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We investigate the existence of 4-torsion in the integral cohomology of oriented
Grassmannians. We establish bounds on the characteristic rank of oriented
Grassmannians and prove some cases of our previous conjecture on the characteristic
rank. We also discuss the relation between the characteristic rank and a result of
Stong on the height of w; in the cohomology of Grassmannians. The existence of
4-torsion classes follows from the results on the characteristic rank via Steenrod
square considerations. We thus exhibit infinitely many examples of 4-torsion classes
for oriented Grassmannians. We also prove bounds on torsion exponents of oriented
flag manifolds. The article also discusses consequences of our results for a more
general perspective on the relation between the torsion exponent and deficiency for
homogeneous spaces.
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1. Introduction

The purpose of the present article is to deal with a rather specific aspect of the inte-
gral cohomology of the oriented Grassmannians, namely the torsion exponent. For
the real Grassmannians Gry(n) of k-planes in R™, it is known by Ehresmann’s
theorem [12] that all torsion in the integral cohomology is 2-torsion, i.e., that
2Tor (H*(Gry(n),Z)) = 0. It is a natural question whether the same result holds

for their double covers, the oriented Grassmannians Gry (n) of oriented k-planes in
R™. Indeed, in all cases where the integral cohomology of oriented Grassmannians
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has been computed, all torsion is 2-torsion, cf., e.g., the work of Jovanovié [23].
However, we show in the present article that this is not the case in general. More
precisely, we prove the following theorem, cf. theorem 8.8:

THEOREM 1.1.

(1) For anyt > 4, there is a non-trivial 4-torsion class in HQt_l(CA}}g, (2t-1); 7).
(2) For anyt >4, there is a non-trivial 4-torsion class in HQt’l(Grg(T‘/); Z).

In particular, there are infinitely many oriented Grassmannians a}k(n) having
torsion of exact order 4 in their integral cohomology.

To show this result, we formulate a criterion for the existence of 4-torsion, cf.
proposition 5.4, which is a version of the Bockstein cohomology adapted to the
specific setting of oriented Grassmannians. This criterion allows to exhibit a link
between 4-torsion and minimal degree anomalous classes': in theorem 8.7, we show
that in a large number of cases, the existence of 4-torsion is implied by the charac-
teristic rank conjecture formulated in our previous article [27] on the characteristic
rank? of the mod 2 cohomology of the oriented Grassmannians, see conjecture 2.3.

This connection motivates further study of the characteristic rank conjecture. For
this, we make precise the relation between the Koszul homology picture from [27]
and the kernel of w. As a consequence, we can explicitly identify the generators of
ker(wy) corresponding to the ascended and descended generators discussed in [27].
Having this connection allows to deduce the upper bound part of the characteristic
rank conjecture from a result of Stong [33] on the height of wq, cf. theorem 7.2.
We also provide an alternative Schubert-calculus proof of Stong’s result, cf. §6. Via
brute force inspection of Stiefel-Whitney monomials, we are then able to prove
the characteristic rank conjecture for k = 5,n = 2! — 1, cf. theorem 7.6, and
k = 6,n = 2t cf. corollary 7.7. This provides further evidence for the characteristic
rank conjecture, as well as the required input to prove the main result theorem 1.1.

Even though we can prove some partial results towards the characteristic rank
conjecture, a more conceptual understanding or plausible proof strategy is still
missing. Similarly, we currently also lack a conceptual understanding of the origin
of 4-torsion classes in the cohomology of oriented Grassmannians. Indeed, experi-
mental evidence suggests that for Grg(n) with k > 5, occurrence of 4-torsion seems
to be the generic situation, cf. remark 8.10. Based on our results and experiments,
we formulate a conjecture that for £ > 5, minimal anomalous classes should pro-
duce 4-torsion classes in many cases; for a precise formulation (which requires a
more careful case distinction), see conjecture 8.6. Nevertheless, as the computer
experiments discussed in remark 8.10 indicate, there appear to be many 4-torsion
classes that are not directly connected to minimal anomalous classes.

On the other hand, as far as the torsion exponent is concerned, theorem 1.1 is
as bad as the situation can get. More generally, based on the recent proof that all

A class ¢ € H* (E}Vrk (n);Fa) is anomalous, if it cannot be written as a polynomial of
Stiefel-Whitney classes of the tautological bundle, see definition 2.1.

2The characteristic rank is the largest degree c, such that ch(ak (n);F2) is generated by the
Stiefel-Whitney classes of the tautological bundle, see definition 2.2. In other words, there are no
anomalous classes up to degree c.
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torsion in the cohomology of real flag manifolds is 2-torsion, cf. [19], we show that
the torsion exponent of oriented partial flag varieties is bounded by the number of
steps as follows, see theorem 3.1 and its corollary:

THEOREM 1.2. Let D = (dy,...,dn) be a sequence of positive integers and denote
by Flp the oriented partial flag variety of flags Vo = (V1 C Vo C .- C V,,, =
RA1++dm) yhere each subspace is oriented, with dimensions dimV; = Z;Zl d;.
Then we have

2™ Tor (H*(ﬁlp; Z)) =0.

In particular, all torsion in the integral singular cohomology of oriented
Grassmannians is of order 2 or 4:

ATor (H*((Trk(n);Z)) —0.

To show this bound on the torsion exponent requires a detour through sheaf coho-
mology theories arising in algebraic geometry, which already played a crucial part
in the proof that all torsion in cohomology of real flag manifolds is 2-torsion [19].
Essentially, the fundamental ideal filtration of sheaves of quadratic forms provides,
via Jacobson’s real cycle class map, additional structure on the singular cohomology
of algebraic varieties that is not so easily accessible by purely topological means.

As we see, we can get at most 4-torsion in the integral cohomology of ori-
ented Grassmannians, theorem 1.1 shows that 4-torsion does indeed appear in
examples, and as discussed earlier we also expect 4-torsion to appear abundantly
for k > 5. There are, however, also some cases where only 2-torsion should be
expected. At the moment, we don’t fully understand the exact conditions  ensuring
that all torsion in the cohomology of a specific oriented Grassmannian Grg(n) is
2-torsion. Experimental evidence suggests that 4-torsion doesn’t appear for k£ < 4,
cf. conjecture 8.6 and remark 8.10.

More generally—beyond the scope of oriented Grassmannians—it would be desir-
able to have a description of the torsion exponents of a general homogeneous space
G/K. To a homogeneous space and a finite coefficient field IF,,, one can associate a
number, called its deficiency, due to Baum [4]. Based on the results of this article,
we formulate the deficiency conjecture, which is a conjectural relationship between
the p-torsion exponents and the p-deficiency of G/K, see conjecture 4.14. A special
case of this conjecture states that whenever the deficiency with coefficients Fy is
equal to 0, the 2-primary torsion in the integer coefficient cohomology of G/K con-
sists of elements of order exactly 2. A proof of this deficiency conjecture together
with the characteristic rank conjecture would then give an almost® complete picture
describing which Grg(n) have 4-torsion in their integral cohomology via theorem 8.7
and proposition 4.12.

3The cases k > 5 odd and 2!~ < n < %2’5_1 are not covered by conjecture 8.6—even though
we expect the appearance of 4-torsion classes in these cases as well, we do not have explicit
candidates for such 4-torsion classes.
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1.1. Structure of the article

We start with some background on the mod 2 cohomology of oriented
Grassmannians in §2. We establish in §3 a general bound on torsion exponents
for oriented flag manifolds based on recent work on algebraic cohomology theories
related to quadratic forms. Then we discuss the relation between torsion exponents
and deficiency of the cohomology algebra for homogeneous spaces in §4. We formu-
late the deficiency conjecture and discuss its relationship to the torsion exponents
of oriented Grassmannians. In §5, we establish general criteria for the existence of
4-torsion, based on integral Gysin sequences and Bockstein operations. We make
precise the correspondence between the generators of Koszul homology and gener-
ators of the kernel of w; in §6, linking anomalous classes to the height of w;, and
we also provide a new Schubert calculus proof of a result of Stong on the height of
w1 . These results are then used in §7 where we establish partial results towards the
characteristic rank conjecture. The main computations for our 4-torsion examples
are done in §8, checking the 4-torsion criterion for the ascended and descended
generators in mod 2 cohomology, and thus linking the existence of 4-torsion to the
characteristic rank conjecture.

2. Mod 2 cohomology of oriented Grassmannians

We first provide a brief recollection concerning the mod 2 cohomology of oriented
Grassmannians and some facts about its ring structure. We also introduce the
notation used later in the article.

2.1. Oriented Grassmannians as double covers: the Gysin sequence

The oriented Grassmannian (/}vrk(n) can be identified as the sphere bundle of the
determinant bundle .Z = det Sy of the tautological bundle Sy — Gry(n). Indeed,
given R" equipped with the standard scalar product, a point of the total space
of this sphere bundle consists of a subspace W € Grg(n), together with a norm-
preserving orientation det W = R*. Therefore one of the natural tools to compute
the cohomology of the oriented Grassmannians is the long exact Gysin sequence
associated with .Z:

oo — H1(Grp(n); Fa) —2> H(Gry(n); Fy) ——= Hi(Gry(n); Fa) — > Hi(Gry(n);Fay) —> - --

In particular, the cohomology of (A};k(n) sits in the short exact sequence:
0 —— coker w; LH*(ak(n);Fz)Lkerwlﬁo 1)

where 0 is a map of degree 0.

DEFINITION 2.1. The graded ring C* = cokerw; C H*((A}}k (n); F2) is called charac-

teristic subring. The classes in H*(Gry(n); F,) with non-trivial boundary are called
anomalous classes.
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Explicit presentations arise from characteristic class descriptions. For instance,

H*(Grg(n);Fa) = Falw, ..., wi]/(Qn—k+1,-- -, Qn) (2)

where Q; = w;(6S) for the universal rank k£ bundle S — BO(k). Since the
characteristic subring is C' = cokerwy,

C =TFawa, ..., wr]/(Gn-t+1,---+qn) (3)

where ¢; = w;(©5) for the universal oriented rank k bundle S — BSO(k).
Algebraically, ¢; = p(Q;) for the reduction map p: W; — Ws, where for fixed
k, we use the notation

W1 = H*(BO(]{),]FQ) = ]Fg[wl, “ee ,wk], W2 = H*(BSO(k),FQ) = FQ[UJQ, o e ,wk].
(4)

We will also consider lifts of ¢; to W via the natural ring inclusion ¢: Wo < W7,
and we will denote these lifts by

Gi = 1(qs)- (5)

To formulate an explicit description, we use the following notation. For a tuple
a = (a,...,a), we denote by w® = Hle w;? the corresponding Stiefel-Whitney
monomial. The mod 2 multinomial coefficient corresponding to a is denoted by
(IZI), where |a| = Zle a;. Then we have

Gi=q; = Z (|Z|)wa (6)

2a2+3a3+...+k:ak:i

where the only difference between ¢; € W5 and ¢; € Wy is in where these classes
live.

2.2. Anomalous generators and the characteristic rank conjecture

As noted above, the Gysin sequence yields a short exact sequence (1) of C-modules.
A first natural step towards understanding the mod 2 cohomology ring structure is
the C-module structure on the kernel K := ker w;. Partial information about this
is the lowest non-zero degree of K, which is related to the characteristic rank of the
tautological bundle over Gry(n). Below we recall the relevant definitions, as well as
a conjecture from [27] describing the characteristic rank of oriented Grassmannians.

DEFINITION 2.2. The characteristic rank crk(E) of a real vector bundle E of
rank n over a smooth manifold M is the largest k, for which the classifying
map x*: HSK(BO(n); Fy) — HSF(M;Fy) is surjective. In other words, it is the
largest &, such that all classes in HS*(M;Fy) can be written as a polynomial in
Stiefel-Whitney classes of E. A class x € H'(M;F3) is anomalous (with respect to
E), if x ¢ Tmk*.
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It is not hard to see that anomalous classes in (’}Vrk (n), cf. definition 2.1, coincide
with anomalous classes with respect to the tautological bundle S — (f}vrk(n) This
definition implies that the lowest-degree anomalous class is in degree crk(S) + 1;
the inclusion C™ C H"(Gry(n); Fy) is an isomorphism for r < crk(S). In [27], we
formulated the following conjecture.

CONJECTURE 2.3. For 5 <k ;Qt*I <n <2 and t > 5, the characteristic rank
of the tautological bundle S — Grg(n) is equal to

crk(S) = min(2F — 2, k(n — 2071 + 2071 — 9), (7)

In this article, we will show the right-hand side is indeed an upper bound, see
theorem 7.2.

