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In this study, we investigate the intial value problem (IVP) for a time-fractional
fourth-order equation with nonlinear source terms. More specifically, we consider the
time-fractional biharmonic with exponential nonlinearity and the time-fractional
Cahn-Hilliard equation. By using the Fourier transform concept, the generalized
formula for the mild solution as well as the smoothing effects of resolvent operators
are proved. For the IVP associated with the first one, by using the Orlicz space with
the function Z(z) = el*!” — 1 and some embeddings between it and the usual
Lebesgue spaces, we prove that the solution is a global-in-time solution or it shall
blow up in a finite time if the initial value is regular. In the case of singular initial
data, the local-in-time/global-in-time existence and uniqueness are derived. Also, the
regularity of the mild solution is investigated. For the IVP associated with the
second one, some modifications to the generalized formula are made to deal with the
nonlinear term. We also establish some important estimates for the derivatives of
resolvent operators, they are the basis for using the Picard sequence to prove the
local-in-time existence of the solution.
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1. Introduction

Our objective in this paper is to study the following initial value problem associated
with the time-fractional derivative with biharmonic operator

Ipjpult, ) + A?u(t,z) = G(t,xz,u), in Rt xRN, P)
w0, 2) = uo(x), in RN,

where 0 < a < 1 and, for an absolutely continuous in time function w, the definition

the Caputo time-fractional derivative operator df, is introduced in [12] as follows:

1 t dw
ojew (t) = m/o (t— s)_“E ds, (1.1)
here, we assume that the integration makes sense I' is the Gamma function. The
main equation in (P) contains the biharmonic operator A? which is often called
higher-order parabolic equations and began to receive widespread attention for their
surprising and unexpected properties. More importantly, the higher-order parabolic
equations can be used to model many problems in applications, namely, the study
of weak interactions of dispersive waves, the theory of combustion, the phase
transition, the higher-order diffusion. The most common higher-order parabolic
equation is probably the polyharmonic heat equation, especially, the fourth-order
heat equation or also called the biharmonic heat equation. The current paper
only considers the source function G to be in two nonlinear cases: the exponential
nonlinear type and the Cahn—Hilliard equation form.

1.1. Fractional partial differential equations

Over the last few decades, the theory of fractional derivatives has been well
developed. As a result, the fractional partial differential equations (FPDEs) have
also been studied more and more widely. These new kinds of PDEs have many
unexpected properties and numerous applications in many applied and theoretical
fields of science and engineering. This is why many researchers have shown a big
interest in the study of FPDEs. Recently, there have been many interesting studies
concerning diffusion equations with non-local time derivatives and time-fractional
derivatives. We can refer the reader to some interesting papers on FPDEs, for exam-
ple, Caraballo et al. [42, 43|, Zacher [44, 45], Vespri et al. [17], Nane et al. [5, 37],
Carvalho and Planas [13], Dong and Kim [20, 21], Tuan et al. [38, 39] and refer-
ences therein. We especially consider the interesting studies [18, 27, 40] because
our views in approaching the problem are somewhat similar to theirs. Indeed, the
works [18, 27| study time-fractional problems with second-order differential oper-
ators through the fundamental solution. Although in [18], Dipierro and co-authors
establish existence and uniqueness for the solution in an appropriate functional
space, and in [27], Zacher et al. consider decay estimates of the solution. The study
[40] investigates the same problem as [27] but the results are provided in a bounded
domain of RY and applied to investigate some specific examples corresponding to
their kernel k. When considered these studies, we found some important remarks
about appropriate functional spaces to study the fundamental solution (remark 2.1).
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Motivated by those, we made some detailed observations for ours. On the contrary,
our main contributions are the results for models with the biharmonic operators
whose properties are somewhat different from the second-order ones. Furthermore,
we focus on studying specific effects of different types of nonlinearity to our mild
solution. To provide a clearer view, we will present specific discussions below.

1.2. Discussion on problem (P) with exponential nonlinearity

The source function G is the exponential nonlinearity satisfying G(0) = 0 and
G(w) — )| < Lhu—of (" e o) (12)

for every u,v € R,m > 2 or m=1,p > 1 and L is a positive constant independent
of u,v. In the following, we will discuss in more detail why we chose this function
G as in (1.2).

e In terms of mathematical theory: It was common knowledge that when we
consider the IVP for the classical Schrodinger equations with the polynomial
nonlinearity u|u|P~1, p € (1,00) and an initial data function in H*(RY), s €
[0, N/2), the value € = 1 + 4(N — 25)~! is called the critical exponent. Then,
the power case p of the nonlinear function is equal to (respectively less than)
C is called the critical case (respectively subcritical case). However, when con-
sidering the functional space H > (RM), the critical value € will be larger than
any power exponent of the polynomial nonlinearity. Hence, the nonlinear func-
tions of exponential type grow higher than any kind of a power nonlinearity at
infinity and also vanishes like a power at zero, which can be seen as the crit-
ical nonlinearity of this case. This is also one of the reasons why exponential
nonlinearity has been studied by many mathematicians not only for both the
Schrodinger equation and some other types of PDEs. To provide an overview
of this kind of nonlinearity, let us recall some related studies. The framework
introduced above is based on results in [33]. In this study, Nakamura and Ozawa
study the small data global H/2(RN)-solution of the IVP for the Schrédinger
equations with the exponential nonlinearity. The IVP for heat equations with
this type of nonlinearity was considered in [24]. In [24], under the smallness
assumption on the initial data in the Orlicz space, Ioku has shown the existence
of a global-in-time solution of the semilinear heat equations. Under the small-
ness condition of initial data, decay estimates and the asymptotic behaviour
for global-in-time solutions of a semilinear heat equation with the nonlinearity
given by f(u) = |u[*Nu e was investigated in [22] by Furioli et al. For more
results about the exponential nonlinearity, we refer the reader to [6, 16, 25,
34] and the references therein.

e [n terms of application: These exponential nonlinearities as in (1.2) are not only
investigated for the nonlinear Schrodinger equations but also for other types of
PDEs because of many applications in phenomena modelling. Let us mention
two well-known applications in combustion theory as follows. The first one is
the IVP for the equation u; — Au = ke, it can be used to model the ignition
solid fuel. The second one is the description of the small fuel loss steady-state
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model by the IVP associated with equation —Au = ke a+en . More applications
and details can be found in [7, 26] and references therein.

o (Contributions, challenges and novelties: To the best of our knowledge, FPDEs
with nonlinearities of exponential type have not been studied yet. Our study
can be seen as one of the first results in this topic. Due to the nonlinearity
of exponential type, it is not possible to apply LP — L? estimates of some pre-
vious studies [3, 4] to our current problem. In contrast to the case s > N/2,
the embedding L>°(RY) <= HN/? is not true, and in view of Trudinger—Moser’s
inequality, we obtain the embeddings HV/2(RN) < LZ(RY) < LI(RY) for any
p < g < 00, where LZ(RY) is the Orlicz space with the function Z(z) = el*l” — 1
(see definition 2.5). To deal with the exponential type, we shall use the Orlicz
space and the embeddings between it and the usual Lebesgue spaces. How-
ever, since our problem is considered in the whole space RY, the embedding
LI(RYN) — LP(RY) does not hold anymore when ¢ > p. For Orlicz spaces in
classical derivatives, the use of the standard smoothing effect of the exponential
resolution and Taylor expansion operators play important roles. However, they
are not available for problems with time-fractional derivatives. The appearance
of the Mittag-Leffler function and the Gamma function also caused a lot of
difficulties in setting up some needed estimates related to the Orlicz space for
problem (P). Fortunately, thanks to the results shown in [32], the standard
smoothing effect can be achieved with a presentation via the M-Wright func-
tion of the Mittag-Leffler function. We can also overcome some of the difficulties
caused by the Gamma function with some special inequalities. Our main results
in this section are briefly described as follows:

e In the regular case of ug(ug € LP(RY) N Cy(RY)), we can derive that our
mild solution blows up at a finite time or the maximal time that ensures the
unique existence of the solution is infinity.

e With the assumption of the initial value in the space L=(R"), the local-in-
time existence of mild solution can be obtained by a fixed point argument
without any smallness assumptions on the initial function. Furthermore,
under the stronger assumption that ug € L%(RN ), the global well-posed
results for the solution will be established. To achieve this goal, we have
to use the techniques introduced by Chen et al. [14], and weighted spaces to
deal with the singular term of the mild solution.

