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SUMMARY
A major technical challenge in controlling modular and
reconfigurable robots is associated with the kinematics and
dynamic model uncertainties caused by reconfiguration.
In parallel, conventional model uncertainties such as
uncompensated joint friction still persist. This paper presents
a modular distributed control technique for modular and
reconfigurable robots that can instantly adapt to robot
reconfigurations. Under the proposed control method that is
based on joint torque sensing, a modular and reconfigurable
robot is stabilized joint by joint, and modules can be added
or removed without the need to adjust control parameters
of the other modules of the robot. Model uncertainties
associated with link and payload masses are compensated
using joint torque sensor measurement. The remaining model
uncertainties, including uncompensated dynamic coupling
and joint friction, are compensated by a decomposition-
based robust controller. Simulation results have confirmed
the effectiveness of the proposed method.

KEYWORDS: Decomposition-based control; Robust con-
trol; Modular and reconfigurable robot; Friction compensa-
tion; Joint torque sensing.

1. Introduction
With substantial application potential, especially in
aerospace sector, the development of modular and
reconfigurable robot (MRR) is one of the most promising
research areas in robotics.1 Three types of MRRs have been
reported in the literature: self-assembly, self-configuring,
and manual configuring. Self-assembly robots possess the
highest level of reconfigurability because they can detach
from and attach into a robotic system automatically.2–5

Self-configuring robots cannot perform self-assembly, but
they can perform reconfiguration after a robotic system is
assembled with some form of manual assistance. Manual-
configuring robots are in fact modular robots that can be
reconfigured with some form of manual assistance.6 A survey
of MRR systems is discussed in the publication compiled by
Setchi and Lagos.7

So far, reconfigurable systems are developed based on an
ad hoc approach due to lack of general-purpose simulation
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and control techniques. Though such tools are not available,
some groundwork has been done and archived in the
literature. The main concept of developing reconfigurable
robots is based on the use of modular components as
building blocks. For this reason, various modules have been
proposed for reconfigurable robots. However, these proposed
modules are the traditional mechanical components, i.e.,
joints and links. While the reported reconfigurable robots
may represent excellent mechanical design concepts, the
modules of known MRRs are not “modular” from control
systems point of view because of the existence of dynamic
coupling among the modules, which is left to be dealt
with by the controller. Conventional robot control methods
are based on known robot configuration and its associated
dynamic model, with limited allowable model uncertainties
such as unknown payloads.8–10 Even though in theory,
robust control schemes can handle large model uncertainties
caused by robot reconfigurations, they are not practical
because of the large uncertainty that leads to extremely
high feedback gains that cannot implemented due to
limited structure rigidity, computer sampling rate, actuator
bandwidth and saturation, etc. Innovative design and control
methods are in need in order to develop truly modular
and reconfigurable robots. Melek and Goldenberg recently
proposed a neurofuzzy control approach for MRRs, which
uses learning control to compensate unmodeled system
dynamics due to reconfiguration.11 The controller parameters
are updated using a skill module that is a part of the higher
level of the control system hierarchy. While the effectiveness
of this approach has been experimentally demonstrated,
a difficulty may limit its practical application, which is
associated with the initial stage right after a reconfiguration
and before the learning controller has learnt the unmodeled
system dynamics. At this stage, the behaviour of the robot is
not predictable.

Recent development in MRR control includes a position
control scheme of MRR discussed by Melek and Najjaran,
with consideration of external disturbance.12 Varying
payload at the end-effector is treated as external disturbance,
and a mathematical formulation connecting end-effector
tracking error and payload is derived. The dynamic control of
MRR using a virtual decomposition-based control approach
is discussed by Zhu and Lamarche.13

In this paper, a control system architecture is developed
for modular and reconfigurable articulated robots that can
instantly adapt to robot reconfigurations and can control
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the reconfigured robot without having to adjust controller
parameters. A joint torque sensor is embedded within each
module, and the torque sensor measurement is utilized
to automatically compensate for the coupling effect. This
concept is built upon published research results on robust
control of conventional robot manipulators using joint
torque sensors.14,15 However, the known torque sensor-
based approaches use centralized control techniques and
are inadequate for control of modular robots, which calls
for distributed control for each stand-alone module. The
proposed method in this paper stabilizes an MRR joint
by joint, rather than controlling the robot as a whole, and
distributed control is henceforth implemented.

The rest of the paper is organized as follows: Section 2
outlines the dynamic model with joint torque sensors. The
proposed control method is presented in Section 3, and
simulation results are presented in Section 4. Concluding
remarks are given in Section 5.

2. Dynamic Model Formulation

A. Model formulation
We consider an MRR constructed with n modules, and each
module is integrated with a rotary joint with a speed reducer
and a torque sensor as illustrated in Fig. 1.

Similarly as in Imura et al.,14 we assume:

A1. The rotor is symmetric with respect to the axis of
rotation.

