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Viscous simulation of shock-reflection hysteresis
in overexpanded planar nozzles
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A computational fluid dynamics simulation of the flow in an overexpanded planar
nozzle shows the existence of Mach-reflection hysteresis inside the nozzle. Previous
simulations have dealt only with the flow outside the nozzle and thus concluded
that the hysteresis phenomenon takes place outside the nozzle even when viscous
effects are introduced. When including the geometry of the nozzle in the simulation
it becomes evident that flow separation will occur before the transition from regular
to Mach reflection for all relevant Mach numbers. The simulation reveals complex
changes in the flow structure as the pressure ratio between the ambient and the jet
is increased and decreased. The pressure along the nozzle wall downstream of the
separation point is found to be less than the ambient pressure, and a modification of
the Schilling curve fit is suggested for cases of extensive flow separation.

1. Introduction
The study of supersonic jets is of great importance in many engineering applications,

especially in the aeronautic and space industry. In most cases the ambient conditions
into which the supersonic jet enters are not matched to the jet static pressure, and
thus shock or expansion waves appear and may cause detrimental effects on the
performance of the jet.

In planar overexpanded nozzle flow, a supersonic jet issuing from the nozzle outlet
negotiates the pressure difference between the jet static pressure and the ambient
conditions by creating an oblique shock that starts at the nozzle lip and is directed
towards the symmetry plane. This incident shock (IS ) can be reflected either as a
regular reflection (RR) or as a Mach reflection (MR) depending on the Mach number,
ratio of specific heats and the pressure ratio between the jet and the ambient. The
use of the pressure ratio between the ambient pressure and the jet static pressure
at a specific Mach number (JPR = Pamb/Pjet ) is more appropriate in this context
than the more familiar nozzle pressure ratio (NPR), as it gives a measure of the
overexpansion degree (i.e. JPR = 1 is a perfectly expanded jet). The flow structure
from an overexpanded nozzle is similar to the case of supersonic flow between wedges
in which, for a given flow Mach number, the type of reflection is dictated by the
wedge angle (figure 1).

Shock-reflection hysteresis in the flow between wedges has been studied theoretically
(Li & Ben-Dor 1997; Schotz et al. 1997), numerically (Vuillon, Zeitoun & Ben-Dor
1995) and experimentally (Chpoun et al. 1995; Skews 1997; Ivanov et al. 2001) during
the past couple of decades. The possibility of such a phenomenon was first suggested
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Figure 1. Similarity in flow structure between (a) wedge flow and (b) nozzle flow: IS, incident
shock; RS, reflected shock; MS, Mach stem; JB, jet boundary; EF, expansion fan; SS, slipstream
(Hadjadj 2004).
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Figure 2. Shock polar of incident (i) and reflected (r) shocks showing three possible
solutions: (a) only RR; (b) both RR and MR; and (c) only MR.

by Hornung, Oertel & Sandeman (1979) and was based on the occurrence of a
dual-solution domain in the two-shock and three-shock theories developed by von
Neumann in the mid 1940s. Experimental verification was first provided by Chpoun
et al. (1995) in a wind-tunnel experiment.

A pressure-deflection shock polar showing the incident and reflected shocks can
be used to visualize the dual-solution domain (figure 2). The i-polar represents all
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(a)  JPR = 5.38 (c)  JPR = 5.57(b)  JPR = 5.47

(d)  JPR = 5.67 (f)  JPR = 6.06(e)  JPR  = 5.87

(g)  JPR = 6.16 (i)  JPR = 6.36(h)  JPR = 6.26
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Figure 3. Mach isolines of hysteresis loop in an M = 3.67 jet. Each frame shows reflection at
the same JPR; the top panel is for increased JPR and the bottom panel for decreased JPR.

possible states of flow after the incident shock; the r-polars represent all possible
states of flow after the reflected shock. In case ‘a ’ the reflected shock can deflect the
flow back to parallel flow as required in RR, while in case ‘c’ such a deflection is not
possible, and thus MR is the only solution. In case ‘b’ both RR and MR are possible,
and the resulting flow structure depends on the previous condition, i.e. a → b ⇒ RR,
while c → b ⇒ MR.