1.3. Discussion on problem (P) with Cahn—Hilliard source term

In this subsection, we introduce and discuss problem (P) with another source
G(u) = AF(u), here F' denotes the derivative of double-well potential; in general,
we consider a cubic polynomial like F(u) = u® — u. For the case a = 1, problem
(P) is reduced to the standard Cahn—Hilliard equation. The Cahn-Hilliard equation
was proposed for the first time by Cahn and Hilliard [11], and is one of the most
often studied problems of mathematical physics, which describes the process of
phase separation of a binary alloy below the critical temperature. More recently, it
has appeared in nano-technology, in models for stellar dynamics, as well as in the
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theory of galaxy formation as a model for the evolution of two components of inter-
galactic material (see [8]). Let us mention some previous studies on the standard
Cahn—Hilliard equations with derivatives of integer order. In [1], the authors con-
sidered a Cahn—Hilliard equation which is the conserved gradient flow of a nonlocal
total free energy functional. Bosch and Stoll [9] proposed a fractional inpainting
model based on a fractional-order vector-valued Cahn-Hilliard equation [10]. We
can list many classical papers related to the study of Cahn-Hilliard equation, see,
e.g.Dlotko [19], Temam [36], Akagi [2], Zelik [15, 28] and the references therein.

e Contributions, challenges and novelties: As we mentioned above, when we con-
sider the FPDEs in RY, the relationship between two spaces LP(R") and
L4(RY) with p # ¢ is not fulfilled. Specifically, one of the greatest challenges,
when we investigate the Cahn—Hilliard equations, is to deal with a nonlinear-
ity of the form G(u) = AF(u). Due to the appearance of the Laplacian, when
handling the existence and the uniqueness of the mild solution by the succes-
sive approximations method and Young’s convolution inequality, the property
of d/dz (f(x) % g(z)) needs to be applied to make the second-order derivative
of the solution representation operator appear. This novelty in this case is
setting up the key estimates as in lemma 2.3. It is worth noting that even
when we have the main tools available, it is still not an easy task to prove our
desired existence results. Besides, when finding the regularity results, we have
to estimate the higher-order derivative of the solution representation operators.
By learning about the results and techniques of [29, 30|, we found a way to
obtain the local-in-time existence and uniqueness result for problem (P) with
the Cahn—Hilliard source. The global-in-time existence of the solution is a dif-
ficult topic and will probably be studied in a forthcoming study. The section
about the time-fractional Cahn—Hilliard equation in this study includes:

e to find the solution representation by the Fourier transform and some related
properties;

e to establish some useful linear estimates;

e to prove the existence, uniqueness and regularity of local-in-time solution by
using the Picard sequence method and the smallness assumption for the initial
data function.

1.4. The outline

In §2, we demonstrate an approach to present the formula of the mild solution
and, based on it, we establish some important linear estimates. Also in this section,
we introduce some notations and definitions related to the so-called Orlicz space, a
generalization of Lebesgue spaces and some useful embeddings between them. In § 3,
we investigate problem (P) with the exponential nonlinearities under two separate
assumptions on the initial datum function. In particular, for the first assumption,
we show that the mild solution exists on [0, 00) or blows up in a finite time. The local
existence and the global-in-time well-posedness of the solution will be stated under
the second assumption of the initial function. The main results on the problem with
the second type of nonlinearity source function will be analysed in §4. In general,
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by using the smallness assumption on the initial function, we derive the local-in-
time existence and uniqueness of the mild solution for the IVP associated with the
time-fractional Cahn—Hilliard equation. Furthermore, the regularity result will also
be proved.

2. Preliminaries

2.1. Generalized mild solution

It is well known that for the following IVP involving a classical homogeneous
biharmonic equation

Opp(t,x) + A2p(t,r) =0, in RT xRY,
p(t, ) = po(x), in {0} x RV,

the solution is given by

p(t,a) = [F7H (e7191) w0 () = [<2w>ﬁ“ [, et e < (o),

where the Fourier transform and its inverse are denoted by F, F~!, respectively,
and < &,z >= Zjvzl &xy, (& x) € R2¥ . We recall the following lemma for the kernel

H(t,x) = F- (e "),
LEMMA 2.1. Suppose that p > 1. Then, for any t > 0 we have

1)_711

_Ny(p—1 m _Ny—1
| ()| 1e < cpt™ D2 D™ (8) ]| 1o < cpmt™ D)0

4 .

In view of the above approach, to find the representation for the mild solution to
problem (P), we consider the IVP for a homogeneous time-fractional biharmonic
equation as follows:

{agtw(t,x) +A%(t,z) =0, in Rt xRV, 21

©(0,2) = @o(x), in RN,

Applying the Laplace transform, .#, with respect to the time variable to the first
equation of (2.1), we have

2 L{p}(z,2) — 2% po() + A2 L{p}(z,2) = 0.

Then, by assuming that ¢y belongs to some appropriate spaces and using the Fourier
transform with respect to the spatial variable, the following equation holds

LF(L{eN(2,€) — 227 F(00) (€) + €' F(L{p})(2,€) = 0.

By some simple calculations, one has

F(Z{p})(2,¢€) =
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We now use the inverse Laplace transform to obtain

F(p)(t,€) = 2(t,€) = Ean (—t*[€]*) Po(7).
Thanks to the Duhamel principle, the Fourier transform of the solution to problem

(P) is given by

(t,€) = Ea(—t*[€]")u0(6) +/ (t = )" Baa(—(t = 1) || )G u)(r,€) dr.

0

Where E, 1, Eq,o are Mittag-Leffler functions. Using the inverse Fourier transform,
we obtain

u(t, ) = [F7 (Baa(—t1¢")) * o] ()

# [ (= D P11 ) ¢ Glatr e

~

where we have used the fact that f/*\g(r) = f(7)g(7). For convenience, we denote

Kia(t;2) = F 7 (Ban(-t71619) (@), Koalt,z) = F7 (127 Eoa (7€) (2),

(2.2)
and set operators Z; o (i = 1,2) as follows:
Zi,a(t;z)v(t7$) - Ki,a(tﬂr) *U(tvx) = Ki,a(tax —y)U(Ly) dya 1= 132
RN
Then, we rewrite our solution formula in a concise form
t
u(t,x) = Z1 o(t, x)uo(z) + / Zo,o(t —7,2)G(u(T,x)) dr. (2.3)
0

REMARK 2.1. Tt is worth noting that the above approach is similar to the common
one used to construct the fundamental solution for time-fractional problems with
second-order differential operators. Let us provide some remarks from interesting
studies about functional spaces in which the fundamental kernels are considered.

(i) The work [18] studies an evolution problem with the Caputo derivative of
order &« € (0,1) and the Dirac delta distribution centred at x = 0 (the initial
data function). The solution formula of this problem is given by

u(€,t) = FL (E,L1 [(a— 47r2b|§|2)t°‘]), a>0,b>0.

Then, based on it, the authors have made very interesting comments about
functional spaces to which the Fourier transform of the solution belongs. More
precisely, they showed that Fu(-,t) is in LP(RY) if and only if p € (N/2, ).
This result implies some different case for functional spaces depending on the
dimension V.
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(ii) In [27, §3] the authors proved optimal decay estimates for solutions to a
time-fractional diffusion equation. Their solution is as follows:

w(a, ) = /R Z(a—yuoly) dy,  where F{Z(E, 1) = Baa (- [671%).

From the above, they deduced as a conclusion that Z(t) fails to belong to

LP(RN) for N > 4 and p > ﬁ

These facts are important when using the fundamental solution to establish
well-posed results. In the spirit of the above studies, we also present some similar
comments on the estimates for kernels K; ,,Ks , in remark 2.3.

In order to achieve the standard smoothing effect of Z; (i = 1,2), we also present
the mild solution in another form. To this end, we recall the definition of Mittag-
Leffler function via the M-Wright type function as follows:

Ea,l(—z)z/oooMa(g)e%dc, Ea,a(—z)z/oooagMa(g)eZCdc, z e C.
(2.4)

Then, we have the second type representation of the solution of problem (P1)

ult,z) = / " MalQ) [H(¢t% ) # uo(a)] dC

+ / / (t— 1) alMa(O) [ (C(t — 1) 2) % Clu(r, z))] dcdr(.Q )

Due to the great impact of the operator K o, K3 o to our results for mild solutions,
we present the following Theorem which can be seen as the combination of theorem
3.1, theorem 3.2 and remark 1.6 of [41].

THEOREM 2.2. Let X = LP(RV)(1 < p < o) or X = Co(RY). Then, Z1 (t) and
t1=%s o (t) are bounded linear operators on X. In addition, for we X, t—
Zyo(t), t — 175 o(t) are continuous functions from RT to X.

REMARK 2.2. In fact, although theorems of [41] can be applied for other spaces in
which A? generates a strongly continuous semigroup, in this study, we only focus
on the spaces LP(RM)(1 < p < o) and Co(RY).

We continue the study by introducing some useful LP-estimates for the kernel
K1 o, Kz o by the following lemma.
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LEMMA 2.3. Letp > 1 and k € N be constants such that k <4 — N (1 — %) . Then,

there exist two constants Cy,p, Gr,p which depend only on o and N, such that

[DK1a)]| < Bipla byt (26)
and
alN alN aTk, (27>

[k, <ot e
Lr
Proof. Step 1. To verify the first inequality

In this step, we deal with the term Kj ,(¢,z). In fact, the representation of
Ki o(t,x) and (2.4) together with Fubini’s theorem allow us to deduce

Kia(t.) = 7~ (Eaa(-£°1¢)) () = (207 [

RN

= n [ e ([T e a) ag
RN 0

—en N [ Malg)eee e e agag,

<6 (Boa (—°J¢]) ) d

By setting & = ﬁ(t“()_i, it is straightforward that d¢ = (t“()_% dd and [¢]* =
(t*¢)~1|9]*. Let us denote by

Brly) = /N 9|k ei<u0> e 19I* W, k>0, 2.8
R

By some simple transformations, we find the following equality

0

If we set x(t"()*% = z, then it follows immediately that dz = (tag)% dz. Applying

Minkowski’s inequality in integral form, we have
e} p H
| M0 Fatatee) ] ao)

ol |
[ dx) "

< [Tl Moo Fntater-

I
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It follows that

L ) ( L e EMa0%0 (071 [0t dz) ¢

e (/Omcii’ima(o dc) (/RN \%(z)\pdz)p.

