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Abstract. We study the thermodynamic formalism of a C° non-uniformly hyperbolic
diffeomorphism on the 2-torus, known as the Katok map. We prove for a Holder
continuous potential with one additional condition, or geometric z-potential ¢; with r < 1,
the equilibrium state exists and is unique. We derive the level-2 large deviation principle
for the equilibrium state of ¢;. We study the multifractal spectra of the Katok map for the
entropy and dimension of level sets of Lyapunov exponents.
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1. Introduction

The Katok map is a C*° non-uniformly hyperbolic toral automorphism in dimension 2,
generated by a slow-down of the trajectories of a uniformly hyperbolic toral automorphism
in a small neighborhood near the fixed point. So far the existence and uniqueness of
equilibrium states for uniformly hyperbolic diffeomorphisms with sufficiently regular
potentials are well studied in [2]. Meanwhile, researchers have been able to derive
the statistical properties for the equilibrium state via symbolic dynamics, including the
Bernoulli property, exponential decay of correlations and the central limit theorem,
see [14, 19].

Nevertheless, the thermodynamic formalism of non-uniformly hyperbolic systems is
far away from being complete. In the case of the Katok diffeomorphism, non-uniform
hyperbolicity is generated by the existence of a neutral fixed point. Its thermodynamic
formalism has features in common with the model example of the one-dimensional
Manneville-Pomeau map, admitting a neutral fixed point at zero. In [17], Pesin, Senti
and Zhang studied the Katok map as Young’s diffeomorphism using a countable Markov
diagram. In [21], Shahidi and Zelerowicz studied the Bernoulli properties and decay
of correlations of the equilibrium state of the Katok map for locally Holder potentials.
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This technique has been applied to other non-uniformly hyperbolic cases (see, for
example, [20]).

In this paper, we study the Katok map using the orbit decomposition approach. The
technique is first introduced in [8]. The spirit is to generalize the dynamical properties for
the map and regularity conditions for potential functions from [2] and make them hold
on an ‘essential collection of orbit segments’ which dominates in topological pressure
and presents ‘enough uniformly hyperbolic behavior’. This technique has been applied
to other non-uniformly hyperbolic cases; see [6, 7] for DA (derived from Anosov)
homeomorphisms, and [3] for flows. We will compare our approach to that of [17] after
we state our results and explain the details in §7.

One crucial fact about the Katok map is that it admits an equilibrium state for any
continuous potential as the map is expansive. In fact, the Katok map is topologically
conjugate to a linear torus automorphism via a homeomorphism and therefore has the
specification property. By [2], we know the Katok map has a unique measure of maximal
entropy. However, since the conjugacy homeomorphism is neither differentiable nor
Holder, the thermodynamic formalism of the Katok map is non-trivial. When the potential
functions are geometric ¢-potentials, the Katok map will go through a phase transition
just like what happens to the Manneville-Pomeau map. We will prove, for any 7 < 1,
that there exists an orbit decomposition such that r¢2°° has the required regularity on a
collection of orbit segments that dominates in pressure. Applying [8, Theorem A], we are
able to conclude the uniqueness of equilibrium states for all such #¢&°
obtained for Holder potentials with the pressure gap P(8p) < P(¢), where & is the Dirac
measure at the origin.

Before we state the theorems, we make some brief remarks on the notation. In the
definition of the Katok map (see [11] and also §3 for its properties) we have two parameters
ro and «. Roughly speaking, rq is the radius of the perturbed region and « describes the

. A similar result is

exponential slow-down rate. We also write ¢, = r@&° with ¢&° = —log |DG| Eu(x)| being
the geometric potential, where E*(x) is the unstable distribution of DG at x and G is the
Katok map.

THEOREM 1.1. Given the Katok map G whose a and ro are sufficiently small, if ¢ €
C(T?) is Holder continuous and ¢(0) < P (@), where 0 is the origin, then there is a unique
equilibrium state for ¢.

THEOREM 1.2. Given the Katok map G whose o and ry are chosen sufficiently small, ¢,
has a unique equilibrium state for t € (—oo, 1).

In Theorems 1.1 and 1.2, we want « and rg to be small enough so that the desired
dynamical properties, i.e. specification, regularity for potential, etc, will hold for the
essential collection of orbit segments. For details on how small the range is, see the end
of §3.

One benefit that [2, 8] bring us is to construct the unique equilibrium state as a
Gibbs measure. In [2], the lower Gibbs property is essential in ruling out the mutually
singular equilibrium states. This approach is generalized in [8], in which Climenhaga and
Thompson derive the lower Gibbs property of equilibrium state for the ‘essential collection
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of orbit segments’ which dominates in pressure as well as a uniform upper Gibbs property
for all orbit segments. In this paper, we are able to deduce a non-uniform version of
the upper and lower Gibbs properties for all orbit segments at all scales. Based on this
property and the entropy density, we are able to deduce the large deviation principle for
the equilibrium state of the Katok map in Theorems 1.1 and 1.2. In general, the large
deviation principle describes the exponential rate of convergence of the time average to
the space average with respect to a given measure. The following theorem is proved in §8.

THEOREM 1.3. The unique equilibrium states for the potentials considered in
Theorems 1.1 and 1.2 satisfy the level-2 large deviation principle.

The uniqueness result also helps us to study the multifractal spectra of level sets of
Lyapunov exponents by estimating the dimension from below and giving the exact entropy.
In §9, we prove the following theorem.

THEOREM 1.4. Let P(t) := P(t¢%°), o1 :=1limy__oc DTP(t) and also o, :=
D= Z(1). Define L(B) :={x € T2 : x is Lyapunov regular and x+(x) = B}. For all a €
(a1, 0], L(—a) is non-empty. Moreover, its entropy satisfies h(L(—a)) = &(a), where
& (a) is the Legendre transform of &2 at a (see §9.1 for the definition). When o € (a1, 0),
the Hausdorff dimension of L(—«a) satisfies dimy (L(—a)) > (—2& () /a. In particular,
when o € [, 0), dimy (L(—a)) = 2.

Here, L(—«) is the set of Lyapunov-regular points whose positive forward and
backward Lyapunov exponents are both —« with #(L(—«)) and dimg(L(—«)) being
its topological entropy and Hausdorff dimension, respectively. We notice that due to
the existence of a neutral fixed point, the pressure function Z(t) goes through a phase
transition at ¢ = 1, and in particular ap < 0. See §9 for the definition of & («) and other
details.

We briefly compare the above results to those in [17]. They obtain the results of
Theorem 1.2 when ¢ € (t(«, rg), 1) with t(«, rg) = —o0 when «, ro — 0. Their question
concerning whether the range of ¢ can be extended to —oo for a fixed Katok map is
answered here, as the orbit decomposition approach will allow us to take 7 («, r9) = —00
for fixed «, rg, which is the optimal uniqueness result for equilibrium states. Besides that,
the large deviations and multifractal results are well suited to the specification approach
and uniqueness results. On the other hand, [17] emphasizes the statistical properties of the
equilibrium state by the nature of the Tower construction. We refer the reader to §7 for
more technical details of the comparison.

The structure of the paper is as follows. In §2, we introduce the orbit decomposition
technique that we apply throughout the paper. In §3, we briefly introduce the Katok map
and deduce some relevant properties that will be used in the construction of the orbit
decomposition. In §4, we establish the decomposition. In §5, we prove that the essential
collection in the decomposition dominates the pressure under certain conditions. In §6,
we prove the Bowen property for Holder continuous potential functions and geometric ¢-
potentials. In §7, we conclude our Theorems 1.1 and 1.2 as our main results on uniqueness
of equilibrium states. In §8, we deduce the large deviation principle for the equilibrium
states in Theorems 1.1 and 1.2 and thus deduce Theorem 1.3. In §9, we study the
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multifractal spectra of the Katok map in terms of topological entropy and the Hausdorff
dimension and prove Theorem 1.4.

2. Main technique
We state the preliminary definitions needed for the technique and introduce how to apply
the technique to deduce the desired thermodynamic formalism.

2.1. Pressure. Let X be a compact metric space and f : X — X be a continuous map
of finite topological entropy. Take a continuous real-valued function ¢ on X and call it the
potential (function). Denote the space of all f-invariant Borel probability measures on X
by M (f) and denote the ergodic ones by M, (f) C M(f).

We write
n—1

Su(@) =51 (@) =Y w(ffx).

k=0
Givenn € N and x, y € X, we define

dp(x,y)= max d(f*x), f5o)).
0<k<n—1
The Bowen ball of order n at center x with radius € is defined as
Bu(x,€) ={y € X :dn(x, y) <€}

We need to separate points using Bowen balls. Suppose ¥ C X and § > 0. Wesay E C Y
is a (8, n)-separated set if d,,(x, y) > é forall x # y, x, y € E. Write

AP, 0,8, f)= sup{z eS¥¥) . E C Y is an (8, n)-separated set}.

xek
The pressure of ¢ on Y is defined as
1
P, ¢; )= lim lim sup — log AYP(Y, @, 8; f).
§—0 psoo N

In particular, when Y = X, we write P(X, ¢; f) as P(¢).

More generally, sometimes we must consider the pressure of a collection of orbit
segments. As defined in [8], we interpret 2 C X x N as a collection of finite orbit
segments and write &, = {x € X : (x, n) € &}. Consider the partition sum

A2, @, 8; f) = sup{z eS¥Y) - E < 9, and is an (8, n)-separated set}

xeE

which enables us to define P(Z, ¢; f) in the same way.
The variational principle from [23] says that

P(p) = sup {hﬂ(f)Jr/de}: sup {hu(f)Jr/wdu}.
/LGM(f) MEMe(f)

A measure achieving the supremum is called the equilibrium state. One of the main topics
in this paper is to study the existence and uniqueness of this object.
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Later in the estimate on pressure gap, we have to consider the following variation of the
definition of pressure, which first appears in [8]. Given a fixed scale € > 0, we define

n—1
Dc(x,n)i= sup Y o(fFy).
yeBy, (x,€) k=0
From the above definition we see immediately that ®¢(x, n) = ZZ;& o(f*x).
For ¥ C X x N, we write

A(D, 9,8, € )= sup{z e®<&M - E 9, and is an (8, n)-separated set}.
xek
The pressure of ¢ on Z at scale 8, € is given by

1 :
P(Z, 9,4, ¢€; f)=limsup — log A:,ep(@, ©,0,¢€; f).

n—oo N

Again, when 2 is the entire X x N, we simply write P (g, §, €).
2.2. Specification, expansivity and regularity.

2.2.1. Specification.  Specification describes the property that different Bowen balls can
be connected by an orbit segment with uniform gap.

Definition 2.1. A collection of orbit segments & C X x N has specification at scale € if
there exists T = t(¢) € N such that, for every {(x;, n;):1 < j <k} C Z, there is a point
x in
k

() £ 7" Buj (x), €,

j=1
where mg=0andm; =m;_1 +n; + 7 for j>1.

Sometimes we are only interested in connecting orbit segments that are long enough. In

these situations, it is natural to come up with the following weak version of specification.

Definition 2.2. A collection of orbit segments 2 C X x N has tail specification at scale €
if there is some Ny € N such that 25y, := {(x, n) € Z|n > Ny} has specification.

2.2.2. Expansivity.
Definition 2.3. We write the set of non-expansive points at scale € as
NE(¢e) :={x € X : Te(x) # {x}}.
The map f is expansive at scale € if NE(¢) = . A f-invariant Borel probability measure

is said to be almost expansive at scale € if w(NE(¢)) =0.

To see whether the set of non-expansive points at some scale is negligible regarding
pressure, we need the following quantity. This is known as the pressure of obstructions to
expansivity in [6-8]:

Pop(p. €)= sup {hu(f) + / @ du: W(NE(¢€)) > 0}.
neM.(f)
From the definition we notice that if P, (¢) > PeJ,;p (¢, €) and p is f-invariant and ergodic,
then p is almost expansive at scale €.
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2.2.3. Regularity for potential. ~The following regularity for the potential function is
required in our case.

Definition 2.4. Given 2 C X x N, we say a function ¢ : X — R has the Bowen property
on Z at scale ¢ if there exists a constant K = K (¢, Z, €) such that |S,¢(x) — S,0(y)| <
K for any (x,n) € & and y € B, (x, €). A function ¢ has the Bowen property on 7 if it
has the Bowen property on & at some scale (therefore, smaller scale as well).

2.3. Orbit decomposition technique. Now we have all the ingredients that we need
to deduce the uniqueness of equilibrium states. The following orbit decomposition
construction, which is first completely introduced in [8], will be the main technique that
we will apply throughout the paper.

For a compact metric space X and f:X — X being at least C!** in our case, a
decomposition for a pair (X, f) consists of three collections &, ¥,.¥ C X x N and
three functions p, g, s : X x N— N such that, for every (x,n) € X x N, the values
p=px,n),g=g(x,n),s=s(x,n)satisfyn=p+ g+sand

x,pe?, (ffx).9e9, (fFx),ses.

Meanwhile, for each M € N, write ¥ for the set of orbit segments (x, n) such that
p<M,s <M. Here (x, 0) is assumed to be contained in all of the three collections.
This basically means some elements in the decomposition can be empty. The following
theorem [8, Theorem 5.6] is the main tool that we apply in this paper.