A2. The joint flexibility is negligible.
A3. The torque transmission does not fail at the speed

reducer, and the inertia between the torque sensor and
the speed reducer is negligible.

Consider modular and reconfigurable articulated robots
with modules installed in series. Each module provides a
rotary joint. The base module is denoted as the first module.
Modules close to the first module are named lower modules,
and modules close to the end-effector are called upper
modules.

For the ith module, we use the following notations:

Imi : moment of inertia of the ith rotor about the axis
of rotation;

γi : reduction ratio of the speed reducer (γi ≥ 1);
qi : joint angle;

Fig. 1. Schematic diagram of a joint module.

fi(qi, q̇i): joint friction, which is assumed to be a function
of the joint position and velocity;16

τsi : coupling torque at the torque sensor location;
τi : output torque of the rotor;

zmi : unity vector along the axis of rotation of the ith
rotor;

zi : unity vector along the axis of rotation of joint i.

Based on the dynamic equations of a rigid robot
manipulator with n rotary joints and joint torque sensing
derived by Imura et al.,14 we formulate the dynamic equation
of each module. A linearized parametric friction model
proposed by Liu16 is adopted here as discussed later in this
section.

For the base module, i = 1

Im1γ1q̈1 + f1(q1, q̇1) + τs1

γ1
= τ1 (1)

For the second module from the base, i = 2

Im2γ2q̈2 + f2(q2, q̇2) + Im2z
T
m2z1q̈1 + τs2

γ2
= τ2 (2)

For i ≥ 3

Imiγi q̈i + fi(qi, q̇i) + Imi

i−1∑
j=1

zT
mizj q̈j

+ Imi

i−1∑
j=2

j−1∑
k=1

zT
mi(zk × zj )q̇kq̇j + τsi

γi

= τi (3)

The joint friction fi(qi, q̇i) is assumed to be a function of the
joint position and velocity17,18

fi(qi, q̇i) = (
fci + fsi exp

(− fτi q̇
2
i

))
sgn(q̇i)

+ biq̇i + fqi(qi, q̇i) (4)

where fci denotes the Coulomb friction-related parameter;
fsi denotes the static friction-related parameter; fτ i is a
positive parameter corresponding to the Stribeck effect; bi

denotes the viscous friction coefficient; fqi(qi, q̇i) reflects the
position dependency of friction and other friction modeling
errors. The sign function is defined as

sgn(q̇i) =

⎧⎪⎨
⎪⎩

1 for q̇i > 0

0 for q̇i = 0

−1 for q̇i < 0

(5)

The dynamic model is formulated to include Coulomb
friction, static friction, Stribeck effect, position dependency,
and other bounded disturbances. In this model, frictional
memory and rising static friction as discussed by Armstrong
et al. are assumed negligible.17 The friction model parameters
bi, fci, fsi , and fτi are not accurately known, and they are
not necessarily constant. However, their nominal values
are determined offline as constants. The nominal values
of bi, fci, fsi , and fτi are denoted as b̂i , f̂ci , f̂si , and f̂τ i ,
respectively.
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The nonparametric friction term fqi(q, q̇) is bounded as

|fqi(qi, q̇i)| < ρf i (6)

where ρf i is a known constant bound for any position and
velocity qi and q̇i .

B. Model uncertainty analysis
In this section, we examine the parameters and variables in
the dynamic equation (3) to identify the model uncertainties
and their characteristics. The moment of inertia of the ith
rotor about its axis of rotation, Imi , is a physical parameter
of the ith module, which can be identified offline and does
not vary with the robot reconfiguration. The joint friction is
one of the major sources of model uncertainty. The robust
friction compensation scheme proposed by Liu16 will be used
in this work to achieve precise control in the presence of joint
friction model uncertainty.

Model uncertainty in the third term of Eq. (3),
Imi

∑i−1
j=1 zT

mizj q̈j , can result from the robot reconfiguration,
such as misalignment of the axes. The magnitude of this
model uncertainty is also dependent upon the accelerations
of the first i − 1 joints. Model uncertainty in the fourth term
of Eq. (3), Imi

∑i−1
j=2

∑j−1
k=1 zT

mi(zk × zj )q̇kq̇j , can also result
from the robot reconfiguration. The magnitude of this model
uncertainty is dependent upon the velocities of all of the first
i − 1 joints.

Another source of model uncertainty is the joint torque
sensor inaccuracy and noise. They depend on the torque
sensor performance and are not dealt with in the analysis,
but their effect is studied in the simulations.

3. Control Design
Define the overall control for each joint as

τi = τsi

γi

+ ui, i = 1, 2, . . . , n (7)

where ui is a new control input to be determined for the ith
joint.