— P
By setting ©,n = ([~ ’%O(z)‘ dz)% and using lemma A.2, we obtain the

=

)

following bound
@p,Nr(% - % + 1) —ol

o T — ey 1)

5 (2.9)

=

Next, let us consider the derivative of Ky o(t, x). It is easy to see that

oo, = ([ 1wt ar) ™

We have a view on the modus of the boundness for the term D*K; (¢, z) as follows:
o)
DErat)] <t [ CEMUOID B0 Dl @10
0
It follows from [J|F < N*—1 Zf;l |0;]* that
N Nk _a 1 4
<NFTYD / (0, F¢H) e HCE o gy
j=1 | /RY

S Nkl |ﬂ|k|ei<ﬂvf>f%<’ie—‘ﬁ“‘ydﬂ. (2.11)
RN

D" By (at2¢) )

Then, by using a new variable z(t*¢)~% = z and some simple calculations, we find
that

/ |19|k|ei<19,w>t_%4_% e_lw‘dﬁ _ @k(z) (2.12)
RN

Combining (2.10)—(2.12),

= (/ ‘DkKLa(t,m)’pdx)
Lp RN

HD’“KLa(t, x)‘

iS]
o
S
N——
=
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Applying Minkowski’s inequality in integral form and noting that do = (t%¢ )% dz,

HD’“KLa(t, x)‘

Lr

0

Due to the condition 1 — % — % + % > 0 and lemma A.2, we obtain

o0 r(1,E,ﬂ+ﬂ)
CEIEM (0=
0 P (=gk—of 1 o)1)

and, together with (2.13), allow us to deduce the following boundness result

HD’“KL(X(t,a:)HL < Gopla, N)t~ T -5

where we denote

N’f—lr(1—§—%+%) RN
G, N) = S / ‘%k(z)‘ dz | .
P(=gk— ol ¥ 1) \Jey

Step 2. Verify the second inequality
The representation of Ko (¢, ) and (2.4) together with Fubini’s theorem imply

Ko.o(t, ) = f—l(ta—lEa,a(—mﬂ‘*)) - ta—l/ emi<éa> (Ea,a(—tam‘*)) e
on

=t (2m) " /RN ei<57w>(/oo Mo (¢) eI ag ) ag

0

_ ot om N [ i<ga> —t¢lel*
t*~ 1 (27) /OaCMa(C)</RNe e dg)dg. (2.14)

By setting £ = 19(1&‘1()_%, we deduce d§ = (to‘C)_%dél and [£]* = (t*¢)~|Y|*. Using
(2.14),

Koot z) = at® ! / C(t°¢) ™ ¥ Mal©) / e <t g .
0 RN
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By a similar argument as in step 1,

(- +14a)

Now, we estimate the derivative of the quantity Kj .. Let us recall the following
formula

I

Km(t,x):t%l*%/o aglf%MQ(g)@o(azf%gf ) d¢.

In view of the boundedness of DKy (¢, ), we have
DMKy o (t,2)] < 1018 / ol Mo (Q)| DB (x(t°0) H)]de. (2.15)
0

It follows from [9]*< N*=1 37V [i;[* that

N
< Nkfl Z
j=1

. _a 1
gN’C*lt*"T"gff/ ||| el et TC 4e*|19|4|dz9. (2.16)
]RN

D¥ By (xt~ 11 1) T Yt R —191* 39
0 n . 15 e e
R

By using substitution x(t”‘{)*i = 7z, the second derivative with respect to x of
Kz o(t, z) is estimated by

1

P P
_</ ’DkKQ,a(t,x)‘ dz)
Lp RN
<Nk—1</ potstt (oot [
RN 0 RN

X exp (i<ﬁ,x>t—%g—%) e—lﬁl“‘dﬁdg ’

p P
da:)

HD’“KQ,a(t, x)‘
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T [ aMa ()¢

:Nk—l /
RN 0
< NF—1pos 1a4Nak</ ‘/ aM,(Q)C TR k(z)dC’pdx>
RN

Applying Minkowski’s inequality in integral form, we find that

=
o,
S
N——
=

HD’“KQ}Q(t, x)‘

Lr

:Nk—1a</m )%kw)pdz)pta”w N /OOO ¢ ML (O dc.
(2.17)

Let us continue by computing the integral term on the right hand Slde (RHS)
of (2.4). Indeed, using lemma (5.2) and noting that 2 — ——i—— —%>0, we
immediately derive

N r(o_ NN _&k
/C“**@—wa(c)dcz C-f+i-4) L (218
0 r(1+a-2f ¥ - af)

Combining (2.17) and (2.18), we find that there exists € ,(c, N) such that

<k (/]RN ‘%k(z)‘pdz> )

N N k
OZI‘<2—I+@—1)

F(lJrozf%Jr%*%k)

HD’“KQ,Q(t, x)‘

X

We end the proof here. O

REMARK 2.3. Let us state some comments on the assumptions of the above lemma
as follows.
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(i) When p =1 the assumption k <4 — N(1 — %) implies that we can take k
from the set {0,1,2,3}. In addition, when p =1 and k = 0, from the facts

that ©1 8 =1, %5y <T'(2) =1, we can bound %}, and %}, by 1.

(i) When k =0, the assumption becomes (1 — %) < 1. This assumption is
always satisfied whenever N < 4. On the other hand, when N > 5, we need to
consider the condition that p < % further, if we want to apply this lemma.

(iii) When %k > 1, we have a certain restriction on the hypothesis for p. For
example, when N = 4 the hypothesis 1 < p < % implies that p € {1,2,3}.
In short, when using lemma 2.3, the larger £ and dimension N, the more
restricted on the amount of p.

REMARK 2.4. From [23, proposition 2.1], we can bound ©, y by a constant Oy
independent of p. This fact will be needed when we set up some linear estimates.
2.2. Space setting

DEFINITION 2.4. Assume that a function Z:RT U{0} — RT U {0} is increasing
convex, right continuous at 0 and

lim =(z) = co.

Z— 00

Then, we define the Orlicz space L=(R) in the following fashion

LERY) = {go € LIIOC(RN);/ = (Mxﬂ) dz < o0, for some k > 0} .
RN KR

REMARK 2.5. The Orlicz space LZ(R”Y) mentioned above is a Banach space,
endowed with the Luxemburg norm

lell= —inf{ff > 0;/RNE ('“Of)) do < 1}.

REMARK 2.6. Let 1 < p < 0o, by choosing Z(z) = 2P, we can identify the space
LZ(RY) with the usual Lebesgue space LP(RY). For the sake of brevity, we set

Il ey ra = Il oo ynLaeny s Py @ € [1500].
(RY) (RY)

DEFINITION 2.5. Let 1 < p < oo, in the rest of this study, we use the symbol
LZ(RY) to indicate the Orlicz spaces with Z(z) = el*I” — 1. We also denote

||'||Lq+5 = H'HLq(RN)mLE(RN)a q € [1;00].

DEFINITION 2.6. Let 1 < p < co. We define the following subspace of L=(RY)

L3 (RY) = {cp € Llloc(]RN);/ = <M> dx < oo, for every k > 0} .
RN K

= N
REMARK 2.7. It can be shown from [25] that L5(RY) = CgO(RN)L =
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Well-posed results for time-fractional biharmonic equation 1003

From the previous definitions, we can note that the Orlicz space is a generaliza-
tion of the usual Lebesgue space. Let us introduce some of the useful embeddings
between Orlicz spaces and Lebesgue spaces that we will need in our main results
section.

LEMMA 2.7. For every constants p,q satisfying 1 < p < g < oo, the embedding
LE(RN) «— LYRN) holds. In addition,

1

lellzo < 7 (2 41)] " el (2.19)

LEMMA 2.8. Given 1 < q < p, we have LY(RN) N L>*(RN) — LFRYN) C L=(RY).
In particular, for any ¢ € LY(RN) N L>(RY) the following bound holds

;1
lellz < (log2) > [llellLe + llellpe] -

LEMMA 2.9. Let p > 1 and o € (0,1). Then, we can find constants €1, 62,5, 6=
such that the following results hold.

(i) Suppose that h € [1,p] satisfies h > N/4, for any ¢ € L"(RY), we have
-1
—aN —aN\17
1Z1,0(t)ols < Gt log (1+¢75)] 7 Jlollya

—1
—aN —aN\|"p
1Zaa(t)ols < Gont 5 [log (1+¢75)] 7 Jlollya
(ii) For any ¢ € L=(RYN), we have

1Z1.0(Oellz < llelzs  1Z2at)ellz <t el

Proof. Firstly, by using Young’s convolution inequality, there exists a constant ¢ €
[1, 0] such that

”Zz}a(t)@HLp < HKz}a(t)”Lq ||30||Lh . (2.20)

Then, thanks to lemma 2.3, we have

_ 1
) (ol

_ a@NF< —% (%_%>)t731v(;,;)

h
r( _M<;_l>) 7 el pn -
T \n " p

We can show that the constants on the RHS of the above estimates can be
bounded by two constants 4} p, 65,5, that are independent of p, respectively. In fact,
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by properties of the Gamma function when 0 < % (% — %) <l< 20, we obtain

N\ -—anv(1i_1
||Z1,a(t)(p||Lp < @NF <1 — 4h> t 4 (h p) ”(p”Lh .