THEOREM 2.5. Let X, f, ¢ be as above. Suppose there is an € >0 such that
P;gp (¢, 100¢€) < P(@) and (X, f) admits a decomposition (22,9, .¥) with the following
properties.

(1)  Foreach M >0, 9™ has tail specification at scale e.

(2) @ has the Bowen property at scale 100e on 9.

(3) P(ZU.Y, @, ¢ 100¢) < P(p).

Then there is a unique equilibrium state for ¢.

There is no specific meaning behind the constant 100¢, while we do require expansivity
and regularity to be controlled at a much larger scale due to the multiple application of
specification. In particular, all the estimates will be safe once regularity for potential holds
at scale 100e.

Here we remark that the transition time for ¢ is dependent on the choice of M.
Specification at all scales for & implies specification at all scales for ¥ for any M
due to a simple argument using the modulus of continuity (see [8] for details). For the
Katok map we can obtain specification at any small scale due to its conjugacy to the linear
automorphism. Nevertheless, the conjugacy homeomorphism is not Holder continuous,
which makes the thermodynamic formalism of the Katok map different from the well-
studied uniformly hyperbolic models.

We add a final remark on the term P(& U .7, ¢, €, 100¢), the two-scale pressure
defined in §2.1. In [6] where specification at all scales is not expected, the authors put
a variation term in the pressure gap estimate. This variation term can be obtained by
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breaking down the two scale pressure. In fact, it is not hard to see that P(Z, ¢, €, 100¢) =
P(Z, ¢, €) when ¢ has the Bowen property on & at scale 100¢. In our case, although the
Bowen property does not hold on & U ., we will give an argument in §5 using the local
product structure to remove the 100e term.

3. The Katok map and its properties

We collect the materials for the Katok map that we need when building the decomposition
with the desired properties. The Katok map is a C* diffeomorphism of T? which preserves
Lebesgue measure and is non-uniformly hyperbolic. Katok [11] originally constructed the
map to verify the existence of C* area-preserving Bernoulli diffeomorphisms of D? that
are sufficiently flat near D2

3.1. Definition and general properties. Consider the automorphism of T? given by
A= [% }], which is locally the time-one map generated by the local flow of the following
differential system:

ds dsy
— =s1logh, — =-slogh,
T s1 log T 52 log

where (s1, 52) is the coordinate representation in the eigendirections of A and A > 1 equals
the greater eigenvalue of A. We slow down the trajectories of the flow in a neighborhood of
origin as follows. Choose a number 0 < o < 1 and a function v : [0, 1] — [0, 1] satisfying
(1) ¢ is C™ everywhere except for the origin,
) ¥(0)=0and ¥ (rg) =1 for some 0 < rg < 1 and rg is close to 0,
(3) v¥’'(x) > 0 and is non-increasing,
@ Yu)=(u/ro)* for0 <u <ro/2,
where rq is very small. Let D, = {(s1, 52) :s% + s% < rz}. We also define r; = rg log A.
Now the trajectories are slowed down in D, at the rate of ¥, which induces the following
differential system:

ds1 - Sﬂp(sf + s%) log A, ds2 = —szw(slz + szz) log A.

dt dt

Denote the time-one map of the local flow generated by this differential system by g.

From the choice of r; and the assumption that r( is small one could easily see that the
domain of g contains D,,. Moreover, f4 and g coincide in some neighborhood of dD,,.
Therefore, the map
A(x) ifx € T?>\ D,

G =
) {g(x) ifx e D,,,

defines a homeomorphism of 2-torus which is C*° everywhere except for the origin. One
can verify that G(x) preserves the probability measure dv = «;’ cdm, where « is defined
by
2 2y
sy +s if (51, 52) € Dy,
K(sl,sz):{i‘“l D)7t 1) € Dy,

elsewhere,

and ko is the normalizing constant.
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Furthermore, G is perturbed to an area-preserving C* diffeomorphism via a coordinate
change. Define ¢ in D,, as

1 312+S§ du 1/2
¢(S1,S2)=—</ > (51, 52),
0

,/Ko(slz —l—s%) v (u)

and set ¢ to be the identity outside D,,. ¢ transfers the measure v into area and the
map G:= ¢ o G o ¢~ is thus area-preserving. Moreover, one can check that GisaC®
diffeomorphism on the 2-torus. G is called the Katok map.

We add a comment on the property of ¢. Observe that ¢ is in fact a scalar product of
identity at each point and also a map between circles centered at the origin. Moreover,
by writing ¢(s1.52) as (1//R)(fy (/Y @) (s1//s + 53, 52/[s7 +53) with
r? = sf + s% and differentiating in r, together with property (2) of v and a
standard geometric argument, we conclude that there is a constant C = C(«, rg) such
that (d(¢(s1, 52), ¢ (51, 59)))/(d((s1, 52), (57, 53))) = C/ ko for all (s1, 52), (5], 83) €
T2 such that (s, s2) # (s], 85). Since ¢ is invertible, we have

d@ (51,52, 97151, 85) _ Ko
d((sleZ)v (S;,Sé)) - C )

This property will be useful when we deduce the regularity of the geometric potential of
G from the regularity of the geometric potential of G in §7.

We also remark on the connections between G and G. Since G is conjugate to G via
a homeomorphism that is C° everywhere except at the origin, the dynamical properties
of G are inherited by G. The only place where the properties of G and G need to be
distinguished is in the regularity of ¢&%° and (p(g;eo, referring to the geometric potentials
of G and G, respectively. Essentially these are two different potentials, so we want to
analyze them separately. The idea will be to first prove the regularity of gpéeo, and then use
the property of ¢ and the conjugacy between G and G to obtain the one for @8,

3.1)

PROPOSITION 3.1. Here we have some useful properties of the Katok map [11].

(1) The Katok map is topologically conjugate to fa via a homeomorphism h, i.e. G=
ho faoh™\ Infact, itis in the C° closure of Anosov diffeomorphisms, which means
it is a C limit of a sequence of Anosov diffeomorphisms.

(2) It admits two transverse invariant continuous stable and unstable distributions E* (x)
and E"(x) that integrate to continuous, uniformly transverse and invariant foliations
WS (x) and W" (x) with smooth leaves. Moreover, they are the image of the stable and
unstable eigendirections of fa under h.

(3) Almost every x with respect to area m has two non-zero Lyapunov exponents, one
positive in the direction of E"(x) and the other negative in the direction of E*(x).
The only ergodic measure with zero Lyapunov exponents is &g, the point measure at
the origin.

(4) It is ergodic with respect to m.

In Proposition 3.1, properties (1) and (2) hold for G with i replaced by ¥~!oh
and properties (3) and (4) hold for G with respect to v. To get prepared to build
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the decomposition, let us first prove some propositions that will help and lead to the
construction. The Maiié and Bonatti—Viana’s versions can be found in [6, 7].

Definition 3.2. The leaves W* and W*" are said to have local product structure with
constant x at scale 8, § > 0, if the following holds: for any x, y € T, d (x, y) <4, there is
aunique z € Wis(x) N Wi(y), where W5 (x) and W/, (y) refer to the local stable leaf of
x and the unstable leaf of y with radius « 4.

PROPOSITION 3.3. When «a, € > 0 are sufficiently small, the leaves W*, W" of G have
local product structure at scale 5S00\e with a constant only depending on .

Here we add a remark on the constant 500. There is no specific meaning behind the
choice of this constant, while it has to be significantly large so that 5001e will cover all
the scales throughout the paper whose local product structure is needed (also 500ie < 1).
We will see in the following sections that when ry and « are sufficiently small, the choice
of 500A¢ will work.

Proof. We want to show that the leaves are contained respectively in Cg(F 1 F?)
and C,g(Fz, Fl), where 0 < g8 <1, Fl, F? are eigenspaces of A corresponding to
A and A1 and Cp(Fl(x), F2(x)) :={x1 +x2:x1 € F1(x), x2 € F2(x), |x1]/|x2] < B}.
An application of [7, Lemma 3.6] will give local product structure with constant
(1+ B)/(1 — B). Moreover, we will prove that 8 only depends on « (the exponent for
the slow-down function near the origin) and converges to 0 when o — O.

We first prove the above cone argument, which is stated as the following lemma.

LEMMA 3.4. Thereis a0 < B < 1 such that, for all x € T2, we have
dG(Cg(F'(x), F?(x))) C Cs(F1(G(x)), F*(G(x))),

and
dG™NCp(F?(x), F'(x))) c Cx(F*(G™ (x)), F1(G™ (x))),

where F'(x), F2(x) are the corresponding expanding and contracting eigenspaces in
T T%. Moreover, B only depends on o and p — 0 when a — 0.

Proof. In [11] Katok proves the case where § = 1. We follow the first step of the proof
and then refine the result.
The differential system that generates the flow is
dsy

— = snﬂ(sl2 + s%) log A,

— 22— _ou(sE+52) log A

ds
dt
As in [11, Proposition 4.1], consider the variation equation, which is the linear part of the
above system; for each (£, &) in the tangent space we have

d
% =1log A(E1Q2sTY/ (57 4 53) + V(5T +53)) + 25152629 (57 + 53)),
d
% = —logh(&15152¥ (57 + 53) + E22539/ (s + 53) + Y (57 + 53)).
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By defining 1 := &, /&, we have
dn
E = —2log )\(n(l//(sl + 52) + (51 + S2)1ﬁ (51 + 52)) + (77 + 1)515230 (51 + 52))
(3.2)
At first glance we should consider two cases where 0 < S12 + s% <ro/2 and ro/2 <
s12 + s% <rg. When 0 < s12 + s% <ro/2, we know what ¥ exactly is: recall that ¥ (x) =
(x/r0)®. Then we have (s + s9)¥'(s? + s3) = ay (s + s3) for 0 < s + 53 < ro/2.
Otherwise, when rg/2 < S12 + s% < rp, instead of an explicit equation between ¥ and
Y¥’, we have
v/ (s? + sg) ¥'(ro/2)  2a 20 20
¥ (st + sg) V(ro/2)  ro T s?+s?
It is then not hard to see that ¥/ (x) /¥ (x) < 2a/x for all 0 < x < ry. Plugging this into
(3.2) we have the following inequality:

95 210g A 57+ ] +s2)<1+i)n+s1sz<1+n2)». (3.3)

The case where s1s0 =0 is easy to analyze using (3.1), as n is decreasing when
n > 0 and increasing when n < 0. We only analyze the case where s1, s2 > 0 because of
symmetry. Observe from (3.2) that dn/dt < 0 when n > 0, and thus we only need to focus
on 1 < 0. By defining k := (s1s52)/ (sf +s22) and doing some elementary calculation,
we conclude that dn/dt>0 when nel[(—Qu+1)— \/(205 + 1)2 — 16k2a2)/
dka, (—Qa + 1) + v/ Qo + 1)2 — 16k2a?) /4ka]. As 0 <k < 5, the range of the
slope of the invariant cone under all possible k values will be ﬂke(o,l /2][((20t +1) —
VQa + 1)2 — 16k2a?) J4ka, (2a + 1) + /(e + 1)2 — 16k2a2) /4ka]. Observe that
(Qa + 1) — /(2o + 1)2 — 16k2a2) /4ka is monotonically increasing in k, so by plugging
ink= %, we obtain an invariant cone with slope 8 1= 2a/(2a + 1 + /4a + 1). O

Besides the above cone argument, we also need the following lemma on global structure
on Euclidean space.

LEMMA 3.5. Given 8 € (0, 1) and F', F* C R? being orthogonal linear subspaces such
that F' N F%2 ={0}, let W', W? be any foliations of F' @& F? with C' leaves such that
T.W(x) C Cs(F', F?) and T,W?(x) C Cg(F?, F"). Then, for every x,y € F' @ F?,
Wl(x) N W2(y) consists of a single point. Moreover,

max{dy (x, 2), dy2(y, 2)} < %d(x, y). (3.4)

The proof is based on the elementary trigonometry and basic cone estimate. For a
detailed proof of a more general version, see [6, Lemma 3.6].

With the help of Lemmas 3.4 and 3.5, we are able to conclude the local product structure
for G at 500\ e, provided €, o and rq are all sufficiently small and ry < €. We remark that
the requirement of €, o being small is straightforward from the proof below, while the
requirement of ry being small is needed to have 500A€ cover all the scales containing rg
and ry throughout the paper, so that these scales will also possess local product structure
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with the same constant. This can also be visualized later in §§4 and 6 when we choose the
range used in the orbit decomposition for the regularity of the potential.

We lift W* and W* to W* and W* in R2. Choose any x, y € T? such that d(x, y) <
5001e. From now on we use € :=500A¢ in this proof. We also use the notation
y =y(B):=(1+ B)/(1 — B) throughout the paper. Let X, 3 € R? be lifts of x, y such
that d(%, y) < €’. By Lemmas 3.4 and 3.5 we know that WS (%) N V’V“(}’) has a unique
intersection 7 € R2. By projecting Z back to T? and (3.4), since B and € (thus €') are
chosen small so that the local leaf is not long enough to wrap around the torus, we have
zZ€ W;G,(x) N W}’je,(y).

