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Abstract
The chain-ladder method is one of the most popular claims reserving techniques. The aim of this
study is to back-test the chain-ladder method. For this purpose, we use a stochastic scenario gen-
erator that allows us to simulate arbitrarily many upper claims reserving triangles of similar char-
acteristics for which we also know the corresponding lower triangles. Based on these simulated
triangles, we analyse the performance of the chain-ladder claims reserving method.
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1. Introduction

The chain-ladder (CL) method is one of the most popular claims reserving techniques. It can be used
to estimate the reserves needed to cover all claims in a run-off situation. As insurance data are often
confidential and, thus, not publicly available, it is difficult to perform a thorough back-test of the CL
method. The aim of this study is to use synthetic data obtained from the individual claims history
simulation machine developed in Gabrielli and Wüthrich (2018) in order to back-test the CL
method. This stochastic scenario generator was fitted to real accident insurance data. It allows us to
simulate arbitrarily many upper claims reserving triangles (of similar characteristics as the real data)
for which we also know the corresponding lower triangles. Based on these simulated triangles, we
analyse the performance of the CL claims reserving method. To be able to assess the effect of the
portfolio size, we consider three companies with different volumes.

We remark that although the conclusions drawn from the present study correspond to the claims
reserving data generated by the individual claims history simulation machine, one can gain a general
intuition of how the CL claims reserving method behaves, particularly when the volume of the
portfolio increases.

Outline of this paper. In the remaining part of this first section, we introduce the necessary claims
reserving notation as well as Mack’s CL model, see Mack (1993), and describe the synthetic data
generator. In section 2, we analyse the CL reserves and Mack’s mean-square error of prediction
(MSEP). In section 3, we take a closer look at the two components of Mack’s MSEP: the process
variance and the parameter estimation error. In section 4, we assume a dynamic point of view and
consider the claims development results (CDRs) together with the corresponding MSEPs. In section 5,
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we give a short analysis of the CL factors and the CL variance parameters. Finally, we provide our
conclusions in section 6.

1.1. Claims reserving notation

We introduce the following notation. We write i= 1, … , I for accident years denoting the years of
claims occurrence. For every accident year, we consider development delays j= 0, … , J of the claims
payments, with J < I. For all i=1, … , I and j= 0,… , J we write Ci,j for the cumulative payments up
to development delay j for all claims that have occurred in accident year i. The cumulative claim Ci,J

is called ultimate claim of accident year i and denotes the total claim amount of all claims that have
occurred in that accident year. We remark that in this study we work with synthetic data with no
claims payments beyond development delay J and that we only model the claims payments within
these J+ 1 development periods. In particular, we do not consider a tail development factor. This
implies that in our framework all claims can be predicted by the CL method, see section 1.2.

For the synthetic data generated below, the full claims with the corresponding claims payments are
known.Of course, inpractice, this isnot thecase.Forexample, if thecurrent accountingyear is t= I, then,
by the end of this accounting year we have observed all cumulative payments Ci,jwith i+ j≤ I. All other
claims payments will incur in the future with respect to accounting year t= I. The observed cumulative
claims at time t= I are typically arranged in a triangle, see Table 1 for an illustration with I= J+1=12.
Such a triangle is referred to as upper claims reserving triangle, and it is the basis of claims reserving.

Instead of the current accounting year t= I, one can also consider later accounting years t> I. In
particular, for all accounting years t= I, … , I+ J we define the outstanding loss liabilities (OLL) at
time t by

Rt =
XI

i= t�J + 1

Ci;J�Ci;t�i:

This is the total amount needed at time t to cover all claims in a run-off situation. Throughout this
manuscript, we use the convention that a sum over an empty set is equal to 0 and a product over an
empty set is equal to 1. The goal is to find appropriate predictions for the OLL Rt for a given time
point t≥ I. We refer to these predictions as reserves.

Table 1. Upper claims reserving triangle for I= J+ 1=12, observed at time t= I.

Accident
Development delay j

year i 0 1 2 3 4 5 6 7 8 9 10 11

1 C1,0 C1,1 C1,2 C1,3 C1,4 C1,5 C1,6 C1,7 C1,8 C1,9 C1,10 C1,11

2 C2,0 C2,1 C2,2 C2,3 C2,4 C2,5 C2,6 C2,7 C2,8 C2,9 C2,10

3 C3,0 C3,1 C3,2 C3,3 C3,4 C3,5 C3,6 C3,7 C3,8 C3,9

4 C4,0 C4,1 C4,2 C4,3 C4,4 C4,5 C4,6 C4,7 C4,8

5 C5,0 C5,1 C5,2 C5,3 C5,4 C5,5 C5,6 C5,7

6 C6,0 C6,1 C6,2 C6,3 C6,4 C6,5 C6,6

7 C7,0 C7,1 C7,2 C7,3 C7,4 C7,5

8 C8,0 C8,1 C8,2 C8,3 C8,4

9 C9,0 C9,1 C9,2 C9,3

10 C10,0 C10,1 C10,2

11 C11,0 C11,1

12 C12,0
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1.2. Mack’s chain-ladder model

In Mack’s CL model, see Mack (1993), the cumulative claims Ci,j are random variables on a
probability space ðΩ;F ;PÞ. We introduce the following model assumptions.