On the other hand, the Gautschi inequality implies

e b G e

It follows that

We are now ready to verify our main statements. Because the techniques are the
same, we will present only the proof for the second one, Zs (t)p. We note that for

j=1
11—« R ”J(l—i) M —aN Pj
|80 Zs a7, < €573 ol < ¢F [Gont 5 ol ]
Then, the Taylor expansion of the exponential leads us to
1— p o) 1—
/ [exp<‘t “Zoo(t)p()] )1] T o Ui MUl g
RN kP . ]![QP]
J=1
PJj
s & |Gent ]
<tT
|[{p‘7
j=1
—aN p
ot o (B Y]
K
(2.21)

Next, assume that the RHS of the above estimate is less than or equal 1. Then, we
can easily find that

=1

Gont 0 [log (14475)] 7 Jellyn < s

In view of (2.21), if we set

dim {0 [ oo (05 ) gy 1),

-1
B {H > 0%, [log (1+¢75)| 7 gl < n},
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the cover result B C A holds. This implies that

inf A < inf B = €yt i [log (1 +t73N)] 7 ol pn -

We obtain the first results of this lemma. To prove the remaining result, we only
need to modify slightly inequality (2.21) in the following way

|10 2 o (£) ()| (|17 Za 0 (D2 s vy
/RN lexp ( pr — 1| de = Z TTrep

j=1
< [ll %, P
®Y) _ el \*
s Z glkpi eXp ( K L
Jj=1
Then, our statements follow. [

PROPOSITION 2.1. Assume that ¢ € L5(RY). Then, we have
Z1,4(t)p € C ([0,T]; L (RY)) .

Proof. Since p € L5(RY), there exists a sequence {®, }nen C C5°(RY) such that
©n converges to o with respect to L=(RY) norm. This implies that, for any ¢ > 0,
Z1,o(t)pn will converge to Zq o (t)p. Indeed, by applying lemma 2.9, we have

n—oo

1Z1,0()pn — Z1,a()elz < llon — ¢llg — 0.
By taking two number t;,t5 > 0, the triangle inequality implies
1Z1,a(t2)p — Z1,0(t1)ell =

< |‘Zl,a(t2)§0n - Zl,a(tZ)‘PHE + HZl,a(tl)‘Pn - Zl,a(tl)@ng
+11Z1,0(t2)pn — Zlya(tl)@nua .

Combining lemma 2.9, the definition of L5(R™) and the application of theorem 2.2
for LP(RY) and Co(RY)

limg, ., ||Z1,a(t2)90n - Zl’a(tl)‘pnnm =0, ¢n€ CSO(RN)7
hth_’tl ”Zlﬂ(t?)(pn - Zlﬂl(tl)@n"[,oo =0, vn€ Cgo(RN),
and

limy, — oo ”Zl,a(tl)@n - Zl,a(tl)@HE =0,
llm’ﬂHOO ||Zl,o¢(t2)90n - Zl,a(tQ)QPHE =0.

Consequently, by an appropriate choice of n, the desired conclusion of this
proposition can be drawn easily. O
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3. Time-fractional biharmonic equation with exponential nonlinearity

In this section, we investigate the IVP for the time-fractional biharmonic equation
with exponential nonlinearity

(0, z) = up(x), in RV, (P1)

{agltu(t,x) + A2u(t,z) = G(u(t,z)), in R+ xRV,
with the following assumptions of the initial function:
AsSUMPTION 1. The initial function ug belongs to LP(RY) N Cp(RY).

ASSUMPTION 2. The initial function ug belongs to L=(RY) or L5 (RY).

3.1. Unique existence of mild solution under the first assumption for
the initial function

In this section, we investigate problem (P1) with the assumption that uo belongs
to the space LP(R™) N Cp(RY).

THEOREM 3.1. Assume that ug € L=(RY) N Co(RY). Then, there exists a unique
solution of problem (P1) that belongs to C ((0,T]; L=(RY) N Co(RY)).

Proof. The proof is begun by fixing a constant & > 0 and choosing a small time

T < 7/ a%f17 where 3 is defined in (3.7). Next, we consider the following space

A= {u eC ((O,T];LE(RN) N C’O(]RN)) ; sup |lu(t) — Zlya(t)u0||L°°+E < %} ,
te(0,T]

and the operator # : A — A given by

Fult) = Zna(thuo + /0 Tt — )G (u(r)) dr. (3.1)

By Young’s convolution inequality and lemma 2.3, we have

Then, for every u € A, the following estimate holds

/ K o (t, —y)uo(y) dy
]RN

Lo

= [Kual®) < uo|, . < IKsal®)llz@mluollz= < ol

[ Lo 2 < 1210 ()to]| g sz + [ult) = Zra(t)uoll o 4=

<2(log2) 7

|[uol| ey = + S =1 0. (3.2)
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Our main goal is to prove that the integral equation (3.1) has a unique solution by
the fixed point argument. To this end, we present the following two steps.

Step 1. From (1.2), for any v € A and ¢ > 0, we deduce

(3.3)

G(u(t o < Llu®)]|"s erllu®IF o < L3™ erSh
G (u®)l, s m ,
1G] < L (D[ 1O < LI & SE (Krm + 1))

where we have used lemma 2.7 to achieve the second inequality. It follows that
|G o = < (1082) 7 [ GO Loy 1o + 1G@E)]]
<L (24 @0m+1)7) 37 (10g2) 7 "%,

In addition, by using lemma 2.8 and applying theorem 2.2 with respect to the spaces
LP(RY), Co(RY), for any 7,t € (0,T], we deduce

1% o ()G (u(T)) € C ((0,T]; LZ(RY) N Co(RY)) . (3.4)
Next, by taking a positive number h and r € {t,¢ + h}, for any ¢ > £, we obtain

(t+h—1)"1! ||(r — 7)170‘2270(1" — 7')G(u(7'))||LOCJrE

< (t =7 TG () poeyz < CE =)

Then, applying the Lebesgue dominated convergence theorem,

/Ot(t +h—g)e! {Z“‘(f thom) _ Zaalt- T)} Gu(r)) dr

Cth-rat  (t—r)at =0

Lo+E

lim
h—0

(3.5)

On the other hand, using the fact that limy_¢ |(t + h)® — h® — %] = 0 and (3.4),
we further find that

/t [(t+h =& = (t—=€)"] Loo(t+h—7)
0

Gt h—r)pd G(u(r))dr

=0.
Le+E

lim
h—0

(3.6)
For the purpose of proving that the integral term on the RHS of (3.1) is continuous
on (0,77, we also need the upcoming fact
t+h b0
/ |Z2,o(t +h —T)G(u(T)) dT||LOQJFE dr < Ch® 2= 0.
t
Taking into consideration the above limit results and applying theorem 2.2 to ug €
LP(RN) N Co(RY), we can claim that Zu(t) is a continuous mapping on (0, .

Step 2. By using the Hélder inequality, for a constant X € [1,00) and uj,us € A,
we have

1G(ur (7)) = Guz(7))|l Lo

o [ (1) = wa ()l

1| T ot emor
j=1,2
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Since the embedding L=(RY) < L4(RY) holds for any ¢ € [p,00), and u;(7) €

Co(RN)(j = 1,2), the above inequality becomes
R(m — 1) =
1 m — P
I6ua(r) = Glaar)l,, < 2000+ )% (1 (S 1))
X S5 e Ju (1) — ua(7)|z -
On the other hand, it is a simple matter to check that

1G (ur(7)) = Glua(M) e <L | D Nuy(mlg=t e O |l () — ua(7)] o

=12
< 2L e S0 |Juy (1) — ug ()| oo -

The two above results help us to deduce

G (u1 (7)) = Guz(7))|| ooy =
24 (MR 4 1)) (F (W X 1>>n&1

x (log2) 7 S7 1 eS8 [|uy (7 7) = u2(7) || oo 4 =

=: Q1 [lur(7) — w2 (7)l| poo 45 - (3.7)

< 2L

| S

Also, lemma 2.3 shows us that

From this result and lemma 2.9, we find that

on K2,o¢(t —T,T — y) [G(ul (7-7 y)) - G(uQ(T’ y))] dy

< Kzt =7 2)[ 1@y 1G(ua (7)) = Glua(7)) [ L
< (t =) |Gua(7) = Glua(m)) ]| o -

[,

[Fur(t) — Fua(t)]| o 4= < /0 1Z2,a(t = 7) [G(ur (7)) — G(ua (7))l poo 4 = AT

< / (t = 7)* 1 |G (ur (7)) — Gluz(r)) o = T

TS
< sup |[ur(t) — u2(t)||peo = -
QO te(0,7)

By choosing us =0 and u; € A in step 2, we derive

P TS N
sup | Fus(t) — Zya(t)uoll o = < sup [Ju(t)[| 2 < S
t€(0,T] QO te(0,7)
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This result along with step 1 show that .# is invariant on A. Furthermore, it is
obvious that A is a complete metric space with the metric

d(u,0) == sup_[fult) = o)z -
te(0,T]

Therefore, the Banach principle argument can be applied to conclude that .#
has a unique fixed point, which means that there exists a unique solution of the
problem (P1) belonging to A. O

LEMMA 3.2. Letu : (0,T] — L=E(RN) N Co(RY) be the unique mild solution of prob-
lem (P1). Then there exists a unique continuous extension u* of w on (0,7 + hl,
for some h > 0.