Now it suffices to show that z is the only point in W; o@N W;‘e,(y). Suppose there
is another 7/ € T? also in W;e,(x) N W)’fe,(y). Let y; : [0, 1] — T2 be any path that first
connects z and 7’ via W}f - (x) and then 7’ and z via W)’je,(y). Lift y; to 71 in R?; we notice
that 71 (0) # 71 (1) since otherwise W* (%) N W*(Z) will not be unique. Observe L(y1) > 1
since y1(0) = y1(1) while p1(0) # p1(1). This contracts the fact that €’ is small enough
since the length of y is at most 2y €’, which is small. ad

From now on we will assume that « is fixed and so small such that § is sufficiently
small. This is possible by Lemma 3.4. As a result, y will be very close to one and both
A(1 — B) and (1 + B) will be very close to A, and thus greater than one. We also fix € to
be sufficiently small such that Proposition 3.3 holds, as well as making ry small for future
use (as explained after stating Lemma 3.5). As a final comment, o < € and the choice of
€ is independent of the size of the gap P(¢) — ¢(0).

By Proposition 3.1(1) and the fact that f4 has specification at all scales, we have the
following proposition.

PROPOSITION 3.6. G has specification at all scales.
3.2. Expansivity. We know from Proposition 3.1(1) that G is expansive. In this section
we prove that G is expansive at scale 100e.

Before giving the proof, we first prove a lemma which will be used very often
throughout the paper.

LEMMA 3.7. Ifx,y € T2 and y € B, (x, 100¢) for € as above and n > 1, then we have a
unique z € T2 such that G' (z) € Wfooye(cf (x)) N Wf‘ooye(Gi () forall0<i<n—1.

Proof. Recall that € and B are chosen small so that we have local product structure
at 500%r¢. Fix any x € T? and y € B, (x, 100¢). Since d(G(x), G'(y)) < 100e for any
0<i<n-—1, by Proposition 3.3 and Lemma 3.5 we have z; € T? such that =
Wiooye (G' () N Wiy, (G'(y)) forany 0 <i <n — 1. Since

Gzi) = WISOOA(1+/3)ye(Gi+1(x)) N WfOOA(1+ﬂ)ye(Gi+l(x))v

by applying local product structure at scale 100A(1 + B)y e, we observe that G(z;) = zi+1,
and thus G’ (zg) = z;. It follows that zq is our desired z. O

PROPOSITION 3.8. G is expansive at scale 100¢. In particular, PCJ,ZP((p, 100€) < P(¢).
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Proof. Suppose there exists x, y € T2 such that d(G*(x), G*(y)) < 100¢ for any k € Z.
By applying Lemma 3.7 to B, (x, 100¢) with each n > 0, we have a z € T? such that
G'(2) = Wi, (G' () N Wity (G'(y)) forall i > 0.

Fori >0, as G'(2) € Wfooye(G’(x)), we have d(G'(x), G'(z)) < 100ye. Therefore,
d(G'(y), G'(z)) < 100(1 + y)e for all i > 0. From [6, Lemma 3.7], as G'(y) and G'(z)
are always in the same local leaf of W*, d,(G' (), G'(z)) < yd(G'(y), G'(z)) < 100(1 +
y)ye for all i > 0, which contradicts z € Wluoo;/ ). O

4. Construction of the decomposition

Since the specification property holds globally for all the orbit segments at all scales, it
suffices to choose ¢ in such a way that the desired potentials have the Bowen property.
Meanwhile, ¢ should be large enough so that the pressure supported on & U . is small.
Consider the following set of orbit segments:

1 1 .
G(r) = {(x, n): - i x (x) >r and ?Six(G"_l(x)) >rforall0<i Sn}

where x is the characteristic function for T2 \ D1ooye+r, and r € (0, 1) is a parameter.
In practice, we only consider the case where r is small. The choice of constants in x is
to make sure that orbit segments that start and end far away from the origin and spend
enough time outside the perturbed area would show high regularity for the chosen family
of potential functions.

We choose

P(r)=S(r) = {(x, n)eT? xN: %Snx(x) <r}.

The case where n = 0 will not cause ambiguity, as T?> x {0} is contained in all of three
collections. We will see later in §§5 and 6 that the appropriate choice of r will make
Theorem 2.5 applicable to (Z(r), 4 (r), -7 (r)). Before moving forward to the verification
of those properties, we must prove they actually form an orbit decomposition.

PROPOSITION 4.1. For every 0 <r <1, the collections (£ (r), 9(r), L (r)) form an
orbit decomposition for G.

Proof. For (x, n) € T? x N, consider the largest integer 0 <i < n such that S; x (x) <ir
and the largest integer 0 <k <n — i such that Skx(G"’k(x)) <kr. If Sjx(x) > jr for
all 0 < j <n, we take i = 0 (the case for k is similar). By the definition of i and k we
have (1/1)S;x (G (x)) = rforO<I<n —iand (1/m)S,x(G"*"(x)) > rfor0<m <
n — k. Therefore, we have

(x,)e 2(r), (Gx,n—i—kyedr), (G"*x k)ye.sr)
which concludes the proof. O
5. Pressure gap

We want to prove that given ¢(0) < P(g), we can find r’ > 0 sufficiently small so that
P(Z(r), @, €, 100€) < P(p). We first show that there is an r’ that P(2(r"), ¢) < P(¢).
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Then we get P(Z(r'), ¢, €) < P(p) automatically, as P(L2(r'), ¢, €) < P(L(r'), ¢).
Finally, we show that P(Z(r'), ¢, €) = P(Z(r'), ¢, €, 100¢) in our case. This yields the
third condition in Theorem 2.5, with &2 being chosen as Z2(r').

5.1. General estimates. ~We start with a general estimate for pressure on a set of orbit
segments. Under the same setting and given 2 C X x N, for (x, n) € , we define the
empirical measure &y , by

1 n—1
5){," = ; Z SGi(X)‘
i=0

For each n € N we consider the following convex hull of 8, ,, for (x, n) € Z:
k

M (D) = {Z @i8x; 2 ai >0, Z ai=1,x €D, }
i=1
Denote the weak* limit points of .#},(2) when n — oo by .#*(2Z); we observe that
M*(2) is non-empty when P(Z, ¢) > —oo and A4 *(2) C M (X).
Following the standard proof of the variational principle for pressure in [23] (or see [3,
Proposition 5.1]), we have the following proposition.

PROPOSITION 5.1. P(Z, ) < sup,c s+ Pu(®).

5.2. Pressure gap estimate. ~We notice that the measures in .Z*(Z(r)) are the weak*
limits of measures in .#,(Z?(r)) when n — oo. For u, € .#,(Z(r)), we observe that
f X dp, < r by definition of Z(r). For each 0 < r < 1, write .#/ (r) to be the set of G-
invariant Borel probability measures 4 such that [ x du < r. Observe that .#, (2 (r)) C
My (r) for any n € N. The following lemma says that this inclusion holds true in the limit
case.

LEMMA 5.2. #*(P(r)) C My (r).

In fact, Lemma 5.2 follows easily from the following lemma concerning the weak*-
compactness of the set ./, (r), for which we will give a proof.

LEMMA 5.3. ., (r) is weak*-compact for all 0 < r < 1.

Proof. Suppose {i,},>1 is any sequence in .#, (r). By weak® compactness of .# (X),
there is a subsequence {i,, }x>1 that converges to some p € ./ (X). We want to show
that f x du <r. Recall that x is the characteristic function for T2 \ D1ooye+r,» and
thus lower-semi continuous, as we define D, to be the closed balls. Then f xdy <
liminfy o0 [ X dunk < r by the remarks preceding [23, Theorem 6.5]. O

We first observe that ./, (r) is non-decreasing in r and .#, (0) =("),. o .4y (r). For
w e Ay(0), w(T?\ Digoye+r,) =0. However, we have U,ji'ioo Gk(T? \ Diooyetr) =
T2 \ {0}. By invariance of u, we conclude that u = &g, the Dirac measure at the origin,
and thus .#, (0) = 8o, and Ps,(¢) = ¢(0).

Meanwhile, from Proposition 3.8, we know that G is expansive, so the entropy

function &t — h, (@) is upper semi-continuous and so is the pressure function p — P ().
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Therefore, for any small ¢’ > 0, there is an open neighborhood U of §y in the weak*
topology of .Z (X) such that, for any u € U, we have P, (¢) < Ps,(¢) +¢ = ¢(0) + €.
By Lemma 5.3, there exists some ' > 0 such that .#, (r') C U. Since ¢(0) < P(¢), by
taking 0 < €’ < P(¢) — ¢(0), we obtain r’ > 0 such that SUP .7, (r') Pu(p) <p(0) +
€’ < P(p). This together with Proposition 5.1 and Lemma 5.2 show that P(Z(r'), ¢) <
P () for the r’ in the proof.

PROPOSITION 5.4. When ¢ is a continuous potential function such that ¢(0) < P(¢),
there is some small ¥’ > 0 such that P(2(r'), ¢) < P(¢).

5.3. Two-scale estimate. Now we want to show that
P(2(r'), ¢, €) = P(2(r), ¢, €, 100¢).
Recall that

1
P(2(r"), ¢, €) =limsup — log AyP(2(r), ¢, €; G),
n—oo N

(5.1
1
P(2(r"), ¢, €, 100€) = lim sup — log Ay (2(r'), ¢, €, 100¢; G).

n—oo N
We make the following definition of the variation term of ¢ in degree n at scale 100e,
which is used throughout this section and §8.

Definition 5.5. ¢(n) = ¢(n, ¢, 100¢€) := SUPye X, yeB, (x,100¢) [Spe(¥) — Spe(x)].
Observe that
AP (P, 9. € G) < AP (P(r), 9. €, 100 G) < AP (2 (), ¢, €1 G)et ™.
In order to eliminate the scale 100€, we prove the following lemma.

LEMMA 5.6. lim sup,,_, o, (1/n)¢(n) =0.

We notice that the definition of ¢ is not restricted to any of the collection of orbit
segments. This will be particularly useful in §8, where we try to obtain the uniform Gibbs
property in a weak sense.

Proof. Recall that we have local product structure at 500Ae. We know from Lemma 3.7
that for any x € T2 and y € B, (x, 100¢), there exists z € T2 such that

G'(2) = Wi, (G' () N Wigg, (G (»)

forany 0 <i <n — 1. We have

¢(n) = sup [Sn@(y) — Spe(x)]
x€T2,yeB, (x,100¢)
< sup (ISne(x) = Sn@@)| + [Snp(2) — Sup(¥)])
xe']l‘z,yeB,, (x,100¢)
= sup [Snp(x) — Spe(2)]
xeTz,zveooye(x)
+ sup ISne(z) — Spe(¥)I. (5.2)

YET2.Gm=1 )Wy, (G (7))

To prove the lemma, it suffices to prove the following lemma.
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LEMMA 5.7. Define ¢*(n) := SUPLeT2,ze Wiy, . () [Spo(x) — Sp@(2)|. We have

1
limsup —¢°*(n) = 0.
n—oo N
Similarly, t“(n) := supyeszGn_u(Z)ewluooye(Gn_l(),)) [Sh@(2) — Spe(¥)|. As above, we have
limsup,_, ,, (1/n)¢"(n) =0.

To prove the first part of Lemma 5.7, we define
d;(x) = max{d(G" " '(x), G"'(2)), z € Wlsoo;/e(x)v dg(x, 7) =100y €}

for each n > 1 and x € T2. Here the maximum makes sense as we only have two possible
choices in z when x is given. We notice that, along the local stable leaf, {d} (x)},>1 is a
sequence of continuous functions that pointwise converges to 0 and d,,(x) > d,  , (x). As
T2 is compact, the convergence of d;, (x) to 0 is uniform.

We want to show that, for any small €y > 0, there is N = N (¢p) € N large enough such
that (1/n)¢*(n) < €g forany n > N. ¢ is continuous on T2, and thus uniformly continuous.
For fixed small €y > 0, there exists 6o > 0 such that when x, y € T2, d(x, y) <dp, we
have |¢(x) — ¢(y)| < €0/2. By uniform convergence of d;, there exists m € T2 such that
d;(x) < éo for any n > mg. Therefore, £°(n) < 2mopo + ((n — mgp)ep)/2, where ¢y =
sup, 2 ¢(x). Now it is clear that we can choose some N € N such that (1/n)%(n) < €
for all n > N. By making €g go to 0, we end the proof of Lemma 5.7.

To prove the second part, instead of d;(x), we define a function d!!(x) by dj (x) :=
max{d(x, 2), f"~(2) € Wiy, (G"~' (1)), du(G" 1 (x), G"~'(2)) = 100y€}. We obtain
that d}! (x) converges uniformly to 0, proving for any small ¢y we can find some M =
M (€g) € N such that (1/n)¢"(n) < € foralln > M.

By applying Lemma 5.7 to (5.2), we complete the proof of Lemma 5.6. O

From (5.1) and Lemma 5.6 we have

1
P(2(r"), ¢, €, 100€) = lim sup — log AyP (2 ('), ¢, €, 100¢; f)

n—oo N

1 1
<lim sup — log AP, @, €; )+ lim sup ;{(n)

n—oo N n—oo

1
=limsup — log Ay P (2(), ¢, €; )
n

n—oo

=P(2(), ¢, €), (5.3)

which is the desired result for a pressure gap based on the first paragraph of §5.