For the first (base) joint, i = 1, combining Eq. (7) with
Eq. (1) yields

Im1γ1q̈1 + f1(q1, q̇1) = u1. (8)

As coupling effect does not exist on the base joint,
the control input τ1 can be obtained using control design
techniques for a single joint, such as the decomposition-
based robust control scheme.14,16

For the second joint, i = 2, combining Eq. (7) with Eq. (2)
yields

Im2γ2q̈2 + f2(q2, q̇2) + Im2z
T
m2z1q̈1 = u2. (9)

The inertial force associated with the acceleration of the
first joint is involved in Eq. (9), and model uncertainty exists
in zT

m2z1 as a result of reconfiguration. However, as the first
joint has been stabilized independently, the acceleration of
the first joint must be bounded. Hence, the uncertainty in the
term Im2z

T
m2z1q̈1 is also bounded, and it is well known that

such bounded model uncertainty can be compensated with a
robust control scheme.

For i ≥ 3, substituting Eq. (7) into Eq. (3) yields

Imiγi q̈i + fi(qi, q̇i) + Imi

i−1∑
j=1

zT
mizj q̈j

+ Imi

i−1∑
j=2

j−1∑
k=1

zT
mi(zk × zj )q̇kq̇j = ui,

i = 3, 4, . . . , n

(10)

Examining Eq. (10), one can find that the motion of the
upper joints does not affect the lower joints, which has
been compensated using the torque measurement in Eq. (7).
However, the motion of the lower joints still affects the upper
joints through inertial and Coriolis coupling forces. This can
be readily understood by analyzing the dynamic equation of
the third joint i = 3

Im3γ3q̈3 + Im3
[
zT
m3z1q̈1 + zT

m3z2q̈2
]

+ Im3z
T
m3(z1 × z2)q̇1q̇2 + f3(q3, q̇3) = u3 (11)

Inertial and Coriolis forces associated with the motion
of the first and second joints are involved in Eq. (11),
and reconfiguration can result in model uncertainties in the
terms zT

m3z1, zT
m3z2 and zT

m3(z1 × z2). However, as the first
and second joints have been stabilized, the accelerations
and velocities of the first and second joints must be
bounded. Hence, the uncertainties in Im3[zT

m3z1q̈1 + zT
m3z2q̈2]

and Im3z
T
m3(z1 × z2)q̇1q̇2 are also bounded and could be

compensated with robust control schemes. Expanding the
observation to the general case as in Eq. (10), for the ith
joint, the model uncertainties in the terms Imi

∑i−1
j=1 zT

mizj q̈j

and Imi

∑i−1
j=2

∑j−1
k=1 zT

mi(zk × zj )q̇kq̇j are bounded and could
be compensated with robust control schemes.

Based on the above observation, it can be concluded that
the control input ui can be designed joint by joint, with the
consideration of the bounded model uncertainty due to the
motion of the lower joints. This conclusion forms the basis
of the proposed control design in this paper.

In theory, a saturation-based robust controller can com-
pensate for the bounded model uncertainty. However, high
feedback gain is required in order to achieve high accuracy,
which is always limited by hardware issues including un-
modeled high-order plant dynamics and sensor measurement
noise. The key in practical robust control design is to
achieve desired performance with minimum feedback gains.
To this end, a decomposition-based control design approach
is developed by Liu and Goldenberg.8–10 The fundamental
strategy of the decomposition-based system modeling
and control approach is to distinguish between uncertain
parameters and variables of different physical types, and to
design a separate compensator for each of them, while taking
into account each specific physical feature. This approach ad-
vocates treating each type of model uncertainty with the most
suitable and efficient means, including PID, robust, adaptive,
and sensor-based control methods. Robust compensators are
used only to compensate for uncertainties that cannot be
estimated or measured in real time. The overall controller is
generated by a synergetic integration of these compensators.
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The decomposition-based control approach is applied
to design a robust control scheme for the system under
consideration. Examining Eq. (10), if we assume that the
joint velocities and accelerations are available, the model
uncertainties in the above two terms are all due to the
unknown misalignment between the joint and motor axes.
However, while it is reasonable to assume that the joint
velocities are measurable, it is not practical to assume the
measurement of joint accelerations, which is avoided in the
proposed control method.

First, the following are defined for the control design

e = q − qd

r = ė + λe (12)

a = q̈d − 2λė − λ2e

where λ is any positive constant.
It is assumed that some of the system parameters are

unknown but the inertia of motor Imi is known. It is also
assumed that the reference trajectory, its first and second
derivatives are bounded.

The following two properties are used in the design of
control law:

Property 1: Since zmi and zi are unit vectors along the
direction of rotation of the ith rotor and joint, the resulting
vector products are bounded as

∣∣zT
mizj

∣∣ ≤ 1
∣∣zT

mi(zk × zj )
∣∣ ≤ 1.

Property 2: The acceleration and velocity of a stabilized joint
is bounded, i.e., if the ith joint is stabilized

|q̈i | ≤ ρDi |q̇i | ≤ ρV i

where ρDi and ρV i are known constant bounds.
The friction of the ith joint is compensated using the

scheme developed by Liu, where Y (q̇i) and F̃ i are defined
as16

Y (q̇i) = [q̇isgn(q̇i) exp(−f̂τ i q̇i)sgn(q̇i)

−f̂si q̇
2
i exp(−f̂τ i q̇i)sgn(q̇i)] (13)

F̃ i = [b̂i − bif̂ci − fci f̂si − fsi f̂τ i − fτi]
T

If the parametric uncertainty F̃ i is considered unknown
but constant, this uncertainty can be compensated using
an integrator-type compensator. However, in practice, the
parametric model uncertainty may not always be constant,
due to temperature and lubrication changes.