2.3. Action of the Steenrod algebra and Bockstein cohomology

Recall that for a (connected) topological space X, real line bundles .Z over X
can be identified with group homomorphisms 71 (X) — Z/27Z, which in turn can
be identified with rank one local systems on X. For a line bundle .Z on X, we
will denote by H*(X;.¥) the cohomology of X with local coefficients given by the
associated rank one local system. We'll also call this the .Z-twisted cohomology.*

If .Z is a line bundle over X, then there is an associated Bockstein homomorphism
to the Z-twisted cohomology

By HY(XiFy) » HH(X; 2).
The usual Bockstein homomorphism is 5 = ¢, for the trivial line bundle (in which

case H*(X; 0) 2 H*(X;Z)). The mod 2 reduction of the Bockstein homomorphism
B is the twisted first Steenrod square

Sql: H*(X;Fy) — H* (X TFy).

Let us recall some elementary properties of Sq' and Sq}g. Setting wy = w1 (%),
we have by definition Sq,(z) = wiz 4+ Sq*(z), or

wy =8q" +Sqly - (8)
PROPOSITION 2.4. The following commutation relations hold:

e Sq' ow; = wy 0Sqy =Sq' 0Sqly
* Sqly 0Sq" = Sqly owy = wy 0 Sq’
e Sq'oSqt = Sq}g OSq}g =0.

4This is motivated by the analogous story on the algebraic side where certain sheaf cohomology

theories, like Witt-sheaf cohomology or Chow—Witt groups, can be twisted by line bundles. For
more on this story and real cycle class maps appearing later, see [18].
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Proof. Since Sq' is a derivation,
Sqt ow; = w? 4wy o Sqt =w; o Sq}g,
which is also equal to Sq' o Sq}g using the vanishing relations Sq' 0 Sq' = 0 and
Sq'y oSq}g = (wy +Sq') o Sq}(g = w; 0Sq’y, +Sq* oSq}g =0.
The proof of the other equality is entirely analogous. O

For future reference, let us note that the short exact sequence (1) is in fact a
sequence of modules for the Steenrod algebra.

PROPOSITION 2.5. In the short exact sequence (1), C' = cokerw; and K = kerw;
are Steenrod-modules, and the maps are Steenrod-module homomorphisms.

Proof. For the first half of the statement, it is enough to note that the ideal (w;)
is a Steenrod submodule:

Sq*(z - w1) = Sq*(2) - w1 + Sq" () - w?.

For the second statement, the first map is a cohomological pullback and there-
fore compatible with Steenrod operations. The second morphism (projection to K)
factors as a composition

H (Gry(n); Fa) & HITL(Z, £\ 0:F) =5 Hi(Gre(n); Fa).

Here, the first map is the boundary map in the long exact sequence for the pair
(Z, Z£\0) of the total space of the determinant line bundle . and the complement
Z\ 0 of the zero section. The second map is the Thom isomorphism for the line
bundle .#. Stability of the Steenrod operations means that they commute with
the boundary map 9. In general, Steenrod operations don’t commute with the
Thom isomorphism. Rather Th o Sq o Thfl(l) = w is the total Stiefel-Whitney
class and therefore Th o Sqo Th™! = w - Sq. The key point in our case is that
the total Stiefel-Whitney class is w = 1 + w;, and any element in the image of
§ is in K = ker(w;) C H*(Grg(n);Fs). This implies that the Thom isomorphism
commutes with Steenrod squares for elements in the image of 9, and consequently
the projection H*(Grg(n); Fe) — K is compatible with Steenrod operations. O

2.4. Stabilization properties of Grassmannians
We recall some stabilization properties of the inclusions of Grassmannians.

LEMMA 2.6. Leti: Grip(n) — Grip(n+j) be the natural map induced by the linear
inclusion t: R™ — R"*J. Then

keri® = (Qn7k+17 ceey ankJrj) c H*(Grk(n + ]), ]FQ)p ker i) = (0)

1 k

. . . a a
Moreover, for a Stiefel-Whitney monomial w® = w;" ... w,", we have

hw® = wi - w.
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Proof. We first note that the tautological sub-bundle S, ; over Gry(n + j) pulls
back via ¢ to the tautological bundle S,, over Grg(n). Since H*(Grg(n); Fy) is gen-
erated by w;(S,) = i*w;i(Sy4;), for I = 1,...,k, we find that i* is surjective. On
the other hand, I = (Qn—k+1,- .., Qn-k+;) C keri*, since the pull-back of the quo-
tient bundle splits off a rank j trivial bundle, so its top j Stiefel-Whitney classes

Qn—k+1; -+, Qn_r+; are zero. Since by (2),

Folwi, ..y wi] /(Qn—k+1,---, Qn)

H*(Gr, (n);Fa)

= Folwi, .o, W) (Qntjmktts - Qnrs) /(Qnettts o, Quokts)
H*(Grg (n+j5);F2)

we can conclude that ker7* C I and therefore keri* = I.

For the second part of the statement, choose flags F, in R® and E, in R"*J
compatible with ¢, in the sense that ¢(F;) = E; for [ < n. Then by the definition
of Schubert varieties (e.g. [16, 9.4]), we have i(ox(Fs)) = o5/ (Fe), where A =
()‘1 +j7>\2 +ja"'a>\k +.7)5 SO

Z'![O'A] = [0’/\/].

Since the cohomology has a basis of Schubert classes, this implies that the push-
forward 4 is injective. Finally, the normal bundle of i is Hom(S,R7), whose Euler
class is wj,, which implies by the adjunction formula that ijw® = i;i*w® = w* 41 =

w® - wy. O

In the rest of the article, we will denote by .Z the determinant bundle of the
tautological bundle Sy — Gry(n):

& = det So. (9)

LEMMA 2.7. Leti: Griy(n—1) — Gri(n) be the natural map induced by the linear
inclusion t: R"™1 — R™. Then

ig Sql = Sq}g i[, i! quls/p = Sql il.

Proof. By a theorem of Atiyah and Hirzebruch (a Grothendieck—Riemann-Roch-
type statement for Steenrod operations), cf. [1, Satz 3.2], we have

Sq(irz) = i1 (Sq(z) - w(v;)),

where w(v;) denotes the total Stiefel-Whitney class of the normal bundle of the
inclusion 7. After taking the appropriate degree part, we get:

Sqtiz = ifx-w (1) + 40 Sqtz =4 Sq}g T,
where we use that wi(v;) = w1(Sp—1) = w1(Z). Similarly,

Squ i =w vz + Sqtix = i(wy - x) + i Sq}g z =i 9q" z. O
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3. Bounding the torsion exponent for oriented flag manifolds

Before discussing cases where 4-torsion appears in the integral cohomology of ori-
ented Grassmannians, we want to establish a priori bounds on torsion. For this,
we're actually going to back up a bit and establish more generally a bound on the
torsion exponent for oriented flag manifolds Flp and related coverings of partial
flag manifolds.

To set things up, let D = (dy, ..., d,) be a tuple of positive integers with Y d; =
N. Then the oriented (real) flag manifold Flp is the manifold of flags V, = (V4 C
Vo, C...CV, =RN ) where each subspace V; is oriented and has dimension
> j=1d;. It can be identified as homogeneous space SO(N)/(SO(dy) x - - - x SO(d,.)).

For the bound on the torsion exponent, we need to realize the oriented flag
manifolds as algebraic varieties. First, we can write Flp as iterated degree 2 covering
space of the ordinary flag manifold Flp as follows. Start with X; = Flp and fix a
non-trivial real line bundle .%; on X;. Associated with %) is a degree 2 covering
p: Xo — X such that p*(£]) is trivial. Take a non-trivial real line bundle % on X5
and repeat. The process terminates since Pic(Flp)/2 = H! (Flp; Fy) = 7/2Z90 1.
The result is a tower ﬁlD =X, = X,—1 = -+ = Xo = X5 = Flp of degree 2
coverings.’

To get an algebraic realization of the oriented flag manifold, we replace the degree
2 covering for a line bundle .%; on X; by the complement of the zero section of .Z.
Up to isomorphism, this doesn’t change the cohomology since the degree 2 covering
is a deformation retract of the complement of the zero section (each fiber R* is
deformation retracted to {#1}). The result is now a tower

Flp~ X, = X/ | == X§ = X; = Flp (10)

of R*-fiber bundles, where each X J’ is the manifold of real points of a quasi-
projective real variety. As a homogeneous space, the algebraic realization of the
oriented flag manifold is the quotient SL, /P with P the subgroup of block-upper
triangular matrices, whose block-diagonal part is SLg, x - -+ x SLg, (and above the
block-diagonal part, arbitrary entries are allowed).®

To establish the torsion bound, we now use Jacobson’s real cycle class map [22]
which relates a certain sheaf cohomology Hy_ (X;I%(.Z)) on a real algebraic variety
X with singular cohomology HY,, (X (R); Z(Z)) of the space of real points. The
sheaves I? appearing here are the Zariski sheaves of powers of fundamental ideals in
Witt rings of quadratic forms. In the following, we will freely use some of the basic
facts on I9-cohomology. Most importantly, we use results on the I?-cohomology for
suitably cellular varieties from [18] and [17], as well as the computations for flag
varieties in [19]. For further information on I?-cohomology, cf. [18] and [19].

50ne possible choice for the line bundle Z; on X is the pullback of the determinant bundle of
the subbundle with fiber Vj. For this choice, the points of any X; correspond to flags where the
first subspaces Vi,...,V;_1 have been equipped with an orientation.

6This is not quite a parabolic subgroup, but close enough, essentially it’s one Gy, short of
being parabolic. For example, in the case SLg, the subgroup P is the unipotent part of the Borel
subgroup.
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THEOREM 3.1. Let D = (di,...,d,) be a sequence of positive integers with y_ d; =
N and denote by Flp the oriented partial flag variety of flags Vo = (V1 C Vi C
... CV, = RY) where each subspace V; is oriented and has dimension 23:1 d;.
Then we have

9" Tor (H*(ﬁlD;Z)) = 0.

Proof. We will use the algebraic realization of the oriented flag varieties and inter-
mediate X7 in the tower (10) above and prove the bound on torsion exponents for
the cohomology of X! with local coefficients by an induction on i. We claim that
for any 4 and any line bundle . on X7,

2'Tor (H* (X[, Z(.Z))) = 0.

This will, in particular, establish the claim of the theorem, but it will indeed show
that torsion bounds are even satisfied for ‘partially oriented partial flag manifolds’,
with local coefficients in rank one local systems.

The base case is X; = Flp. In this case, our claim is that all torsion in
H*(X{,Z(Z)) is 2-torsion, which follows from [19, theorem 1.3]. As we will mod-
ify the argument here, we briefly outline the proof in loc. cit. It is based on the
fact that partial flag varieties have cellular structures with affine space cells. Then
[18, theorem 5.7] provides an isomorphism

H (Flp; V(%)) — H!

sing

(Flp; Z(2))
for each j. On the algebraic side, we then have long exact sequences

= HY(X, VTN Y)) » HY(X, P (Z)) » HY(X,V /) - HIPH( X, T (%))
_> “ e

associated with the short exact sequences of sheaves 0 — T (¥) - I/(%) —
I//I’*' — 0 (these are algebraic analogues of Bockstein sequences in topol-
ogy). The quotient sheaves can be identified more precisely, using the theorem
of Orlov—Vishik—Voevodsky establishing Milnor’s conjecture on quadratic forms:

P/t =K, /2.

These sheaves are 2-torsion and so are their cohomology groups. The main point
of [19] is then to show that the cohomology groups H?(Flp; T’ (%)) for ¢ >j are
torsion-free, which implies, in particular, that the torsion in H7(Flp;I/ (%)) is
exactly the 2-torsion coming from the image of the Bockstein map.