Finally, we add a comment on the gap condition ¢(0) < P(¢). As both the left and right
sides of the inequality change continuously in ¢ in the C° topology, we know the set of
continuous potentials satisfying this gap condition is C%-open. In fact, it is not hard to
show that it is also C-dense, using the fact that ergodic measures are entropy dense in the
space of invariant measures. Further results concerning how common the gap is could be
interesting and we leave that to the reader to explore.
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6. Regularity of potential functions

From the previous section we obtain the desired pressure estimate on the bad orbit
segments for the continuous potential ¢ with ¢(0) < P(¢). In this section we will verify
the regularity condition required by Theorem 2.5. We will focus on the family of Holder
continuous potentials and the geometric z-potential

geo

oC (x) = t9E° (x) = —t log [DG| gu(y) .

We first state a result about the uniform expansion/contraction along local leaves W*/W*
of orbit segments in ¥ (r).

LEMMA 6.1. For (x,n) €9 (r)andy € Wfooye(x), we have

dy(G'(x), G'(») < (W1 — B) "ds(x, y) foranyO0<i<n-—1.

Similarly, for (x, n) € 9(r) and f"*~1(y) € Wluooye(f”_l(x)) and0 < j <n — 1, we have
dy(G/ (x), GI(y)) < (1 = )™= 1=Drd, (f7~ 1 (), f7~ 1)),

Proof. For any point z lying on Wlsoo;/ < (x) between x and y, when x (G (x)) = 1, since
d(G'(x), G'(z)) < 100y€, G'(z) is outside the perturbed area; therefore,

IDGlEs Il < (A (1 — )~

Therefore, we have [DG'| g5 ;)| < (A(1 — B)) ™. This proves the stable part. The unstable
part is proved in the same way by considering the inverse iteration instead. O

6.1. Regularity for Holder continuous potential. =~ Suppose there are constants K > 0
and ag € (0, 1) such that our potential function ¢ satisfies |p(x) — p(y)| < Kd(x, y)*
for all x, y € T2. Our goal is to show that ¢ has the Bowen property at scale 100€ on ¥ (r)
forany 0 <r < 1.

LEMMA 6.2. Given (x,n) € 9(r) and y € B,(x, 100€), we have d(G*(x), G*¥(y)) <
100y e((A(1 — B) % + (A (1 — B))~(n=k=Dry,

Proof. As seen in Lemma 3.7, by applying local product structure we are able to get z € T?
such that Gi(z) = Wfooye(Gi(x)) n Wl"ooye(Gi(y)) for 0<i <n —1. By Lemma 6.1,
we see immediately that d(G*(x), G¥(2)) < 100y e(A(1 — ,3))_’". To get the estimate
for d(G*(y), G*(z)), we notice that for 8 > 0 small enough, both G*(y) and G*(z) are
in B1goye (Gk(x)). Because of the convexity of Biooye (Gk(x)), we can make the local
unstable segment between Gk(y) and G¥(z) lie in Blooye(Gk (x))forall0<k<n-—1.A
similar argument to the proof of Lemma 6.1 provides

d(G*(x), G*(2)) < 100ye(A(1 — g))~=1=hr, -

With the help of Lemma 6.2, we are able to conclude the desired regularity condition
for ¢ (therefore, for all Holder continuous potentials) over ¢ (r), which is stated in the
following proposition.

PROPOSITION 6.3. ¢ has the Bowen property on ¥ (r) at scale 100¢ for any 0 <r < 1.
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Proof. Given (x, n) € 4(r) and y € B, (x, 100¢), from Lemma 6.2, the Holder continuity

of p and (1 — B) > 1 we have

n—1

1$20(x) = Sup(M| < K D d(GH(x), GF(y)™

k=0
n—1
< K(100ye) > ((h(1 — )7~
k=0
+ (}\’(1 _ ﬂ))_(”_k_l)r)a()_ (61)

To estimate Y f—o (A(1 — B)) ¥ 4 (A(1 — B))~*~*=Dr)e0_ we have

n—1
DO =BT+ (1 = )y~ A D0
k=0
n—1
< Y @max{(A(1 = )7, (1(1 = g))~ "Dy
k=0
n—1
=2y “(max{(A(1 — B))*", (h(1 — p))" APy
k=0
< 2% 2001 — B)* = Ko < 0. (6.2)
k=0
By (6.2), we have | S, (x) — Spe(¥)] < K Ko(100y€)*0 < oo. O

6.2. Regularity for geometric t-potential. In the uniformly hyperbolic case, the map
x — E"(x) is known to be Holder continuous. Since the log(x) function is Lipschitz
continuous when x is bounded away from O and oo, the geometric f-potential is
automatically Holder continuous.

Unfortunately, this argument does not extend to the non-uniformly hyperbolic Katok
map. Although it is the limit of a sequence of Anosov diffeomorphisms, the respective
Holder exponent can be shown to blow up to 0 by following a standard argument in [15,
Proposition 3.9]. Therefore, the regularity for ¢;(x) is not trivial.

Here we follow the spirit of the proof of regularity of the geometric ¢-potential for
Bonatti—Viana diffeomorphisms (see [6]). Compared to the dominated splittings, the
additional technical difficulties are from the non-uniform expansion rate in E* over E*.

The first few steps of the proof are similar to the Bonatti—Viana example. We will sketch
these steps, explain some technical details and underline the difference in the following
steps for two proofs.

PROPOSITION 6.4. (ngeO (x) satisfies the Bowen property at scale 100€ on 9 (r).

Proof. We first decompose (pgeo (x):T? - Rinto /' o E*. Here E" : x — E%(x)isa map
from T2 to G!, where G! is the one-dimensional Grassmannian bundle over T? and W'
sends E € G! to —1og|DG(x)|g|. By identifying G' with T2 x Gr(1, R?) and writing out
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¥’ as a composition of Lipschitz and smooth functions, it is proved in [6, Lemma A.1]
that, given G that is C'7%, the map v’ is Holder continuous with exponent c.

We need to obtain a similar estimate for the distance in the tangent component
dy (E*(G* (x)), E”(Gk(y))) as in Lemma 6.2, where dy means the Hausdorff distance.
This estimate, together with Lemma 6.2, gives us the Grassmannian bundle version
of Lemma 6.2. By applying the Holder continuity of v’ and following the idea in
Proposition 6.3, we are able to derive the Bowen property for <p(g;e°.

For the remaining part of the proof we focus on proving the following.

PROPOSITION 6.5. For every 0 <r < 1, there are C € R and 6 < 1 such that, for every
(x,n) €9 (r),y € Biooe(x, n) and 0 <k <n — 1, we have

d, (E“(G*(x)), E“(G*(y))) < C(8* + 0"~ 17H).

Here, dg, is the metric on Gr(1, R?) defined as dg,(E, E') =dy(ENS', E'N S,
where dy is the usual Hausdorff metric on the compact subspace S' C R2.

To prove this proposition, again by local product structure at scale 100A(1 +
B)ye, we apply Lemma 3.7 to get z € T? such that G*(z) = WfOOye (G*(x) N
WI“OOVE(G"(y)) for0 < k <n — 1. We will estimate dg, (E*(G*(x)), E*(G*(y))) in terms
of dg, (E*(G*(x)), E"(G*(2))) and dg, (E*(G*(z), E"(G*(y))). Notice that T, W" (x) =
E"(x) and E" is continuous, where W is C!, so there is a constant C such that dg, (E*
(GX(z), E"(G*(y))) < Cd(G*(2), G*(y)) <100Cye(r(1 — B))~~*k=Dr Therefore, to
prove Proposition 6.5, it suffices to estimate the distance in E* along local stable leaves.

For (x,n) €% (r) and z € Wf'ooye(x), for any 0 <k <n-—1 let (e;,k)iz=1 be an
orthonormal basis for TGk(Z)TZ such that E*(G*(2)) = span(e;’k). There is a way of
choosing (ei,k)?=1 so that, for every k, i, the map z — ei,k is K-Lipschitz on Wlsoo;/e (x),
where K is independent of x, n, i and k. This is because on small neighborhoods
U c Gr(1, R?) one can define a Lipschitz map U — R x R that gives each element in
U an orthonormal basis. Since T2 is compact, we can choose this Lipschitz constant to be
uniform in terms of z. On the other hand, since we are working on the local stable leaves
and (x, n) € 4(r), from which we have an overall exponential contraction in d; under G,
we have K that is independent of k.

The fact that z — eiy ¢ 1s uniformly Lipschitz allows us to compute the term
dG,(E”(Gk(x)), E*(G*(y))) using their coordinate representations in e;’k. Let 7k :
TGk(Z)TZ — R? be the coordinate representation in the basis of ei_y i Let AZ:R? > R?
be the respective coordinate representation of DGk ), i.€. 7 k+1 0 DGgr () = Af o k.

Now it suffices to show that dg, (E{, Ef) < CO* where Ef =,  E"(G¥(x)). To show
this, we need to study the dynamics of A; and Ay . Notice that by E S(GR(z)) = span(e;’ o)
we have A (Z) = Z, where Z =R x {0} C RZ. Let Q be the set of subspaces E C R? such
that Z ® E = R2. Obviously E,ﬁ € Q. To measure the dg, (E7, E,f), for £ C Q, let L,f :
E{ — Z be the linear map whose graph is E. From standard trigonometric computation

we are able to get sin(dg, (E7, E)) < || L E [|. If || L,f‘: || is decreasing exponentially fast in k,
we know that sin(dg, (E}, E i)) will give approximately the value of dg, (E}, E ,f), which
is exactly what we want.
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. E . .
Now we want to estimate ||Lk"|| in terms of the dynamics of A; and Aj. Define
PIE  — A E7 to be the projection along Z; [6, Lemma A.4] shows by another
trigonometric argument that

LYE = (A,§|ZoLfi'oA;|E%)oP. (6.3)

k+1

In particular,

IILk+1 =< 1Az 1zl - 1A |P]l - IIAEIE;III + [P —1d|. (6.4)

z- |

By applying the Holder continuity of DG, Lipschitz continuity of eé,k and z €
Wfoo (x), we get a constant C independent of x, z, n, i, k such that ||Ai - Al <
C(lOOye)”‘O (A(1 — B))~"*0, Therefore, we have

dg, (Eyyy, ALEY) =dg, (AL E}, ALEY) < C’'(100y €)* (A(1 — B)) "0 (6.5)

for another constant C’ that is also independent of x, z, n, i, k. Take any v € E,f 1
and look at the triangle formed by v, Pv € AJE} and Pv —v = (P —Id)v € Z. Then
|Pv — vl||/|lv|| = sin 8/ sin 6>, where 6 is the angle between v and Pv, and 6, is the
angle between Pv and Pv —v. We know that 6, is uniformly bounded away from 0
and sin 8; < C”(100y€)® (A(1 — B)) "0 for some constant C” by (6.5). Therefore, we
have || Pv — v|/|lv]l < C"”"(100y€)* (L(1 — B)) %% for some constant C"” independent
of x, z, n, i, k. This gives the following:

IP —1d|| < C"'(100y€)* (A(1 — B))~"*e0. (6.6)
Now we put (6.6) in (6.4) and get

IILk+1k|| <IA;lzIl - IIAZIEx (14 C""(100y €)™ (A (1 — ﬂ))_rk“O)IIAiIE%II
+C"(100y€)* (A (1 — B)) " . (6.7)
We write ||Ai Izl - ||AZ |- iley || as Py. There exists a constant 1o which satisfies the following
properties.

(1) A€ (0,1).

(2) When x(GK(x)) =1, Py < Ao.

It is also easy to see that P; < 1. Therefore, we have, for any (x, n) € “(r) and z €
Wiy (%), ]_[l o P, <xUtDrfor0<j<n—1.

Write ||Lk+1 | as Dy, C"”"(100y €)% as Q and (A(1 — B)) "% as u. We rewrite (6.7) as
Diy1 = Pe(1+ Qub)Dy + Qut. (6.8)

Up until this step there have been no significant differences between the case of Bonatti—
Viana diffeomorphisms and the Katok map. Nevertheless, for a dominated splitting
example such as Bonatti—Viana diffeomorphisms, Py is strictly less than some constant

" <1 for all k. Here, for the Katok map, we do not have a uniform estimate on P;. We
will use (x, n) € 4(r) to help us get the desired exponential decay here.

Define Cy := Dy/ vk where 0 < v < 1 is determined later and is very close to 1. Now

(6.8) is turned into
k

Py u
Cry1 < 7(1 + oubyCy + QW. (6.9)
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We want to prove that C is bounded for a suitable choice of v. We know that Cp =
Do < B for some B > 0 by compactness of T? and continuity of the unstable distribution.
Construct a sequence { Fy }renujoy such that Fy = B and

uk

1
—(1+Quk)Fk+Qk—+1
Fit1= K v k

D04 QR+ 0 i x(GF@) =1,
Vv Vv

if x(G*(x)) =0,

We notice that for different (x, n) we will generate a different sequence { Fi Jxenujo;- We
want to show that Fy is uniformly bounded for all (x, n) € 4 (r) with the fixed chosen v.
This makes Cj bounded by some number independent of x, n, z, k, as Cx < F; by the
properties of Py and Ag.