Model assumptions 1.1 We assume that Ci,j> 0, P-a.s., for all i=1, … , I and j=0, … , J. Moreover,
we assume that

(1) there exist CL factors f0, … , fJ −1> 0 such that

E Ci;j + 1
��Ci;0; ¼ ;Ci;j

� �
= fjCi;j;

for all i=1, … , I and j=0, … , J −1;

(2) there exist CL variance parameters σ20; ¼ ; σ2J�1 > 0 such that

Var Ci;j + 1
��Ci;0; ¼ ;Ci;j

� �
= σ2j Ci;j;

for all i=1, … , I and j=0, … , J −1;

(3) cumulative claims (Ci,0, … , Ci,J) of different accident years i= 1, … , I are independent, with

E½C2
i;0�<1.

For accounting years t= I, … , I + J we define the information Dt available at the end of year t by

Dt = Ci;j

��i + j≤ t; i= 1; ¼ ; I; j=0; ¼ ; J
� �

:

The ultimate claims Ci,J for accident years i=1, … , t− J are known, conditionally given Dt. For later
accident years i= t− J+ 1, … , I we have under Model Assumptions 1.1, see Theorem 1 in Mack
(1993),

E Ci;J

��Dt
� �

=Ci;t�i

YJ�1

j= t�i

fj: (1)

At time t= I, … , I + J −1 the CL method suggests to estimate the CL factors fj, for all j= t − I, … ,
J− 1, by

bfj j t =
Pðt�j�1Þ∧ I

i=1
Ci;j +1

Pðt�j�1Þ∧ I

i=1
Ci;j

: (2)

Note that these estimators are all known, conditionally given Dt. Moreover, they are unbiased
estimators for the CL factors f0, … , fJ −1, see Theorem 2 in Mack (1993). We define the CL
predictors bCi;J j t for accident years i= minft�J + 1; Ig; ¼ ; I at time t= I, … , I + J by

bCi;J j t =Ci;t�i

YJ�1

j= t�i

bfj j t:
Finally, for accounting years t= I, … , I+ J, we define the CL reserves bRt at time t by

bRt =
XI

i= t�J + 1

bCi;J j t�Ci;t�i =
XI

i= t�J + 1

Ci;t�i

YJ�1

j= t�i

bfj j t�1

 !
:

This is the predictor that we use at time t to forecast the OLL Rt.
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1.3. Description of the synthetic data generator

We use the individual claims history simulation machine developed in Gabrielli and Wüthrich (2018)
to generate arbitrarily many upper claims reserving triangles of the form given in Table 1 (with
I= J +1=12). All of these synthetic triangles, for which we also know the corresponding lower
triangles, result from the same underlying distribution. We use this simulated data to back-test the
CL method. In doing so, we emphasise two points:

(1) Since for the simulated data we know the upper and the lower triangles, we can explicitly
evaluate the predictive performance of the CL method.

(2) Since we can simulate arbitrarily many i.i.d. triangles, we can use the law of large numbers and
the central limit theorem to analyse the accuracy of the predictions.

To be able to analyse the effect of the portfolio size, we consider three companies of different sizes: a
small company (“sma”), a medium company (“med”) and a big company (“big”). For each of these
three companies, we apply the individual claims history simulation machine to generate upper claims
reserving triangles. The procedure is divided into two steps:

1) In a first step, we generate a portfolio of covariates for which the claims histories should be
simulated. In essence, the covariates are generated using a multivariate distribution having a
Gaussian copula. The marginal distributions and the covariance parameters of the Gaussian
copula have been estimated from real accident insurance data. The six covariates chosen consist
of the line of business, the labour sector of the insured, the accident year, the accident quarter, the
age of the injured and the body part injured. For more details, we refer to Gabrielli and Wüthrich
(2018). The input parameters for this first step are:

∙ V= volume of the total insurance portfolio (expected number of claims);

∙ (pl)1≤ l≤ 4= categorical distribution for the allocation of the claims to the four lines of
business LoB1, … , LoB4;

∙ (rl)1≤ l≤ 4= growth parameters of the four lines of business.

For the volumes of the total insurance portfolios we use Vsma= 100,000 for the small company,
Vmed= 1,000,000 for the medium company and Vbig= 10,000,000 for the big company. We set
pl= 0.25 and rl= 0, for all l=1, … , 4 and all the three companies. In particular, the claims are
equally allocated to the four lines of business and we do not assume any growth in the portfolios
over the accident years.

2) In the second step, we simulate individual claims histories, based on the portfolio of covariates
generated in the first step. More precisely, for every individual claim we use feed-forward neural
networks to simulate the reporting delay, the number of payments, the total claim size, the
number of recovery payments, the recovery size and the cash flow pattern. These neural networks
have been calibrated to the real accident insurance data mentioned above. For a detailed
description of the simulation machine we refer to Gabrielli and Wüthrich (2018), especially also
for the choice of the parameters not explicitly discussed here. For each of the three companies
(“sma”, “med” and “big”) we generate K=100 independent portfolios of claims histories. For
these portfolios of claims histories, we calculate the upper triangles fCðl;k;vÞ

i;j j i + j≤ Ig at time I.
The triple (l, k, v) with l=1,… , 4, k= 1,… , K and v ∈ {sma, med, big} indicates that we refer to
the claims in line of business l generated in the kth simulation for the company of size v. In our
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context also the lower triangles fCðl;k;vÞ
i;j j i + j> Ig are available. In particular, this allows us to

calculate quantities like the OLL, see section 2, or to estimate the CDRs, see section 4.