To incorporate variable parametric model uncertainty
compensation, F̃ i is decomposed as

F̃ i = F̃ i
c + F̃ i

v (14)

where F̃ i
c is a constant unknown vector, and F̃ i

v is variable
and bounded as follows∣∣F̃ i

vn

∣∣ < ρi
n, n = 1, 2, 3, 4. (15)

Applying the approach of decomposition-based control
design developed by Liu,16 an adaptive compensator is
designed to compensate the constant parametric uncertainty
F̃ i

c , and a robust compensator for F̃ i
v .

For stabilizing the first joint, the following control torque
is determined

τ1 = Im1γ1a1 + τs1

γ1
+ b̂1q̇1 + (f̂c1 + f̂s1 exp

(
f̂τ1q̇

2
1

))
sgn(q̇1)

+ u1
u + Y (q̇1)

(
u1

pc + u1
pv

)
(16)

where Im1 is the motor inertia for the first joint, τs1 is the
coupling torque at the torque sensor location, b̂1, f̂c1, f̂s1, f̂τ1

are the nominal friction parameters, u1
u is the term designed to

compensate for the nonparametric uncertainty fqi(q, q̇). The
terms u1

pc and u1
pv are designed to compensate for the para-

metric uncertainty F̃ i
c and F̃ i

v , respectively. The friction com-
pensation is of the same form for all the joints, and hence, for
the ith joint, the compensators ui

pc, u
i
pv , and ui

u are defined by

ui
u =

⎧⎪⎨
⎪⎩

−ρf i

ri

|ri | |ri | > εi

−ρf i

ri

εi
|ri | ≤ εi

(17)

ui
pc = −k

t∫
0

Y (q̇i)
T ridτ

ui
pvn =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−ρi
n

ζ i
n∣∣ζ i
n

∣∣ ∣∣ζ i
n

∣∣ > εi
pn

−ρi
n

ζ i
n

εi
pn

∣∣ζ i
n

∣∣ ≤ εi
pn

, n = 1, 2, 3, 4.

(18)

where ζ i = Y (q̇i)T ri , and εi , εi
pn are positive control

parameters.
The term Imi

∑i−1
j=1 zT

mizj q̈j in Eq. (10) can be rewritten as

Imi

i−1∑
j=1

zT
mizj q̈j = −

i−1∑
j=1

[
Imi θ̂

i
j Imi

] [ q̈j

θ̃ i
j q̈j

]

�= −
i−1∑
j=1

I i
jD

i
j (19)

where θ̂ i
j is the dot product of the unit vectors zmi and zj ;

and θ̃ i
j is the alignment error, given by the difference in dot

products of the nominal and actual direction vectors.
To include the variable parametric uncertainty in the term

Imi

∑i−1
j=1 zT

mizj q̈j , Di
j in Eq. (17) can be decomposed into a

constant plus a bounded variable term as

Di
j = Di

jc + Di
jv (20)

where the variable term Di
jv is bounded as

∣∣Di
jv

∣∣ ≤ ρDj . (21)
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Applying decomposition-based control design, an adaptive
compensator ui

jc is designed for the constant uncertainty term
Di

jc and a robust compensator ui
jv for the variable part Di

jv

ui
jc = −k2

t∫
0

I i
j
T ridτ

ui
jvn =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−ρDj

σ i
jn∣∣σ i
jn

∣∣ ∣∣σ i
jn

∣∣ > εi
Dn

−ρDj

σ i
jn

εpni

∣∣σ i
jn

∣∣ ≤ εi
Dn

, n = 1, 2

(22)

where σ i
j = I i

j
T ri and εi

Dn is a positive control parameter.

Similarly, for the ith joint, Imi

∑i−1
j=2

∑j−1
k=1 zT

mi(zk ×
zj )q̇kq̇j can be rewritten as

Imi

i−1∑
j=2

j−1∑
k=1

zT
mi(zk × zj )q̇kq̇j

= −
i−1∑
j=2

j−1∑
k=1

[
Imi
̂

i
kj Imi

] [ q̇kq̇j


̃i
kj q̇kq̇j

]

�= −
i−1∑
j=2

j−1∑
k=1

J i
kjP

i
kj (23)

where the term P i
kj can be decomposed as

P i
kj = P i

kjc + P i
kjv (24)

where the variable term P i
kjv is bounded as

∣∣P i
kjv

∣∣ ≤ ρV kρVj . (25)

Applying decomposition-based control design, an adaptive
compensator V i

kjc can be designed for the constant
uncertainty term P i

kjc and a robust compensator V i
kjv for the

variable part P i
kjv .