Proof. The main idea of the proof is to show that there exists a unique solution of
(P1) which belongs to the space

B:{wec(mJWJmL%Rqu%@ND

w(t) = u(t),vt € (0, 7] }

SUP¢e[T,T+h] llw(®) — U(T)||Loo+5 <S

where 3, h > 0 will be chosen later. To this end, let us consider the function 7 :
B — B, satisfying

Fw(t) =7Z1,o(t)uo + /0 Zo.o(t — 7)G(u(T)) dr.

It is easily seen that for any t € (0,T], # (w(t)) = # (u(t)) = u(t). The continuity
result of ¢ on (0,7 + h] can be drawn by the same arguments as in theorem 3.1.
Our remaining part of proving the well definition of # is to find that if w € B,
supseir,rn) |7 (W(t) — w(T)| ooz < . Indeed, for any t € [T, T + hl, we have

17 (w(®) = w(T)l| ooy = < [Z1,a()uo0 = Zia(T)uoll Lo 4=
(€]

+ /T 1Zs,a(t = 7)G(u(r)) po = d

(11)

+ /OT | Z2.alt = 7) = Zo.a(T - 7) G(u(f))HLME dr.

(ITI)

e Choosing a sufficiently small h; and using theorem 2.2, lemma 2.8, for every
t € [T,T + hy], we can find that (1) < 3.
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e Choosing a sufficiently small hg, for every ¢ € [T, T + hs], we obtain

(I1) <

L(2+@m+1)7) ([u(D)] = = +9)" /ﬂh?(t— o1

(log 2)7 e~ "Dl o0 =+3)" T

<CO[t—T)* —(t—T — hs)?] <

Y

e Choosing a sufficiently small hs and repeating the arguments for (3.5), (3.6),
we can also find that

(ITT) <

wl @

, forevery t € [T, T + hs].

Additionally, ¢ is a contraction mapping on B if h = hy is small enough. In
fact, for ui,us € B, we have

I wi(t) = Fua®)pe iz < /T(t = 1) TG (7)) = Gluz(7))ll ooy 2 dT

Rt
2L |2+ (D(R +1))™ (F (% + 1)) ” }

< _ ~ sup  flur(t) —u2(t)| gy
ah;*(log2)7 (lu(T)]| +3)' ™™ e=rDI+3)" rerrr s o

<L sup  u(t) — U2(t)||L°<>+E'
te[T,T+h]

Thanks to an appropriate choice of hy, £ can be proved to be less than 1.

By setting h = min{hq, ho, hs, hs}, we can now apply the Banach principle argu-
ments to declare that the solution to problem (P1) has been extended to some
larger interval. O

THEOREM 3.3. Let Tiax be the supremum of the set of all T > 0 such that problem
(P1) has a unique local solution on (0,T]. Assume that G satisfies (1.2) and wg
belongs to LP(RN) N Co(RY). Then, we can conclude that Tpax = 00 07 Thax < 00
and limsup, _;— [Ju(t)|| ez = 0.

max

Proof. Arguing by contradiction, we assume that T, < oo and there exist a
positive constant & < oo such that

[ o 4= < S (3-8)

Let {t;}jen C (0, Tiax) satisfy t; 7% Thax. Our goal is to show that {u(t;)}jen
is a Cauchy sequence. To this end, let us take t,,t, € {t;}jen, without loss of
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generality, we suppose that t, < t;. Then, we have
u(te) = w(ta)ll o yz < [1Z1,alts)uo — Zi,alta)toll oo =

ty
+ / 1Zs,0(Toax — 7)G (7)) | oy 7

ta
“
0

ty
“
0

Given € > 0, let us consider some large enough constants j1, j2, j3 defined through
the following steps.

Step 1. Thanks to the property of Z o(t), we can choose a sufficiently large j;
such that

dr

Za.0 (T = 7) = Zaalta =7 G| _

(Za.ats = 7) = Lo (T = 7)) Glu(e))| __ar.

1Z1,0 (tp)uo — Zl,a(ta)u0||Loo_~_E , for any a,b > ji.

=] M

Step 2. For the sake of simplicity, let us set
3" = L(log2) 7 (2 +(C(m + 1)%) gm erY”

and choose a large js such that

EQ

|tj — TmaX| < @, fOr anyj 2 j2.

Then, similar to the proof of theorem 3.1, it is easily seen that

Z b ||Z2’a(TmaX — T)G(U(T))||L°°+E dr < /t b(TmaX — 7')0171 ||G(U(7'))||Loc+5 dr

a a

< o (Jty — Tonax|® + |ta — Timax|®) <

o] o

Step 3. The Lebesgue dominated convergence theorem helps us to find a sufficiently
large js such that, for any j > js,

/ J 11Z2,0(Tmax — 7) = Za,a(t; — 7)] G(u(T))|| poo g AT < Z
0

Now choosing jo = max{j1, jo, j3} yields that

u(ta) — w(ts)l| sz <€, for every a,b > jo.
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Then, there exists a limit of the Cauchy sequence {u(t;)};en in LZ(RN) N Co(RY)
as j tends to infinity denoted by u*. Hence, we can check that

/ ' Zoalt; — )G(u(r)) dr — / " L (T — 7)G(u(r)) dr
0 0

L®4E
< / N Zasalty — ) — Zoy o (T — ) G(u(r)) | oz 7
0

%*(Tmax — t])a j—00

«

+ 0.

It implies that

u* = lim [ZLa(tj)UO + /0 j Zoo(ty — 7)G(u(r))dr

J]—00
Tmax
— Zn (T )tt0 + / Zs,o(Tonae — 7)G(u(r)) .
0

This result helps us to enlarge the solution u of the problem (P1) over the interval
[0, Trnax]- Therefore, lemma 3.2 is available to extend u to an interval that is larger
than [0, Tinax]. This fact contradicts our definition of Tpax. |

3.2. Well-posedness results under the second assumption on the initial
function

First of all, let us introduce the important nonlinear estimate for problem (P1).
To achieve this aim, we need the following lemma about the Gamma function, that
can be found in [22, lemma 3.3].

LEMMA 3.4. For any p,q > 1, there exists a positive constant M such that

[D(pq +1)]% < MT(p+ 1)

LEMMA 3.5. Let u,v € LZ(RY) and V = max{||ul|z, |[v]|z}. Then, for any h > p,
the following estimate holds

IG(w) = G()][gn < GV Y BhaV?Y [lu— vz

Jj=0

Proof. From (1.2), by using Taylor expansion, for any u,v € L=(RY), one has
o0 l{j
IG(w) = G)lln <L T llw =l an
§=0

] -1 ] —1
8 (i N v S O 1 e S TR C X
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where we have used the Holder inequality with % = ﬁ + i + ﬁ By the embed-
ding stated in lemma 2.7, the estimate (3.9) becomes

2LV H(D(3hp~t 4 1))3r
(T@Bh(m — L)p~1 + 1)) 7

xi( -VW 3h]+1)]1h> (3.10)

Jj=0

1G(u) = G|l n <

Hu_UHE

It follows from lemma 3.4 that
[D(3hj + 1)]% < MT (j + 1) (3h)? = M (3h)7j!
Based on the above results, the following approximation is satisfied

2LV UL DV S vy, (3.01)
(P(3h(m — 1)p=t + 1)) =0

1G(u) = G)][n <

O

3.2.1. Local-in-time solution

THEOREM 3.6. Let ug be in LE(RYN) with sufficiently small data and h >
max{p,%}. Then there exists a locally unique mild solution to problem (4.3),

belonging to an open ball centred at the origin with radius € < (3hn)%1.
Proof. Our proof starts with the observation that
1Z1,a(t)uollz < lluollz, >0, (3.12)

where we have used lemma 2.9. In addition, for any u,v € L™ (0, T; L= (RN)) , T >
0, lemma 3.5 implies for a fixed constant i > max{p, '} and t € (0,7) that

/O(t_T)a(l )G u(r)) — Go(m)llpn dr

<6 Y@ [ (00 utr) — o) | M

(ghTa(li%) ) ‘
S a(l-D) lu =]l ez HV”Loo— Z 3hk HV||p<x,_
an =

here we set V(t) = max{||u(t)|z, ||v(t)|z}. Next, for purpose of using the fixed
point principle, let us define the following mapping

Gu(t) = .o (D)o + /0 T alt — )G (u(r)) dr, (3.13)
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which maps a closed ball By (o 7;r=®n~))(0,€) to itself, provided that ¢ < (3hm)_71
and T satisfies

max ﬁav_]\[%ffia,N% B
(o0 )0 T %} (1-2) " e e
a(log2)7 (1 — 3hkeP)

€m71 <

1
ah 2

We first prove the invariance of Bpec(o,7,12®~))(0,€) under the action of 4. Indeed,
the Young convolution inequality and lemma 2.3 imply

. Koot =72 —y) [G(u(r,y)) — G(o(1,9))] dy

S Kzalt = 72)| o [1G(u(r) = Glo(T))ll

h—1

Lo

<G (o, N)(t = 1) H) G lu(r) = G(n) - (3.14)
This result leads us to
190 — G|l oo e < %07#(04,1\7)/0 (t — ) C=3) "1 G(u(r)) — G (r)) || a dr.