Now we want to establish a similar torsion bound for X/. We first note that the
space X/ has a stratification by subspaces of the form A? x G~ (with varying d).
For the flag variety X = Flp, this is the classical stratification by Schubert cells.
For the X7, it follows by induction: If it is true for X7, then the line bundle .} will
be trivial over the cells of X ]’-, so the preimage of a cell C' in X j’ under the map
Xjyy — X} will simply be C' x Gy,. This provides the cell structure for X7 ;. An
extension of [18, theorem 5.7] to such cellular structures has been established in
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the PhD thesis of Jan Hennig [17], for an explicit formulation see proposition 1.1 in
the appendix. Using this result in the case X ]' with the stratification by A x GJ1,
we consequently get isomorphisms

HY(X ;1971 (g)) = HY,

sing

(X5 Z(2)).
Using the long exact sequences

= HIX,PTHY)) - HY(X,P(Z)) — HYX,V/PT) - HOPH (X, VT (2))
4) ..

together with the fact that the groups HY(X,I?/I*!) are 2-torsion shows that
we get the required torsion bound if we can show that Hq(X;7Iq_1($)) =
HY(X}, W(Z)) is torsion-free. This again follows inductively. For X7, this is the
main result of [19]. Assuming it is true for X}, we can use the Gysin sequence

- = HI(X}, W(Z)) - HI(X],,,W(¥)) - HI(X}; W(Z © %))
e(%;
D, gt (X W(Z))

Here e(.Z}) is the Euler class of the line bundle £} on X7, and this is 0 in Witt-
sheaf cohomology, cf., e.g., the presentation of Witt-sheaf cohomology of BGL,, in
[36, proposition 4.5]. By the torsion-freeness assumption, the resulting short exact
sequences

0— Hq(X;,W(.f)) — Hq(X§+1,W($)) — Hq(X]’v;W(,i” ® %)) —=0
split, showing torsion-freeness for the cohomology of X j’ Y1 O

COROLLARY 3.2. In particular, all torsion in the integral singular cohomology of
oriented Grassmannians is of order 2 or 4:

ATor (H*(E}?k(n);Z)) —0.

REMARK 3.3. For the oriented Grassmannians, the bound on torsion exponent in
corollary 3.2 can also be established by purely topological means, using the Gysin
sequence for the double cover Gri(n) — Gri(n):

e H (Grg(n); 2) S H (G (n); £) —Zm W (Girg(n); Z) —Zm HE (Grg(n); Z) —= -+

However, this argument doesn’t generalize for other partial flag varieties. Using the
Gysin sequence

*
T 5

e( % . L
I (X (L)) s MUK (L)) s HUX UL © L)) -

for the double cover p: X411 — Xj, if the torsion in the cohomology of X; divides
2™, then the above sequence only shows that the torsion for X;;; divides 4™,
because there could be non-trivial extensions
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0—>Z/2"Z — Z/A"Z — Z/2"Z — 0.

In particular, we wouldn’t get the stronger bound we get from the algebraic argu-
ment of theorem 3.1. It would be interesting to know if there is a ‘more topological’
proof of theorem 3.1, that doesn’t require real algebraic geometry.

REMARK 3.4. We offer a brief remark on algebraic realizability of singular coho-
mology classes and weight filtrations on cohomology. Jacobson’s theorem [22,
theorem 8.6] states that the real cycle class map

L (X1 — HE

Zar sing

(X(R); Z)

for a real algebraic variety X is an isomorphism for ¢ > dim X, and this means
that all classes in singular cohomology of a real variety are realizable by algebraic
cycles if we allow more general quadratic form coefficients. Stronger statements
hold for cellular varieties, cf. [18, Section 5], in which case the real cycle class map
above is an isomorphism for ¢ > 4. Note that the cellular situation of [18] is a
situation in which also the complex cycle class map CH'(X) — H?(X(C);Z) is an
isomorphism.

In general, the images of the real cycle class maps Hy, (X;17) — Hy, (X (R); Z)
for ¢ between ¢ —1 and dim X provide a filtration of singular cohomology remi-
niscent of filtrations in Hodge theory. These filtrations could potentially be used
to better understand the 2-power torsion in cohomology of real algebraic varieties.
One example is theorem 3.1, where the filtration is used to establish a bound on
the exponent of the torsion.

There are analogous filtrations on the mod 2 cohomology of algebraic varieties,
induced by cycle class maps

Ear (X7 Iq/Iq+1) - H:ing (X(R)a ]FQ)
for a real variety X. The coefficient sheaves I¢/I17"! = Kg/[ /2 are Milnor K-
theory sheaves (by Orlov—Vishik—Voevodsky). These cycle class maps generalize
the classical Borel-Haefliger map [6]
HY, (X;K)'/2) = Ch!(X) — H?

sing

(X(R); Fa).

For ¢ > dimX, the cycle class maps are isomorphisms by a theorem of
Colliot—Théléne-Parimala and Scheiderer, cf. [34, corollary 7.19, proposition 19.8]
or the discussion in the introduction of [22]. From [18] and [17], we find that the
cycle class maps are isomorphisms on HY(I?%") for schemes with a cellular struc-
ture whose cells are of the form A? x GX". As before, the images of the cycle class
maps for varying ¢ provide a filtration of mod 2 singular cohomology. For cellular
varieties, we get similar bounds on the length of this filtration as in the integral
case of theorem 3.1. It would be interesting to understand the relation between
this filtration and weight filtrations in the work of McCrory and Parusinski [28].
Possibly this could be one approach to prove theorem 3.1 in a more topological
way.

For the specific case of oriented Grassmany\i{ans, the filtration has onlf}ione non-
trivial step. The real cycle class map HZ (Grk(n);Kg/Iﬂ/Q) — HL (Gri(n);Fy)

Zar sing
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is an isomorphism. The non-trivial subspace in the filtration is the image of the
Borel-Haefliger cycle class map

HY,.(Gr(n); K}'/2) 2 Ch?(Grg(n)) — HE,, (Gry(n); Fa).

sing

In this case, it turns out that the image of the Borel-Haefliger map is exactly
the characteristic subring, as Ch*(Gry(n)) is the cokernel of multiplication by w;
on Ch*(Grg(n)) by the localization sequence for Chow groups. In particular, only
the classes in the characteristic subring are fundamental classes of closed subva-
rieties, the anomalous classes can only be realized by ‘higher weight’ cycles in
HY,, (Gro(n): KM, /2).

4. Torsion exponents for homogeneous spaces

In this section, we summarize some general methods to compute the cohomology of
homogeneous spaces G/K. We are interested in potential relations between coho-
mology ring structure and existence of torsion (or bounds on torsion exponents).
We discuss in particular Baum’s definition [4] of the deficiency of a pair (G, K)
and relate the deficiency to bounds for the torsion exponent in the case of oriented
Grassmannians. Based on the oriented Grassmannian case, we suggest a general
picture relating deficiency and torsion exponent of general homogeneous spaces
G /K, see conjecture 4.14.

4.1. Torsion coefficients in homogeneous spaces

Let K < G be an inclusion of real Lie groups and consider the homogeneous
space G/K. The Betti numbers of such a homogeneous space G/K are completely
understood with field coefficients by the work of Cartan [10], Borel [5], and Baum
[4]. In contrast, the additive structure of integral cohomology H*(G/K;Z) is much
less understood. Excluding p-primary torsion for different primes p is possible by
considering the cohomology of G and K; however, the actual torsion exponents are
less readily available.

In principle, the torsion exponents can be computed from the Bockstein spectral
sequence. If the p-Bockstein spectral sequence degenerates at the F,-page, then all
p-primary torsion is of order dividing p"~!. If all p-primary torsion is p-torsion, the
additive structure of integral cohomology can be pieced together from the F, and
Q-coefficient Betti numbers. Although showing the degeneration of the Bockstein
spectral sequence can be possible on a case-by-case basis, in general, only a few
structural results are available.

Possibly the first general result bounding torsion exponents is due to Ehresmann
[12], who showed that all torsion in the cohomology of real Grassmannians is of
order two. In modern terms, he showed the degeneration of the Bockstein spectral
sequence at the Es-page using the boundary coefficient description of Schubert
classes (even though Steenrod squares and Bockstein operations had not been dis-
covered at that point). Ehresmann’s result generalizes to real partial flag manifolds
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of type A—[26], [38], and [19]; however, the last two results make use of the alge-
braic structure of the flag manifolds and the degeneration of the Bockstein spectral
sequence only follows indirectly.

4.2. Deficiency

We give a brief overview of the relevant notions from Baum’s theory, and for further
details we refer to Baum’s original article [4].

Let k£ be a field. In this section, we will consider finitely generated, graded-
commutative k-algebras A, with A< = 0 and A° = k (such that the k-algebra
structure agrees with the A%-algebra structure). Let

Q(A) = A7°/(470 - 470)

denote the graded vector space of indecomposable elements. A presentation of A is
an exact sequence7

AN—sT—A—F,

such that A and I' are graded polynomial algebras, and the induced map Q(A) —
k @ ker f is an isomorphism of graded vector spaces (this condition ensures that
there are no redundant relations). Our main cases of interest are presentations of
the form

Hi — Hj — Hj/(Im p)** — £, (11)

for G = SO(n) and K = SO(k) x SO(n — k). Note that in this case H%./(Im p)>°

is not the cohomology ring of Gri(n) = G/K, but rather the characteristic subring
C, cf. definition 2.1.

EXAMPLE 4.1. Let G = SO(4), K = SO(2) x SO(2) as a diagonal subgroup. The
coefficient field for cohomology is k& = Fs. Recall the notation introduced in (3).
Then the restriction map

p: Falo, w3, 4] — Falwa, qa]

determined by

p(l + Wo + W3 + 71)4) = (1 + ’wg)(l + q2)
maps Wy — wa+qa, W3 — 0, and Wy — wage. In this case, the co-exact sequence (11)
is not a presentation: the map Q(H%) — & Dz, (Im p)~Y is

p: Fo(ig, w3, wa) — Fa(wa + g2, w2q2)

which is clearly not an isomorphism. Instead, restricting p to the subring A
generated by ws and w, gives a presentation.

"Exact here is meant in the sense that ker f, = (Im f,,11)~9, generated by the positive degree
part of Im f,,4+1—in Baum’s terminology, such sequences are called co-exact.
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To an algebra A as above, one can assign an integer called its deficiency as
follows.

DEFINITION 4.2. Let

AT —Loa—p,

be a presentation of A, as defined above. Then the i-th deficiency of A is the integer
def;(A) := dimy, Q(A)* — dimy, Q(T)". The deficiency of A is def(A) := ", def;(A).

See [4, theorem 4.6] for the proof that this definition is independent of the chosen
presentation.

REMARK 4.3. Baum’s article [4] makes several even-degree assumptions at the
outset (already the definitions are only given for such rings). However, this condition
as well as many other conditions have been relaxed, see [20], [29], [37], [14], [9]. In
our case of Fo-coefficients, all rings are commutative which allows to remove even-
degree assumptions, and most statements in Baum’s article reduce to statements
about regular sequences in commutative rings.

Now let K < G be compact Lie groups with G connected. Let k£ be a fixed
field—note that most subsequent quantities depend on the choice of k. Assume
that the cohomologies of Hf, and Hj, are free polynomial algebras—this is satisfied
in a large number of cases, e.g. always if k has characteristic 0. When k£ = F,,, by
Quillen’s theorem [32, corollary 7.8], the number of generators of such a polynomial
algebra Hf, is given by the maximal rank of an elementary abelian p-group inside
G; we will call this number the p-rank of G. In our applications, p =2.

DEFINITION 4.4. The deficiency 6(G, K) of the pair (G, K) is
§(G, K) = def (Hj;/(Im p)~°)

where p: Hf, — Hj is the restriction map, and (Im p)~° is the ideal in H%; generated
by the positive degree elements of Im p. When k is not fixed, we denote §, the
deficiency over IF,,. We sometimes write §(G/K) instead of (G, K).

Baum proves the following bounds for the deficiency in [4]:
0 <4(G,K) < 1ki(G) — rki(K). (12)

REMARK 4.5. The statement is lemma 7.1 of [4]. Note that conventions in Baum’s
article require cohomology to be concentrated in even degrees, which is not satisfied
in the cases of special orthogonal groups we are interested in. Nevertheless, the
inequalities still hold. The first inequality 0 < (G, K) follows by reference to 6.2
and 4.10 (and subsequently 3.7) in [4], and both 6.2 and 3.7 are true without even-
degree hypotheses. In the second inequality, our statement (12) is slightly different
from Baum’s in that we only consider the k-rank, so there is no need to compare
to the Lie group rank, and the second inequality more directly follows from the
exactness of
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H;, —2> Hj, — H}/(Im p)>° — k.

REMARK 4.6. In other words, if H, and Hj- are polynomial algebras, and x =
rky (K), then the deficiency §(G, K) is n — k, where n is the cardinality of a subset
of non-redundant generators® p(z;) of the ideal (Imp)~°, where p: H, — Hj is
the restriction map and z; are polynomial generators of Hf,, see [4, lemma 4.5].

EXAMPLE 4.7. In example 4.1, the deficiency is rkp, A — kg, Hjr =2 -2 =0.