The occurrence of this phenomenon in the outlet of an overexpanded converging–
diverging nozzle has only a few numerical references (Kudryavtsev et al. 2002; Hadjadj
2004), and no experimental work on it has been done.

It should be noted that although the flow pattern from an overexpanded
axisymmetric jet appears to be very similar to the flow from a planer nozzle, there is a
distinct difference between them. In the case of axisymmetric flow, a regular reflection
is impossible (Courant & Friedrichs 1948; Ralov 1990; Molder et al. 1997), and thus
no hysteresis can occur.

1.1. Simulation of shock hysteresis in nozzle outlets

Inviscid numerical simulation of an overexpanded jet at the outlet of the nozzle was
preformed (Shimshi, Ben-Dor & Levy 2008) by a piecewise change in the ambient
pressure from the state in which only RR is possible to the state in which only MR is
possible and vice versa (figure 3). The flow conditions in the inlet of the computational
domain were set by specifying the stagnation and static pressures, which dictate the
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Mach number by the isentropic relation

p

p0

=

(
1 +

γ − 1

2
M2

)− γ
γ −1

.

These conditions remained constant throughout the simulation.
The simulation (figure 3) shows a significant range of pressure ratios in which the

hysteresis is evident (frames in which the top and bottom parts are different). The
bounds of the dual-solution domain were in fair agreement with detachment criterion
for the RR and the von Neumann criterion for the MR (Neumann 1943). The
discrepancy from analytic results can be attributed to two numerical artefacts: the
piecewise change in the ambient pressure conditions can lead to transient instability in
the flow, which triggers early transition between the reflection types, and the inability
of the numeric code to resolve a Mach stem that is less than three cells high results
in premature transition from MR to RR. The slight difference in the location of
the Mach stem between the two simulations at JPR =6.26 (figure 3h) is yet to be
understood.

A similar simulation, which included viscous effects, showed little difference from the
inviscid one. This is in agreement with the work of Hadjadj (2004), which concludes
that the shock-cell structure is predominantly inviscid and thus that the hysteresis is
an inviscid process.

However, this type of simulation is somewhat unrealistic, as it does not include the
nozzle, which produces the jet in the domain of the numeric computation.

1.2. Flow separation in nozzle flow

In order to produce a uniform and parallel flow at a desired Mach number in the
outlet of a converging–diverging nozzle, a specific nozzle contour is required. Such
a contour may be calculated by the method of characteristics (MoC). Sivells (1978)
nozzle design code for wind tunnels is a very comprehensive program that uses
several techniques in order to compute a nozzle contour, which will produce the
desired jet, taking into account the curvature of the sonic line at the throat, the
centreline distribution of Mach numbers and the boundary-layer growth along
the wall. With the aid of this code, a planar nozzle contour was constructed with the
following characteristics:

(i) Exit-to-throat area ratio AR = 8
(ii) Throat radius of curvature ratio rc = 16
(iii) Exit Mach number M0 = 3.67
(iv) Fluid properties of air γ = 1.4
(v) No radial-flow region
(vi) No boundary-layer correction
The resulting contour was used to build the computational domain. The inviscid

computational fluid dynamics (CFD) computation shows excellent agreement with
the MoC calculations (figure 4) even though the nozzle was overexpanded to a JPR
of 6. When viscous terms were included in the numeric simulation, extensive flow
separation was observed. From the point of separation on the wall, the incident shock
propagated towards the symmetry plane and reflected as an RR.

Nozzle flow separation has been studied extensively over the past 50 years
(Summerfield, Foster & Swan 1954; Reshotko & Tucker 1955; Morrisette & Goldberg
1978; Romine 1998; Nasuti, Onofri & Pietropaoli 2004) because of its importance to
rocket engine performance. There are several models (empirical and analytical) (Uskov
& Chernyshov 2006) to predict the onset of flow separation as a function of pressure
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Figure 4. Mach number distribution along the symmetry plane and the nozzle wall for an
ideal nozzle: dashed lines, MoC calculation; solid lines, CFD computation.
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Figure 5. Flow separation pressure ratio criteria as functions of Mach number: dashed
lines, flow-separation criteria (three models); solid lines, von Neumann criterion for MR and
detachment criterion for RR; symbols, experimental data.