The terms V i
kjc and V i

kjv are defined as

V i
kjc = −k3

t∫
0

J i
kj

T ridτ

V i
kjvn =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−ρV kρVj

βi
kjn∣∣βi
kjn

∣∣ ∣∣βi
kjn

∣∣ > εi
V n

−ρV kρVj

βi
kjn

εpin

∣∣βi
kjn

∣∣ ≤ εi
V n

, n = 1, 2

(26)

where βi
kj = J i

kj
T ri and εi

V n is a positive control parameter.
The stabilization of the first joint, using control law given

by Eq. (16), ultimately results in the uniform boundedness of
tracking error, and thus, the boundedness of the magnitudes
of q̇1 and q̈1. Since q̈1 is bounded, a compensator designed

using saturation-based robust control could be used to
compensate for the effects of q̈1. Thus, the control torque
τ2 for the second joint would be given by the control law
developed by Liu16 with an additional term I 2

1 (u2
1c + u2

1v) to
compensate for the effects of q̈1

τ2 = Im2γ2a2 + b̂q̇2 + (f̂c + f̂s exp
(
F̂τ q̇

2
2

))
sgn(q̇2) + uu2

+ I 2
1

(
u2

1c + u2
1v

)+Y (q̇2)
(
u2

pc + u2
pv

)+ τs2

γ2
. (27)

Similarly for the ith joint, we have control torque τi given
by

τi = Imiγiai + τsi

γi

+ b̂q̇i + (
f̂c + f̂s exp

(
f̂τ q̇

2
i

))
sgn(q̇i)

+ uui + Y (q̇i)
(
ui

pc + ui
pv

)+
i−1∑
j=1

I i
j

(
ui

jc + ui
jv

)

+
i−1∑
j=2

j−1∑
k=1

J i
kj

(
V i

kjc + V i
kjv

)
(28)

with the last two terms of Eq. (28) corresponding to the
compensators for the joint accelerations and velocities of the
lower joints.

Substituting Eqs. (19), (23) and Eq. (28) into (10) yields
the closed-loop expression for the ith joint as

Miṙi + λMiri = Y (q̇i)(F̃c + upci) +Y (q̇i)(F̃v + upvi) + uui

− fqi(qi, q̇i)+
i−1∑
j=1

I i
j

(
ui

jc + ui
jv

)+ i−1∑
j=1

I i
jD

i
j

+
i−1∑
j=2

j−1∑
k=1

J i
kjP

i
kj +

i−1∑
j=2

j−1∑
k=1

J i
kj

(
V i

kjc + V i
kjv

)
(29)

where Mi = Imiγi .

Theorem: Given an n-DOF modular robot, with joint
dynamics as given in Eqs. (7–10) and the model uncertainty
defined by Eqs. (19) and (23), the tracking error of each
joint is ultimately uniformly bounded under the control law
defined by Eq. (28). The ultimate bound of the tracking error
is determined by the nonparametric uncertainty and control
parameters only, and it is not affected by the parametric
uncertainty.

Proof. A Lyapunov function candidate is defined as

V = 1

2
Mir

2
i + 1

2
k�T � + 1

2
k2
i

T 
i + 1

2
k3�i

T �i (30)

where � = 1
k
F̃c − ∫ t

0 Y (q̇i)T ridτ , 
i = ∑i−1
j=1( 1

k2
Di

jc−∫ t

0 I i
j
T ridτ ), and �i = ∑i−1

j=2

∑j−1
k=1 ( 1

k3
P i

kjc − ∫ t

0 J i
kj

T ridτ ).

Since k, k2, k3 and F̃c, D
i
jc, P

i
kjc are constants, �̇, 
̇i and

�̇i are given by �̇ = −Y (q̇i)T ri , 
̇i = −I i
j
T ri and �̇i =
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−J i
kj

T ri . Differentiating Eq. (30) yields

V̇ = Mriṙi + k�T �̇ + k
T
i 
̇i + k�T

i �̇i

= ri(−λMiri + Y (q̇i)(F̃c + upci) + Y (q̇i)(F̃v + upvi)

+
i−1∑
j=1

I i
j

(
ui

jc + ui
jv

)+
i−1∑
j=1

I i
j

(
Di

jc + Di
jv

)

+
i−1∑
j=2

j−1∑
k=1

J i
kj

(
P i

kjc + P i
kjv

)+
i−1∑
j=2

j−1∑
k=1

J i
kj

(
V i

kjc + V i
kjv

)

− kζ T Y (qi)
T ri − k2


T
i I i

j
T ri − k3�i

T P i
kj

T ri + uui

−Fqi(qi, q̇i)

= −λMir
2
i + riY (q̇i)(F̃v + upvi) + ri(uui − Fqi(qi, q̇i))