ExaMPLE 4.8. Let G = SO(10) and K = SO(5) x SO(5). The inclusion i: K — G
induces
i*(1 + We + W3 + Wy + W5 + We + Wy + Ws + Wg + W) =
=(14+w2 +ws+ws+ws)(1+q@+g+q+g)=
=1+ (w2 + q2) + (w3 + ¢3) + (q4 + waq2 + wa) + (w5 + g5 + Waq3 + Q2w3)
+ (w2q4 + w3q3 + gowy)
+ (w2gs + qaws + w3qs + qzwy) + (W3gs + waqs + wsqz) + (Wags + qaws) +wsgs.

The relations between the generators ¢;, w; are as follows:

2
G2 = w2, @¢3=wW3, ¢4=wW;+Ws, Q5= Ws,
3 2 2 2 2 2 2
wy = wsz, wswy =0, wij=ww;, wsw; =0, ws=0.

One can show that all of the restrictions ¢*w; are required to generate the ideal
(Imi*)>° so that (11) is indeed a presentation. Therefore, the deficiency is

I'k[FQH*G_I'kFQH*KZQ—gz]..

There are no relations between the ¢*wy, in degrees < 10, the first relation between
the i*wy, lives in degree 12 as follows (for typographical reasons, we write @y, instead
of Z*UN}k)

~ ~ ~ 2 ~
waWy + wsWr + (Wews + wawy)Ws + (Wewzwy + wiws + Waws)Ws
2 2.\~
+ (wewsws + wi + wiwg)we = 0.

(This can be obtained by noting that ws(wsw3) = w3 (wsw3) in the relations above,
and rewriting them in terms of the restricted classes i*wy’s.)

4.3. Deficiency of oriented Grassmannians

Before examining actual torsion phenomena, let us consider the deficiency of ori-
ented and unoriented partial flag manifolds. We take k = [Fo whenever dealing with

O(n) and SO(n).

8The generators a1, ..., ar of an ideal I of A are a non-redundant set of generators, if no proper
subset of them generates I.
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PROPOSITION 4.9. Let k =TF5 and Y d; = N.

(i) For G=0O(N), K =0(dy) x --- x O(dy), we have §(G, K) = 0.
(ii) For G =SO(N), K =SO(dy) x ---x SO(d,.), we have 0 < §(G,K) <r—1.

Proof. Using rk(O(m)) = m, tk(SO(m)) = m — 1, we get 1k(G) = N, and in (i)
rk(K) = N, and in (ii) tk(K) = N — r, and we can apply (12). O

Recall the notation ¢; from (2) and (3). Understanding the Koszul homology of
a presentation gives information on the deficiency:

PROPOSITION 4.10. If there is a Wa-relation between qn—k+1, ..., qn of the form

j—1
q = Z Yidi, (13)

i=n—k+1

for some n —k < j < n and some ~; € Wa, then 6(Gry(n)) = 0. If there are no
such Wy-relations, then §(Grg(n)) = 1.

Proof. We have an exact sequence

Folgn—rti1s s qn] —=Falwa, ..., wy] —= C = Hg/(Im p)>* —=k

If there is a relation of the form (13), then g¢; is a redundant generator expressible in
terms of the other ¢;. In this case, the exact sequence fails to be a presentation, but
we obtain a presentation upon removing ¢;. The number of remaining ¢; equals the
number of w;, hence the deficiency is 0. On the other hand, if there is no relation
of the form (13), none of the ¢; is redundant, and the exact sequence is already a
presentation. Consequently, the deficiency is 1 in this case. O

PROPOSITION 4.11. If crk(S — (A}/rk(n)) > t, then there are no non-trivial Wa-
relations between the g;’s up to degree t+ 2.

Proof. A non-trivial Wa-relation between the g;’s implies a non-trivial class in
the Koszul homology H;(Q, Ws), for this statement and relevant notation, see [27,
Section 5.2]. A non-zero class in Koszul homology H;(Q, W) in degree d implies
that crk(S — Grg(n)) < d — 2, see the beginning of Section 5.3 of loc. cit.
Conversely, if crk(S) > t, then non-zero Koszul homology classes have to have
degree >t + 2. O

Let us recall from [27] that there is a generalization of the results of Fukaya and
Korbas [15], [24], which states that for arbitrary k, the following relation holds:

Z Wiqot _; = Z Wiqot _; = 0. (14)

ieven 1<iodd
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Applying proposition 4.10 to this relation, we obtain the deficiency of oriented
Grassmannians in a number of cases:

PROPOSITION 4.12.

0(Gra(n)) =0,

— ~ 0, n=2t—32t—-2292t—1,2t
6(Grz(n)) = 6(Gra(n)) =

—_

, else.

and
§(Crp(2)) =0,  ifk is odd.

Proof. These follow by applying proposition 4.10 to results from [15], [24], [3], and
[27].

First, we cover the cases § =0. For k=2, goqa = 0, which is a relation of the
form (13) for all n.

For k=3 and k=4, we have ¢,t_5 = 0 by [15], [24]. This is a relation of the
form (13) for k=3 and n = 2t — 3,2 —2,2" — 1, and for k=4 and n = 2! — 3,2! —
2,2t —1,2%

For k odd and n = 2, (14) is a relation of the form (13).

This covers all the cases when § =0. Now let us turn to the cases when §=1. In
a number of cases, there are no relations in degrees < n at all.

For Grs(n) with 2071 < n < 2! — 4, there are no relations in degrees < n by [3]
or [27, theorem 1.1], showing that the degrees of anomalous generators are > n.

For éﬂ(n) with 2871 < n < 2t — 4, there are no relations in degrees < n since
the characteristic rank of Gry(n) is > n — 2, cf. [31, theorem 6.6]. O

CONJECTURE 4.13. In all the cases not covered by proposition 4.12, the deficiency
is equal to_ 1. Explicitly, we conjecture that for t > 5, 2'=1 <n < 2" and 5 < k <
2t — 5, 6(Gri(n)) = 1 holds, unless we are in the case where k is odd and n = 2.

Using proposition 4.10, this conjecture for n # 2! would follow from our char-
acteristic rank conjecture (conjecture 2.3). To explain the difference between the k
even and odd cases for n = 2!, we note that the relation (13) in proposition 4.10
must be a relation between (gt 1, - -, gt ). However, the relation (14) for & even:

E wiqyt_; =0
ieven

is not of the form (13) because the even part of the sum involves g,:_,, which is
not in the ¢;’s listed above. In particular, conjecture 4.13 claims that there are no
other relations involving g.t.
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4.4. Deficiency and torsion

Our main conjecture connecting deficiency and torsion phenomena is now the
following;:

CONJECTURE 4.14.
93(Grjy(n))+1 Tor(H*((A}}k(nﬁ ) =0
or more generally
Pop(GEO+1 Tor(H*(G/K;Z)) = 0.

We discuss some of the known cases in the context of Grassmannians and oriented
Grassmannians. It is known that all torsion in real partial flag manifolds is 2-torsion
[19], which is also consistent with conjecture 4.14 by proposition 4.9.

By conjecture 4.14 and proposition 4.12, we expect only 2-torsion in the integral
cohomology H*(Gry(n); Z) for

C’}vrg(n); this is known by [13],
Gr3(n), n=2"—3,...,2"% the case of Grs(8) is known by a computation of
[23], but not known in general,

(3}4(71), n =2t —3,...,2" which is not known,
Gry(2%), for k odd, which is not known.

Note that whenever 6(@1%(71)) = 1, the conjecture does not state that there
is actually 4-torsion in the cohomology, only that it could in theory appear. For
instance, Grs(10) has deficiency 1, and on the other hand, by [23, theorem 6.1], it
has no 4-torsion.

Also, one can observe that in all the cases of theorem 1.1 where there is 4-torsion,
the deficiency is 1. -

We will make a more general conjecture on the appearance of 4-torsion for Gry(n)
in conjecture 8.6; however, note that Conjecture 4.14 extends beyond the scope of
Grassmannians.

5. Detecting 4-torsion in integral cohomology

In this section, we develop more precise criteria for the existence or non-existence
of 4-torsion in the integral cohomology of oriented Grassmannians. Essentially, we
use the Gysin sequence, combined with the fact that all torsion in the cohomology
of Grassmannians is 2-torsion, to rewrite descriptions of Bockstein cohomology for
oriented Grassmannians in terms of Steenrod squares and multiplication by w; in
the cohomology of Grassmannians.

5.1. Gysin sequence with twisted integral coefficients

Denote as before by . = detSy the determinant line bundle of the tautolog-
ical bundle over Grg(n). The associated sphere bundle provides a double cover
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U (E}k(n) — Grg(n) which also induces a Gysin sequence with integer coefficients
if one takes into account the local coefficient systems. Using the twisted Thom
isomorphism, we can rewrite the long exact sequence of the pair (£, 2\0) as
follows:

e H Y (Grp(n); Z) S H(Gry(n); ) =4 Hi (G (n): Z) 2> Hi(Grp(n): Z) — - - - .

Via Bockstein maps and mod 2 reductions, we can compare this integral Gysin
sequence with its mod 2 counterparts from §2: writing w; = w1 (.¥) and e = e(.¥)
for the first Stiefel-Whitney class and Euler class of £, respectively, we get a ladder
of exact sequences

—— H"2(Grg(n); Fy) —= H"(Gry(n); Fy) L Hi- l(le(n) :)‘6>Hi‘1(Grk(n);F2)‘>

I . b

— H(Gry(n); Z) —— H{(CGrp(n); £) Hi(Gryp(n): Z) —%— Hi(Gry(n); Z) ———

[ 1 T

—— H"Y(Grg(n);Fsy) —=— H(Gre(n); F) H’(ak(n)Fg) Hi(Gry(n);Fy)

(15)

The diagram commutes by naturality of pullbacks and Bockstein maps and by the
following proposition:

PROPOSITION 5.1.

(1) If every torsion element in H*(X;Z(.%)) is of order two, then we have the
Bockstein—Wu formula:

e(Z) - B(x) = Bz (wi (L) - x)

for every x € H=2(Grg(n);Fa), i.e. the upper-left square of diagram (15)
commutes.

(2) If every torsion element in H*(X,Y; %) is of order two, then we have the
Bockstein coboundary formula for the connecting homomorphisms

§: HY(Y;Fy) — HTH X, Y Fy), S H(Y; Z]y) - HTY(X,Y; 2)

b2 B(x) = Bé(x),
i.e. the upper-right square of diagram (15) commutes.
Proof. For the proof, we will use the following general observation: Since every tor-
sion element is of order 2, the reduction morphism p: H*(X;Z(.%)) — H*(X;F2)

is injective on 2-torsion. Thus, if both sides of an equality are 2-torsion, it is enough
to show the mod 2 reduction of the statement.
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7.)27{a) — 22— 7,/27.(c) — > 7./27.(b) —~
J{Bz i-Z B
7.)27(x) —2— ZJAL(y) —222> 7./27,(a') — (16)

lid i mod 2 iid
— Z/2L{p (2)) = L/2Z{p(y)) — Z/2Z{p(a")) —

Figure 1. A 4-torsion extension in diagram (15). For the explanation of the elements, see
remark 5.3.

(1) Since the Bocksteins and e(.Z’) are 2-torsion, both sides of the first equality
are 2-torsion. The mod 2 reduction follows from the classical Wu formula:

Sq}g(wlx) =Sq* (wix) + wfac = w; Sqt (x) + wfx + w%x = w; Sqt (z).

(2) For the second equality, the right-hand side is a Bockstein, and the left
hand-side is the § »-image of a 2-torsion element, so again both sides are 2-torsion.
The mod 2 reduction is the statement that, in our case, Sq' commutes with the
coboundary, cf. proposition 2.5:

8Sq' =Sq's.

As an alternative formulation, we are showing the commutativity of the upper-right
square in (15) by noting that the lower-right square commutes from naturality of
boundary maps and the commutativity of the composition of the squares, which is
8Sq' = Sq' 6 from proposition 2.5. O

REMARK 5.2. There is a similar commutative diagram, with the roles of the trivial
coefficients Z and the twist .Z switched.

5.2. A criterion for non-trivial extensions in the Gysin sequence
If y is a 4-torsion class in H*(Gry(n); Z), then the diagram (15) of Gysin sequences
contains an extension of the following form:

Theouter two columns contain 2-torsion from Gry(n), and the middle column
contains the non-trivial 4-torsion element in Grg(n). In more detail:

REMARK 5.3. We explain how a 4-torsion extension arises, as depicted in Figure 1.
Assume there is a 4-torsion class y € H'(Grg(n);Z). Since H*(Grg(n); Z) does not
contain 4-torsion (with either twist), the extension has to be of the form Z/2Z(x) —
ZJAZ{y) — Z/2Z{z') for some elements x,z’. Since z, z" are 2-torsion, they are the
image of the respective Bockstein of some elements a and b: S« (a) = x, 8(b) = 2'.