ratio. The work of Frey (2001) has an extensive review of flow-separation models
that show that in the Mach number range of 2.5–4.5 the agreement with experimental
results is good. Most of the empirical predictions are for axisymmetric nozzles, and the
ones that are for planar nozzles are mainly for conical (constant angle) configuration
(Hunter 1998). It is still possible to use the predictions developed for axisymmetric
nozzles for planar ones because in both cases separation at the wall is primarily
driven by the balance between the momentum of the supersonic jet and the static
back pressure. Thus, for different Mach numbers, the separation will be initiated at
different ratios of stagnation to ambient pressure. Plotting the critical pressure ratio,
which initiates separation as a function of Mach number from several models, shows
that for all Mach numbers greater than about 2.2 flow separation will occur below the
dual-solution domain (figure 5). This means that as the pressure ratio increases from
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Figure 6. Mach contours of ideal nozzle at different pressure ratios, viscous simulation and
Mjet = 3.62: (a) JPR = 2, no separation; (b) JPR = 3, start of separation; (c) JPR =4, clear
flow separation.

perfectly expanded to overexpanded conditions, flow separation will initiate before
the transition from RR to MR. As the pressure ratio increases, the separation point
will move upstream along the nozzle wall, and thus the whole shock system will move
back into the nozzle, but the general flow structure will remain the same.

Numerical simulation of the nozzle at different jet-pressure ratios shows that the
predictions of Schiling (1962) and Nekrasov, which appears in Abramovich (1976) are
in good agreement with the resulting flow structure (figure 6). Although the nozzle
contour was designed without making corrections for the boundary-layer growth, the
flow at the outlet is uniform and parallel, but the Mach number is 3.62 instead of the
designed Mach number of 3.67.

This result precludes the possibility of a shock-reflection hysteresis in the outlet
of a planar nozzle because at Mach numbers below 2.2 the dual-solution domain
reduces to null.

As seen in figure 6 the flow pattern of an RR followed by an interaction between
the jet boundary and the reflected shock does not change when the flow starts to
separate from the nozzle wall. The flow pattern shifts upstream, but the Mach number
at the reflection point on the symmetry plane remains constant due to the fact that
region downstream of the left-running characteristic from the symmetry plane to the
nozzle outlet is a uniform region. As the JPR is increased the oblique shock becomes
steeper, and the Mach number downstream of the RR approaches sonic conditions.
The fact that the flow separation does not affect the reflection at the symmetry plane
suggests that a transition from RR to MR is still possible at some pressure ratio.

2. Numeric method
Numerical simulation of flow separation in turbulent supersonic flow regime is

a challenging task. The standard k–ε turbulence model is inadequate in predicting
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Figure 7. Computational domain with relative sizes and boundary conditions
of the numerical simulation.

the separation point because of the adverse pressure gradients at the wall as well
as the compressibility effect of the supersonic flow. For this reason, three variants
of the two-equation model that are more suitable for such a flow were considered:
the realizable model, the renormalization group (RNG) method k–ε model and the
shear-stress-transport (SST) k–ω model (Speziale & Thangam 1992; Menter 1994;
Mulvany et al. 2004).

In modelling boundary layers with CFD codes two different approaches can be
used. In most cases, the boundary layer is not resolved down to the wall, and instead
wall functions such as the universal wall law by Clauser (1956) are used. In this case,
the cell height adjacent to the wall should be in the range 30<y+ < 150 as defined
by

y+ ≡ yu∗

ν
; u∗ ≡

√
τw

ρ
.

This approximation developed for incompressible flows may not be accurate for
moderate Mach numbers such as the ones in the nozzle.

The second approach resolves the flow down to the laminar sublayer without the
use of wall functions. In this case the cell height near the wall should be y+ ≈ 1.
The first approach was used with the SST k-ω model and the second one with the
realizable k–ε and RNG k–ε models.