We first add some assumptions to v. We want u/>/v <1 and Ao"/?/v < 1.
We then choose two constants ¢ > 1/v and Xo/v <n <1 such that u <vnp and
c1=0/2pr/2 < 1. We can choose such ¢ and 5 because (u/v)/>(1/v)!=/? <1 and
(ho/v)"?(1/v)1=/2 < 1 by our assumption on v. Fix v from now on.

There is an N € N large enough such that when k> N, (1/v)(1 + Qu¥) < ¢ and
(Ro/v)(1 + Qu*) <.

Now among all possible (x,n)e€ ¥ (r) with n < N, Fy = Fi(x, n) is uniformly
bounded by some M > 0 for any 0 < k < n due to the compactness of T2 and finiteness in
the choice of k, n. We construct a new sequence { Hy }x>x such that Hy = M and

k
¢H + 9(1) if % (G*(x)) =0,
v v

Hiy1 = k
nHy + %(%) if x(GF(x) = 1.

Again it suffices to prove that Hy is uniformly bounded. We consider the large k such
that k > 2N /r. By the choice of k we have the following observation: Zf: N X(F i(x)) >
kr — N > rk/2.

LEMMA 6.6. Forallk > 2N /r, we have H, < M’, where M’ is a constant independent of
x,n,z, k.

Proof. Define ay = ax(x, n) := (1 — x(F¥(x))) + nx (F¥(x)) for k > N. We have

0 (u\*
Hypi=arHe +—(— ) - (6.10)
Y
By iterating (6.10) on k, we can write out Hy explicitly for k > N as follows:
k—1 0 k=1, NJ kel
Hy = ; = ). _
A <]_[ a,>M+ > Z((V) ]_[ as> 6.11)
i=N Jj=N s=j+1

Since a; > n and u < vn by our assumption, we have

(e ) (.0) E 632" 1

i=N s=N+1 =0 n
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where S := Y72, (u/vn)'. We can remove the term Hf;l{lﬂ a; as

k—1
1_[ a; S;.1—(r/2)77r/2 <1
i=N+1
for ZLN X (Fi(x)) > rk/2. By writing M' =M + Q/v(u/v)" - 1/v- S, we get the
result. O

As Hj is uniformly bounded for k > 2N /r, Hy is uniformly bounded for all £k > N.
We know Fj is bounded above by Hy for k > N and M otherwise, and hence it is
uniformly bounded as well. Since we know Cy is bounded above by Fy from construction,
Proposition 6.5 is finally proved, and so is the Bowen property for gogeo on ¢(r) for all
O<r<l. O

7. Main theorem

7.1. Verification of Theorem 1.1. Now we have all the ingredients to prove
Theorem 1.1. Before we state the proof, let us briefly summarize the conditions of the
parameters of the Katok map. We have 8 = 2a/(2a + 1 + /4o + 1) as the slope of the
invariant cone. To have enough expansion/contraction along the unstable/stable leaves, S,
and thus «, needs to be sufficiently small. The perturbation also appears in a neighborhood
of the origin with radius ry being small enough, as we require the local product structure
at a scale greater than 500Arg. In particular, these scales do not depend on the gap
P(p) — ¢(0).

We first see how Theorem 2.5 will help us derive the unique equilibrium state of
¢ for G when P(¢; G) — ¢(0) > 0. We know that (Z(r), 9 (r), &(r)) forms an orbit
decomposition for any r € (0, 1]. Tail specification at scale ¢ is automatically satisfied
for any 0 <r <1 by Proposition 3.6. Conditions for obstructions to expansivity are
satisfied at scale 100e by Proposition 3.8. Meanwhile, by Proposition 5.4 and the argument
in §5.3, there is some r’ =r'(¢) > 0 such that P(Z(r'), ¢, €, 100¢) < P(¢p). Finally,
Proposition 6.3 gives us the Bowen property at scale 100e for Holder continuous ¢.
Therefore, by taking (2 (r'), 4 (r'), Z(r')) to be the orbit decomposition, all the four
conditions are verified.

Following a similar approach as above we can apply Theorem 2.5 to prove Theorem 1.1.
Recall that G = ¢ 0 G 0 ¢~ 1. Define 22/ (r) = ./ (r) :={(x,n) € T2 x N: (¢ "1 (x), n) €
P(r)and 9’ (r) = {(x, n) € T> x N: (¢~ (x), n) € 4(r)} forr € (0, 1]. By the fact that
¢ is the identity outside D,,, it is not hard to see that

1~ 1~ o~
G (r) = {(x, n): l—.Sti(x) > r and lfSti(G”_’(x)) >rforall0<i Sn}

and

P'(ry="(r)= {(x, n)eT? x N: %Snax(x) < r}

where SC x (x) := Y2 x(G/ (x)).
By repeating the discussion in §§3 and 4, we know that the orbit collections
(2'(r), 9'(r), Z'(r)) form an orbit decomposition for G. To apply Theorem 2.5, we
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need to check all the conditions. Since G is homeomorphically conjugate to G, which
is conjugate to the linear toral automorphism f4, we know that G satisfies specification
at all scales. Meanwhile, by using the property of ¢, it is not hard to show that G is
expansive at scale Ce/,/kg, where C and kg are as in §3. For a potential function satisfying
©(0) < P(gp; 5), which is definitely the case here, by following exactly the same proof
in Proposition 5.4 and the argument in §5.3, there exists ¥ =7(p) € (0, 1) and ¢; > 0
such that P(22'(F), ¢, €1, 100¢;; é) < P(p; 5), where we need €] due to the change
of scale and constant of local product structure from G to G. For the same reason, the
same argument as in Proposition 6.3 gives us the Bowen property for Holder continuous ¢
at scale 100¢; for some ¢, > 0. By taking € to be min{Ce/.,/ko, €1, €2}, we have verified
all four conditions for the orbit decomposition (£2'(¥), ¢’ (F), &' (r)) with scale €, which
concludes the proof of Theorem 1.1.

7.2. Verification of Theorem 1.2. Now let us see how to deduce Theorem 1.2. In this
case things are slightly different. Although the maps G and G have the same dynamics, the
geometric #-potentials are not the same function. Therefore, we are not able to fully copy
the thermodynamic formalism of G with t(péeo to derive the one for G with 1, where
wéeo and @£ are the geometric potentials associated to G and G.

Again, we consider the orbit decomposition (7' (r), 4'(r), &' (r)) for G. Notice that
the gap condition tp&%°(0) < P (t¢p5; G) will provide us with the pressure gap with
respect to G. Therefore, to prove Theorem 1.2, we need to show that ¢&°° has the Bowen
property over 4’ (r) for any 0 < r < 1 and r¢&°(0) < P (t¢&°; 5) holds for all r < 1.

We first deguce the regulargy of ¢&° from gogGeO. Since G = $poGogp~! and
D¢ (E"(x)) = E*(¢(x)) where E*(x) is the unstable distribution of G at x, foralli >0

we have
9=°(G' (x)) = —1og DG | gu (@i (x))| = —10g 1D © G 0 ¢~ ") 5uGi ()|
~ o~ o~ . o
= —l()g |D¢|D(Go¢7l)E”(Gi(X))| - IOg |DG|D¢*1E” (Gi(x))| - log |D¢ |E“(G"(x))|

= —10g 1Dl p(Gop—1 Eu(Gi(y] — 95 (G (@' (x)) —1og |Dd ™ [ 5uGi (x|

= —1og | Dl (s (G (¢-1ny| — o (G (@7 (x)) —10g D™ 150G (x|
= —10g | D¢ pu(Gi+1 (-1 oy | — 96 (G (@7 () —log D gu@icoyl- (7.1

We also have the following observation:

0=—log [D(® 0 ¢ "z
= —log |D@| py-1Fu(Gixy | — 108 1D~ |G x|
= —log | D@l pu(Gi(p—1 (x| — 108 |D¢_1 | 5u(Giep |- (7.2)
Therefore, by plugging (7.2) into (7.1), we have

geo

=G (x)) =10g D~ |FuGii oy — 05 (G @~ (1)) —10g DG~ | u Gy |-
(7.3)
Now fix any r € (0,1]. Given (x,n)€%'(r) and y such that d(éi(x), éi(y)) <
100Ce/kq for all 0 <i <n — 1, where k is the normalizing constant in the definition
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of function ¢, kg > 1 and C = C(«, rp) is an expansion constant (see §3.1 on page 7),
with the help of (7.3), we have

- - n—1 . .
ST PR (x) — ST (y) = Y (@G (1)) — 9= (G (1))
i=0
n—1
=Y (10g D¢~ |gu(Giti oyl — 0 (G (97" (X)) — log D™ |G (x|
i=0

— (log [Dp™ " | gu(isi (v = 05 (G @™ (1)) = log [DG™" | gz ) ))
= IOg |D¢_I|Eu(5n(x))| - log |D¢ |E”(5"(y))|
~log |D¢*1|gu(x)| +10g DG~ gy

+ Z(wg“(G"(wl(y))) 05 (G (¢~ (x)))). (74)

Now we look at the last line of (7.4). Since we choose (x, n) from ¥4'(r), we know
in particular that both x and G" (x) belong to T?\ D10oye+r,- By definition of y, we
know both y and G" (y) belong to T2\ Dy, . Therefore, we know log D¢~} | BuGn oyl —
10g D™ 5u(Gn(yy| — 102 1DG ™ 5u ()| +10g DS~ ()l =0 as ¢~ is an identity in
T2\ Dr1 So to get the Bowen property of ¢2°°, we only need to check if the remainder
Y0 @g (G @7 (1)) — 95 (G (@' (x)))) is bounded.

We know from the definition that (q&’1 (x), n) € 4(r). Therefore, to prove the result
above, it suffices to show that d(G'(¢~'(x)), G'(¢~'(y))) < 100¢ because, once this
is proved, Proposition 6.4 will be immediately applicable. Notice that G (¢~ (x)) =
$~1G'(x), s0 d(G'(@~ (), G'(67' (1)) =d(@'G'(x), $7'G' (). By (3.1), we
have d(¢~'G'(x), p~'G' () < (ko/C)d(G' (x), G () < 100Ckoe/Cko = 100€. As a
conclusion, we obtain the Bowen property of @& for G on ¥/ (r) for any O<r <1 at
scale 100¢ /k¢ (the constant variation term in the Bowen property can differ in different ).

Now we verify that tp&°(0) < P (tps°°; G) holds for all 7 < 1. Since the Lebesgue
measure m is preserved and ergodic under G by Proposition 3.1(4) and the Lyapunov
exponents of m for G are non-zero by Proposition 3.1(3), m is an SRB measure for G.
Therefore, we have by [13]

hm(G) = AT (m) = — / @& dm,

where A refers to the positive Lyapunov exponent with respect to m.
Since — [ &° dm > 0, we have

P(tg%°; G) > P(t¢%°, m; 5)=hm(6)+t/<pge° dm = (1 —t)/q;ge(’ dm > 0.

Therefore, if t <1, P(tp8°; 5) > 0= Py, §y). This conclude the proof of
Theorem 1.2.

Further statistical properties of the Katok map are explored in [17], including
exponential decay of correlations and the central limit theorem for the unique equilibrium
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state. These are benefits brought by the inducing scheme technique applied there.
Nevertheless, the uniqueness consequences on the equilibrium states for the geometric
t-potential are not as strong there. For a fixed G, the positive recurrence of the normalized
potential in the base is only guaranteed when ¢ is greater than a limit 9. When ¢ crosses this
boundary, nothing can be said in terms of the uniqueness of equilibrium states. To fix this,
the authors need to consistently narrow down the perturbed radius to make fy approach
—o0. See [16, (P4) and Theorem 4.6] for details.

Despite the difference in conclusions, for geometric z-potentials, there are certain
similarities regarding the spirit of the two approaches. In [17], for 7p <t < 1, there is
an equilibrium state being unique among the measures lifted from the base of the inducing
scheme and supported on the whole tower. In the case of the Katok map, the inducing time
is simply the first recurrence to the base and the base is chosen to be an element in the
Markov partition induced by the original linear automorphism that is far away from the
perturbed region. By topological transitivity, the non-liftable measures have to distribute
zero measures to each of these partition elements, which makes 8 the only candidate. The
pressure gap between P(¢;) and 0 will guarantee that the equilibrium measure is chosen
from the liftable measures, thus being unique. In our case, we prove the potential over orbit
segments that spend enough time far away from the perturbed region is highly regular and
strengthen the pressure gap result to all 1 < 1, as our result is independent of the choice of
Markov diagram.