+
i−1∑
j=1

(
riI

i
j

(
Di

jv + ui
jv

))+
i−1∑
j=2

j−1∑
k=1

riJ
i
kj

(
P i

kjc + V i
kjv

)

riY (q̇i)
(
F̃v + ui

pv

) =
4∑

n=1

riYn

(
F̃vn + ui

pvn

)

=
4∑

n=1

ζ i
n

(
F̃vn + ui

pvn

)

For ith joint, and n = 1, 2, 3, 4, if |ζ i
n| > εi

pn

ζ i
n

(
F̃vn + ui

pvn

) = ζ i
n

(
F̃vn − ρi

n

ζ i
n∣∣ζ i
n

∣∣
)

< 0 (31)

If |ζ i
n| ≤ εi

pn

ζ i
n

(
Fvn + ui

pvn

) = ζ i
n

(
F̃vn − ρi

n

ζ i
n∣∣ζ i
n

∣∣
)

≤ ζ i
n

(
ρi

n

ζ i
n∣∣ζ i
n

∣∣ − ρi
n

ζ i
n

εi
pn

)
(32)

riI
i
j

(
Di

jv + ui
jv

) =
2∑

n=1

riI
i
j

(
Di

jvn + ui
jvn

)

=
2∑

n=1

σ i
jn

(
Di

jvn + ui
jvn

)

For ith joint, and n = 1, 2, j = 1 . . . (i − 1) if |σ i
jn| > εi

Dn

σ i
jn

(
Di

jvn + ui
jvn

) = σ i
jn

(
Di

jvn − ρDj

σ i
jn∣∣σ i
jn

∣∣
)

< 0 (33)

If |σ i
jn| ≤ εi

Dn

σ i
jn

(
Di

jvn + ui
jvn

) = σ i
jn

(
Dvn − ρDn

σ i
jn∣∣σ i
jn

∣∣
)

≤ ζ i
n

(
ρDn

σ i
jn∣∣σ i
jn

∣∣ − ρDn

σ i
jn

εi
Dn

)
(34)

riJ
i
kj

(
P i

kjv + V i
kjv

) =
2∑

n=1

riJ
i
kj

(
P i

kjvn + V i
kjvn

)

=
2∑

n=1

βi
kjn

(
P i

kjvn + V i
kjvn

)

For ith joint, and n = 1, 2, j = 1 . . . (i − 1) if |βi
kjn| > εi

V n

βi
kjn

(
P i

kjvn + V i
kjvn

) = βi
kjn

(
P i

kjvn − ρVjρV k

βi
kjn∣∣βi
kjn

∣∣
)

< 0

(35)

If |βi
kjn| ≤ εi

V n

βi
kjn

(
P i

kjvn + V i
kjvn

) = βi
kjn

(
Pvn − ρVjρV k

βi
kjn∣∣βi
kjn

∣∣
)

≤ βi
n

(
ρVjρV k

βi
kjn∣∣βi
kjn

∣∣ − ρVjρV k

βi
kjn

εi
V n

)
. (36)

Since the last terms of Eqs. (32), (34), and (36) achieve a
maximum value at |ζ i

jn| ≤ εi
pn/2, |σ i

jn| ≤ εi
Dn/2 and |βi

kjn| ≤
εi
V n/2 we have

V̇ ≤ −λMir
2
i + ρεi

4
+

i−1∑
j=2

j−1∑
k=1

(
2∑

n=1

ρV kρVj εV n

4

)

+
i−1∑
j=1

(
2∑

n=1

ρDjnε
i
Dn

4

)
+

4∑
n=1

ρi
nε

i
pn

4
(37)

From Eq. (36), it can be concluded that a Lyapunov function
can be found only if

|ri | >

√√√√√√√√√√√√√

⎛
⎜⎜⎜⎜⎜⎝

ρεi +
i−1∑
j=2

j−1∑
k=1

(
2∑

n=1

ρV kρVj εV n

)

+
i−1∑
j=1

(
2∑

n=1

ρDjnε
i
Dn

)
+

4∑
n=1

ρinεpin

⎞
⎟⎟⎟⎟⎟⎠

4λMi

.
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Define

S =
⎧⎨
⎩ri ∈ R1

∣∣∣∣∣∣r2
i

≤

⎛
⎜⎜⎜⎜⎜⎝

ρεi +
i−1∑
j=2

j−1∑
k=1

(
2∑

n=1

ρV kρVj εV n

)

+
i−1∑
j=1

(
2∑

n=1

ρDjnε
i
Dn

)
+

4∑
n=1

ρinεpin

⎞
⎟⎟⎟⎟⎟⎠
/

(2λMi)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

Then, on the surface of S, ∂S, we have

V̇ ≤ −

⎛
⎜⎜⎜⎜⎜⎝

ρεi +
i−1∑
j=2

j−1∑
k=1

(
2∑

n=1

ρV kρVj εV n

)

+
i−1∑
j=1

(
2∑

n=1

ρDjnε
i
Dn

)
+

4∑
n=1

ρinεpin

⎞
⎟⎟⎟⎟⎟⎠
/

4.