In (3.14) and the above inequality, if we take v =0, then from the property of
geometric series, the following holds

|Gu — Zl,a(')UOHLg?LgC

N - a(l-8&) m - j
< %Oyh,’ll (a,N)%h |:(X (1 N 4h>:| T ( 4h/)€ ;(3]1'%613)7

-1
= o, (@, N)C), [a (1 - i\;ﬂ 7o(1=5%) m(1 — 3hkeP) 1.

Similarly, we also obtain the following estimate for the LP(RY) norm

oo
|Gu — Zl,aUO”qung < %o (o, N)Cpa 1 Te™ Z(3hﬁsp)j
5=0

= %o1(a, N)6pa ' T¥™(1 — 3pre?) L.
It follows from the above results that

—1
[Gull pooz < [1Z1,0u0l| oz + (log2) ™
X (ng — Zl,auOHL%oLgo + ||gu - thauOHL%oLg)

e {% (0, N) 6, G (0, N)E, )
a(log2)# (1 — 3heer)

x l<1 - N>1 (=) 4 7o

< luollz +

ah e e
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where we have used the smallness assumption for the initial data function that

2uollz e < (3h/{)_71. Hence, the invariance property of ¢ is ensured. Further-
more, by using analogous arguments and the chosen time 7', we can easily show
that & is a strict contraction on B (o 1;z=®~))(0,€). Then, the Banach princi-
ple argument yields that our problem has a unique local-in-time mild solution in
L (O, T, LE(RN)) and the proof is complete. O

8.2.2. Global-in-time well-posedness results

LEMMA 3.7 (see [14, lemma 8)]. Let m,n > —1 such that m +n > —1. Then

1
sup th/ s™(1—s)m e rt=s)qs T2 ),
tefo,7]  Jo

DEFINITION 3.8. Let X be a Banach space. Then, we denote by Lg%, ((0,77; X) the
subspace of L>°(0,T; X) such that

sup t%e " [lp(t)| x < oo, @€ L35, ((0,T]; X).
te(0,T]

for some positive numbers a, b.

THEOREM 3.9. Assume that the initial function ug belongs to L5(RY) and
m =1. Then, problem (P1) has a unique solution in C((0,T];LY(RN))N

L3, ((O,T]; L%(RN)) for a € (0,1) and some by > 0. Furthermore, if N < 4p,a <
1 aiN
Ty

min{ }, we have

[u@®)llp, < Ot e Jluolls - (3.15)
Proof. The proof starts by handling the nonlinear source term on the RHS of the
first equation of problem (P1). For every u € L%, ((0, T]; Lg(RY)), we can choose
two functions uq, us such that

u(t) = uq(t) + ua(t) Vit € (0,77,
uy (t) € Cg°(RY), vt € (0,77, (3.16)
lus(t)]|= < (3hK2P~1) 5, Vit € (0,T].

For brevity, we set

Cr = sup { sup {|u1(t)| s uy(t) satisfies (3.16)}} .

ueLs, ((0,T):L5(RN)) [ t€(0.T]
Then, for any h € [p, 00),

HG(u(t)) _ G(U(t))”Lh < L H‘U(t) _ ’U(t)| (en|u1(t)+u2(t)|p +en|v1(t)+v2(t)|p)‘

Lh
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Using the inequality (a + b)? < 2P~1(a? + b?) for a,b > 0,q > 1, we obtain

1G(u(t)) = G(o(®)]]

<L H lu(t) — o(?)| (em*’*llui’(t)msu)\ n en2p*|v€<t>+v§<t>|) ‘

h

< Len2p71(g§1

ju(t) — o(p)] (e 1O 4 2O

Lh

Then, it follows from lemmas 3.5 and 2.7 that

G (u(t)) = G(u(®)]n
<C||u(t)v(t)||az<3im2p1[ max { sup w(t)||5}] ) . (3.17)

=0 wefuz,v2} | te(0,T)
Then, by (3.16), the following nonlinear estimate holds
1G(u(t) = G(u(E)pn < Cllult) —v(D)]z- (3.18)

Now, we define the following set

0 := {u € C((0,T); LP(R™)) N Lg%, ((0,T); L5 (RY)) t e |lu(t)||= < oo}

up
T

| s
te(0,T

and a mapping # that maps O to itself, formulated by
t
HuU(t) = Zy,o(t)uo + / Zs o(t — 7)G(u(T))dr. (3.19)
0

Since ug € L5(RY), lemma 2.1 ensures the continuity on (0, 7] of the first term on
the RHS of (3.19). Furthermore, combining (3.18) and the same argument as in
theorem 3.1, we have
Hu— Ty quo € C((0,T]; LP(RY)) .
In addition, for any u € O, J#u is completely bounded in time. Notice also that
uwe Ly, ((0, T); L5 (RY )) Then, the Young convolution inequality and lemma 2.3
imply that
[72u(t) = Z o (t)uol| oo
t
< [ Waalt =G, dr
t

< /0 (t — 7)*(=3) =1 |G (u(r)) || » dr, for h > max {JZ,p} .
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By using (3.18), we obtain

|#u(t) - Zaa(Ouoll . < C sup_|u

s Jut)ls (/ (= () ar)

Likewise, we also have

t€(0,T]

|u(t) — Z1,o()uoll, < C sup |Ju(t)]|= (/0 (t — T)aldT)

=0T sup Jlu(t)]=.
te(0,T]

From two results above, lemmas 2.8 and 2.9,

the conclusion J7u €
L ((0,T]; L§(RY)) can be drawn through the following one

[2u(t)|lz < [1Z1,0(B)uollz + [[2u(t) = Z1,a(t)uollz

<oz + € (72078 +7%) sup Ju(t)]lz.-
te(0,7T]

We note that O is a complete metric space with the metric

do(u,v) == sup e~ [|u(t) — v(t)||=
te(0,T]

The remaining part of this proof is to show that 7 is a strict contraction on O
with respect to the above metric. Indeed, for any u,v € O, we have

t%e b || A u(t) — V)| Loy oo
< /’(t — 1) M | Zg,a(t — 7) [G(u(T)) = G(T)]l| oy oo AT
0
<t e_bt/ (t—7)* |G (u(r)) — G(T) oy AT
0

t
< CdO(va)ta/ T {(t L PR G R IS G NP
0

Using the substitution technique, the latter inequality becomes

(3.20)

the " ||Su(t) — A0t 1o oo

1
< Cdo(u,v)t" / Tl - T)ail o bt(1=7) 47
0

+ Cdo(u, v)to‘(lf%

1
)/ Tﬁa(l o T)a(lfﬁ)fl efbt(lf‘r) dr.
0
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Choosing 0 < a < a < 1 and 4h > N, we use lemma 3.7 to obtain

1
lim sup to‘/ 71— 1) e I 47 = 0,
b—00 1e(0,7] 0

1
lim sup t“(l_%) / Tl - T)a(l_%)_l e =1 qr = 0.
b—00 te(0,T) 0

Hence, there exists a large number by such that the following holds
4 e | Au(t) = A s g < L(0g2) P do(u,0),
where L is a positive constant less than 1. This implies that
do(Hu, 7#v) < LAdo(u,v).

Therefore, 7 has a unique fixed point in O. Therefore, we can conclude that there
exists a unique solution to problem (P1).

Next, let us verify the correctness of the statement (3.15) as N < 4p. Firstly, if
t < 1, we have

1% e | Z1a(Ouoll p < CZ1,a(O)uoll p < Clluoll o < Clluolls -
In addition, if ¢ > 1, by using the Cauchy inequality and lemma 2.9, we obtain
1 e | Zy o ()uoll 1y < C l|Z1,a(t)uoll

aN

=1
<t Jlog (2675)] 7 uoll s < Cluollz

where we have used the assumption that a < %. On the other hand, if u €
L ((0,T]; L5 (RY)) , we can use (3.18) to derive the following estimate

IG @)l < Cllu®)lz-

It follows immediately that

Thanks to the assumption that N < 4p, lemma 2.9 implies

t
t* e ! |u(t) — Zy o (t)uol|,, < Ct° e*bot/ (t — T)a(l—@)—l
0

—1
—alN

x [1og <1+(t—7) : )]THU(T)HLP dr.
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Thanks to the Holder inequality,
1% e [lu(t) = Z,a(t)uoll o

1

<C (tQ“ /Ot(t =)0 )7 fog (14 (1 = 1) 7H )] T 20 g 2bo(t-r) dT) ’

2

([ a=me 0 et e, or)

To deal with the log term, let us denote by 7 the infimum of the set {z > 0: z >
2log(1+42)}. If = > ~, the results will be covered by the opposite case, for this

reason, we only need to consider the case =T > v. As =T > v, thanks to lemma
3.7, the two following claims will be obtained.

alN

Cram 1. If 7 <t — 7%, we have (t — 7)1 < . This one implies that
(t— 7‘)# —4
2 )

10g(1+(t—7)#>> for 0 <7 <t —~on.
Based on the above inequality, one can derive that

tf'yczlé\lf N e ;2
t2a/ (t— T)a(k@)*l {10g (1 + (t— T)T)} P —2a o —=2bo(t—T) §r
0

