —(a+1);3;0) = (4 + 2a(1 — {))sin(2asin™" /7
—av/1—Csin((2a — 1)sin™" /). (3.11)

To summarise, then, if we denote by B;({) and B,({) the two independent branches we
require for our solutions, we have (from (3.10) and (3.11), respectively)

Bi(0) = (3 +2a(1 — {))cos(2asin™" \JT) — aJT=Ccos((2a — 1)sin™" /), (3.12)

By({) = (4 +2a(1 — {))sin2asin™" \JT) — a/T=sin((2a — 1)sin~" J0), (3.13)
where a = 1 — o, and the solutions Z({), #°({) are
L1Bi({) + LyBs({)

70 =S2P 52 (3.14)
W‘(C):Mllljléﬁ MlzljzéC), (3.15)

for some constants L;, M; € C to be determined.

To find the values of L; and M; we must determine the local behaviour of B;({) at each
of the singular points so that we can match the behaviour of the solutions as written above
to the known behaviour given in (3.4)—(3.9). When evaluating the behaviour as { — oo it
seems we need to make some assumption about the parameter o, since this determines the
relative sizes of the terms in the large-{ expansion. If we assume an acute-angled wedge
O<a< % (% < a < 1), then analysis of the functions B;({)/(1 — {) allows us to calculate
the terms of orders (%, (%!, (¢, (%2, (%! which will be of descending size. We find,

for (| > 1,
P o (<5 g ) 0 o S Sam e
and

Matching the behaviour of Z({), #'({) as given by (3.14), (3.15) with that in (3.8), (3.9)
yields the following relations between the coefficients and the unknown constants o, &:

244%™
Ly = —iL L, =
1 1L, 2 a+1

, (3.18)
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M, —iM, = % exp (”‘“2(1_““)) . (3.19)
Due to the way the coefficients appear in the expressions (3.16) and (3.17), it is clear that
the same matching follows through also for the case a = 1, and for the obtuse angled
wedge % < o < 1 and the right-angled wedge o = % The case a — 0 is a singular limit in
our solution, as we would expect: as the wedge angle approaches m in the configuration
of Figure 1, the distance OA4 must increase very rapidly from zero as the free boundary
shoots up the side of the wedge. When the wedge angle is actually equal to © the solution
is trivial, since the initial ‘free boundary’ is everywhere in contact with the wedge, and the
fluid must just sit there.

The behaviour of By({) and B,({) near { = 0 (Z = Z,, the point /f) in (3.14), (3.15)
gives

Z() = Li(a+ 1) +2aLy(a+ 1) T — Li{(2a® +2a — 1) + 0((3),

W) = Mi(a+ 1)+ 2aMo(a + 1) T — Mi{Q2a® +2a — 1) + 0((3);

comparing these with (3.4) and (3.5) we find the further relations

iRpe™™ Rye™™ 2a(a + 1)Ry
L= R, R 2a@r DRy, (3.20)
a—+ 3 a—+ 3 a—+ 3
Ry sinam cos ot Ry cosar
M, = — = M, =2 - . (3.21)
a+ 5 2a(a+1) a+3

(Ry is still unknown here, being the modulus of Z). Finally, we examine the neighbourhood
of { =1, where (3.14) and (3.15) give

Z({) =(—Licosan + Ly sinamn) ( + ala + 1))

-
2(1=90)
+(Ly sinam 4 Ly cos ocn)z?a(m + )(a+ 1)1 — C)% 4+ 01—,

W(C):(—Mlcosocn—l—Mzsinom)< +a(a+1))

1
2(1=9)
+(M, sinom + M cos an)%“(za + 1)@+ D1 =02 +0(1—20);

comparison with (3.6) and (3.7) gives

—Ljcosan + L sinan = 2iv, (3.22)

—M; cosan + M sinar = 0, (3.23)
2—a(2a—i- 1)(a+ 1)(M; sinoar + M, cosan) = —i—L (3.24)
3 1 2 ==t \/2—‘) .