We can formalize this in the following criterion for existence of 4-torsion:

PROPOSITION 5.4. We use the notation of (15). The following statements are
equivalent:
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(1) There is a 4-torsion class in H*(a}k(n);Z).
(2) In H*(Grg(n);F2), the following inclusion is strict (i.e. the difference of the
two sets is non-empty):

Im(w; o p) C Imw; NTImSqt, .
(3) In H*(Grg(n);Fa), the following inclusion is strict:
Im(w; 0 py) CImw; N ImSqt.

Proof. First, we show that the inclusion of (2) always holds. The inclusion Im(w; o
p) C Imw; is immediate, so we only have to show Im(w; o p) € ImSqk,. For all
elements, z € Tm p, Sq*(z) = 0. Therefore, w; - z = (Sq'y +Sq*)(2) = Sq',(2). The
inclusion in point (3) is entirely analogous.

(2)=-(1): Assume that there is an element in the difference, i.e. there exists an
element

2z =8q%y(a) = w; - 2’ € H*(Gry(n); Fa),

which is not in the image of wq o p.

We claim that 7%,5«(a) is a non-zero, 2-divisible, 2-torsion element, i.e. it is
two times a 4-torsion class. First, it is non-zero, otherwise S« (a) would be in the
image of e(¢), which is impossible since then z would be in the image of w; o p,
contradicting the base assumption. It is clearly 2-torsion, since it is in the image
of the Bockstein map. Finally, z = w - 2’ implies 7%(2) = po 7% o fx(a) = 0.
Therefore, the mod 2 reduction of 7%, 8.« (a) is zero, hence it is 2-divisible.

(1)=(2): By theorem 3.1, we can have at worst 4-torsion, so assume
H*(Gry(n); Z) contains non-trivial 4-torsion. Then it arises as y in Diagram (1),
together with some a,c,b,z, 2" as in the diagram, see remark 5.3. Then py(x) is
an element in Imw; N ImSq'. We claim that it is not in Im(w; o p). Indeed, if
pe(x) = w; - p(v) for some v € H*(Grg(n);Z), then e(Z) - v — x € ker pgy, i.e. it
is 2-divisible. Since z is 2-torsion, and e(.¥) - v is also 2-torsion, this means that
e(ZL) - v = x. But that would mean y = 7%, = 0, which is impossible, so p»(z) is
not contained in Im(w; o p).

The equivalence (1)< (3) is obtained by repeating the proof for the other Gysin
sequence, respectively, the diagram obtained from (15) by switching the role of the
coefficients Z and .Z. O

6. Relating Koszul homology and the kernel of w;

In this section, we discuss the relation between two different pictures we can use
to approach the cohomology of oriented Grassmannians. On the one hand, the
Gysin sequence for the double covering Grg(n) — Grg(n) describes the cohomology
H*(&k(n);Fg) in terms of the kernel and cokernel of the multiplication by w;
on H*(Grg(n);F2). On the other hand, the kernel and cokernel of w; can also
be described using the Koszul complex for the ideal (¢n—_kt1,..-,qn) in Wy =
Fa[wa, ..., wy]. The latter point was used extensively in our previous article [27]
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to understand the cohomology of (Trg(n) The former point of view now plays a
significant role in the present article, through our use of Stong’s results [33] in the
proof of the upper-bound part of the characteristic-rank conjecture. The goal now
is to connect these two pictures.

6.1. Recollection of notation

The general procedure for connecting the first Koszul homology with the kernel of
w1 was already outlined in [27, Section 5], and we recall the main points relevant
for our discussion. In the following, let k& be fixed.

First we fix some notation—the definition of ¢; and Q; is described above in (2),
(3), and (6). Recall that G; = Q;|w,—0 € W1 and P; := Q;+¢; € Wy and p; € W is
the unique class satisfying wip; = P; = @; + ¢;. These classes satisfy the following
recursions

k k
G =Y wgi—1, pi=Qi-1+ Y wipi (16)
1=2

1=2
The classes ¢); and P; also have explicit descriptions in terms of Stiefel-Whitney
monomials. We use the notation described earlier above (6).

LEMMA 6.1.

Q, = Z <|Z|>wa

j=aj+2ag+---+kay
> lal\ 4
Pj = w
a
j:a1+2a2+~~~+kak,a1 >1

Proof. The statement on (); follows from the recursion @; = Zle w;@Qj—; since

('Z') counts the number of ways the monomial w® appears in the recursion. Since
g; is the reduction of @; modulo wy,

a
T
. a

]:2a2+...+kak

the statement for P; = @); + ¢; follows by taking the sum of the two expressions. []

6.2. Recursions in Koszul homology and pushforwards and pullbacks

A W-relation of the form Zf;é ¢jqn—;j = 0 gives rise to an anomalous class in
ker wy C H*(Grg(n);F2), via a boundary map ¢ in a long exact sequence of Koszul
homologies, see [27, Section 5]. Explicitly, the boundary is of the form

k—1

On (CoyenvyCl1) = chpn_j € ker w;. (17)
§=0
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Using the recursion (16), one can show that a relation between ¢,—_g41,...,¢n
gives a relation between ¢, g, ..., ¢,—1 and also g,—k+2, - . ., ¢n+1—Wwe called these,
respectively, descended and ascended relations in [27, Section 4]. Let us denote
respectively by D and A the operation of ascending and descending a relation; see
[27, propositions 4.8, 4.11]:

D (CO7 R Ck—l) = (Cl, cowa + C2,...,Co0WE—1 + Cx—1, Co’wk), (18)

Al(co,. s Cp—1) = (Ch—1, COWE, CLWE + Ch—1W2, . . ., Ch—2W) + Ch—1Wk—1).  (19)

We will now show that the Koszul boundary of the descended/ascended relations
are the pullbacks/pushforwards of the boundary of the original relation.

PROPOSITION 6.2. Assume k > 2 and let
(007 SERE) Ck—l) € WQk

be the coefficients of a Wa-relation between qp—k+1,---,qn, i.€. Zf;ol ciGn—; = 0.
Denoting by ip—1: Grg(n —1) = Grg(n) the natural inclusion, we have

5n,1(D(Co, ey Ckfl)) = i;flén(co, RN Ckfl) S H*(Grk(n — 1); Fg) (20)
Similarly, for the inclusion i,: Gri(n) — Gri(n + 1), we have
(5n+1(A(C(), ceey Ck—l)) = (in)!5n(00, . ,Ck_l) S H*(Grk(n + ].), ]FQ) (21)

Proof. Using the definitions (17) and (18), Eq. (20) states that the following
equality holds in H*(Grg(n — 1);Fy):

k—1

k—1
1Pn-1+ > (Cow; + ¢;)pn—j + CoWrPn—k =5 1 | D ¢iPn—;
=2 =0

Using the recursion (16), p, = Qn_1 +Z;€:2 WiPn—; since *w; = w;, the right hand
side is equal to

k-1 k k=1
Z CjPn—j + Co (in + Z wz]%z) =C1Ppn-1+ Z(Cowa‘ +¢j)Pn—j
j=1 1=2 j=2

+ coWgPr—k + coQn—1,

and noting that Q,,—1 = 0 in H*(Grg(n — 1);F3), this proves the first equality.
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The second equality (21)—using the definitions (17) and (19)—states that
k—2 k—1
Ck—1Pn+1 + COWrPn + Z(Cjwk + o 1Wjs1)Pn—j = (in ) Z CiPn—j
7=0

Jj=1

Using the recursion p,+1 = Qn + 2512 WPnt1—1, We can write the left-hand side

as
k k—2
Cr—1Qn + Ck—1 Z WiPn+1-1 + CoWkPn + Z(Cjwk + Ck—1Wj11)Pn—j
1=2 j=1
k—2

= CownPn + Ch-1Qn + Y _(Cko1Wit1 + CWk + Ch_1Wi41 )Pt + Cho1WkPnt1-k
=1

k-1
= Wy, (Z Clpnl> + ck—1@n
1=0

which by lemma 2.6 is equal to the right-hand side, modulo the ideal (Q,). Since
k > 2 by assumption, @, is one of the relations defining H*(Grg(n + 1);Fy) =
Folwy, ..., wr]/(Qn_k+t2,--.,@nt+1), and this concludes the proof. O

6.3. The fundamental relation, revisited

Now we return to our examination of actual W-relations between the classes g;. In
[27, theorem 4.6], we proved the following Wa-relation between (qyt_j 1, Got):

Z wigyt_; = 0. (22)
i>lodd

Applying the boundary map in the long exact sequence of Koszul homologies
described in (17) gives a class

Tyt = Y wipge_; € W, (23)
i>1lodd

which reduces to a non-zero class in K = kerwy; C H*(Grg(2"); F2). By proposition
6.2, by pushing forward or pulling back this class, we obtain elements of ker w; in
Grp(n) for all n. In fact, we can explicitly name these elements.

PROPOSITION 6.3. As elements of Wy,

t
Z wipgt _; = wi (24)

i>0even

Proof. The claim is equivalent to the following equality:

2t
E wgiPzt_% = w7y .

i>0
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This will be easier to establish, thanks to lemma 6.1. The proof will proceed along
the lines of a similar result for the g;, cf. [27, Sections 4.1 and 4.2].

We will show the following claim, which is an analogue of [27, proposition
4.5] (but including w; in the monomials): for a sequence a = (ay,...,a;) with
Zle ia; = 2t and a; > 0, we have

() - > (") 25)
a = égj ’
unless a = (2¢,0,...,0). Here, for 1 < i < k, a; denotes the sequence
(ala ceey Ai—1,04 — ]-aaiJrlv SRR ak)~

The key thing to note is that [27, lemma 4.3] still applies, with the same proof.
Consequently, we can still make the same arguments as in the proof of [27, propo-
sition 4.5]. If (‘Z') = 1 mod 2, there is a unique index / such that (‘“él*l) =1 mod 2.
By the same argument as in loc.cit., we find that if Zle ia; = 2 then | must be
even unless we are in the exceptional case a = (2¢,0,...,0). Similarly, by the same
argument as in [27, proposition 4.5], we find that for (Izl) = 0 mod 2, then for any
(It;l;l) = 1 mod 2, there is a unique [ # 2j with (‘“{‘il_l) = 1mod 2, and [ is even.

J

This establishes (25) and thus the claim of the proposition. O

PROPOSITION 6.4. As elements of Wy,
¢
Z w;Qut_; = wi . (26)
iodd

Proof. This follows from proposition 6.3 and [27, theorem 4.6]. Alternatively, it can
be established with the same proof as used for these results. O

As a consequence, under the translation between Koszul homology and the kernel
of wq, we find that the relation

Z Waigyt_o; =0
i>0
of [27, theorem 4.6] corresponds to the element
t_
Zw%pzt—m =wi 7!
i>0

in the kernel of w;. In particular, this provides an independent proof of the upper-
bound part ht(w;) < 2 — 1 of Stong’s theorem [33] (first proposition of §1).

6.4. Kernel generators for k = 3,4

The behaviour of anomalous classes in the low-rank cases k = 3,4 is different from
the behaviour for & > 5. In particular, the degrees of the smallest anomalous gen-
erators are different. Recall that the Koszul homology generators for k = 3,4 arise
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from ascending or descending the fundamental relation g,t_5 = 0, cf. in particular
[27, Proposition 4.7]. The following results describe precisely the relation between
the corresponding element p,:_5 in the kernel of w; and the highest non-trivial
power of wy in Stong’s height results [33].

t
PROPOSITION 6.5. For k = 3,4, we have wi ~' = wapyt 5 in H*(Gry(2); Fy).

Proof. First, we consider the case k =3. We first note that by lemma 6.1,

_ al + a/2 + G,g ajl ag as

Qat 4 = E Wy Wy~ w3~
t a1, a2, as
a1+2a2+3a3:2 —1
. . . . al a2 a3 t .
i.e. it consists of all the monomials w;" wy“w;> of degree 2° — 1 for which the
exponents a1, ag, az have pairwise disjoint binary expansions. By lemma 6.1 again,
. . a a a

Pyt 4 consists of all the monomials w; wy?ws? of degree 2' —3 where the exponents
a1, as, az have disjoint binary expansions, and where a; > 1.