We remark that for a better comparison of the three companies v ∈ {sma, med, big}, for every
simulation k= 1, … , K the claims of the small company are a subset of the claims of the medium
company, which, in turn, are a subset of the claims of the big company. This allows us to better
analyse the consequences of an increasing volume V of the portfolio, because any potential outlier in
the small company is also contained in the bigger companies.

2. Chain-Ladder Reserves and Mean-Square Error of Prediction

We investigate the CL reserves and the corresponding MSEP in this section. First, we consider the CL
reserves as point predictors for the OLL. Then, we use Mack’s MSEP to create confidence intervals
around the CL reserves. Finally, we focus on the accuracy of Mack’s MSEP itself. Throughout this
section, we work with accounting year t= I.

2.1. Chain-ladder reserves as point predictors

For the CL predictors bCi;J j I for the ultimate claims Ci,J we have under Model Assumptions 1.1

E bCi;J j I
h i

=E Ci;J
� �

;

for all i= I− J+ 1, … , I, see Lemma 2.3 in Wüthrich and Merz (2015). This directly implies
unbiasedness of the CL reserves bRI as predictors for E ½RI�. Indeed, we have

E bRI

h i
=E

XI
i= I�J +1

bCi;J j I�Ci;I�i

" #
=E

XI
i= I�J + 1

Ci;J�Ci;I�i

" #
=E RI½ �: (3)

We remark that the CL method is not additive: in general, the aggregated CL reserves of two upper
claims reserving triangles are not equal to the CL reserves of the aggregation of these two upper claims
reserving triangles, see Ajne (1994), where the author derives sufficient and necessary conditions for the
special case of additivity to hold. In practice, one first calculates the CL reserves for subportfolios
according to the different lines of business. Then, one aggregates the resulting CL reserves over all lines of
business. In Figure 1, we consider the sample distributions of the OLL and the corresponding CL reservesX4

l= 1

Rðl;k;vÞ
I

 !
1≤ k≤K

and
X4
l= 1

R̂ðl;k;vÞ
I

 !
1≤ k≤K

aggregated over all four lines of business, together with the sample means

1
K

XK
k=1

X4
l= 1

Rðl;k;vÞ
I and

1
K

XK
k=1

X4
l= 1

R̂ðl;k;vÞ
I (4)

for all three companies v ∈ {sma, med, big}. By the law of large numbers, linearity of the expectation and
3, the sample means given in 4 should converge to the same value, as K→∞.

We see in Figure 1 (left) that for the small company the distribution of the CL reserves is slightly
shifted to the right compared to the distribution of the OLL. This results in a bias: the average CL
reserves are 2.7% too high for the small company. For the medium company the distributions of the
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OLL and the CL reserves seem very much alike, with slightly heavier tails for the OLL, see Figure 1
(middle). The average CL reserves are only 0.1% too low for the medium company. For the big
company the distribution of the CL reserves is shifted to the left compared to the distribution of the
OLL, see Figure 1 (right). This results in a bias with a different sign than for the small company: the
average CL reserves are 0.6% too low for the big company.

Due to the law of large numbers, the distributions of the OLL and the CL reserves get more narrow
with increasing volume V. Moreover, the empirical variance in the CL reserves is smaller than in the
OLL for the small company. This comes from the fact that the CL reserves estimate a conditional
expectation whereas the OLL are the underlying random variables that belong to that conditional
expectation. For the medium and the big company, the effect of the law of large numbers leads to an
empirical variance in the CL reserves which is of similar size as in the OLL.

From this first analysis we conclude that the CL method performs rather well on our data, with a
small bias which is of smaller magnitude than the pure randomness from simulation.

In Figure 2, we consider the four lines of business separately, for all three companies. Similarly as for
the aggregated portfolio in Figure 1, we see for these subportfolios that the densities of the OLL and
the CL reserves get more narrow with increasing volume V. For lines of business LoB1, LoB4 and
LoB3, we observe considerable biases, but with different signs. These biases become more punc-
tuated for bigger companies, due to the law of large numbers (and the central limit theorem). The
best results can be observed for line of business LoB2, where the average CL reserves are 3.6% too
high for the small company and 1.4% too low for the big company. For the medium company, the
average CL reserves are even of the same size as the average OLL.

Since the CL method works best for line of business LoB2, for the further analysis we will restrict
to this line of business without any further reference. In particular, we define the tuple (k,v) =

def

(2, k, v), for all k=1,… , K and v ∈ {sma, med, big}. Moreover, Vv will refer to the volume of line of
business LoB2, for all v ∈ {sma, med, big}.