Putting all this information together we find that, provided we take the negative branch of
the square-root in (3.2), giving minus signs in (3.7) and (3.24), the conditions (3.18)—(3.24)
are all compatible with the restrictions that the constants o, 1, v be real and positive, and
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10

-10 L

FIGURE 3. Plot showing the free boundary at times t = 0.5, 1, /2 with wedge angle « = 0.3w. The
fluid flow is from left to right, and the initial free boundary is along the positive y-axis.

that & be real. In terms of the wedge angle am and a = 1 — « we have

Li = —ie™[(2a/3)2a + D)(a+ D173, L, = e™[(2a/3)(2a + 1)(a + 1)] 73 ;

M; = —sinan[(2a/3)(2a + 1)(a + 1)]*%, M; = —cosan[(2a/3)2a + 1)(a + 1)]’§;
92a + 1) F

32a%(a + 1)2

Hence the solution to the problem. In terms of the original variables a parametric
representation of the free boundary is given, for 0 < & < 1, by
1) dt

Ly [ f(z)
5)/1" yde = / —
) zaﬂ(lf“r‘«/l— /f dT{2+2a(1_é)_ am }

T (1= 9)l2a/3)2a+ D+ D) i+ JT—¢

The function f(¢) is arbitrary, being the dimensionless timescale on which the pressure

o]

— (I —icotan)(Bi(¢) 4 iBa(<)),
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FIGURE 4. Plot showing the free boundary at times t = 0.5, 1, /2 with wedge angle « = 0.8w. The
fluid flow is from left to right, and the initial free boundary is along the positive y-axis.

is varying at infinity. However, if we wish the analysis to hold for large times then the
free boundary must not move off to x = 400 as t — oo, since then the outer solution
for the pressure (2.1) would no longer be appropriate. Thus we require fooo f(r)dt < oo,
which requires f(t) ~ t~* as t — oo for some A > 1 (though this cannot be the small-time
behaviour).

Typical free boundary evolution is shown in Figures 3, 4 and 5; Figure 3 depicts an
acute-angled wedge (o = 0.3), Figure 4 depicts an obtuse-angled wedge (¢ = 0.8), and
Figure 5 shows the right-angled wedge. For convenience the function f(¢) is chosen as
f(t) = Sarctant, since this gives acceptable t — co behaviour.

4 Conclusions

We have constructed an exact time-dependent solution for the flow of fluid in a Hele-Shaw
cell driven by the asymptotic pressure field given in (2.1), around a wedge of arbitrary
angle 0 < an < m. The case o = 0 (the zero-angle wedge) may also be obtained from the
results of problem (P6) in Howison & King [12] (in this context we note that the term 8(>
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FIGURE 5. Plot showing the free boundary at times t = 0.5, 1,t/2 with wedge angle oo = /2. The
fluid flow is from left to right, and the initial free boundary is along the positive y-axis.

occurring in the formulae for Zs and W should be 8(%/3). The case o = 1 is, as noted,
trivial with our assumed initial geometry, since the ‘free boundary’ then lies along the
wedge for all time. At a given time ¢, the distance which the free boundary has advanced
along the wedge is given by

‘ [ 9Q2a+1) 1F [
R()/(; f(‘()df: {32(12@1—}—1)2} Af(f)df

As mentioned in the Introduction, with a simple rescaling of time the plots also represent
the motion of the free boundary as a fluid freezes around a corner of given angle, in the
quasi-static approximation.

Obviously there are techniques other than the one we have used for solving zero
surface tension Hele-Shaw free boundary problems. Other common procedures include: (i)
conformally mapping the unit disk onto the fluid domain and reformulating the boundary
conditions on the unit circle (another technique due to Polubarinova-Kochina [15], as well
as to Galin [7]), and (ii) making use of a relation between the Schwarz function of the
free boundary and the complex potential of the flow (e.g. see Howison [11]). The difficulty
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in our problem is the fact that we have a free boundary and a rigid boundary on which
we have to apply different boundary conditions. No satisfactory conformal mapping or
Schwarz function method has yet been formulated to deal with general problems of this
type. Certain special geometries can be solved for, using the more conventional techniques,
e.g. channel flow [10, 17, 18], or flow problems inside a wedge of angle 2nt/n for integers
n [10]. In such symmetrical cases the flow problem may be ‘reflected’” in the walls so that
one need only solve for a flow with free boundaries (the boundary condition on the walls
is satisfied automatically). However, we do not have such symmetry in our problem, and
this approach does not work.