— . e . . a a
We show that Qu ;, —w? ' is divisible by w3. Assume a monomial w} wy?

of degree 2! — 1 has non-zero coefficient in Q¢ ;. Then 2" — 1 = a3 + 2a9, which
means that the binary expansions of a1 and 2as form a disjoint decomposition of
a string of 1s of length ¢. Since the binary expansion of ay removes one trailing 0,
this will introduce overlap between the expansions of a1 and ag, unless as = 0. In
particular, there is no monomial of the form w‘flwgz with ag > 0 in Q4¢_4, so the
only monomial in Qt_,; with ag = 0 is w%t_l.

2

. a a a . .
Now we want to show that a monomial wj!wy?ws3 appears in Qy¢_, if and only

. aq +1 ag agz—
if wit " wy?wy

! appears in P, 5.

Assume that w) wy?w;® appears in Q¢ . Then ay, az, az have disjoint binary
expansions, and so we must have ay even, otherwise a; and as are both even, which
is impossible because a; + 2as + 3a3 = 2t — 1. So exactly one of a; and a3 is odd,
and we can make a case distinction.

If a1 is even and a3 is odd, then in the binary expansions of (a1, as,as) and
(a1 + 1, a9,a3 — 1) we exchange the last bit of a; and ag, which results in disjoint
binary expansions.

In case a; is odd and a3 is even, let ¢ denote the number of trailing ones in a
and r denote the number of trailing zeros in as; by disjointness g < r. Note that
by disjointness, ao must have at least ¢ many trailing zeros. Then for the ¢+ 1’st
digit in

a1 + 2as + as + 2a3 =28 — 1

to be 1, we must also have r < ¢. This implies that r= ¢, and therefore (a; +
1,a2,a3 — 1) are also disjoint because we are switching the last ¢ + 1 bits of a1 and
a3 to get a; + 1 and a3z — 1, respectively.

Assume that wflﬂngwg?’il appears in Py_5. Then as before, exactly one of
a1+ 1 and a3z — 1 has to be odd. In the case where a; + 1 is odd and a3 — 1 is even,
we see that (a1, as, a3) have disjoint binary expansions and so u/flng w§3 appears
in Qyt_,. In case a; + 1 is even and a3 — 1 is odd, we can make the same argument
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counting trailing zeros and ones to see that (a1, a2,as) also have disjoint binary

expansions because we swapped the last ¢+ 1 bits of a1 and as.

t
We have thus shown that we get a bijection between monomials of Qy | —w} ~*

. . a a a a1+1 a aa—1 .
and Py, sending a monomial w;twy?wy® to wy'" wy?ws3 . This shows that

_ o9t P _ o9t
Qot_y =wi  +wzPyr_z/w1 =wi " +wspyr_s,

which shows the claim since Q,t_; = 0 in H*(Gr3(2"); F2).
The argument still works for k£ =4 with minor obvious changes. The key points
above are that the only odd Stiefel-Whitney classes are w; and ws. O

COROLLARY 6.6. In H*(Grs(2" — 1);F2) and H*(Gry4(2");F2), we have py 5 €
ker w .

Proof. We have wipyt_s = Pyt_5. Moreover, ¢yt _5 = 0 by [15] and [24, lemma 2.3],
cf. also [27, proposition 4.7]. So we have Pyt _4 = Q4¢_5. Therefore, whenever Q,t_4
is among the relations defining H*(Grg(n); F2), we get pyt_5 € kerw;. The claim
follows because H*(Gry(n); Fa) = Folwy, ..., wi]/(Qn-t+1,-- -, @n)- O

In particular, we can describe the generators d,,a, of the kernel kerw; C
H*(Grz(n);F2) as follows.

PROPOSITION 6.7. For Grz(n) with 28=1 < n < 2! —3, for t> 3 and j :=n — 271
the kernel K = ker wy is generated as a H*(Grs(n); Fo)-module by two elements:
» t—1
dn = Pot 3, an = wh-wi L
Proof. To see that the kernel is generated by these classes a,, and d,, (defined by the
ascending and descending operations described in (18) and (19)) see [27, proposition
6.5]. For n = 2" — 1, the kernel is generated by p,¢_5. Using proposition 6.2, we

can identify the classes with the pullbacks and pushforwards of pyt_5, which are
» t—1
respectively py¢_5 and wi - w% ~1. using proposition 6.5 for the latter. O

6.5. A Schubert calculus proof of Stong’s lemma

In this section, we give an alternate proof of Stong’s height formula, using Schubert
calculus.

To compute w}, one can apply the Pieri formula to ¢} and take the reduction of
its Schubert expansion modulo 2 [6]. The coefficient of the Schubert class sy in cll’\l
is then given via Pieri’s formula by the number of paths p) in Young’s lattice from
the origin to A. This, in turn, is given by the number of standard Young tableaux.

The number of standard Young tableaux is given by the hook length formula:

A[!
Dx = — 27
H(i,j)eA (i, 7) @7

where hy (i, ) denotes the hook-length of the (i,5)th cell of A\. By determining the
parity of py, we can give a Schubert calculus proof of Stong’s height formula.
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Figure 2. The hook of x is denoted in red, it has hook-length 15. The rim-hook corre-
sponding to A has length 12 and is marked in green. The 12-core of \ is the partition
obtained by removing the green rim-hook.

The modularity properties of hook-lengths have been investigated in [2]. For the
convenience of the reader, we recall some terminology, which is described in more
detail in, e.g., [21] or [30].

A hook in a partition A is the union of the boxes right and below a given box
(including the given box) of the Young diagram® of A. The hook-length of a hook
is the number of boxes in the hook—a hook of length p is also called a p-hook.
A partition is called a p-core if it has no hooks of length p. For every partition A,
there is a unique process to obtain a subdiagram core,(A) C A called its p-core,
which is a p-core (i.e. it has no hooks of length p). We briefly describe this process.

The rim (or border) of a partition is the union of all the right-lower-most boxes
in the Young-diagram (i.e. boxes that do not have any box right, nor below them).
A (g-)rim hook (or border strip) is a contiguous strip (of length ¢) that connects
two rim boxes, consisting of boxes which do not have an entry to the south-east of
them (or the shortest possible). The (g-)rim hook corresponding to a given box is
the ¢-rim hook connecting the (unique) rim boxes to the right and below the given
box. See figure 2.

The p-core of a partition is obtained by successively removing p-rim hooks until
there are none left. It can be shown that this process results in the same partition,
which is a p-core, independently of the order of removing the rim hooks. Let us
remark that removing a p-rim hook corresponding to a box is the same as removing
the corresponding p-hook and shifting everything below the hook up and left by
one in each direction.

We will use the following description of the modularity properties of hook-lengths
[30, Section 6], see also [2, lemma 1].

LEMMA 6.8. Let 2t <n < 2!t and X be a partition of n.

Then py is odd if and only if X\ has a unique 2'-hook and p, is odd for u =
coreyt (N).

Applying this lemma, we immediately obtain the following description of w%t.

9We will use the English notation for Young diagrams, see figure 2.
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ProrosiTION 6.9. In Wy,
ot
[A|=2¢,\hook

Proof. For hooks X of length 2%, the conditions of lemma 6.8 are satisfied, so py is
. t

odd for all such \. More explicitly, if A = (2¢ —i,1%), then py = (* ;') is odd by

Lucas’ theorem.

Any other partition X of 2° does not contain a hook of length 2!, so py is even
by lemma 6.8. O

We will need the following lemma about partitions with odd py:

LEMMA 6.10. The number of standard Young tableaux py is odd for

(i) A= (2" —k,k—2,1) for3
(i) A= (20 +1— k20 +1—k

Proof. (i) We show this case directly: the hook-lengths are row-by-row

<k<2h
Jk—1,2,14) for 5 <k <271 4+ 1.

(1,...,2" =2k +2,2" 2k +4,...,2" ~ k2" —k+2),(1,...,k—3,k—1),(1).

Using the symmetry that the 2-adic valuation of 2¢ —i is equal to the 2-adic valuation
of 2t >4 > 0, this is the same set of 2-adic valuations as

(1,...,2"—2k+2,2" 2k +4, ... 2~k 2" —k+2), (2" —k+1,2" —k+3,..., 2" 1), (1).

This contains all the even numbers between 1, ...,2" — 1 exactly once, so its 2-adic
valuation is equal to the 2-adic valuation of (2!)! and therefore py is odd by (27).
(ii) We check this case using lemma 6.8. Indeed, it has a unique hook of length 2,
so by the lemma it is enough to show that by removing it, we obtain a partition pu,
for which p,, is odd. Removing the hook, we obtain the partition y = (2! —k, k—2,1),
which was covered in case (i). O

Recall that the height of an element x € R in a ring is the maximal power for
which it is non-zero!?:

ht 2 = sup{i | z* # 0}.

Using the above lemma, we obtain an alternative proof of Stong’s theorem [33]
(stated as the first proposition of [33, Introduction]):

THEOREM 6.11 (Stong). For 5 < k < mn —5, 2171 < n < 2!, the height of w; in
H*(Grg(n);Fa) is

ht(wl) = 2t — 1.

10Note that the rings we consider here are actually graded finite-dimensional algebras over a
field, so there always is an 4 such z* = 0 for positive-degree elements 2.
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Proof. By proposition 6.9, w%t is equal to the sum ) sy, where A runs through
hooks of length 2. However, the maximal hook that fits into the k x (n — k)
rectangle has length n — 1, so w%t = 0 in H*(Grg(n);F3) for n < 2!, which gives
the bound ht(w;) <2t — 1.

It remains to show that w%t is non-zero. By the duality Gry(n) =& Gr,—r(n),
we can assume that k& < 2¢~!. Moreover, it is enough to show the proposition for
n =21 +1, since for i: Grg(n) — Grg(n + 1) we have i*w; = w;.

So it is enough to give a partition X C k x (2871 +1 — k) of |A\| = 2! — 1, such
that py is odd. The partition in part (ii) of lemma 6.10 is such a partition, which
allows us to conclude. (]

-1

REMARK 6.12. It would be possible to show part (i) of lemma 6.10 using lemma
6.8, but there are some case distinctions that can be avoided this way. In particular,
the recursion on the core of the partition travels through different paths in the tree
described in [2]. Similarly, it would be possible to show part (ii) of lemma 6.10
directly, but the computation is somewhat more complicated.

7. Partial results on the characteristic rank conjecture

In the following section, we revisit the characteristic rank conjecture 2.3. Using
Stong’s formula for the height of wq, cf. [33] or theorem 6.11, we prove the upper
bound on the characteristic rank in conjecture 2.3. We also prove the characteristic
rank conjecture in the cases k=5, n = 2t —1,2" and k=6, n = 2¢. The 4-torsion
examples will be deduced from this in §8.

Recall from [27] or §2 that there are two ways to think about the charac-
teristic rank or the anomalous classes. On the one hand, the boundary map
H*(Gri(n);F2) — H*(Grr(n);F2) of the Gysin sequence maps the anomalous
classes to kerwy C H*(Grg(n);Fs). This viewpoint will be used below to estab-
lish the upper bound part of the characteristic rank conjecture from Stong’s height
formula. On the other hand, the Koszul homology picture of [27] relates the anoma-
lous classes via the Koszul boundary to relations between the q,—_g+1,...,qn in
the definition of C' = Fa|wa, ..., wk]/(¢n-k+1,---,qn). This viewpoint will be used
below to establish the cases of the characteristic rank conjecture mentioned above,
via a brute force analysis of the monomials appearing in ¢,—g+1, ..., ¢, and their
possible cancellations in a relation of small degree. The precise translation between
these viewpoints is discussed in §6.

7.1. Height and characteristic rank

The height of wy in H*(Grg(n); F2) gives a trivial upper bound for the character-

istic rank (41) of the tautological bundle S — (E;k(n), cf. definition 2.2 and the
discussion after it. More generally, the characteristic rank of a vector bundle can
be bounded by the height of its top Stiefel-Whitney class, as formulated in the
following simple proposition:
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PROPOSITION 7.1.

(1) Let E— X be a real vector bundle of rank n over a manifold, with w,(E) # 0
and assume that the characteristic classes w;(E) generate the mod 2 coho-
mology H*(X;Fs). Denote by F := E \ z(E) the complement of the zero
section.’” Then

nht(w,(F)) > cak(rpE — F)+2—n.