For the sake of comparability of the different company sizes, we consider standardised OLL and CL
reserves per unit of volume for the small, the medium and the big company. In Figure 3 (left), we
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Figure 1. Densities of the OLL and the CL reserves (aggregated over all four lines of business) for
the small company with Vsma=100,000 (left), the medium company with Vmed=1,000,000
(middle) and the big company with Vbig=10,000,000 (right). The vertical lines indicate the
corresponding sample means. OLL, outstanding loss liabilities; CL, chain-ladder; CHF, Swiss Franc.
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look at
Rðk;vÞ

I

Vv
;
bRðk;vÞ
I

Vv

 !
1≤k≤K

for all v ∈ {sma, med, big}. This confirms the findings from above: due to the effect of the law of
large numbers, the standard deviation of both the OLL and the CL reserves decreases with increasing

2 3 4 5 6

0.0

0.2

0.4

0.6

0.8

OLL and CL reserves (LoB1,sma)

CHF (in millions)

D
en

si
ty

OLL
CL

2 3 4 5 6

0.0

1.0

2.0

OLL and CL reserves (LoB1,med)

CHF (in 10 millions)

D
en

si
ty

OLL
CL

2 3 4 5 6

0

2

4

6

8

OLL and CL reserves (LoB1,big)

CHF (in 100 millions)

D
en

si
ty

OLL
CL

2 4 6 8 10

0.00

0.10

0.20

0.30

OLL and CL reserves (LoB2,sma)

CHF (in millions)

D
en

si
ty

OLL
CL

3 4 5 6 7 8

0.0

0.4

0.8

1.2

OLL and CL reserves (LoB2,med)

CHF (in 10 millions)

D
en

si
ty

OLL
CL

4 5 6 7

0.0

1.0

2.0

3.0

OLL and CL reserves (LoB2,big)

CHF (in 100 millions)

D
en

si
ty

OLL
CL

4 6 8 10 12

0.00

0.10

0.20

0.30

OLL and CL reserves (LoB3,sma)

CHF (in millions)

D
en

si
ty

OLL
CL

5 6 7 8 9 10 11

0.0

0.4

0.8

1.2

OLL and CL reserves (LoB3,med)

CHF (in 10 millions)

D
en

si
ty

OLL
CL

6 7 8 9 10

0.0

1.0

2.0

3.0

OLL and CL reserves (LoB3,big)

CHF (in 100 millions)

D
en

si
ty

OLL
CL

5 6 7 8 9 10

0.0

0.2

0.4

0.6
OLL and CL reserves (LoB4,sma)

CHF (in millions)

D
en

si
ty

OLL
CL

6 7 8 9

0.0

0.5

1.0

1.5

OLL and CL reserves (LoB4,med)

CHF (in 10 millions)

D
en

si
ty

OLL
CL

6.5 7.5 8.5

0

1

2

3

4

5

OLL and CL reserves (LoB4,big)

CHF (in 100 millions)

D
en

si
ty

OLL
CL

Figure 2. Densities of the OLL and the CL reserves for LoB1 (first row), LoB2 (second row),
LoB3 (third row) and LoB4 (fourth row) of, respectively, the small company (left column), the
medium company (middle column) and the big company (right column). The vertical lines indicate the
corresponding sample means. OLL, outstanding loss liabilities; CL, chain-ladder; CHF, Swiss Franc.
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volume V. For the small company, the CL reserves can be quite different from the OLL, whereas for
the big company the CL reserves and the OLL are always rather close to each other.

We further investigate the observed differences between the OLL and the CL reserves in Figure 3
(right), where we consider the distributions of the ratios of the OLL divided by the CL reserves

Rðk;vÞ
IbRðk;vÞ
I

 !
1≤ k≤K

for all v ∈ {sma, med, big}. We get for k=1, … , K the ranges

Rðk;smaÞ
IbRðk;smaÞ
I

2 ½0:47; 2:17�; Rðk;medÞ
IbRðk;medÞ
I

2 ½0:75; 1:23� and
Rðk;bigÞ

IbRðk;bigÞ
I

2 ½0:95; 1:10�:

Even though the CL method works fine on average for the small company, the OLL can be more
than twice the CL reserves; or they can be only half of the CL reserves. With increasing volume V,
these ratios get closer to 1. For the big portfolio the OLL are always within 10% of the CL reserves.
Thus, with increasing volume V, we can be more and more confident about the precision of the CL
reserves (supposed there is no bias involved). In the next section, we analyse whether this uncertainty
can be captured by Mack’s CL uncertainty analysis.

2.2. Confidence intervals based on the mean-square errors of prediction

Since the CL reserves are only point predictors for the OLL, one should always consider the cor-
responding uncertainties. In Mack’s CL framework, this is done with the conditional MSEP. For the
CL reserves R̂I at time I it is defined by

msepRI j DI
R̂I
� �

=E ðRI�R̂I
�2 j DI

h i
=Var RIjDIð Þ + E RIjDI½ ��R̂I

� �2
; (5)
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Figure 3. Scatterplot of the standardised OLL and the standardised CL reserves (per unit of
volume) for the small (Vsma= 25,000), the medium (Vmed= 250,000) and the big
(Vbig=2,500,000) company (left); the diagonal line corresponds to the identity line. Boxplots of
the ratios of the OLL divided by the CL reserves for the small, the medium and the big company
(right); the horizontal line indicates the reference value 1. OLL, outstanding loss liabilities; CL,
chain-ladder; CHF, Swiss Franc.
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see Mack (1993). The first summand on the right-hand side of equation (5) is called process variance
and the second summand parameter estimation error. We define

errRI j DI
R̂I
� �

= E RIjDI½ ��R̂I
� �2

:

According to Theorem 3 and the subsequent corollary in Mack (1993), under Model Assumptions
1.1, VarðRI j DIÞ and errRI j DI ðbRIÞ can be estimated by

dVar RIjDIð Þ=
XI

i= I�J + 1

Ĉi;J j I
	 
2 XJ�1

j= I�i

σ̂2j j I

f̂j j I
	 
2 1

Ci;I�i
Qj�1

j0 = I�i
f̂j0 j I

(6)

and

cerrRI j DI R̂I
� �

=
XI

i= I�J +1

Ĉi;J j I
	 
2

+ 2
XI

m= i +1

Ĉi;J j IĈm;J j I

 ! XJ�1

j= I�i

σ̂2j j I

f̂j j I
	 
2 1PI�j�1

l=1
Cl;j

; (7)

where we estimated the CL variance parameters σ2j by

σ̂2j j I =
1

I�j�2

XI�j�1

i=1

Ci;j
Ci;j + 1

Ci;j
�f̂j j I

� �2

(8)

for all j=0, … , J− 2. Note that these are unbiased estimators for the CL variance parameters, see
Mack (1993). The estimator σ̂2J�1 j I for σ2J�1 can be calculated by extrapolating the usually expo-
nentially decreasing series σ̂20 j I; ¼ ; σ̂2J�2 j I by one additional member by loglinear regression, see
Mack (1993). Mack’s MSEP estimator is then given bydmsepRI j DI

R̂I
� �

=dVar RIjDIð Þ +cerrRI j DI R̂I
� �

: (9)

For further analysis of the MSEP, we refer to sections 2.3 and 3, below. Now we check whether the
OLL Rðk;vÞ

I lie within the estimated confidence intervals given by

bRðk;vÞ
I �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ
I j DI

bRðk;vÞ
I

	 
r
; bRðk;vÞ

I + 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ

I j DI

bRðk;vÞ
I

	 
r� �
(10)

for k=1, … , K and v ∈ {sma, med, big}. See Figures 4–6 (left) for the results. We observe that the
higher the volume V, the higher the percentage of the OLL that lie within the confidence intervals
given by 11. For the small, respectively, the medium company we have that only 71% respectively,
72% of the OLL lie within the confidence intervals around the CL reserves. For the big company, the
higher volume has a huge effect: 95% of the OLL lie within the confidence intervals around the CL
reserves. This indicates that Mack’s MSEP formula may underestimate uncertainty if the volume V of
the portfolio is too small (if confidence bounds of two standard deviations should cover roughly
95% of all observations).

We can draw the same conclusions from Figures 4–6 (right), where we divide the OLL by the CL
reserves and check, for k=1, … , K and v ∈ {sma, med, big}, whether these ratios lie within the
estimated confidence intervals given by

1�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ
I j DI

bRðk;vÞ
I

	 
r
bRðk;vÞ

I

; 1 + 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ
I j DI

bRðk;vÞ
I

	 
r
bRðk;vÞ
I

0BB@
1CCA

1≤ k≤K

:
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If we define

αv =
1
K

XK
k=1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ
I j DI

R̂ðk;vÞ
I

	 
r
R̂ðk;vÞ

I

for all v ∈ {sma, med, big}, we can interpret αv as an average coefficient of variation of the CL
reserves of company v. We observe the values

αsma = 14:0% ; αmed =5:5% and αbig = 3:2%:

Thus, the coefficient of variation of the CL reserves is decreasing with increasing volume of the
portfolio. This is in line with the findings of Table 4 in Bühlmann et al. (2009), where the authors
analyse real car insurance data and where one observes a coefficient of variation of the CL reserves
that ranges roughly between 2.5% and 28%, depending on the volume of the considered portfolio.
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Figure 4. Plot of the OLL and the CL reserves together with estimated confidence bounds of
twice Mack’s MSEP around the CL reserves for the small company (left). Plot of the ratios of the
OLL divided by the CL reserves together with estimated confidence bounds of twice Mack’s
MSEP divided by the CL reserves around the value 1 for the small company (right); the
horizontal line indicates the reference value 1. OLL, outstanding loss liabilities; CL, chain-ladder;
MSEP, mean-square error of prediction; CHF, Swiss Franc.
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Figure 5. Plot of the OLL and the CL reserves together with estimated confidence bounds of
twice Mack’s MSEP around the CL reserves for the medium company (left). Plot of the ratios of
the OLL divided by the CL reserves together with estimated confidence bounds of twice Mack’s
MSEP divided by the CL reserves around the value 1 for the medium company (right); the
horizontal line indicates the reference value 1. OLL, outstanding loss liabilities; CL, chain-ladder;
MSEP, mean-square error of prediction; CHF, Swiss Franc.
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2.3. Mean-square error of prediction

We conclude section 2 by analysing the accuracy of the MSEP as defined in equation (5). We have

E msepRI j DI
bRI

	 
h i
=E RI�bRI

	 
2� �
:

If Mack’s MSEP estimator given in equation (9) is a “reasonable” estimator for the MSEP, then, due
to the law of large numbers, we roughly expect

βv =
def 1

K

PK
k= 1

dmsepRðk;vÞ
I j DI

R̂ðk;vÞ
I

	 