The steady-state Reynolds-averaged Navier–Stokes equations were solved using
the commercial finite-volume CFD program ‘FLUENT’, using a two-dimensional
density-based implicit solver, with a second-order upwind discretization scheme. The
computational domain was constructed with quadrilateral cells with special attention
to the boundary layer and varying cell area according to the zones of interest. The
nozzle zone was meshed densely, while the jet outside the nozzle and the ambient zone
above it were gradually coarsened as the distance downstream and away from the
symmetry line increased. The relative dimensions of the domain with the boundary
conditions are presented in figure 7. Early simulations showed that the supersonic jet
creates a suction effect, which draws fluid from the top and the right boundaries of
the domain, and thus the boundary condition was set to ‘pressure inlet’ instead of
‘pressure outlet’. In order to reduce the number of elements in the domain a symmetry
boundary condition was imposed, and only the top part of the nozzle was modelled.

The simulation procedure was carried out in the following order. First, the pressure
conditions at the outlet were set to produce flow without separation at a jet-pressure
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Figure 8. Location of separation point on the nozzle wall with different turbulent models.

ratio JPR = 2. The calculation was iterated until the residuals flattened and the mass
balance was within a 2 % error margin. The pressure at the outlets was increased by
�JPR = 1 and calculated again until reaching JPR =7; then the pressure increments
were reduced to ΔJPR = 0.2. At the end of each calculation the reflection type
was checked until at JPR = 11 the reflection changed to MR. Then the pressure
was decreased at the same increments until reaching JPR =7. During the whole
simulation, the pressure at the inlet of the nozzle was kept constant at 100 kPa, and
thus the mass flow rate and the Reynolds number in the nozzle remained unchanged.

A grid convergence study was performed by using three mesh densities and
observing the effect on the resulting flow pattern. The coarse grid consisted of
∼15 000 cells in the divergent part of the nozzle and ∼20 000 cells in the jet region.
The average cell height in the nozzle was 1 % of the nozzle exit half-height. The
medium grid consisted of ∼60 000 and ∼30 000 cells in the respective regions and a
cell height of 0.25 % of the nozzle exit half-height. The fine grid consisted of ∼183 000
and 120 000 cells respectively.

All grid densities gave essentially identical results except for the region of
discontinuity in which the finer grids gave sharper change in properties. The transition
between RR and MR in the coarse grid was at a lower pressure ratio than in the
medium grid, but the change when using the fine grid was minimal. It was therefore
decided to use the medium grid density for the rest of the simulation.

3. Results and discussion
3.1. Viscosity model

Of the three turbulent models tested the RNG k–ε model produced the best results.
Although all the models gave similar predictions as to the location of the separation
point on the wall of the nozzle as shown in figure 8, the realizable k–ε and SST k–ω

models had problems with the turbulent viscosity ratio, which is the ratio of turbulent
viscosity to molecular viscosity,

β =
νt

νm

.

In both models, the value of β had to be limited by the software to a value of 10 000
to prevent divergence of the solution.
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Figure 9. Typical flow structure of phase I pressure increase: (a) Mach number contours;
(b) pressure contours normalized by ambient pressure; (c) velocity vectors (m s−1); solid line,
sonic line.

The SST k–ω model gave high values (β ≈ 5000) in the separation area and yet
higher values in the shear layer between the jet boundary and the jet core, while the
supersonic region downstream of the incident shock wave showed low values (β ≈ 50).

The realizable k–ε model gave high values (β > 5000) in the regions downstream of
the incident shock wave, the reflected shock wave and the supersonic jet area (in the
potential core of the jet in which the flow is assumed to be inviscid) while showing
moderate values in the separated region (β ≈ 300).

The RNG k–ε model resulted in high values (β < 5000) only near the pressure
outlet boundary while showing moderate values (β ≈ 300–1000) in the shear layer
and in the separated area and low values in the jet core (β < 20).

For this reason, it was decided to perform the rest of the simulation with the RNG
k–ε model.