—4

t—~yaN
< CtQa/ K (t _ T)a(1+%)717_—2a e—2b0(t—‘r) dr
0
) [ N
/ (1 — ) (1 a5) 1720 o=2b0t(1-7) 47 < (3.21)
0

CLAIM 2. On the contrary, if t — r < ’y%, we have
t =2
t2a/ (= T)O‘(l_%)_1 [log (1 +(t - T)#)} PopT20em2b0(t=T) gy
t—yaN

t
< Ct*"[log(1 + 'y)]T2 / (= 7')“(1_%)_17'*2“ e~ (=) qr
=y

aN
%) [ (1-&)-1_-2a ,—2bot(1
<t /(1—7“)0‘ ap) Thpm2a o= 20t(1-7) - <
0

Combining the above results, the triangle inequality and the inequality (a + b)? <
2(a? + b*) we deduce

t
all—+-)— a ,—00T 2
2o (o)}, < C ol +C [ (=)0 8 e Juge)] ] ar

Now, we are in the position to apply the Gronwall inequality to achieve the desired
result

()]l o < CE=" " Juo|z - U
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4. Time-fractional Cahn—Hilliard on the unbounded domain R

In this section, we consider the following time-fractional Cahn-Hilliard on RV

(P2)

Ajpu(t, z) + A%u(t,x) — AF(t,z,u) =0, in R xRN,
u(0, ) = up(x), in RV,

LEMMA 4.1 (see [35]). If 1<b<p<d and ve LY RN)NLYRY), then ve
LP(RYN) where

o 1 o l1-a
lullr < iz~ =+ — (4.1)
We first consider the following linear problem
D(t, €) + [¢%a(t, €) = AF(t,€), in (0,T] x RN, (12)
u(0,8) = uo(§), in RV, '

As in the previous section, by the Duhamel principle, the solution to problem (4.2)
is given by

(t,€) = Baa(—t*[€]*)to(€) +/0 (t = )" Eaya(—(t = 7)*|€[)AF(7,§) d¢ (4.3)

To deal with the source term in the form of AH, we have to do some revisions
to the generalized formula of solution. Applying the fact that %( fx)*xg(x)) =
(£ f(2)) * g(2), we immediately have that

AZi o(t)v(z) = A(Ki7a(t,x) *(t, x)) - (Av(t,x)) «Kyalt, )

- AKi,a (tv T — y)'U(t, y) dyv 1= 17 2.
RN

Next, we show that u satisfies the following equality
t

u(t,x) = Zy,o(t)uo(x) + | AZgo(t — s)F(u(s,x))ds.
— 0

ﬂl(t,w) ](t )
2(1,T

Using (2.2), we infer that the Fourier transform of the first quantity (¢, ) is
given by

T (4,6) =Ky g #ug = Ky oli = Eo 1 (—t[¢]))a0(€).
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It is not difficult to verify that the Fourier transformation of the given second
quantity S (t, z) is as follows:

¢
To(t,€) = /RN e_i<5’x>/0 AZs o(t = T)F(u(r,2)) dr dz

- /0 (/RN e ISET>K, o (t — T)AF (u(T, 7)) dx) dr

= /0 f((AF(u(T, m))) * Ko o(t — T, x)) dr

:/ Koot — 7,&)AF (u(r, z)) dr

0

where we have used the formula F(f % g) = ]?ﬁ, and from the following fact

Koot —7,6) = (t — 1) Equ( — (t —7)%]%),

we arrive at the following equality

Talt,€) = / (t = )7 Fa o~ (t — 5)°1¢[ )BT (u(s, €)) dE.

We establish the local well-posedness of solutions for problem (P2) with small initial
data in RY by using Kato’s method (see [29]). More precisely, our main result in
this section can be stated as follows.

THEOREM 4.2. Let o > % and € > 0 be a sufficientl y small constant. Assume that

et -
luoll an glggz (2)] = A

Then, problem (P2) has a unique solution u(t,x) on the strip
‘@To = {(t,.’L‘) 0<t< Ty, x ERN}

such that

Here Ty is given by

. al'(a/2 + 1) g
Tbérmn{1»< (&NL%Q ‘ﬁ)AF(S)(@/m>

X( al(a/2 +1) 5
4( o ‘,@2 )|dz) AT (3)

2

(4.5)
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In addition, for each partition 0 < t1 <ty < --- <ty <t < Ty, it holds the follow-
g estimate
_ak
HDku(t)”Loo < (titk) 4 Qk’(gaaatkftht*tk)a tk <t<TOa

where Qy is a conlinuous increasing function of t — ty.

Proof. Let us consider the following integral

u(t,x) = Kiolt,x —y)uo(y) dy + /0 /RN Koot — 7,2 —y)F(u(r,y)) dr.

RN
(4.6)
First, we show that for Ty defined by (4.5), the integro-differential equation (4.6)
admits a unique continuous solution wu(t,z) on the strip Pr,. We apply the
successive approximations method given in [29]. Let us consider the following
sequence

vo(t, ) = uo(x),

o (t,x) = /RN Ki,o(t,z —y)uo(y) dy
+ /0 - AKs o(t — 7,2 —y)F(vp—1(T,y)) dy dr (4.7
= Zlya(t)U()(.’E) + / AZQ’a(t — T)F(’Unfl(’r, LC)) d’T. (48)
0

It is easy to see that v, is well defined on [0,00) x RY. For n = 0, we have imme-
diately that ||vg||pe = ||uo||L= < &. Thus, we apply inequality (2.9) for p =1 to
derive

_ (IRN ‘%O<Z)‘dz)r(1)<1

< ) 4.9
L1(RN) (1) (4.9)

100

where we have used the fact that [p ‘@dz)‘dz = [~ ’fRN ei#? o= 191" q9|dz = 1.

Now, we apply induction method to show the following inequality

losllpy, = swp  |uto) <28, j>1. (4.10)

(t,x)eI T

For n = 1, we recall the result based on the Young convolution inequality and (4.9)
as follows

K1,a(t, -—y)uo(y) dy

-
RN Loe

<Ky o)l @) lluolze < luollze <& (4.11)
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Let us continue to verify that

t
AZs ot = 7)F(vo(7, ) dT
0

Lo

t
/ AK2,a(t -7, — y)F(UO(T7 y))dy dr
0 JRN

[

dr
LOO

/RN AKz,a(t — 7,2 —y)F(vo(7,y))dy

t
< / 1AKs ot — 7, 2)| 12 | F (o (7, ) | =
0

1023

By taking p =1 and k = 2 into inequality (2.7), we obtain the following bound

immediately

(f]RN ’@g(Z)‘dZ)I‘ (

HAKQ,a(t,x)H = HDQsza(t,x)]

<
L1(RN L1(RN) r(1+%)

which combined with the condition

[F(vo(s, )|l <A sup |vo(t, @),
(t,x) €S

imply

/o AZs o(t — ) F(vo(s,x))ds

Lo

< (f]RN P(2) dz).AF (3) wp |vo(t,x)|/t(t—3>a/2_1
0

d (1 T %) (t,z)EF
(Jos [2)|d2) AL (3) gyer

r(+32) a
_ 4(fRN ‘@2(2’)‘(12:)_,411 (%) |T0‘a/28
h ol (1+9)

2&

X

<€

Estimates (4.11) and (4.14) yield that

sup o1 (t,2)| < || Tra(®uof| _ +
(t,z) €S Lee

<EHE=2€,
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where Tp is given by (4.5). Let us assume that sup; ;e [vn(t, )] < 2E, n > 1.
Then for any (¢,x) € .7, it follows

Vg1 (t, )] <

/ Ky ot — y)uo(y) dy
RN

Lo

t
+ / AKs o(t, v — y) F(vn(7,y))dy dr
0 RN

Lo

< [[Kialt, 2)]| 1 g luoll o
t
[ 18K, s |0 )] 7

(Jin [Z2(2)]az) AT (3)

t
<E+ sup |un(t, 1:)|/ (t— T)a/Zfl dr
0

r(1+%) (t,2)E S0
L 1 fun [Ba(2)|a2) AT (3) |ToJ2¢ e
= ol (1+9) S

; Bo(2)|dz E o/2
where it follows from (4.5) that W lﬁQ(ai“‘(le)rgl;(g)lTO‘

is true for j = n and, by induction, we deduce that (4.10) holds for any j > 0.
In the following, we show that the following estimate holds for 5 > 0

< 1. The latter inequality

sup [vj41(t,) — v;(t, 2)| < (4.15)

SCRN N(%Y+2+1)

where C, is given by

C. = 4(/RN [@a(2)|az) Ar (;’) ma (i %) . (@16)

Indeed, for j = 0, using (4.12) and (4.13), we find that

sup ’vl (t,z) — vo(t, m)‘ < /Ot AKg o(t — 7)F(vo (T, x)) ds

z€RN

s

t
< / | AKs (¢ — 7, 2)l| 1 ey | F (w07, 2)) e
0

By (2)|dz 3)
< QS(IRN ‘F(%Z(_:‘;)AF (2) /0 (t—7)/2 1dr
45t“/2(fRN ‘@g(z) dz)AF (3) ta/2e,
B ol (1+3) S T(a/2+1)

https://doi.org/10.1017/prm.2021.44 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.44