8. Global weak Gibbs property for equilibrium state

We exhibit a global weak Gibbs property for the unique equilibrium state of potential
functions in Theorems 1.1 and 1.2. For a continuous function ¢ : X - R, § > 0and € C
X x N, we say an invariant measure p has Gibbs property at scale § over % if there exists
an Q = Q(8, ¥) > 1 such that, for every (x, n) € €, we have

Q—le—nP(tp)+Sn<p(x) <u(Bp(x,8)) < Qe—nP(wHSnw(X)'

If only the left (right) inequality holds, we say u has lower (upper) Gibbs property at
scale 8 over %

For the unique equilibrium state of orbit decomposition satisfying all assumptions in [8,
Theorem 2.5], the authors deduce a version of the upper Gibbs property in terms of a two-
scale estimate over X x N and the lower Gibbs property over ¥ . In the Katok map, since
all orbit segments have specification at any scale, it is possible to prove a weak lower Gibbs
property on X x N.

We fix the potential function ¢ to be any potential satisfying the condition of
Theorem 1.1 or 1.2 (geometric ¢- potential with # < 1 or Holder continuous potential with
P(p) —¢(0) > 0) and p to be the respective unique equilibrium state. We just discuss
this on G as all the properties can be directly referenced from earlier results in the paper
and G share all those properties according to §7. We also fix an appropriate r > 0 such
that (2(r), Y (r), Z(r)) is the desired orbit decomposition for ¢. Recall that the process
of constructing the equilibrium measure u is as follows. For each n € N, let E,, C X be a
maximizing (n, 5¢)-separated set for A (X, n, S€), where € is the same as before. Consider
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the measures

Sne(x
- erEn € o )SX
n =T LS00
erEn eSno ()

1 n—1
o 1=~ Z(;(G’mn.
1=

By the second part of the proof of the variational principle in [23] and the fact that € is
much smaller than the expansive constant for G, we have that any weak™* limit of {1} is
an equilibrium state. By uniqueness of the equilibrium state, we know that p,, converges
in the weak™ topology. See [8, Lemmas 4.14 and 6.12].

8.1. Global weak lower Gibbs property. ~We have the following weak version of the
lower Gibbs property for p that applies to all orbits with the Gibbs constant decaying
subexponentially.

PROPOSITION 8.1. There exists Q = Q(€) > 0 such that, for every (x,n) € X x N, we
have
w(By(x, 6€)) > Qe—i(n)e—ﬂf’(wHSnw(X)

where ¢ (n) is defined in Definition 5.5.

Proof. Forany (x, n) € X x N, we estimate w (B, (x, 6€)) using vg (G7K(B,(x, 6¢))) with
s> n, k> nand s — k > n. The technique is similar to the one in [8, Lemma 4.16], and
here we carry out estimates over all orbit segments in the homeomorphism case using
global specification. By [8, Proposition 4.10], there exist 7', L > 0 such that

A, 12¢, m) > e LemP®) (8.1)
for all m > T. Then for every m > T we can find an (m, 12¢)-separated set E;n C %, such
that

D e > L@, (8.2)
x€E/

m

To estimate vy (G % (B, (x, 6¢))), we use the specification of G at scale €. Suppose the
transition time T = 7 (¢). We fix s and k. Without loss of generality we assume k > T + 1
ands —k—n>T + 7. Weconstructamaprw : E,__ X E._,

For u = (uy, uz) € E;,__ x E,_,_, . by specification at scale ¢, there is a y = y(u)
such that y € By_;(uy, €), G*(y) € B,(x, €) and G**"t7(y) € By_i_n_r(u2, €). By
definition of E, we can define 7w (u«) € E; such that d; (7w (1), y(u)) < Se. Since E,’Cff and
E,_,_,_, are (k — 1, 12¢)-separated and (s — k — n — 7, 12¢)-separated respectively, if
u' #u” for some u' = (), u}), u” = (u7, uy) that both belong to E; __ x E,_, .
have d; (7 (1), m(u”)) > 12¢ — 2(5¢ + €) = 0. Therefore, 7 is injective and by definition
we have 7 (1) € G™%(B,(x, 6¢)). By applying the Bowen property for G with ¢ over ¢ at

scale 100e, we have

— E; as follows.

we

Oo(w(u), s) — Po(uy, k — 1) — Oo(x, n) — Oo(uz, s —k—n—r1)
> —4t|p| — 2K — ¢ (n), (8.3)
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where ®q(x, n) := S,¢(x), |¢| :=sup{le(x)|: x € T?}, K is the constant in the Bowen
property and ¢ is the variation term as in Definition 5.5.

We estimate v (G ¥(B,(x, 6¢))) from below. By [8, Lemma 4.11], since ¢ has the
Bowen property over ¢ (r) at scale 100 and P(Z(r), ¢, €, 100¢€) < P(p), there is a
constant C > 0 independent of s such that } | _p. e®0@5) < CesP @) We have

V(G ¥ (Bu(x, 6€))) = C~le™5F® 3 RUCIOR)
uEEl,cerEéfkfnfr
> ClesP<<p>ec<n>4r|<p|2K< 3 e%(mkr))
uleE;ﬁT
x < Z e@g(uz,s—k—n—r)>e<l>0(x,n)
ur€E;_,_, .

> C—1e—SP((p)e—§(l’l)—4‘L'|(p|—2K (e—Le(k—r)P(ga))(e—Le(s—k—n—r)P((p))eCI)o(x,n)
= (C e 2K g7 2L g=47l0l g =21 P(@)) (p=E (1) g =1 P @)+ Do (x,1)

= Cpetm P @)+ P0(en).

The first inequality follows from the fact that the map m is injective as well as
Do E, e®0@9) < CesP@  The second inequality follows from (8.3). The third inequality
follows from (8.2). In the last equality the constant C; is just a rewriting of
Cle2K g=2L p=47I¢l =27 P(#) and we can see that C is only dependent on €; in particular,
it is independent of s or k. Therefore, by summing over k, we have
1 s—1 .
s (G (Bu(x, 6€))) = — D ((Gav) (Ba(x, 66)) > Cre ¢ e POHFdolrm,
i=0

which leads to the statement of the proposition and thus completes the proof. O

We observe that the € > 0 used throughout the paper could be made arbitrarily small
and Proposition 8.1 holds at all scales with different Q. Together with the fact that
lim,_, » (¢(n)/n) =0, we have

lim lim inf inf <l log(u(By(x,€)))+ | (P(p)—¢) d8x’n> >0, (8.4)
e—>0 n—>o0 xecm2\n
where 8y, = (1/n) Y123 8i (-

Since ¢ is continuous, (8.4) gives the definition of P(¢) — ¢ being a lower-energy
function for p in [18, Definition 3.2]. The existence of a lower-energy function for u
is crucial in deriving the lower large deviation principle for . We will give detailed
definitions and explanations in §8.4.

8.2. Upper Gibbs property.  Proposition 4.21 in [8] estimates the upper Gibbs property
for ;1 over X x N in terms of ®g, (see the definition at the end of §2.1). It says there exists
Q' = Q'(¢) such that, for every (x, n) € X x N, we have

(B, (x, 6€)) < Qe P@1TPoclrm), (8.5)
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By the definition of ¢(n), we have ®g (x, n) < ®g(x, n) + ¢(n), and thus from (8.5)
we have
w(By(x, 6€)) < Q’e—"P((/’)-i“bo(X»n)-i‘C(n). (8.6)

Similar to (8.4), from (8.6) and the fact that lim, . », (¢(n)/n) = 0 we have

lim lim sup sup (l log((By(x, €))) +/ (P(p) — @) d8x’n> <0. (8.7)

€20 nsoo T2

The inequality (8.7) and continuity of ¢ show that P(¢) — ¢ is an upper-energy function
for p according to [18, Definition 3.4]. Similar to the case of lower-energy function, it
plays an essential role in deriving the upper large deviation principle for u. We will clarify
all the details in §8.4 as well.

8.3. Entropy density. We say (X, f) has the property of entropy density (of ergodic
measures) if, for any invariant measure p and any n > 0, there is an ergodic measure v
such that D(u, v) < n and |h,(f) — hy(f)| <n, where D is a metric over the space of
measures on X compatible with the weak* topology.

In our case, there are several approaches to give rise to the entropy density property of
(T2, G). First, from Proposition 3.1(1) we know that G is homeomorphically conjugate to
fa, which is a transitive Anosov diffeomorphism. From classic results we know that f4
has the entropy density property, which immediately implies the desired result on G.

Here we point out many examples of non-uniformly hyperbolic diffeomorphisms that
are not conjugate to transitive Anosov systems. Therefore, we will also sketch a proof that
uses Gorodetski and Pesin’s results from [10], which relies on the properties of hyperbolic
periodic orbits and is potentially more applicable to other non-uniformly hyperbolic
settings.

In [10], the authors define hyperbolic periodic points p, g € X to be homoclinically
related if the stable manifold of the orbit of p intersects transversely with the unstable
manifold of the orbit of g and vice versa. Denote by 7 (p) the closure of the set of all
hyperbolic periodic points homoclinically related to p and s(p), the topological dimension
of the stable manifold of p. Two assumptions concerning 7Z’(p) are added to (X, f), if
for any hyperbolic periodic point p:

(H1) for any hyperbolic periodic point g € 57 (p) with s(q) =s(p), q and p are
homoclinically related;

(H2) s (p) is isolated. This means that there is an open neighborhood U (7 (p)) of
J(p) such that 5 (p) =,z [ (U (p))).

Then the authors conclude that .# If is entropy dense in .#,, where .#, is the set of

all invariant hyperbolic measures supported on .77 (p) for which the number of negative

Lyapunov exponents at almost every point is exactly s(p) and .# ; C ., is the set of

ergodic ones.

In the Katok map, all the periodic points not equal to the origin are hyperbolic.
Moreover, by Proposition 3.3, every pair of hyperbolic periodic points (p, g) are
homoclinically related with s(p) = s(g) = 1. By Proposition 3.1(1), hyperbolic periodic
points are dense for f4 in T2, and thus dense for G in T2. Therefore, 57 (p) = T2 for all
hyperbolic periodic p and thus both (H1) and (H2) hold in the case of the Katok map.
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Therefore, by applying the above result, the set of all hyperbolic ergodic measures is
entropy dense in the set of all hyperbolic invariant measures.

To prove the entropy density for G, by Proposition 3.1(3), it suffices to prove a linear
combination of &y and any invariant hyperbolic measure can be approximated in distance
and entropy by ergodic ones. Choose any invariant hyperbolic measure v and 0 < a < 1,
and consider v, :=ady + (1 — a)v.

According to the differential system that generates G, we have the following
observation:

d(s152)
dt
That is to say, when the orbit stays in the single local chart, sys> is a constant. Moreover,

= —S1S21//(S12 + s%) log A + szslw(sl2 + s%) log A =0.

s1(#) is non-decreasing in D, and strictly increasing except for W} (0), with s,(z)
being non-increasing in Dy, and strictly decreasing except for W (0). Given any x €
D,, with eigencoordinates being xi, x, and x; # 0 (otherwise x will converge to the
origin), we know locally that the orbit of x will be on s;sp = p. By evaluating on
dsy/dt = 51 W(s% + s%) log A > 519 (2s152) log A = s1¢¥(2p) log A, we get an upper bound
T(p)~ r12 / (pk‘/’(ZP)) for the time that the orbit of x will spend in D,, before moving out.
Since G = f4 outside, after {G" (x)} reaches T2 \ D;,, it will stay there for at least 1/rjA
times. After that, the orbit will wrap around the torus and s1s, will change.

For any n € N and § > 0, by choosing s1s2 small, we are able to find an orbit segment
with length n that stays close to the origin within a distance 6. By applying specification
at a fixed scale 8’ < ro and making § <« 8’ and n — oo, we are able to get a sequence of
periodic points {py},>1 such that, for each n, p,, spends more than (n2 -1/ nzq,, time in
a neighborhood U, of origin whose diameter is less than &'/n, where ¢, is the period of
Pn. The same result applies to G.

From the definition of p, we have D(dp, §p,) — 0 when n — oo, where §,, is
the periodic measure supported on p,. By shrinking 8’ if necessary, without loss of
generality we assume D(8, 8,,) < 1/n. Consider u, 4 :=adp, + (1 —a)v. Recall that
v is a fixed invariant hyperbolic measure. For each n > 0, u, 4 is invariant and has zero
measure at the origin, and is thus hyperbolic. Therefore, there is an ergodic v, , such
that D(vna, ftna) < 1/nand |y, ,(G) — hy, ,(G)| < 1/n. Since D(va, ftn.) < a/n and
Ny, (G) = h(1—ay(G) = hy, ,(G), we have D(vy, Vno) < 2/n and |y, (G) — hy,  (G)] <
1/n, which gives us the desired results for entropy density.

8.4. Large deviation principle. In this section we combine the results in §8 to deduce
the large deviation principle of u. The large deviation principle describes the exponential
decay of the measure of points whose space average differs from the time average by a
certain distance. In terms of estimating from below or above, we have the definition for
upper and lower large deviation principle.

Definition 8.2. Let p be the equilibrium state for the potential . We say that u satisfies
the upper large deviation principle if, for any continuous f : T> — R and any & > 0, we
have ~

1 S, ~
lim sup — log u{x : |M - / fdul=> 8} <—q(),

n n

n—oo
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where ¢ (6) is the rate function given by

q(8):=P(p) — sup{hv(é) + / pdv:ve ///5(']1‘2)’ | / fdM — / fdv| > 8},
or ¢ (8) = oo when there is no such measure v.