3.2. Flow structure on pressure increase

3.2.1. Phase I

For 2 < JPR < 5 (figure 9) a typical RR flow structure is formed consisting of a
straight incident shock wave starting at the separation point and reflecting at the
symmetry plane outside the nozzle. Downstream of the incident shock wave, a region
of uniform Mach number with a velocity component parallel to the jet boundary and
a pressure equal to that of the ambient is formed. Downstream of the reflected shock
wave the flow is again parallel to the symmetry plane, while at the point where the
reflected shock hits the jet boundary a centred expansion fan is formed, and the jet
boundary is bent away from the symmetry plane. The reflection of the expansion fan
from the symmetry plane and then from the jet boundary curves it again to form a
dissipating, repeating wavy structure (shock cells) whose wavelength depends on the
JPR. As the JPR increases, the reflection point moves upstream. It should be noted
that the Mach number upstream of the incident shock wave is 3.61 and not 3.67 due
to the effect of the boundary layer, which reduces the actual AR to 7.5.
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Figure 10. Typical flow structure of phase II pressure increase: (a) Mach number contours;
(b) pressure contours; (c) velocity vectors; solid line, sonic line.

3.2.2. Phase II

For 5 < JPR < 8.4 (figure 10) the point of separation shifts upstream to the extent
that the reflection point is inside the nozzle. The incident shock wave is straight only
downstream to the point at which the last left-running characteristic crosses the shock
front; above this point the shock is bent because of the decreasing Mach number. A
subsonic pocket develops downstream of the reflected shock wave between the first
and second shock cells. As the ambient pressure increases, the subsonic pocket expands
until it reaches the reflection point. The pressure downstream of the incident shock
and above the jet boundary is lower than the ambient pressure; thus an upstream
flow takes place, and a recirculation zone (termed separation bubble) develops. In the
region between the jet and the wall, the total pressure starts to drop off at the nozzle
exit plane and reaches its minimum value at the centre of the separation bubble,
which is located above the point at which the jet boundary starts curving upwards.

3.2.3. Phase III

For 8.4 <JPR < 10 (figure 11) the RR between the first and second shock cells
abruptly transforms into an MR. Subsequent shock cells disappear, and instead a
straight jet with a subsonic inner core develops. As the pressure ratio increases, the
Mach-stem height diminishes as it moves upstream into the nozzle. The point of
minimum total pressure in the recirculation zone moves upstream with the crest of
the first shock cell, and a pressure gradient starts to develop between the incident
shock wave and the jet boundary.

3.2.4. Phase IV

For 10 < JPR < 10.6 (figure 12), the MR between the first and second shock cells
reverts to RR, and the shock-cell structure downstream is re-established. A subsonic
pocket develops in the region downstream of the first RS, and as the pressure increases
it expands towards the reflection point. A second separation bubble appears between
the first and second shock cells.
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Figure 11. Typical flow structure of phase III pressure increase: (a) Mach number contours;
(b) pressure contours; (c) velocity vectors; solid line, sonic line.
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Figure 12. Typical flow structure of phase IV pressure increase: (a) Mach number contours;
(b) pressure contours; velocity vectors; solid line, sonic line.

3.2.5. Phase V

For JPR > 10.6 (figure 13), the primary RR transforms into an MR, and subsequent
shock cells disappear. The RR → MR transition takes place when the subsonic pocket
reaches the reflection point; this suggests that the transition takes place at the sonic
criterion. As the pressure increases, the Mach stem becomes larger. The pressure in
the separated area is closer to the ambient value and more uniform. The separation
bubbles unite into a prolonged one.
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Figure 13. Typical flow structure of phase IV pressure increase: (a) Mach number contours;
(b) pressure contours; (c) velocity vectors; solid line, sonic line.
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Figure 14. Typical flow structure of phase I pressure decrease: (a) Mach number contours;
(b) pressure contours; (c) velocity vectors; solid line, sonic line.