Well-posed results for time-fractional biharmonic equation 1025

which means that (4.15) holds for j = 0. Suppose that (4.15) holds for j < n — 1,
where n > 2 is a positive integer. From (4.8), we find that

sup

U (t, ) — v (¢, x)’
zeRN

oo

/Ot AKsg (t —7) (F(vn,l(T, x) — F(vp—a(s, :1:)) dr

< /tHAKQ,a@_T,x)\
0

HF(vn,l(T, x) — F(vp—a(T, a:)HLOO dr

LY(RN)

25([}1@’ Bo(2) dz)AF (2) oot

S F(lJr %) /0 (t—1) [|[vn—1(T,.) = Vn_a(7,.)| Lo dT
25(I]RN @2(2}) dZ)AF (%) t (t—T)a/271(Cat%)n71

) r+s) / Ng-g+n #an

Noting that T'(a)) < 1, we observe the following:

TheRHSof(4.17)

2 fo |Be(2)|az) AT () g /t(t a

- r(1+9) F(%—%JFU 0

% [B@)ACE) eyt r(a/2ren 1)
- r+g) L5 -5 +1) M+

_ 22 E( fox |Pa(2)]dz) A0 (3) o (Cat®)

X 1‘\(1_’_%) 1—‘((127”"‘1) \m’

where in the last inequality, we have used from (4.16) that

2F(a/2)5( Jion \%(z)\dz)ﬂ (3)

< C,.
r(1+%)

By the induction method, we derive that the estimate (4.15) holds for any j > 1.
It follows from (4.15) that

lvj+1 — Uj|||g-T0 = sup |vja(t, @) —vi(t, @)
(t,)€Pr,
Cot2)it! T2 )i+t
< sup (Cat?) = (?0) . (4.18)

o<ty D(Z +$+1) D(Z+¢+1)
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Since (4.18), we deduce that for m > n

lom = vnllgny, = S0 |om(t,2) = valt,2)| < D [os4a(t,2) = vyt )|
(t,x)€ P, j=n
m 2yt
22: a + FeTs (4.19)
In the next step, we claim that the infinite sum > 2 =1 15(277317%%)2:1) is convergent. Due
to the definition of T as in (4.5), we find that TO‘/2 al(a/2+1)

4([an [#2(2)|d2) AD()T (@0/2)
By relying on (4.16), we can easily achieve that

ey < (s [ [l ar (3) uraay) < ()"

Since a > 1/2, we know that aj + a+ 1> 2 for j > 1. Due to the fact that the
function I'(z) is increasing for z > 2, we find that I'(aj + @ +1) > '(2a+1). It
follows from (4.20) that for m >n > M

1 " j+1 1 o~ Qi+l
vatx)—vntxHLw\mZ() <mz(§)

Jj=n j=M

S@eo a)r2(2a D) <§)MH :

Now, given any e >0, we can pick M, depending on e, such that
m(%)M“ < €. Some of above observations allow us to conclude that
the sequence {v,,} is a Cauchy one in the space L>(R"). Therefore, there exists a
function v(t,z) which is the limitation of the sequence {v,} on the strip Pr,.
It is obvious to see that v is a continuous solution of the integral equation
(4.6) on the strip Hr,. Next, we examine the regularity of the solution u. We
only need to derive the following estimation. For each 1 < k< L, n > 1, there
exists 2 which is a continuous increasing function of ¢ — t; such that, for each
0<ty <ty <--- <ty <t<Ty, the following estimate holds true

1 D* v, (8, @) || e < (E— 1) F Qu(E, oty — tr, t — 1), ti <t < Tp.
From formula (4.8), we find that
Dy (t,x) = DZy o(t — t1)vp(t1, x)

t
D?’ZQ,a(t — T)F(’Unfl(’r, l’)) dT, tl < t < To. (420)

ty
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This implies that

sup ‘Dvn(t,x)’ < sup ’DZlya(tftl)vn(tl,x)‘

z€RN zERN
¢
+ sup / D37 o(t — T)F(vy—1 (1, 2)) dT
z€RN | Ji;
= sup ’D(Kl_a(t — 1, x) * vn(tl,:c)) ’
zERN ’
(1)
t
+ sup / |D3227a(t—7)F(0n,1(7’, z))| dr. (4.21)
z€RN Jity

(1)
Using the fact that - (f(z) * g(z)) = (%f(:c)) * g(x) and thanks to lemma (2.3),
the term (I) is bounded by

(I) = sup ‘D(KLa(t*tl,x) *vn(tl,x))‘ - HDKl,a(tftl,.) *vn(tl,.)H
TeRN

< ||DK17a(t — fil, ')”Ll(RN) H’l}n(tl, ~)||L°° g 25%111(04, N)(t - f;l)i% (422)

Lo

Using (4.4) and the second part of lemma (2.3) with p = 1,k = 3, we find that the
term (I7) is bounded by

(ID) < [ [|D°Zoalt = 1)F (wnor(7.2))|] o dr

ty
t

</t HD?’KQ,Q(?:—T7.)HL1(RN)HF(U,L,1(T7.))||Loo dr
1

t
<A sup Up_1(t,x / HD3K alt—T,. ‘
(t,2)€[0,TH] xRN | 1)l t1 2 ) L'(RN)
< 28AGs 4 (o, N)/ (t— 7)o T R dr = 85“43’—1(0‘7)@ —t)%.
t o
(4.23)

Combining (4.21), (4.22) and (4.23), we deduce that there exists 2; which is a
continuous increasing function of ¢ — ¢; such that

sup ‘Dvn(t,x)‘ S(t—t) T 208 ot —ty). (4.24)
z€RN

From formula (4.8), we find that

D?v,,(t,x) = D*Zy o(t — t2)v,(t1, 2)

t
—+ D4ZQ_’04(t — ’7')}71(1}774,1(7'7 1’)) d’l’7 tQ < t < To. (425)
ta
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By a similar argument as above, we find that

sup ‘D%n(t,x)‘ < sup ‘DQZLa(t—tg)vn(tg,x)‘

z€RN zERN
¢
+ sup D4Zg,a(t —71)F(vp—1(1,2))dr
TeRN to

< HDQKLQ(t—tQ,.)’

n t I o
I TSI

t
+/t HDSKgya(t—T,.)HLl(RN)HDF(Unfl(T,.))HLoo dr
2

<2861 (a, N)(t —t2) "% 4 (128* + 1)G3.1(, N)
t
x [ 2, a,7—t)(r—t)7T (t—7)T dr, (4.26)

to
where it follows from (4.24) that
[DF(n-1(7, )| oo < 13071 = |z [ D(0n-1(7, )| L
<1282 + 1) (1 —t) T 21(E, a7 — t1).
Now, we handle the integral term on the RHS of expression (4.26). It is noted that
(r— tl)Ta < (to — tl)_Ta for any T > t9, and we find that

t
(& a7 —t)(r—t) T (t—7)T tdr

to
t
ée@l(f,a,tg—tl)(mftl)%”/ (t— )i tdr
to

where we recall that 27 is a continuous increasing function of ¢ — t;. Therefore, it
follows from the latter above estimate that

t
/ Di(E ot —t)(r— ) F(t— )i dr
ta

< 431(5,0&,752 — tl)(tQ — tl)%a
b o
Combining (4.26) and (4.27), we arrive at

(t — tg)/4 (4.27)

sup ’Dzvn(t,x)’ < Do(E ity — by, t —ty)(t —ty) " 2,
rERN

where

QQ(E,a,tg — tl,t — tQ) = 25%271(Q,N)

—o

N 421(E,a,ty —t1)(ta — t1) 3

- (t — ty)3/4,

It is easy to verify that 25 as above is a continuous increasing function of t — t5.
By a similar way as above, we can verify that 2}, as above is a continuous increasing
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function of ¢ — t; for any k is a natural number such that k > 2. This completes
our proof. O
Appendix A.

DEFINITION A.1. Let a be a complex number Whose real part is positive
The Gamma function can be formulated as I'(a) =

O

type function M, is given by M, (z) = Zj 1 m

LEMMA A.2 (see [13, proposition 2] or [31, Appendix F]). Let a € (0,1) and 6 >
—1. Then, the following properties holds

re+1)

> > Y
My(v) =20, Vv>=0, and / Mo o 11)

Vo> —1. (A1)

ProrosiTiON A.1. Let a,b > 0 and g > 1. Then the following inequality holds
(a4 b)P <2771 (a? +b7).

Proof. From the fact that ¢(q — 1)29=2 > 0 for any z > 0 and ¢ > 1, we assert that
the one variable function f(z) = z9,¢ > 0 is a convex function. Tt follows that

f <Z£/[_1 ak) < lecw:l f(ak).
M M

This one gives us the desired result. O

LEMMA A.3 (Young’s convolution inequality). Let p,q,r € [1,00] such that

11 1
14-=-4-
r P q

Then, the inequality ||uxv||,. < ||ull, || . holds for every u € LP(RN) and v €
LY(RN).

LEMMA A.4 (fractional Gronwall inequality). Let m,n be positive constants and
¢ €(0,1). Assume that function u € L°*(0,T] satisfies the following inequality

u(t) <m+ n/t(t — 1) Yu(r)dr, for allt € (0,T),
0

then, the result below is satisfied

u(t) <mE¢; (nL(()t°).
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