� E msepRð�;vÞ

I j DI
R̂ð�;vÞ

I

	 
h i
=E Rð�;vÞ

I �R̂ð�;vÞ
I

	 
2� �
� 1

K

PK
k=1

Rðk;vÞ
I �R̂ðk;vÞ

I

	 
2
=
def

γv

(11)

for all three companies v ∈ {sma, med, big}. For the square roots of the ratios γv/βv, we getffiffiffiffiffiffiffiffiffi
γsma

βsma

r
= 1:87;

ffiffiffiffiffiffiffiffiffi
γmed

βmed

r
= 1:67 and

ffiffiffiffiffiffiffiffi
γbig
βbig

s
= 0:96:

Due to equation (11), these values are expected to be roughly equal to 1. For the small and the
medium company, the square roots of the average Mack’s MSEPs are too small, i.e. we under-
estimate the true MSEP in both cases. This explains why for these two companies many OLL (29%
respectively 28%) lie outside the confidence intervals given in (10). For the big company, Mack’s
MSEP seems to be of appropriate size.

3. Process Variance and Parameter Estimation Error

In this section, we analyse the two components of Mack’s MSEP estimator: the process variance and
the parameter estimation error. First, we consider the distributions of these two components. Then,
we focus on the accuracy of the process variance. Finally, we investigate Mack’s estimator for the
parameter estimation error. Throughout this section, we work with accounting year t= I.
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Figure 6. Plot of the OLL and the CL reserves together with estimated confidence bounds of
twice Mack’s MSEP around the CL reserves for the big company (left). Plot of the ratios of the
OLL divided by the CL reserves together with estimated confidence bounds of twice Mack’s
MSEP divided by the CL reserves around the value 1 for the big company (right); the horizontal
line indicates the reference value 1. OLL, outstanding loss liabilities; CL, chain-ladder; MSEP,
mean-square error of prediction.
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3.1. Distributional plots

In Mack’s CL model, the process variance and the parameter estimation error are estimated by
equations (6) and (7), respectively. In order to be able to compare the different companies, we
consider standardised versions of these estimators, dividing by the CL reserves. In Figure 7, we
consider the distributions offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidVar Rðk;vÞ

I

���DI

	 
r
R̂ðk;vÞ

I

0BB@
1CCA

1≤ k≤K

and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficerrRðk;vÞ
I j DI

R̂ðk;vÞ
I

	 
r
R̂ðk;vÞ

I

0BB@
1CCA

1≤ k≤K

for all v ∈ {sma, med, big}. Due to the law of large numbers, the square-rooted standardised process
variance and the square-rooted standardised parameter estimation error decrease in the volume V, as
well as the support, becoming more narrow with increasing V.

Interestingly, the proportion of the process variance to the MSEP is increasing in the volume V. We
can observe this in Figure 8, where we look at the distributions of

dVar Rðk;vÞ
I

���DI
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I j DI
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I

	 

0B@

1CA
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for all v ∈ {sma, med, big}. If we define

δv =
1
K

XK
k= 1

dVar Rðk;vÞ
I

���DI
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I j DI
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 and εv =
1
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XK
k=1
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I

	 

vuuut

to be the corresponding sample means, for all v ∈ {sma, med, big}, we get the values

δsma = 65% ; δmed = 68% and δbig = 83%

as well as

εsma =1:4; εmed = 1:5 and εbig = 2:2:
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Figure 7. Boxplots of the square-rooted standardised process variances (left) and the square-
rooted standardised parameter estimation errors (right) for the small, the medium and the big
company.
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We conclude that the importance of the parameter estimation error is decreasing in the volume V and
the process variance becomes the dominant term of the MSEP for bigger companies. The increase of
the average proportion of the process variance to the MSEP is moderate in going from the small
company to the medium company (from 65% to 68%) and rather large in going from the medium
company to the big company (from 68% to 83%). For the small and the medium company, the
square-rooted process variance is roughly 50% higher than the square-rooted parameter estimation
error, on average. For the big company, the square-rooted process variance is more than twice the
square-rooted parameter estimation error, on average.

3.2. Process variance

We take a closer look at the process variance. If Mack’s estimator dVarðRI j DIÞ for the process
variance given in equation (6) is “reasonable”, then, due to the law of large numbers, we roughly
expect

ζv =
def 1

K

XK
k=1

dVar Rðk;vÞ
I

���DI

	 

� E Var Rð�;vÞ

I

���DI

	 
h i
(12)

for all companies v ∈ {sma, med, big}. In order to analyse the accuracy of Mack’s estimator for the
process variance, we approximate the conditional variance on the right-hand side of equation (12)
using the variance decomposition formula and equation (1). Indeed, we can write

Var RIð Þ=Var E RIjDI½ �ð Þ +E Var RIjDIð Þ½ �

=Var
XI

i= I�J +1

Ci;I�i

YJ�1

j= I�i

fj�1

 ! !
+E VarðRI j DIÞ½ �:

Using the assumption of independence of the accident years, this leads to

E VarðRI j DIÞ½ �=Var RIð Þ�
XI
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Figure 8. Boxplots of the ratios of the process variances divided by the MSEPs for the small, the
medium and the big company (left); the horizontal line indicates the value 50%. Boxplots of the
ratios of the square-rooted process variances divided by the square-rooted parameter estimation
errors for the small, the medium and the big company (right); the horizontal line indicates the
value 1. MSEP, mean-square error of prediction.
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We can use sample variances to estimate VarðRIÞ and Var (Ci,I− i), for all i= I− J+ 1, … , I.
Moreover, in view of equation (2) we can estimate the CL factor fj by the global estimate

f j;v =
1
K

XK
k=1

PI
i=1

Cðk;vÞ
i;j + 1PI

i=1
Cðk;vÞ

i;j

(13)

for all j=0, … , J −1, depending on the considered company v ∈ {sma, med, big}. We remark that
the global estimates f 0;v,… , f J�1;v of the CL factors f0,… , fJ −1 consider the full developments of the
cumulative claims payments in all accident years i= 1,… , I. They can only be calculated since for all
upper claims reserving triangles we also know the corresponding lower triangles. Starting from
equation (12), we roughly expect

ζv � E Var Rð�;vÞ
I

���DI

	 
h i
� 1

K�1

PK
k=1

Rðk;vÞ
I � 1
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1
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PK
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Cðk;vÞ
i;I�i� 1

K

PK
l=1

Cðl;vÞ
i;I�i

 !2 QJ�1

j= I�i
f j;v�1

 !2

=
def

ηv

For the square roots of the ratios ηv/ζv we getffiffiffiffiffiffiffiffiffi
ηsma

ζsma

r
= 2:21;

ffiffiffiffiffiffiffiffiffi
ηmed

ζmed

r
= 1:65 and

ffiffiffiffiffiffiffiffi
ηbig
ζbig

s
= 0:81

We may conclude that we underestimate the process variance for small volumes V of the portfolio
and overestimate it for big volumes V.

3.3. Parameter estimation error

We analyse Mack’s estimator for the parameter estimation error given in equation (7) in two
different ways. To this end, for both methods we define

θk;v =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficerrRðk;vÞ
I j DI

R̂ðk;vÞ
I

	 
r
R̂ðk;vÞ

I

to be the proportions of the square-rooted Mack’s estimates of the parameter estimation error to the
CL reserves, for all k= 1, … , K and v ∈ {sma, med, big}.

For the first method, we note that we have

errRI j DI
R̂I
� �

=
XI

i= I�J +1

Ci;I�i

YJ�1

j= I�i

fj�
YJ�1

j= I�i

f̂j j I

 ! !2

see Mack (1993). If Mack’s estimator for the parameter estimation error given in equation (7) is a
“reasonable” estimator, then, we roughly expect

θv =
def 1
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for all v ∈ {sma, med, big}. For the ratios ϑv/θv we get

ϑsma

θsma
= 1:74;

ϑmed

θmed
= 1:72 and

ϑbig
θbig

= 1:44: (14)

For all three companies, using Mack’s estimator given in equation (7), we seem to underestimate the
parameter estimation error. For the big company, however, the situation gets slightly better.

The second method to analyse Mack’s estimator for the parameter estimation error is based on a
bootstrap argument. In England and Verrall (2006), the authors use a bootstrap technique in order
to simulate arbitrarily many upper triangles based on a given upper claims reserving triangle. These
bootstrapped upper triangles can then be used to estimate the parameter estimation error. Since we
are already provided with K simulated upper claims reserving triangles coming from the same
underlying distribution, we do not need to apply a bootstrap, but we can directly estimate the
parameter estimation error using the K upper triangles.

For all three companies v ∈ {sma, med, big}, we order the K simulations according to the CL
reserves and write

R̂ðð1Þ;vÞ
I < R̂ðð2Þ;vÞ

I < � � � < R̂ððKÞ;vÞ
I

for the ordered CL reserves. We use the same ordering (κ)1≤ κ≤K also for the estimates θ(⋅),v and for
the entries Cðð�Þ;vÞ

i;I�i on the diagonals of the triangles, for all v ∈ {sma, med, big} and i= 1, … , I. We
define the bootstrap-like estimates

λðκÞ;k;v =

PI
i= I�J +1

CððκÞ;vÞ
i;I�i

QJ�1

j= I�i
f j;v�

QJ�1

j= I�i
f̂ ðk;vÞj j I

 !�����
�����

R̂ððκÞ;vÞ
I

(15)

of the (relative) parameter estimation errors, and the corresponding sample means

λðκÞ;v =
1
K

XK
k=1

λðκÞ;k;v

for all κ=1, … , K, k= 1, … , K and v ∈ {sma, med, big}. Note that for the bootstrap-like estimates
(λ(κ),k,v)1≤ k≤K given in equation (15), we fix the last known diagonal of the upper claims reserving
triangle of the κth ordered simulation and vary only the estimated CL factors. For every 1≤ κ≤K,
this leads to K estimates of the parameter estimation error.

First, we focus on three specific simulations. We consider the simulation with the lowest CL reserves
(κ=1), the simulation with the median CL reserves (κ=50) and the simulation with the highest
CL reserves (κ=100). In Figure 9, we provide the distributions of the bootstrap-like estimates
(λ(κ),k,v)1≤ k≤K, together with the corresponding sample means λðkÞ;v, and Mack’s estimates θ(κ),v as
reference values, for κ= 150,100 and v ∈ {sma, med, big}. For the small company, Mack’s estimate
θ(κ),v is clearly smaller than the mean λðkÞ;v of the bootstrap-like estimates for the simulation with the
lowest CL reserves (κ= 1) and close to λðkÞ;v for the simulations with the median (κ=50) and
the highest CL reserves (κ=100). For the medium company, we have that the higher the CL reserves,
the closer Mack’s estimate θ(κ),v gets to the mean λðkÞ;v of the bootstrap-like estimates. For the big
company, we cannot see much difference between the three simulations: Mack’s estimate θ(κ),v is
always smaller than the mean λðkÞ;v of the bootstrap-like estimates.
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Since the CL reserves are ordered in increasing manner according to κ, we have that the bigger κ, the
bigger the denominator in equation (15). Therefore, the densities of the bootstrap-like estimates
(λ(κ),k,v)1≤ k≤K get more narrow with increasing κ. This effect gets smaller for increasing volume V,
since the CL reserves get less widely spread, due to the law of large numbers.