Denote T as the time for the solution trajectory to intersect
the surface ∂S, then

V (ri(T )) − V (ri(0))

≤ −

⎛
⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎝

ρεi +
i−1∑
j=2

j−1∑
k=1

(
2∑

n=1

ρV kρVj εV n

)

+
i−1∑
j=1

(
2∑

n=1

ρDjnε
i
Dn

)
+

4∑
n=1

ρinεpin

⎞
⎟⎟⎟⎟⎟⎠
/

4

⎞
⎟⎟⎟⎟⎟⎠ T .

Hence

T ≤ 4 (V (ri(T )) − V (ri(0)))

/⎛
⎜⎜⎜⎜⎜⎝

ρεi +
i−1∑
j=2

j−1∑
k=1

(
2∑

n=1

ρV kρVj εV n

)

+
i−1∑
j=1

(
2∑

n=1

ρDjnε
i
Dn

)
+

4∑
n=1

ρinεpin

⎞
⎟⎟⎟⎟⎟⎠

.

The boundedness of ri implies the boundedness of ei and ėi

as per the proof developed by Slotine and Li.19

4. Simulations

A. Dynamic model
To study the effectiveness of the proposed control scheme, a
3-DOF planar robot, working in a horizontal plane with the
following parameters is used to conduct simulations

bi = 1.5 + 0.3 sin(10qi) Nm s/rad,

fci = 3.5 + 0.7 sin(10qi) Nm,

fsi = 5 + sin(10qi) Nm,

fτi = 100 + 20 sin(10qi) s2/rad2.

Table 1. Parameters of the simulated system.

Link 1 Link 2 Link 3

Mass of link (kg) 8 5 4
Length of link (m) 1 1 1
Link inertia (kgm2) 1.0 0.8 0.6
Distance to center of mass (m) 0.5 0.5 0.5
Rotor inertia (kgm2) 0.4 0.2 0.1
Gear reduction ratio 100 100 100

The dynamic equations of the manipulator are given in
the Appendix. For the simulations, the parameters of the
manipulator are chosen as in Table I.

The parametric uncertainty bounds are determined to be

ρi
1 = 0.3 Nm s/rad ρi

2 = 1 Nm
ρi

3 = 0.7 Nm ρi
4 = 20 s2/rad2

λ = 100 k = 1 k2 = 1 k3 = 1 εi = 0.1
εi
p1 = 0.01 εi

p2 = 0.01 εi
p3 = 0.01 εi

p4 = 0.01
ε3
V 1 = 0.01 ε3

V 2 = 0.01 εi
D1 = 0.01 εi

D2 = 0.01
(38)

The nominal parameters of the friction model are

b̂i = 1.2 Nm s/rad, f̂si = 4 Nm, f̂iτ = 80 s2/rad2,

f̂ic = 3.0 Nm

and the position dependent friction is realized as Fq(q, q̇) =
0.5 sin(3q), with the uncertainty bound ρf i = 0.5. For
simplicity, the same friction model and parameters were
considered for all the three joints.

The desired trajectories for the three joints are selected as

qd1 = 1 − cos(πt/3), qd2 = 1 − cos(πt/3),

qd3 = 1 − cos(πt/3)

for 0 ≤ t ≤ 18 s.

B. Simulation results
Applying the control law in Eq. (26) to the 3-DOF modular
robot defined by Eqs (8), (9), and (11) and with parametric
bounds given by Eq. (38), we obtain the results shown in
Fig. 2, depicting the position tracking errors of the three
joints. A small increase in tracking errors at the upper joints is
observed, which can be attributed to the disturbance from the
stabilized lower joints. This scenario can be distinctly noted
by using the same reference trajectory for all the three joints.

To study the tracking error variation with sensor dynamics,
simulations are carried out for different values of linearity
and ripple factors of the torque sensor. The effect of ripple
on tracking errors is studied, with the resulting error plot for
the third joint shown in Fig. 3. The 5% ripple on torque sensor
is compared against a 0% ripple. A nonlinearity of 5% of full
scale is compared with the results for a sensor with zero
nonlinearity, and the resulting tracking error of the first joint
is shown in Fig. 4. In the simulations, 200 Nm was considered
to be the full scale torque value. Since practical torque sensors
have a delay in signal transmission, simulations were also
carried with torque sensor delays. The tracking performance
of the first joint in the presence of delay in the torque sensor
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Fig. 2. Position tracking errors of three joints.

Fig. 3. Position error of the third joint with torque sensor ripples.

Fig. 4. Position error of the first joint with torque sensor
nonlinearity.

Fig. 5. Position error of the first joint with torque sensor delay.

signal is shown in Fig. 5. The controller was observed to be
able to compensate for the errors due to the sensor delay.
The tracking errors for the other joints showed similar trends
under the above considered ripple, nonlinearity, and sensor
delay values.