3.3. Flow structure on pressure decrease

3.3.1. Phase I

For JPR > 7.4 (figure 14), a typical MR flow structure persists. It consists of a
nearly perpendicular Mach stem and a triple point at which the IS, RS, MS and the
slipstream connect. The slipstream is parallel to the symmetry plane, which suggests
that the reflection is close to the von Neumann criterion. At the point at which the
reflected shock hits the jet boundary, a centred expansion fan is formed, and the
jet boundary is bent away from the symmetry plane. The expansion fan interacts
with the slipstream, causing it to bend towards the symmetry plane and therefore
accelerates the flow below it until it becomes supersonic. Downstream of the reflected
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Figure 15. Typical flow structure of phase II pressure decrease: (a) Mach number contours;
(b) pressure contours; (c) velocity vectors; solid line, sonic line.

shock wave and above the slipstream the flow is supersonic and accelerating when
passing through the expansion fan. As the JPR is reduced the Mach stem decreases in
size and moves downstream. Also, the jet boundary, which is almost straight at first,
becomes increasingly wavier; accordingly the Mach number above and below the
slipstream increases, and a shock-cell structure re-emerges. In each cell, the maximal
Mach number is below the crest of the jet boundary. The Mach stem between the first
and second shock cells, which is normal at the symmetry plane, bends downstream, as
it departs from the symmetry plane because of the non-uniform conditions upstream
of the shock wave.

3.3.2. Phase II

For 7.4 > JPR > 7.0 (figure 15), the primary MR disappears, and the RR flow
structure reappears. The reflection type between the first and second shock cells is an
MR with the Mach stem getting smaller as the JPR is reduced.

3.3.3. Phase III

For JPR < 7, the flow structure is identical to the one observed during the pressure
increase in phase I.

3.4. Shock-polar analysis

The driving force that determines the shock-wave angle φ the flow deflection angle θ

and the Mach number downstream of the shock is the pressure ratio across it. When
the primary shock reflection is outside the nozzle, this pressure ratio is equal to the
JPR. This is because the shock is straight and the pressure downstream of the incident
shock wave is equal to the ambient pressure, and so a pressure-deflection shock polar
may be used to analyse it and predict at what pressure ratio the transition from RR
to MR will occur.

However, when the primary reflection is inside the nozzle the pressure in the
separated zone is not equal to the ambient pressure as Romine (1998) assumes in
his analysis and thus cannot be analysed by shock polars. In order to overcome this
problem two alternative pressure ratios were considered for use in a shock polar;
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Pressure ratio Detachment criterion von Neumann criterion

Analytic 6.0 4.8
JPR 9.4–9.5 6.7–6.9
AJPR1 5.0–5.4 4.5–4.6
AJPR2 7.3–7.7 5.1–5.3
Average AJPR 6.35 4.88

Table 1. Comparison of analytic and computed transition criteria.
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Figure 16. Normalized wall pressure from separation point to nozzle exit during
pressure increase.

they are termed ‘actual jet-pressure ratio’ (AJPR). The first is the relation between
the pressure just above the reflection point downstream of the incident shock wave
and the jet pressure upstream of the incident shock wave (AJPR1). The second is the
relation between the pressure at the jet boundary above the reflection point and the jet
pressure (AJPR2); see points P0, P1 and P2 in figure 1(b). A comparison of the
analytic detachment and the von Neumann criteria to the proposed pressure ratios
(Table 1) shows that none of them give satisfying results; AJPR1 underpredicts it,
and AJPR2 overpredicts it. The average value of the two pressure ratios gives a
reasonable agreement with the theoretical value.

3.5. Pressure in the separated zone

The assumption made in some previous works (Morrisette & Goldberg 1978; Hunter
1998; Romine 1998; Nasuti, Onofri & Pietropaoli 2004) that the pressure along the
nozzle wall downstream of the separation point approaches the ambient pressure is
found to be untrue for an ideal nozzle as noted by Lawrence & Weynand (1968).
Frey (2001) noted the difference in pressure recovery between nozzles with small
divergence angles (such as the ideal nozzle contour) and nozzles with large divergence
angles (typical of rocket nozzles). Inspection of the pressure values along the nozzle
wall from the point of separation towards the nozzle exit plane when the pressure is
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Figure 17. Non-dimensional separation pressure: lines, curve fits; symbols, numeric results.