(2) Let E— X be a real vector bundle of rank n over a manifold, with wi(E) # 0
and assume that the characteristic classes w;(E) generate the mod 2 coho-
mology H*(X;F3). Denote by F := det E '\ z(det E) the complement of the
zero section of the determinant bundle. Then

ht(w (F)) > erk(rp B — F) + 1.
Proof. (1) Consider the Gysin sequence associated with F:

o HTNXGE) » B (FFy) & B (G E)

HY(X;Fy) — -

By assumption, the characteristic classes of E generate H*(X;Fs), so classes which
are not characteristic classes are detected by ker w, (E) under the boundary map
. In particular, the lowest non-zero degree of kerw,(F) (plus n —1, the degree
of 9) is equal to crk(npE — F) + 1. Set h = ht(w,(E)), which is finite since X
is a manifold. Then by definition, w, (E)" is a non-zero element of degree nh in

ker w, (E).
(2) The argument is the same, using the Gysin sequence for the determinant
bundle instead. O

THEOREM 7.2. Let 5 < k < 2t=1 < n < 2" and t > 5. Then for the tautological
bundle S — Gry(n), the characteristic rank is at most

crk(S) < min(2F — 2, k(n — 2071 42071 —2),

Proof. Let Sg — Grg(n) be the tautological bundle; it is well-known that its char-
acteristic classes generate H*(Gry(n);Fs). Since Gri(n) is the sphere bundle of
det Sy and wi(det Sp) = wy(Sy) and S — (A}}k(n) is the pullback of Sy along
7: Gry, (n) = Grg(n), from the discussion at the beginning of this section (or part
(2) of proposition 7.1), we obtain the upper bound

CI‘k(S) S ht ’wl(So) —1= 2t -2

where the last equality is the theorem of Stong [33], cf. theorem 6.11.

To obtain the other upper bound, recall from lemma 2.6 that if i: Gri(m) C
Grg(n) is the canonical inclusion induced by the inclusion of vector spaces R™ C R™,
then kerd; = (0). Also, if ¢ € kerw; C H*(Grg(m);Fy), then i)z € kerw; C

11 Alternatively, if E has a metric, we can use the sphere bundle of E.
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H*(Grg(n);F2), by the projection formula (since wy on Grg(m) is the restriction
of wy on Gry(n)). For m = 2!=1, we can use lemma 2.6 to see that

t—1 t—1 ot—1
coot=l_g  p—2 2t=1l_q
Hwy = wy, w]
is a non-zero element in ker wy, giving the other upper bound. O

7.2. A system of anomalous classes

We briefly discuss some anomalous classes that are in the degree above the
expected characteristic rank. Viewing anomalous classes as coming from kerw; C
H*(Grg(n);F3), we can use Stong’s theorem, cf. [33] or theorem 6.11, to write
down classes annihilated by w; which (under the characteristic rank conjecture)

correspond to the anomalous generators of smallest degree.

¢
By Stong’s theorem, w? ~! is a non-zero element in ker w; C H*(Gry(n); Fy) for

any k > 4 and any n with 27! < n < 2t We call

t_
dy = w1 (28)

the descended class n. .
If i: Grg(2Y) — Gry(n) for n =2t +j, 0 < j < 2¢ the pushforwards of w] ! are
also non-zero classes in ker wy C H*(Gry(n);F2); let the ascended class n be

ot t g
an =it =wi “twl, (29)

where the last equality holds by lemma 2.6 describing the Gysin map 4;. Note that
forn =2 a, =d,.

REMARK 7.3. As we described in propositions 6.2 and 6.3, the connection to the
Koszul homology picture can be made explicit.

REMARK 7.4. The classes a, and d, behave differently. By Stong’s theorem,
1
we have z'*w%t+ 1 = 0 for i: Grp(2") — Grp(2'*1). On the other hand, for

j: Grg(2Y) — Grg(n) for n > 2¢, j!wft_l is never 0 by lemma 2.6. However, for
large enough n, we expect that a, can be expressed in terms of other elements
in the kernel (for a related result, see [27, proposition 6.6] for the k=3 case). In
this case, its lift to the oriented Grassmannian will not be a C-module generator
(in any minimal presentation).

7.3. Some cases of the characteristic rank conjecture

We now want to establish the characteristic rank conjecture for k=5 and n =
2t — 1,28, As a warm-up, we start with an easy case of the characteristic rank
conjecture.
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THEOREM 7.5. Let n = 2, t > 4. Then the class dyt € H2t*1(Gr5(2t);IF2) is a
non-zero class and

k(S — Grs(29)) = 2¢ — 2. (30)

Proof. We already know that dy¢ is non-zero from [27, theorem 5.7] or via the

t
identification with wf ~!in proposition 6.3. It suffices to show that there are no

anomalous classes in degrees below 2¢ — 1. In the Koszul homology picture of [27],
this means that there are no relations between gyt 4, ..., ¢yt in degrees < 2t — 1.
By the lemma of Korbas in [24], we know that ¢y, and g5, are non-zero, so
there cannot be relations in these degrees. We discuss the two remaining degrees
below.

(degree 2 — 2) We want to show that g,¢ , and waqyt , are independent. Since
2t -8 is divisible by 8, the equation 2a-+4 = 2! —4 has an even solution and therefore
wywy with a even appears as monomial in ¢,¢_,. But the monomial w‘21+1w4 cannot
appear in ¢,t_, and thus cannot be cancelled, showing the independence.

(degree 2" — 1) We want to show that gy¢_, wogyt_5, and wsgye_, are indepen-
dent. Since 2! — 8 is divisible by 8, the equation 4a +5 = 2! —3 has an even solution
and therefore wiws with a even appears as a monomial in gyt 4. But wow§ws can-
not appear in g,:_; because of two odd exponents and obviously cannot appear in
wsqyt _, as well. On the other hand, 2° — 4 is exactly divisible by 4 and therefore
w§ appears with odd exponent a in ¢,:_,. Also, wsw§ cannot appear in g,t_, and
thus cannot cancel. So there cannot be any non-trivial relation. O

Now we will establish a case of the characteristic rank conjecture which will be
relevant for our 4-torsion examples.

THEOREM 7.6. Letn =2t —1,t>4. Then

crk(S — Grs(n)) =28 — 2. (31)

Proof. The characteristic rank is < 2! — 2 by theorem 7.2.

To prove that the characteristic rank is > 2¢ — 2, we need to show that there are
no relations between gyt ..., ¢yt _, in degrees < 2t —1. Again, by Korbas’ lemma
in [24], none of these elements are zero, so there are no relations in degrees 2! — 5
and 2! — 4. Showing that there are no relations in degrees 2¢ —3,...,2! —1is a
lengthy case distinction carried out below.

(degree 2! — 3) We want to show that woqyt - and ¢yt_5 are independent. For
this, it suffices to find a monomial in g,t_5 which is not divisible by w,. We note
that for t > 4 the number 2! — 8 is divisible by 8, and therefore the solution to
4a+ 5 = 2" — 3 is even. Then the monomial wjws appears in gyt_s.

(degree 2! — 2) We want to show that wsgyt 5, waget 4, and gyt _, are indepen-
dent. We first want to show that g,t_, doesn’t appear in a relation, i.e. we want
to show that gyt_, contains a monomial wjfwg with ¢ — 1 = 0 mod 4 which con-
sequently cannot be cancelled by monomials from wsgyt_5 or wagys_,. We first
note
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2t —12

2t=2_3
4 b

a

and consequently a — 1 is divisible by 4. Therefore, the monomial w§w? appears in
gt _o-

To show that w3qy_5 and waqy_, are independent, we note that there is a
monomial w§ws in gyt because 2' — 8 is divisible by 4, i.e. 2a + 3 = 2 — 5 has
an even solution. Moreover, a = 2¢=! — 4 is exactly divisible by 4. Thus, the binary
expansion of ¢ — 1 ends with the two digits 11 and therefore a — 1 and 2 don’t have
disjoint binary expansions. This means that the monomial wg_lwg cannot appear
in gyt_, and consequently the monomial wiw3 in w3(qqt_5 cannot be cancelled,
showing the independence.

(degree 2! — 1) Finally, we want to show the independence of gyt 1, Wagot_s,
W3yt _ g, Walat 5, and w%qzt—5-

We first show that woq,:_5; cannot appear in any relation. For this, we claim

+

that there is a monomial w§ws in gy 5 with a even. Since wj ™ ws cannot occur in

¢yt and w§ ™ tws cannot occur in gy, such a monomial cannot be cancelled. To
see that the monomial actually occurs in gyt _5, we note that 2! — 8 is divisible by

8, and thus 2a +5 = 2" — 3 has an even solution. This means that wagy:_5 appears

trivially.
Now we want to show that wsq,:_, cannot appear in any relation. We claim
that there is a monomial w§w? in g, , with @ = 1 mod 8. This follows since

2a + 10 = 2! — 4 has a solution @ = 1 mod 8 and thus the binary expansions of a
and 2 are disjoint. Because a is odd, the monomial wjwsw? cannot appear in gy,
and the monomial wg_2w3w§ cannot appear in ¢,:_. So there is no possibility to
cancel, and hence wzq,t_, cannot appear in any relation.

To exclude wyqyt 5 from any relation, we note that 3+4a = 2' — 5 has a solution
with a even and therefore waw§ appears as monomial in g, _5, but ’UJ3’[L)Z+1 cannot
appear in got_; and hence cannot cancel. This excludes wsgyt_5 from any relation.

We are left to show that g,:_; + w%qzt_E) is non-zero. We claim that a monomial
wsw§ with a even is contained in g,¢_5. This follows since 2¢ — 8 is divisible by 8
and thus 3 + 4a = 2' — 5 has an even solution, but the monomial wiwsw§ with a
even cannot appear in g5t _;. This concludes the proof. O

COROLLARY 7.7. Let n = 2'. Then the class d,, € H2t_1(Gr6(n);IF2) is a non-zero
class and

k(S — Grg(n)) = 2! — 2.

Proof. The statement dyt_; # 0 has been proved in [27, theorem 5.7], which implies
crk < 2t — 2.
The lower bound follows from [31, theorem 3.1] and theorem 7.6, i.e. one has

k(S — Grg(2Y)) > erk(S — Grs(28 — 1)) = 2¢ — 2. 0
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8. An infinite family of 4-torsion classes

In this section, we discuss the existence of 4-torsion in the integral cohomology of
oriented Grassmannians. Essentially, we show that for n # 2! the classes a,, and d,,
from §7 are reductions of 2-torsion classes. Then we show in theorem 8.7 that in
some cases, assuming the characteristic rank conjecture holds, one of them satisfies
the criterion of proposition 5.4, implying the existence of a non—triviil/ 4-torsion
class. In particular, since the characteristic rank conjecture holds for Grs(2' — 1)
by theorem 7.6, this implies the existence of an infinite family of 4-torsion classes
as t varies. In general, based on the characteristic rank conjecture and theorem 8.7,
we expect that the appearance of 4-torsion classes in the integral cohomology of
oriented Grassmannians is not a sporadic phenomenon but a typical one.

8.1. a,,d, are reductions of 2-torsion classes
Recall the action of Sq* on Wi:

1 1
Sq- wa; = wiwa; + Wait1, Sq" W41 = W1 W41 (32)

The twisted Steenrod squares are obtained from this via Sq, (x) = Sq* (z) + wiz.
The following proposition shows that if n # 2!, the classes a, and d, are
reductions of integral classes. For this, recall that the Bockstein exact sequence

-2 H*(Gry(n); Z) —2> H*(Gry(n): Fy) —2= H*(Gry(n); Z) —— - -

implies that an element x € H*(Gry(n); F2) has an integral lift if and only if 8(z) =
0. However, since by Ehresmann’s result [12], all torsion in H*(Grg(n);Z) is 2-
torsion, and since p is injective on the image of 8 by [7, lemma 2.2], this implies
that 8(z) = 0 if and only if Sq*(z) = p(8(z)) = 0.

There is a similar statement for twisted coeflicient cohomology—the Bockstein
sequence for Z-twisted cohomology implies that a class x € H*(Grg(n); Fs) lifts to
twisted integral cohomology if and only if Sq}g(x) = 0 (Ehresmann’s result about
torsion also holds for H*(Gry(n); %), see, e.g., [36], [19], and injectivity on the
image of S¢ follows from [8, lemma 3]). We check the Steenrod square condition:

ProPOSITION  8.1. If 20"'<n<2', then ay,d, € kerSq' N kerSql, C
H*(Gri(n); Fy). Explicitly,

¢ t
Sqtw? Tt =SqL,wi =0 (33)
and if j =n — 2!, then
t—1 - t—1 -
Sq* (w% _1wi) =Sqy (w% _1wi> =0. (34)
t t
Proof. Since Sq* w% -1 = w%t, this is 0 by Stong’s theorem, and qug w% -1 =

t t
wi +w? =0.
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For the second equality, note that if j is odd, Sq* (wi) = wi_l Sqt (wy) = wlwi,
since wi41 = 0 in H*(Grg(n);Fy). Then the derivation property implies that

ot—1

1 wia if jeven
Sa'(an) = Sa'(w]  TMw) =" ’

wya, + wia, if jodd.
Since a,, € kerwy, this is zero in both cases. From this, we also get

=1
Sq}g wf lwi = wia, + Sq' a, =0,

since a,, € ker wy. O

Now we can establish relevant cases in which the classes a,, and d,, are reductions
of 2-torsion classes in integral cohomology by showing they are contained in the
image of Sq'.