It is seen that lower tracking errors are obtained for lower
values of ripple factor and lower nonlinearity factors. For
larger time delays, it is seen that the tracking errors are higher
due to additional time lags introduced by the sensor delay.
During the simulations, it was observed that with higher
gear ratio, the effects of torque sensor nonlinearities can be
reduced as expected.

5. Conclusions
A new distributed control approach to design and control
MRRs is proposed based on joint torque sensing. Under the
proposed control system architecture, an MRR is stabilized
joint by joint, and modules can be added or removed without
the need to adjust control parameters. Model uncertainties
associated with link and payload masses are compensated
using joint torque sensor measurement, and the remaining
model uncertainties including unmodeled dynamic coupling
effect and joint friction are compensated by a decomposition-
based robust controller. The effect of sensor dynamics on the
control scheme is studied with torque ripple, sensor delay,
and sensor nonlinearities under consideration. The proposed
controller is robust against the dynamic effects of the torque
sensor. Simulation results have confirmed the effectiveness
of the proposed approach.
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Appendix
The dynamic equations of motion for a three joint modular
robot operating in a horizontal plane are given by

D(q)q̈ + C(q, q̇)q̇ + f (q, q̇) = τ (39)

where D(q) is the 3 × 3 inertia matrix, C(q, q̇)q̇ is the 3 × 1
vector of centrifugal and Coriolis torques, f (q, q̇) is the 3 × 1
vector of frictional torques, and τ is the 3 × 1 vector of joint
torques. The matrices are given as

D =

⎡
⎢⎣

D11 D12 D13

D21 D22 D23

D31 D32 D33

⎤
⎥⎦ C =

⎡
⎢⎣

C11 C12 C13

C21 C22 C23

C31 C32 C33

⎤
⎥⎦

F (q, q̇) =

⎡
⎢⎣

f1(q1, q̇1)

f2(q2, q̇2)

f3(q3, q̇3)

⎤
⎥⎦ τ =

⎡
⎢⎣

τ1

τ2

τ3

⎤
⎥⎦

where

D11 = I1 + I2 + I3 + m1l
2
c1 + m1l

2
1 + m2l

2
c2 + m3l

2
1

+ m3l
2
2 + m3l

2
c3 + 2m2l1lc2c2 + 2m3l1l2c2

+ 2m3l1l2c2 + 2m3l2lc3c3 + 2m3l1lc3c23

D12 = I2 + I3 + m2l
2
c2 + m3l

2
2 + m3l

2
c3 + m2l1l2c2

+ 2m3l2lc3c3 + m3l1lc3c23

D21 = D12

D13 = D31 = I3 + m3l
2
c3 + m3l2lc3c3 + m3l1lc3c23

D22 = I2 + I3 + m2l
2
c2 + m3l

2
2 + m3l

2
c3 + 2m3l2lc3c3

and c2 = cos(q2), c3 = cos(q3), c23 = cos(q2 + q3), s2 =
sin(q2), s23 = sin(q2 + q3), mi is the mass of ith link, li is
the length of ith link, and lci is the distance from joint to the
centre of mass of ith link, and Ii is the inertia of ith link. The
link masses and inertias include both the actuator masses and
actuator inertias.

The joint friction for the ith joint is modeled as

fi(qi, q̇i) = (
fci + fsi exp

(−fτi q̇
2
i

))
sgn(q̇i)

+ biq̇i + fqi(qi, q̇i).

The Coriolis matrix elements are given by

C11 = c111q̇1 + c112q̇2 + c113q̇3

C12 = c121q̇1 + c122q̇2 + c123q̇3

C13 = c131q̇1 + c132q̇2 + c133q̇3

C21 = c211q̇1 + c212q̇2 + c213q̇3

C22 = c221q̇1 + c222q̇2 + c223q̇3

C23 = c231q̇1 + c232q̇2 + c233q̇3

C31 = c311q̇1 + c312q̇2 + c313q̇3

C32 = c321q̇1 + c322q̇2 + c323q̇3

C33 = c331q̇1 + c332q̇2 + c333q̇3
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where

c111 = 0
c112 =− m2l1lc2s2 −m3l1lc2s2

− m3l1lc3s23

c121 = c112

c113 =− m3l2lc3s3 −m3l1lc3s23

c213 =− m3l2lc3s3

c231 = c213

c222 = 0
c223 =− m3l2lc3s3

c131 = c113

c122 =− m2l1lc2s2 −m3l1l2s2

− m3l1lc3s23

c232 = c223

c233 =−m3l2lc3s3

c123 =− m3l2lc3s3 −m3l1lc3s23

c132 = c123

c312 =m3l2lc3s3

c133 =− m3l2lc3s3 −m3l1lc3s23

c211 =m3l1l2s2 +m2l1lc2s2

+ m3l1lc3s23

c311 =m3l2lc3s3 + m3l1lc3s23

c212 = 0
c221 = c212

c321 = c312

c313 = 0
c331 = c313

c322 =m3l2lc3s3

c323 = 0
c332 = c323

c333 = 0.
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