Similarly, the lower large deviation principle holds when we have a liminf in place of
limsup, > § in place of > § and > in place of < for the whole inequality. If both lower and
upper large deviations hold for a fixed f, the statement above is known as the level-1 large
deviation principle. If they hold for all f, the statement above is equivalent to the level-2
large deviation principle.

The traditional definition (see, for example, [25, Definition 5]) of the large deviation
principle requires that g(8) should be lower semi-continuous. Here it is true since the
entropy map is upper semi-continuous for an expansive map and G is continuous.

Now let us prove Theorem 1.3. We continue to use the same notation of ¢ and u as at
the start of this section. It suffices to prove the lower and upper large deviation principle
for . In §8.1 we obtain a weak version of the lower Gibbs property for n. In particular,
at the end of that section we show that P(¢) — ¢ is a lower-energy function for x. In §8.3
we prove the entropy density of ergodic measures. By applying [18, Theorem 3.1], we get
the lower large deviation principle for w.

In §8.2 we have the respective weak version of the upper Gibbs property for p, which
leads to P(p) — ¢ being an upper-energy function for p. As the entropy map is upper
semi-continuous, by [18, Theorem 3.2], we have the upper large deviation principle for u.

9. Multifractal spectra

We now carry out multifractal analysis on the Katok map G with potential function
@ = e by studying the level sets of Lyapunov exponents. Multifractal analysis
measures the size of the set with the same given local asymptotic quantity associated to the
dynamical system. In dynamics, the size usually refers to the Hausdorff dimension entropy
or pressure. In our case, we take the local asymptotic quantities to be the Birkhoff average
and estimate the level set in terms of entropy and dimension. The goal of this section is to
prove Theorem 1.4.

9.1. General background and outline of the proof. =~ We begin with a few definitions (see
also [5]). The non-negative (forward) Lyapunov exponent at all Lyapunov regular points x
is the (forward) Birkhoff average of —p&°°:

IDG" | guy | _ oy S (E#EO@)

xT(x) = lim log
n—oo n—oo n
Similarly, we can define x ~(x) by simply making » in the definition of x*(x) go to
—o0. In the two-dimensional case, if x T (x) = x ~(x), we say that the point x is Lyapunov
regular. To study the level sets of non-negative Lyapunov exponents we give the following

natural definition:

L(B):={x¢e T? : x is Lyapunov regular and x ™ (x) = ).
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We also define Z(¢) := P(¢;) and &' («) := inf;cr (£ () — ta), which is the Legendre
transform of 2. We know that &2 is convex, so it has left and right derivatives D~ Z(¢),
DY (t) ateacht € R.

We concentrate on the Hausdorff dimension and topological entropy of L (—«), denoted
by dy(—«a) and h(—a), respectively. Note that —« is the value of the non-negative
Lyapunov exponent, and thus all the « that appear in this section are non-positive (also
notice that this is not the same « as in §§3-7). We also have a different use of % in this
section. For E C T2, h(E) means its topological entropy in the sense of Bowen [1]. For
ne M(é), h(u) represents its measure-theoretic entropy. For 8 € R, h(B) is defined as
above.

Now we sketch the proof of Theorem 1.4. We first notice that the fact of the Lebesgue
measure m being an SRB measure brings us the phase transition at t = 1 for G with 1,
which says there is a gap between a; := D~ (1) and D' Z2(1), which is simply 0. Define
ay :=lim;—, _o, DT Z(t). For the entropy spectrum, by applying the uniqueness result of
the equilibrium state in Theorem 1.2, we have a complete picture for « € (¢, ap) from [5,
Theorem 3.1.1], which says that A(—«) = & («) for all such « and L(—a) =@ for ¢ < oy
or a > 0. For « € [a2, 0), we need to show that L(—«) is non-empty. This will enable us
to apply [22, Theorem 3.5] and get h(—«a) = & () for these «. In conclusion, we know
h(—a) = &(a) forall o € (a, 0).

To prove that L(—«) is non-empty for « € [a2, 0), we follow the construction in [4].
The idea is to construct a sequence of invariant subsets with well-known dimension
estimates that asymptotically consume all the pressure. Essentially, we construct a nested
sequence of basic sets {A }ien such that Ai C Al+1 and @A () /S P(t), where @A ()
means the topologlcal pressure of ¢; over A; and by basic sets we refer to locally maximal
compact transitive G-invariant hyperbolic sets. Then, due to the thermodynamic formalism
of basic sets and smoothness of the pressure function &% %, (0, for each « € [a2, 0), there
is some Ny € N such that L(—a) N A # () for all n > N,, which provides us with the
desired result.

To estimate dy(—a) for « € (a1, 0), we also rely on the construction of {Ai}ieN
above. We estimate dy(—a) from below in terms of the Hausdorff dimension of
lim;— o0 L(—a) N An. Define £’~ () := inf,eR(?}’K (t) — ta) as the Legendre transform
of #%.(t). The Hausdorff dlmenswn of the Lyapunov spectrum for the basic set
is well known: it should be dimgy (A NL(—a)) =26% .(@)/(—a). Moreover, if
lim; - o ‘5)7\,« (¢) = & () for all @ € (1, 0), we immediately get 2& () /(—a) to be the
desired lower bound of dy(—«). However, in the homeomorphism case, this statement
concerning the Lyapunov spectrum of basic set does not seem to exist in any of the
references available. To avoid ambiguity, we apply the main theorem from [24], which
says that dimy (A,- NL(—a)) > 2@@7\1, (a)/(—a). Therefore, we still get 2& (o) /(—a) to be
the lower bound of dg (—«), which concludes Theorem 1.4.

9.2. Entropy spectrum for « € (ay, ay). We first show that h(—«a) = &(a) for
a € (a1, a2). Recall that o) =lim;_oo DT P(1), ay=D"'2(1) and &(a)=
inf;cr (L (t) — tar). To obtain this result, we need the uniqueness of the equilibrium state
for ¢, derived in Theorem 1.2 and apply [S, Theorem 3.1.1].
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PROPOSITION 9.1.
(1) & is the Legendre transform of the Birkhoff spectrum. In other words,
P(t) = sup(h(—a) + ta).
aeR
(2) L(—a) =20 forevery a <oy and every a > 0.
(3) h(—a) has domain (a1, ap) and is the Legendre transform of &2, which means that

h(=e) = inf (P (1) ~ 10).

Moreover; for a' € (a1, ay), if h(—a') = P (') — 'a’ and P is strictly convex at
t =1/, then A is strictly concave and C' at o = o',

The proof of Proposition 9.1 can be found in [5, §3.4]. Here we give a few remarks on
how to understand it. Proposition 9.1(1) is a general result which holds for all continuous
maps on compact space, without any requirements on the dynamics. Essentially it is a
rewriting of the variational principle. Proposition 9.1(3) gives the reverse implication.
We know from the upper semi-continuity of the pressure map and the uniqueness of
equilibrium states u; for ¢, with r < 1 that the pressure function 22(¢) is C' whent < 1. In
fact, for each @ € (@1, ap), there is a unique supporting line [, tangent to £ (¢) with slope
being «. Observe that the y-coordinate of the intersection of /, and the y-axis is just & («),
the Legendre transform of & at . Meanwhile, the slope of the tangent line of &2 at each
t < 1 is also known to be [ @& dur by classic results (see, for example, [5, Proposition
3.4.3]). Therefore, if /, intersects the graph of & at (t,, Z(t,)), we have

P (1) = / ¢ dpy, =a. ©.1)

By P(to) =h(is,) + to [ 9&° dpuy,, we immediately see that h(u.)=&(e). The
definition of 1;, shows that it is ergodic, and thus supported on L(—a) by (9.1). Therefore,
h(—a) > & () by the variational principle. According to Proposition 9.1(1) and the classic
properties of the Legendre transform of a convex function, we know that h(—a) < & ().
In conclusion, we have h(—a) = &' («) for @ € (a1, a2).

9.3. Proof of L(«) being non-empty for o € (a1, 0). In the last section, we just defined
I to be the supporting line of Z2(¢) with slope « for all @ € (1, «). In fact, we can extend
this definition to all ¢ € («1, 0] and each [, intersects the y-axis at (0, & («)).

Due to the existence of a neutral fixed point at the origin, we know Z(¢) =0 for all
t > 1. Asaresult, [, (¢) intersects the x-axis at t = 1 when « € [«3, 0]. For those «, & () =
—a. Then a natural question is to ask if 2(—a) = &(«¢) = —« for « € [ap, 0]. To answer
this question, we will need L(—«) to be at least non-empty for those greater v, which is
the main proposition that we will prove in this section.

PROPOSITION 9.2. L(—«) is non-empty for all a € (ay, 0].

We know the case for o € (o], ap) according to the analysis in §9.2. We also know
that the origin belongs to L(0) by Proposition 3.1(3). As a result, we only need to verify
that L(—«) is non-empty for « € [a2, 0). As introduced in §9.1, we will construct an
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increasingly nested sequence of basic sets {IT,-},-GN, 7\,- C 1~\i+1 and show that, for any
such o, when i is large enough, A; will have non-trivial intersection with L(—c«). In fact,
this result follows from the following proposition.

PROPOSITION 9.3. For any basic set A C T2, write P (t) as the topologlcal pressure of
@ over A. There is an increasing sequence of basic sets {A }ieNs Ai C Az+1 such that

f@A,- ) /1 P(t) pointwise.

Let us show how Proposition 9.2 follows from this. We know that & is convex, C'!
fort < 1 and &?'(¢) \ @1 when t — —o0 by (9.1). We also know that Z(¢) =0 for all
t > 1. Now given any « € [or2, 0), we look at = 2. By Proposition 9.3, there exists Nj €
N such that, when n > N, 9& (2) > a. Meanwhile, since o < oy < o, there is some
T, < 0 sufficiently small such that Z(T,) > ((«1 + «2)(Ty + 1))/2. Similarly, we have
some N> € N such that, for all n > N, @A (Ty) > —a(1 + T,). Finally, we know that
An (t)is C' atall r € R and WA H < 5”(1) =0 for all n € N. Then, by the mean value
theorem, we know for n > max{Nj, N>} that there is a point 7}, , such that @~ (Th0) =
. Now we use the classic result of uniqueness of the equilibrium state for ¢, over r the basic
set and apply (9.1). This concludes that L () N A, is non-trivial for n sufficiently large;
therefore, Proposition 9.2 follows from Proposition 9.3. Now let us prove Proposition 9.3.
To satisfy the convergence in the pressure function, it suffices to construct A, in such
a way that any basic set A C T? is contained in 1~\m for some m > 1. This is because,
by the Katok horseshoe theorem [12], for any small ¢y > 0, hyperbolic ergodic n and
continuous ¢, there is a basic set A such that Pp(p) > P, (¢) — €. If such Km exists,
when t < 1, we have 275 (1) > Pp(¢r) > Py, (@) — €0 = P(t) — €0. When 1t > 1, we
know from §8.3 that we can construct a hyperbolic periodic point p’ (which is not the
origin) whose Lyapunov exponent is smaller than €y. Writing 1, to be the ergodic measure
supported on the orbit of p’ and applying the Katok horseshoe theorem, we get a basic set
AP such that ZPpr(t) > Py , — €0 > —2¢(. Therefore, by covering AP using some 1~\1, we
have 73, > —2¢. Since € can be arbitrarily small, we know that Proposition 9.3 follows
from the following proposition.

PROPOSITION 9.4. There is an increasing sequence of basic sets {K}ieN, Ki C 1~\,-+1
such that, for any basic set A C T2, there is some n > 1 such that A C A,

We point out that for general cases this result is not always true (see [9]).

Now we follow the construction in [4] and prove Proposition 9.4. Essentially we
first cover the G-invariant hyperbolic sets using compact locally maximal G-invariant
hyperbolic sets, and then glue the transitive components together via a gluing process.
The essential lemma in the covering of hyperbolic sets is analogous to [4, Proposition
4.3].

LEMMA 9.5. Given any compact G-invariant hyperbolic A C T? and any neighborhood
U of A, there is a compact locally maximal G-invariant hyperbolic set A" such that A C
A CU.

Proof. First we make the observation that any compact G-invariant hyperbolic set A* has
topological dimension zero. This is because the points on the same stable (unstable) leaf
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have the same forward (respectively backward) Lyapunov exponents. Therefore, points on

WS (0) U WH(0) are disjoint from A*. Moreover, since W* and W* are both dense and lie

in small stable and unstable cones, respectively, any two points in A* could be isolated

using four boundaries of a su-rectangle, which is defined to be a closed rectangle formed
by intersecting two pairs of segments in stable and unstable leaves of W*(0) and W*(0). In
particular, this shows that A* is totally disconnected, and thus has topological dimension

equal to 0.

Since A is hyperbolic, by structural stability we might assume U to be small enough so
that any G-invariant set contained in U is also hyperbolic. The idea is to construct A’ as the
image of a subshift of finite type under a continuous and injective map; thus it inherits the
natural local product structure property from shift space and is G-invariant and compact.