increased shows a self-similar behaviour in each of the phases as shown in figure 16.
The pressure increases abruptly across the separation point but does not recover to
the ambient conditions, it remains in the range 70–80 % of the ambient pressure up
to the nozzle exit. This pressure gradient promotes the backflow into the nozzle and
the circulation bubble in the separated area. Another explanation for this effect is
that when separation occurs inside the nozzle, the supersonic jet sucks ambient gas
into the nozzle, with a stagnation pressure equal to ambient pressure. The ambient
gas accelerates along the wall in a direction opposite to that of the main stream. As
a result the static pressure along the wall, in the separated domain, decreases from
the nozzle exit towards the separation point. However, this does not explain why the
stagnation pressure in the separated area is at approximately the same value as the
static pressure. When the transition to MR occurs (phase V) the pressure is nearly
constant at 80 % of the ambient pressure. The similarity across different JPRs is kept
on pressure decrease as well.

Schilling’s curve fit relates the pressure just upstream of the separation point with
the ambient and stagnation pressures:

Psep = Pamb − C (P0/Pamb)
E ,

where C and E are empirical constants, C = 0.517, E = −0.913.
When the calculated values are compared to the numeric results the agreement is

good only for the onset of separation, but when the ambient pressure is replaced
by the numerically calculated pressure downstream of the separation point, which is
equal to the pressure above the jet boundary (P2), the agreement is excellent (figure
17). Based on this result a modified curve fit is suggested for extensive separation:

Psep = APamb − C (P0/APamb)
E ,

where A= 0.81.

3.6. Mach-stem height

One of the measures of the hysteresis phenomenon in shock reflection is the height
of the Mach stem. The precise dimensions of the Mach stem are difficult to deduce
from numerical simulations because they depend on the local grid resolution and the
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Figure 18. Non-dimensional Mach-stem height showing hysteresis loop on pressure
increase and decrease.

threshold that determines the location at which the physical properties has changed.
The method used in this work included two steps. In the first step, the reflection point
on the symmetry plane was determined by measuring the location of the maximum
strain-rate magnitude. Then the value of the y velocity component was measured
along a line perpendicular to the symmetry plane at the reflection point, and the
location was determined by setting a threshold value. Normalizing the height of the
Mach stem is also ambiguous. According to Hornung et al. (1979), the Mach-stem
height must have some physical length scale associated with it; in wedge flow it is
usually the distance between the wedges or the wedge length, and in inviscid nozzle
calculations, it is the nozzle exit height (Hadjadj 2004). In the case of separated
flow, the equivalent non-dimensionalizing factor should be the nozzle height at the
separation point. Figure 18 shows the hysteresis phenomenon in the Mach-stem height
using the average value of AJPR.

4. Conclusion
A viscous numerical simulation of the shock-reflection transition in an

overexpanded planar nozzle was conducted using the RNG method k–ε model.
It was found that for all Mach numbers, boundary-layer separation will occur before
the transition from RR to MR. Although models for predicting flow separation in a
nozzle depend on the geometry of the nozzle wall, a modified version of the curve fit
of Schilling (1962) is in good agreement with the numerical model.

Three versions of the two-equation turbulent Navier–Stokes computations were
tested and showed similar results as to the relation between the ambient pressure and
the location of the separation point, but the realizable k–ε model and the SST k–ω

model resulted in unrealistic turbulent viscosity ratios in different flow regions.
The numerical simulation of the shock transition showed a complex behaviour in

which the changing pressure ratio simultaneously affects the location of the separation
point, the pressure ratio across the incident shock, the pressure in the separated flow
area and the type of reflection. At first, the RR flow structure remains unchanged
except for the movement upstream as the pressure ratio increases. Then an RR → MR
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transition occurs in the second shock cell, and only after it reverts to RR the transition
in the primary incident shock takes place. For the same initial conditions on pressure
decrease, the flow structure is different with an MR persisting until the Mach stem
diminishes in size. The reflection mechanism is identical to the inviscid case in the
sense that transition from RR to MR takes place when the subsonic pocket reaches
the reflection point and the transition for MR to RR is at the von Neumann criterion.

The pressure on the wall downstream of the separation point is lower than the
ambient pressure and has a self-similar behaviour for each phase of the flow. This
reason, along with the curved shape of the incident shock, precludes the use of shock
polars for the analysis of this type of reflection.
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