PROPOSITION 8.2. The following assertions hold:

(1) For any n # 2t, d,, € ImSq™.
(2) Assume that k is even. Then a, € Im Sq' if n is even, and a,, € Im Sq}g if
n s odd.

(Forn = 2t, d,, = a,. This implies that for k even and n = 2*, a,, = d,, € Im Sq*
holds by (2).)

Proof. For the proof, we will use the following fact concerning the degrees of non-
zero rational classes in H*(Grg(n); Q):

(*) There are no rational classes in odd degree of either twist unless k is odd
and n is even.

This holds, since the rational cohomology algebra is generated by Pontryagin
classes of degree 41, Euler classes of even degree, and the hook class of odd degree,
if k is odd and n is even, see [36].

For the assertion concerning d,, let n = 2 — 1. By proposition 8.1, d, is the
reduction of an integral (untwisted) class. Since n = 2 — 1 is odd, by (*), there
are no non-torsion classes in degree n and so d, is the reduction of a 2-torsion
class. Therefore, dy:_; is in the image of Sq', i.e. dyt | = Sq' 0y, for some dy¢ .
For 2071 < n < 28 — 1, set §,, = i*6,t_, for the natural inclusion i: Grg(n) —
Grg (2t — 1). By naturality, we have

Sq' 6, =Sq'i* 6y, =i Sq' 6y, =i*dp_, = dn

which proves that d,, € Im Sq*.
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Next, assume that k£ is even. We want to show that depending on the parity
of n,

an € TmSq* or an € ImSq, . (35)

We first show for n = 2t that a,, € Im Sq'. The rest of the cases is then established
by induction.

Since k is even, deg ayt = 2" —1 is odd. By (*), there are no odd-degree cohomol-
ogy classes in H*(Grg(n); Q); therefore, a, is the reduction of some 2-torsion class
from the trivial twist, i.e. a, = Sq* a, for some «,,. This proves (35) for n = 2%

To prove the rest of the cases, set o, = ija,—1 for i: Grg(n — 1) = Grg(n).
There are two cases. If by induction a,_1 = Sq}f Qp—1, then by lemma 2.7:

Sqt oy, = Sqt a1 =4 Sq?g Up—1 = 0p_1 = Ay,
If by induction a,_1 = Sq1 Qp_1, then
Sq}g Q, = Sq}g In_1 = i19q" n_1 = ian_1 = an.
This concludes the proof. O

REMARK 8.3. This proof is an existence proof, and «,,, §,, are not explicitly deter-

t
mined classes. Let us note that wf ~1 € W, is not in the image of Sq'—it is only
in the image of Sq" after taking the quotient by the ideal (Qn_g11,...,Qn).

The following result discusses the case where k is odd and n = 2¢. It explains
why excluding the case n = 2! is necessary whenever k is odd, cf. point (1) of
proposition 8.2.

PROPOSITION 8.4. For odd k, we have wft_l ¢ ImSq' in H*(Gry(2); Fy).

Proof. We claim that py defined in (27) is odd for the partition A = (2t — k, 1¥=1).

t
Indeed, py = (% 77), which is even iff k is even, by Lucas’ theorem. So for k odd,

the coefficient of sy in w%t_l is non-zero. For k odd, this class is the reduction of
a non-zero rational class; indeed, the Schubert variety O ek, 1k—1) C Grg(n) is a
smaller Grassmannian Gry_1(n—2) for an appropriate flag, cf. [36, proposition 5.8]
and [26, lemma 5.4]. Since this class appears with zero coefficient in Sq! o, for all pu,

wft_l ¢ Tm Sq'—this follows, e.g. from the main result of [25], or via checkerboard
colourings, see [11], [35], [26, (5.4), proposition 6.3.]. O

REMARK 8.5. The proposition also provides some explanation for our expectation
that there should be no 4-torsion in Gry(n) for k odd and n = 2!, as formulated
in conjecture 8.6. In this situation, the generator of kerw; C H*(Gry(n);Fq) fails
to be in the image of Sq!, because it relates to the reduction of the fundamental
class of a submanifold which itself is a smaller Grassmannian. Therefore, a,, is the
reduction of a non-torsion class. Similar statements then hold (by pushing forward)
for the ascended generators if &k is odd.
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8.2. An infinite family of 4-torsion classes

We can now discuss the occurrence of 4-torsion in the integral singular cohomology
of oriented Grassmannians. We first formulate our conjecture on where we should
find 4-torsion classes, and where we shouldn’t.

CONJECTURE 8.6.

(1) For k <4, all torsion in the integral cohomology of @k(n) is 2-torsion.
(2) For1 <k <2'—1, k odd, all torsion in the integral cohomology of Gry(2")

s 2-torsion.
(3) If k > 6 is even, assume k <n — k and set

¢ = min(dega,,,degd,) — 1 = min(k(n — 2/71) + 2071 — 2,2t — 2).

Then there is a 4-torsion class in HT (Grg(n); Z).
(4) If k > 5 is odd, then let n,t be such that 5 < k <271 <n <2t and t > 5,
and assume that

2t — 1 =degd, < dega, = k(n — 2t—1) Lot
i.e. that n > %2“1. Then there is a 4-torsion class in H2t_1((3}k(n);2).

In the cases not covered by the conjecture, we also expect the appearance of
4-torsion classes in general, but we do not have explicit candidates for such classes.
We have seen that some cases of part (1) (the cases n = 2/ —3,2f —2,2t —1,2%) and
part (2) of conjecture 8.6 would be consequences of the deficiency conjecture 4.14
by proposition 4.12. The following theorem shows that parts (3) and (4) of con-
jecture 8.6 would be a consequence of the characteristic rank conjecture 2.3. In
particular, in its proof, we name explicit classes which form a 4-torsion extension
using proposition 5.4.

THEOREM 8.7. Let k and n be as in points (3) and (4) of conjecture 8.6. Assume
that the characteristic rank conjecture 2.3 holds for the given k and n, i.e. the

characteristic rank for Gri(n) is equal to

¢ := crk(S — Gry(n)) = min(deg d,,, deg a,) — 1. (36)

Then items (3) and (4) of conjecture 8.6 hold, i.e. there exists a 4-torsion class in
He (Gry(n); Z).

Proof. Assuming the characteristic rank conjecture (36) and the conditions of con-
jecture 8.6, we will show that the smaller-degree class among a, and d,, satisfies
one of the conditions of proposition 5.4. Explicitly, we show that the smaller-degree
element is in Imw; and Im Sq* (or Im Sq}é)), but it is not in the image of wi o pg
(or wy o p).

First, d,, = w%tfl is clearly in the image of w; and it is in the image of Sq* by
proposition 8.2 in both cases (3) and (4). Note that the case k odd and n = 2¢
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in which proposition 8.2 (1) doesn’t apply is also excluded in point (4) of conjec-

ture 8.6. To show that d,, is not in the image of w; o p&, note that for any z such
t t

that w2’ = w} ', we have 2/ — w} ~? € kerw;. Assuming degd,, < dega,, by

t
(36), ker wy is just (0) in degree degd,, — 1, so 2’ = w% ~2. Therefore, it is enough

-2

t
to show that wf is not in the image of pw. And for this, it is enough to show

that Sq}%(wft_Q) # 0:

DL ot 1

t
: _2) = Sql(“ﬁ )+ wy )

Sqi% (wy
where the first term is zero by the derivation property, and the second term is
non-zero by Stong’s theorem.

The case when dega,, < degd, proceeds similarly. Note that this implies that
t—1 4

we are in case (3) of conjecture 8.6, i.e. k is even. First, a, = w% 71wi with

j =mn—2t"1is in the image of wy. It is also in the image of Sq' if n is even and

in the image of Sq}g if n is odd, by proposition 8.2. Similarly to the first case, it is

t—1
enough to show that wf 72wi is not in the image of p¢ if n is even and not in

the image of p if n is odd. Since Sq"' wj, = wywy, by the derivation property

t—1 - t—1 )
1 2 —2_ I\ _ 2 -1, _ -
Sq (wy wy,) = j - wy Wy, =] - Gn,
which is non-zero if n is odd and

t—1_o .
quf(w% 2’(11%) = (] + 1) “Qn,
which is non-zero if n is even, which allows us to conclude. O

Combining this with the characteristic rank conjecture for n = 2t —1 and n = 2¢,
as established in theorem 7.6 and corollary 7.7, we obtain the main result:

THEOREM 8.8.

(1) For anyt > 4, there is a non-trivial 4-torsion class in HQt_l(@5 (28 -1); 7).
(2) For anyt > 4, there is a non-trivial 4-torsion class in Hzt_l(Grg(Zt); 7).

REMARK 8.9. This provides evidence for the items (3) and (4) of conjecture 8.6.

REMARK 8.10. The 4-torsion condition in proposition 5.4 can be implemented in
Sage to check small examples. As a basic sanity check, the Sage code verifies that
the condition is satisfied for small cases of theorem 8.8. We mention some additional
experimental data supporting or complementing conjecture 8.6.

(1) We checked the condition for Cry (n) up to n =33 and found no 4-torsion,
supporting point (1) of conjecture 8.6.

(2) We do not expect that the ascended generators a, give rise to 4-torsion in
cases they are the smallest anomalous classes when k is odd. One indication
is given in proposition 8.4: the class a4t is the reduction of a non-torsion
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class for n = 2¢, and so should be the pushforwards to Gry(n) for n > 2°.
Using Sage, we also checked small examples: no 4-torsion appears in (A}/r5(n)
for n = 16, 17.

(3) The 4-torsion classes exhibited by theorem 8.8 (as well as the 4-torsion
classes that should more generally exist by conjecture 8.6) appear to be
only the tip of the iceberg. Theorem 8.8 merely exhibits two infinite families
of 4-torsion classes we can show exist, and conjecture 8.6 explains where
4-torsion classes related to anomalous generators should be found.

Besides the 4-torsion classes we show exist in theorem 8.8, there can be more 4-
torsion beyond the one arising from the smallest anomalous generator. For example,
we list two such cases with the degrees of non-trivial 4-torsion classes:

° (3}5(15): 4-torsion in degrees 15,19, 23, 28, 32, 36
e Grg(16): 4-torsion in degrees 15,19, 21,23, 25,27, 28, 29, 32, 33, 34, 36, 38, 40,
42,46

Note the Poincaré duality pattern. There are also noticeable 4-step patterns
which indicate that possibly only few generators might be needed, and most of the
4-torsion classes are Pontryagin-class multiples of other 4-torsion classes.

Even in the cases when we would expect no 4-torsion from anomalous generators,
i.e. k odd and a, being the smallest anomalous class, there can still be substantial
4-torsion in higher degrees. For example, we list four such cases with the degrees
of non-trivial 4-torsion classes.

&5(18): 4-torsion in degrees 28, 32,32, 36, 36, 40

&5(19): 4-torsion in degrees 32, 33, 36, 37,40, 41

Cf}vr7(17): 4-torsion in degrees 26, 30, 34,39, 43,47

(3}7(18): 4-torsion in degrees 31, 32, 33, 35, 36, 37, 39, 39, 40,40, 41,41, 43, 44,
45,47,48,49

It would be interesting to understand the origin of these 4-torsion classes.
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Appendix 1. Cellularity and real cycle class map

In the following, we recall the contents of corollary 6.2.6, remark 6.2.7 and theo-
rem 6.2.14 of the thesis of Jan Hennig [17]. These results provide an extension of
the results on the real cycle class map for cellular schemes in [18, Section 5|. The
formulation below is tailored to the situation in the proof of theorem 3.1 and less
general than the results in [17].

PROPOSITION 1.1. Fiz some integer d, and let X be a smooth scheme over R which

is stratified by varieties A™ x erndl which are products of affine spaces (of some
varying dimension) and d' < d copies of Gy, = A\ {0}. Then the multiplication

(=1): HY(X, P/P™') - HY(X, P!/ F*?)

is an isomorphism for all j > q + d and injective for j = q+ d — 1. Moreover, for
any line bundle L on X, the real cycle class map

HY(X, P (L)) = B, (X (R), Z(L))

sing

is an isomorphism for j > q+ d and induces an isomorphism

HY(X, "1 (L)) —» 2-HL (X(R),Z(L)).

sing
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