We first construct S C T2 as a finite collection of disjoint closed su-rectangles. We
require the union of rectangles to intersect with any orbit segments of fixed length / € N.
This is always possible as we could simply cover the perturbed neighborhood of the origin
using one su-rectangle and the rest follows from G being a linear toral automorphism
there. For any x € S, t(x) > 1 is defined to be the first return time to S and the return map
is defined to be F(x) := af(x)(x). We will construct a shift space using F.

Together with F we will also construct a sequence of subsets of S on which F will be
acting on. We claim there is a collection of su-rectangles %" such that:

(1) the collection .7 is finite;

(2) the sets in " are compact and mutually disjoint;

(3) eachsetin J# is contained in a single su-rectangle of S and is itself an su-rectangle
with sufficiently small diameter (at a scale for which the shadowing process is
feasible and the shadowing orbit is contained in U, see the later discussion for
details);

(4) F is smooth on each set in %

(5) each K €% contains at least one point of ANS and A NS is contained in
Ukeyr Int(K).

Let us briefly explain why it is possible to construct . satisfying all of these properties.
We have seen that A is disjoint from the stable and unstable leaves of the origin. As A is
closed, for any closed su-rectangle Z that covers A N S we can further find out a collection
of smaller closed su-rectangles which is contained in % and still contains A N S by cutting
through the stable and unstable leaves of the origin and shrinking the boundary of the
smaller su-rectangles. By repeating this process, we are able to get a collection of disjoint
closed su-rectangles %, such that A NS C Jg <5, R and each R, € %, is a subset of
some R, _1 € %,—1. We can make the diameter of su-rectangles in %, be arbitrarily small
as W*%(0) and W*(0) are dense. We also know from above that the boundary of any su-
rectangle does not intersect A; the union of the interior of all such R, contains AN S,
forming an open cover. The % is thus defined to be the minimized finite open cover
derived from Int(R,) where R, C %, and n is chosen to be sufficiently large such that the
diameter of R, is sufficiently small.

We are using elements from % to make the symbols in the target shift space.
Following [4] we define J#y to be the collection of sets with the form ﬂjz]j NF —iK s
where K; € 7.
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Using elements in %y will allow us to construct a natural shift space. As in [4], a bi-
infinite sequence {K; N )72 _ o in HYy is said to be N-admissible if, for any i € Z, there is
some x; € KIN N A such that F(x;) € K Z’YH N A. For each N we notice that the set of all
N-admissible sequences is a subshift of finite type as all forbidden blocks are of length two
and the choice on symbols is finite. It is also proved in [4, Lemma 4.4] that the diameter
of J#x decreases to 0 as N — oco. Therefore, if N is made large enough, the sequence
of points {xN 172 _ o With xiN € Kl.N for all i € Z will become a pseudo-orbit that can be
shadowed by a unique orbit that stays close to A N S all the time. Here the shadowing
property of G (thus F) at all scales comes from the homeomorphic conjugacy of G to the
linear toral automorphism f4, which is Anosov and has shadowing property at all scales.
This shadowing only depends on the sequence and is independent of the choice of {xiN } by
expansiveness of G. Therefore, the shadowing map ®V from the N-admissible sequence
to the shadowing point is well defined and obviously continuous. Denote A" to be the
image of ®V. By making N large and the diameter of elements in .#  sufficiently small,
@V is injective and A" is contained in U.

Finally, let us see how A*N = Uizo G' (AN), which is the union of all the orbits passing
through AY, gives the required basic set. First of all, the F-orbit of A N S is contained in
AN as the real orbit always shadows itself. Since Uljzl G’ (S) =T?, we have A C A*N.
For the same reason we could make the diameter of J#” small enough so that G' (AMycUu
for all 0 <i </, which makes A*N cU. As AV is the image of a compact set under
continuous map @V, it is compact, which makes AY compact. AY is obviously G-
invariant and is hyperbolic by the earlier restriction on U. Finally, since ®* is bijective
and continuous, AN inherits the natural local product structure from shift space, and so
does AY. In conclusion, all the required results are satisfied and A% is the desired A’ we
are looking for, given N large enough and the diameter of J#" small enough. O

Now we state the second essential lemma about gluing the basic sets together. This is
analogous to [4, Proposition 5.3].

LEMMA 9.6. Given two basic sets N and A" in T?, there exists a basic set A" C T? such
that A" U A" C A",

Proof. For any x € A’ and any open neighborhood U of x, {5" (U)}iez is an open cover
of A" as G acts transitively. By compactness of A’ and the fact that G'(U) N A’ contains
G'(x) for each i € Z, thus being non- empty, we know there is some i € Z such that U N
G'(U) N A’ # . This indicates that 2(G|5/) = A’, and the result for A” is similar. Since
G is conjugate to a linear automorphism via homeomorphism, Q(G) T2. As G acts
transitively over T2, A’ and A", from [23, Theorem 5.10] we know the action is also one-
sided transitive. Together with the local product structure over T2, A’ and A”, we can find
v e A, v’ € A” and w € T? such that the forward and backward orbits of v/, v” and w
are both dense in A/, A” and T2.

We claim that we can find w’ € T? such that the orbit of w’ is forward asymptotic to
the orbit of v” and backward asymptotic to the orbit of v’. As the orbit of w is backward
dense in T2, we can find some i > 0 such that d(a_i (w), V') < €, where € is as in the first
seven sections. We can thus use a local product structure of G at scale € to find w’ , which
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is backward asymptotic to the orbit of v and forward asymptotic to the orbit of w. Since
w is forward dense, there is some j > 0 such that d (éj (w), v"") < €, and therefore so is
the distance between G T/ (w") and v”. We then use the local product structure between
Gt/ (w') and v” to get w”, which is forward asymptotic to v” and backward asymptotic
to the orbit of G/ (w"), and thus backward asymptotic to the orbit of v'.

Similarly, we can find w” € T? which is forward asymptotic to the orbit of v’ and
backward asymptotic to the orbit of v”. Write A as the union of the orbit of w”, orbit of w’,
A’ and A”. A is compact as the orbit of w” and w’ are forward and backward asymptotic
to locally maximal sets. It is obviously G-invariant and hyperbolic. We can then cover it
using a compact G-invariant locally maximal hyperbolic set A. We notice that G acts on
A transitively and A C Q(6|1~\) by shadowing orbit of w’ and w” using a loop between
A’ and A”. The shadowing orbit is in A as A is locally maximal. Therefore, A must lie in
one component of the spectral decomposition for Q(5|7\), which is the desired basic set
covering A" and A", O

Using Lemmas 9.5 and 9.6, we are able to prove Proposition 9.4. We begin the
construction of A, by defining an increasingly nested sequence {A,},en as A, =
Per(T?2 \ B(1/10n)), where Per(E) is the set of periodic orbits of G whose entire orbit
lies in E for E C T? and B(8) is the open ball centered at O with radius 6 > 0. It is obvious
that {A,} forms an increasingly nested sequence of the compact G-invariant hyperbolic
set. We know from Lemma 9.5 that there is some A/, containing A, which is locally
maximal, compact, G-invariant and hyperbolic. Since QG| A,) contains all the periodic
points in A}, and is closed, it contains A,. We can then use the spectral decomposition
for (G| ) and apply Lemma 9.6 multiple times to find a basic set A, which eventually
covers A,. As {A,} is increasingly nested, we can also choose {A } to be increasingly
nested by applying Lemma 9.6. From the shadowing lemma for basic sets and transitivity
of G, we know that for any basic set A we have A C |J,cy A,. Since each A, is locally
maximal, there is a nested sequence of open sets U, such that Ay, =iez G (Up). In
particular, A,, C U, for all n. Therefore, we have A = Upen Un- Since A is compact, there
is some m € N such that A C U,,. It follows from G-invariance of A that A C Am, which
concludes Proposition 9.4, and thus Proposition 9.3, which in turn proves Proposition 9.2.

9.4. Proof of Theorem 1.4. Finally we are at the stage of proving Theorem 1.4, which
is our main theorem in the multifractal analysis of the Katok map G.

From Proposition 9.3 we know that, for any @ € (a1, 0), there is some N, € N such that
L(—a)N K,Z # () forn > N,. Since {K,,},,eN is increasingly nested, if we write dim, (—«)
as the Hausdorff dimension of L(—a) N 1~\,, for all n > N, then we immediately get
dpg(—a) > lim,_, o, dim, (—«). Recall that we use /, to represent the supporting line to
& with slope « and [, is well defined for any « € (o1, 0]. Similarly we use [} to represent
the supporting line to &7 . By (9.1) in the uniformly hyperbolic version, /; is well defined
for all n > Ny and o € (a1, 0), which is a tangent to an at the point (£}, 327\’1 ).

Notice that ﬁ}\n (11 = [ ¢ dul, = o, where p. is the unique equilibrium state of
@ with G over K,, In particular, u is ergodic, x(up) = —o and h(u)) = 57\,, (@),
where 6’7\1, (@) = inf,eR(ﬂxi (t) — ta) is the Legendre transform of 3”7\1, (t) at «. Since
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G is area-preserving, the main theorem in [24] tells us that dimg (u)) =2h(ul)/(—a),
where dimg (1)) :=inf{dimg (E) : ul (E) = 1}. Since u}, is supported on L(—a) N Ay,
we immediately have the following result.

LEMMA 9.7. For any « € («1, 0), there exists Ny € N such that, for all n > Ny,
dimy(—a) > 26% (a)/(—a) and dy (—a) > limy_o0 (26} (@)/(—a)), where dim, (—a)
is the Hausdorff dimension of L(—a) N A, for all n > Ny and dy(—a) is the one for
L(—a).

From Lemma 9.7, we know that, in order to get the lower bound of dy(—«) in
Theorem 1.4, it suffices to prove that lim,_ « é’)j\” (@) = & () for all @ € («ag, 0), which
directly follows from the following lemma.

LEMMA 9.8. For any a € (a1, 0) and any t € R, I},(t) increases to Iy (t). In other words,
the supporting line of &% with slope a converges monotonically to the supporting line of
& with the same slope. In particular, limy_.oc &% (o) = & (a).

Proof. Fixing any « € (a1, 0), we have Ny as before. From convexity of &7z (), when
n > N, there is some closed interval [a,,, b,] such that '@Kn (t) > Iy (¢) for t not in this
interval. Meanwhile, by 927\_/_ @) /1 P(t) as j — oo and the continuity of both ‘@X, (3]
and Z(¢), the convergence over [a,, b,] is uniform by Dini’s theorem. Therefore, for any
small § > 0, there is some N = N(«, n, 8§) > n such that ﬁxj B >2LP@)—6=>1,0)— 6
for all ¢ € [ay, b,] and j > N, which in return shows that ,@Kj (t) = 1y(t) — 6 for j >

N and all ¢. In particular, it follows that l({; >, — ¢ for all j > N, which leads to the
convergence from é"xn (o) to &(a) for all o € (ay, 0). O

In conclusion, the Hausdorff dimension estimate in Theorem 1.4 follows from
Lemmas 9.7 and 9.8.

PROPOSITION 9.9. For any a € («1, 0), we have dy(—a) > 2& (o) /(—a). In particular,
when a € [a, 0), we have dy (—a) = 2.

It remains to show that h(—«) = & («) for a € (a1, 0]. By Proposition 9.1, it suffices to
show the case where o € [a2, 0].

Define x(u):= [ ¢&° du, which is the average of Lyapunov exponents for every
ergodic component in the decomposition of w. We notice that this definition does not
cause ambiguity when p is itself ergodic.

LEMMA 9.10. For any « € [a, 0], there is some gy € ./\/l((~;) such that ly = h(uy) —
t f @& duy. In particular, x (ug) = —a and & () = h(ug).

Proof. We first show the above lemma holds for o« =ap. For ¢ 71, P(t) is
Cc! and Z'(t)=— S @&°du,. Let u' be a weak* limit of w,. Since ¢&° is
continuous and G is expansive, we have (1) =lim sup, 1 Z(t) = lim sup, A1
(h(ue) —t [ @&°dp,) <h(u') — [ @& dyu'. By the variational principle, we have 0 =
P =h(w) — [ ¢&°du'. Meanwhile, x(u')= [ @& dp =lim; 1 [ ¢%°du, =
lim, 1 x () = —ay. Therefore, lo, = h(w') —t [ 9&° dp’ and ' = pq,.
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For a € (a3, 0], a suitable linear combination of (g, and 8¢ will give us gy € M((N;)
such that x (uy) = —o and &, (1) =0 as the entropy map is affine in measure. This
shows that I, = h(ug) —t f ©&° duy is the supporting line for £ () with slope « for
o € (a2, 0]. Lemma 9.10 now just comes from a combination of the results in the two
parts above. O

From Proposition 9.1, Lemma 9.10 and the variational principle, we have the following.
LEMMA 9.11. &(a) = max{h(u): u € M(G), x(n) = —a} forall a € (a1, 0].

Finally, since L(—o) is non-empty for all o € (o1, 0] and G has specification property,
we apply [22, Theorem 3.5] and conclude that h(—«) = &'(«) for all ¢ € (a1, 0].

PROPOSITION 9.12. For any a € (a, 0], h(—a) = &(a).

Combining the results from Propositions 9.9 and 9.12, we conclude the proof of
Theorem 1.4.
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