Finally, we note that since the problem we consider is of the well-posed type in which
the viscous fluid is advancing, we do not expect the addition of small positive surface
tension to greatly affect our solution behaviour.

Acknowledgements

This work was supported by a Research Fellowship from the Israel Council for Higher
Education, held at Technion, Haifa. The author also wishes to thank Professor J. R. King
and an unknown referee for drawing the work of Craster et al. [4, 5] and Hoang et al. [9]
to her attention, and the same referee for several helpful comments.

References

[1] ABRAMOWITZ, M. & STEGUN, 1. A. (1964) Handbook of Mathematical Functions. Dover.
[2] CARRIER, G. F., KROOK, M. & PEARSON, C. E. (1966) Functions of a Complex Variable. McGraw-
Hill.
[3] CraNK, J. (1984) Free and Moving Boundary Problems. Oxford University Press.
[4] CRASTER, R. V. (1994) Two related free boundary problems. IMA J. Appl. Math. 52, 253-270.
[5] CRASTER, R. V. & HoaNG, V. H. (1998) Applications of Fuchsian differential equations to free
boundary problems. Proc. Roy. Soc. Lond. A 454, 1241-1252.
[6] ErriorT, C. M. & OCKENDON, J. R. (1982) Weak and Variational Methods for Moving Boundary
Problems. Pitman.
[7] GaLN, L. A. (1945) Unsteady filtration with a free surface. Dokl. Akad. Nauk. SSSR 47, 246-249
(in Russian).
[8] GRADSHTEYN, I. S. & RyzHIK, 1. M. (1980) Table of Integrals, Series and Products (corrected
and enlarged edition). Academic Press.
[9] HoanG, HA. V., HiLL, J. M. & DEeEwynNE, J. N. (1998) Pseudo-steady-state solutions for
solidification in a wedge. IMA J. Appl. Math. 60, 109—121.
[10] Howison, S. D. (1986) Fingering in Hele-Shaw cells. J. Fluid Mech. 167, 439—-453.
[11] Howison, S. D. (1992) Complex variable methods in Hele-Shaw moving boundary problems.
Euro. J. Appl. Math. 3, 209-224.
[12] Howison, S. D. & KING, J. R. (1989) Explicit solutions to six free-boundary problems in fluid
flow and diffusion. IMA J. Appl. Math. 42, 155-175.
[13] Kuiken, H. K. (1990) Mathematical modelling of etching processes. In: K. H. Hoffman
& J. Sprekels (eds.), Free Boundary Problems: Theory and Applications, Vol. 1. Longman,
pp- 89-109.
[14] Lacey, A. A. (1982) Moving boundary problems in the flow of liquid through porous media.
J. Austral. Math. Soc. B24, 171-193.
[15] PoLUBARINOVA-KOCHINA, P. YA. (1945) On the motion of the oil contour. Dokl. Akad. Nauk.
SSSR 47, 254-257 (in Russian).

https://doi.org/10.1017/50956792599003782 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599003782

560 L. J. Cummings

[16] PoLUBARINOVA-KOCHINA, P. Ya. (1962) Theory of Groundwater Movement. Princeton University
Press.

[17] RicHARDSON, S. (1981) Some Hele-Shaw flows with time-dependent free boundaries. J. Fluid
Mech. 102, 263-278.

[18] SareMmaN, P. G. & Tavror, G. L. (1958) The penetration of a fluid into a porous medium or
Hele-Shaw cell containing a more viscous liquid. Proc. Roy. Soc. Lond. A. 245, 312-329.

https://doi.org/10.1017/50956792599003782 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599003782

