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On the Discriminants of the Powers of an
Algebraic Integer

Stéphane R. Louboutin

Abstract. For a an algebraic integer of any degree n > 2, it is known that the discriminants of the
orders Z[a¥] go to infinity as k goes to infinity. We give a short proof of this result.

In this note, all algebraic numbers and number fields that occur are supposed to be
contained in C. Let
0#Dy= [] (aj-ai)’eZ
1<i<j<n

be the discriminant of the minimal polynomial
He(X) = X" —a, X" 4+ (-1)"ag € Z[X]

of an algebraic integer « of degree n where a4, . .., a, are the conjugates of «, i.e., are
the n distinct roots of 1, (X).

The present Theorems 1 and 3 follow from [Dub]. However, we feel that the short
proofs presented here may be worth reading.

Theorem 1  Let € be an algebraic unit that is not a root of unity. Then |D | tends to
infinity as k tends to infinity.

Proof Since Q(¢) has only finitely many subfields, by considering subsequences if
necessary, we may assume that k € {k > 1,Q(e¥) = K}, where K is a given number
field. Set m = (K : Q) > 2. Since e is not a root of unity, the e¥’s are pairwise distinct
elements of the unit group Zg of the ring Zx of algebraic integers of K. Therefore, it
suffices to show that for any given A > 0 the set X = {1 € Zg;Q(#) = Kand |[D,| < A}
is finite. Let K be the normal closure of K. Let 05,1 < i < m, be the embeddings of
K in C, with ,, = Id. Hence, 0;(K) < K. Let S be the set of places of K above the
rational primes less than or equal to A. Set Y = {5 « Zz;n — 1is a S-unit of Lz}
By Siegel’s theorem, Y is finite. Now, let # € X. Then 0;(#) — n divides D,, in Zg for
1<i<m-1 Hence, 0;,(1) — 4 is a S-unit and so is each 0;(#) /5. Therefore,

01(’7)’_“’ Om—l(ﬂ)) cyml
n n

is well defined and ¢(5) = ¢(#’) if and only if #’/# is invariant under the action of

all the ;s, hence if and only if " = +#. Therefore, X is finite and #X < 2(#Y)""!. m

gneX — ¢(n) =

Received by the editors May 13, 2019.

Published online on Cambridge Core May 22, 2019.
AMS subject classification: 11R04, 11R29, 11J86.
Keywords: discriminant, algebraic integer.

P

https://doi.org/10.4153/50008439519000274 Published online by Cambridge University Press @ CrossMark


http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008439519000274&domain=pdf
https://doi.org/10.4153/S0008439519000274

482 S. R. Louboutin

Lemma 2 Let 3 + 0 be an algebraic integer in a number field K of degree m > 1. Let
01> ..> 0, be the m embeddings of K in C. Assume that f3 is not a root of unity. Set
pi = |ok(B)| and assume that p; > -+ > pyy. Then

Fe(B) = [T Io()" >1.
Moreover, Fg () > |NK/Q(ﬁ)|mTfl.

Proof We have [Ti%, p; = [Ng/g(B)| > 1and

w-(fi f? I (pusifpmsn)! (m odd),
Fg(p) = pi X 1 ‘
- (0208 ) " T (e ifpaga )T (m even).

Since py > p; for k < I, we have Fx () > |N]K/Q(/3)|m7_] > 1. Moreover, Fx(B) =1
would imply p; = -+ = p,, = 1 and S would be a root of unity, a contradiction. ]

Theorem 3  Let a #0 be an irrational algebraic integer which is not a root of
unity. Then |D 4| tends exponentially to infinity with k ranging over the infinite set

{k>Lak ¢ Q).

Proof Since Q(«) has only finitely many subfields, by considering subsequences if
necessary, we may assume that k € g := {k > ,Q(a¥) = K}, where K is a given
number field of degree m and ring of algebraic integers Zx. By assumption, m > 2.
Letay,..., 0, be m of the embeddings of Q(«) in C such that their restrictions to K
give the m distinct embeddings of K in C.

We may assume that || > -+ > |, |, where ay = op (at).

By Lemma 2, F (a¥) = Fg(a**)*/* goes exponentially to infinity with k ¢ Ex,
where ky = min Ek. Now,

k_ k k kg k
|D k| = H lovj — O‘j|2 = Fg(a*)? H - “j/‘xi %
1<i<j<m 1<i<j<m

Since oc;.‘/ocf-‘ #1forl < i< j< mandk e Ck, from Baker type estimates there are
effectively computable constants C; > 0, C; such that

[1- oc;-‘/ocﬂ > k@

for1 <i < j<mandk e &k (e.g., see [Gross, Lemma 1] or [Dub, Lemma 1]). The
desired result follows. [ |

In the cubic and totally imaginary quartic cases we have results more explicit than
Theorems 1 and 3; see [LoulO, Theorem 1] or [Loul5, Theorem 9] for cubic units of
negative discriminant, see [Loul2] or [Loul5, Theorem 33] for cubic units of positive
discriminant, and see [Loul0, Theorem 2] for totally imaginary quartic units.
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