We remark that the observations regarding Figure 9 are rather sensitive to the choice of κ. That is,
choosing a different small, medium or large κ, we get different results. Therefore, for all companies v
∈ {sma, med, big}, we analyse whether we see some trend in the relation between Mack’s estimates
θ(κ),v and the means λðkÞ;v of the bootstrap-like estimates for increasing CL reserves bRððκÞ;vÞ

I . To this
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Figure 9. Densities of the bootstrap-like estimates λ(κ),k,v of the parameter estimation error
together with Mack’s estimates θ(κ),v (vertical solid lines) for the simulation with the lowest CL
reserves (left column), the median CL reserves (middle column) and the highest CL reserves (right
column) resp. the small company (top row), the medium company (middle row) and the big
company (bottom row). The vertical dotted black lines indicate the sample means λðkÞ;v of the
bootstrap-like estimates.
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end, in view of equation (14), we define the ratios

μðκÞ;v =
λðκÞ;v
θðκÞ;v

for all κ=1, … , K and v ∈ {sma, med, big}. In Figure 10, we then consider

R̂ððκÞ;vÞ
I

Vv
; μðκÞ;v

 !
1≤ κ ≤K

:

We also provide the corresponding regression lines resulting from a linear regression analysis with
the standardised CL reserves as independent variable and the ratios of the two estimates of the
parameter estimation error as dependent variable, using ordinary least squares to minimise the
residuals. For all three companies, we observe a bias: Mack’s estimates θ(κ),v tend to be too small
compared to the means λðkÞ;v of the bootstrap-like estimates, leading to an underestimation of the
parameter estimation error when using Mack’s estimator. This bias is smallest for the big company,
see also equation (14). Moreover, for the small and the medium company, we observe a tendency
that the ratios of the means of the bootstrap-like estimates of the parameter estimation error to
Mack’s estimates get closer to the reference value 1 with increasing CL reserves. For the big com-
pany, these ratios seem to not depend on the CL reserves.

Combining these observations, we may deduce, on the one hand, that Mack’s estimator for the
parameter estimation error in case of a small or a medium portfolio works slightly better for claims
reserving data with corresponding CL reserves that are rather high, relative to the underlying dis-
tribution. On the other hand, Mack’s estimator for the parameter estimation error seems to work
equally well in case of a big portfolio, independently of the size of the CL reserves.

4. Claims Development Results

The analysis of the CL reserves and the corresponding MSEP can be considered as a static point of
view. As in claims reserving more and more information becomes available over time, one has to
continuously update the prediction of the ultimate claims according to the latest knowledge, see
Wüthrich and Merz (2015). Hence, claims reserving should be understood as a dynamic process.
This can be done by analysing the CDR for each of the future accounting years.
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Figure 10. Scatterplots of the standardised CL reserves and the ratios of the means of the
bootstrap-like estimates of the parameter estimation error to Mack’s estimates for the small
company (left), the medium company (middle) and the big company (right). The horizontal black
lines indicate the reference value 1. The red lines indicate the linear regression line.
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In this section, we first analyse the CDRs, also taking into account the corresponding MSEPs. Then,
we present the decomposition of Mack’s MSEP of the CL reserves at time t= I into the MSEPs of the
CDRs. Finally, we provide correlation plots of the CDRs. The definitions and results regarding the
CDRs used in this section are based on Wüthrich and Merz (2015).

4.1. Analysis of the claims development results

For t+ 1= I+ 1, … , I+ J, we define the CDR in accounting year t + 1 by

CDRt +1 =
XI

i= t�J +1

E Ci;J j Dt
� ��E Ci;J j Dt +1

� �
: (16)

The CDR in accounting year t+ 1 reflects the change in the prediction of the ultimate claims when the
new information of accounting year t+ 1 is available. A positive CDR corresponds to a gain in the
sense that the estimates of the ultimate claims are lower at time t+ 1 than at time t. A negative CDR
corresponds to a loss. On average, we do neither expect a gain nor a loss if the model is correct:
indeed, due to the tower property of conditional expectation, see Williams (1991), from equation
(16) we immediately get, for all t +1= I +1, … , I+ J,

E CDRt +1 j Dt½ �= 0:

Within the CL framework, a natural estimator for CDRt +1 is

dCDRt +1 =
XI

i= t�J + 1

Ĉi;J j t�Ĉi;J j t + 1 = R̂t� R̂t + 1 +
XI

i= t�J +1

Ci;t�i + 1�Ci;t�i

 !
for all t + 1= I+ 1,… , I+ J. Thus, the estimated CDR in accounting year t+ 1 can be expressed as the
difference between the CL reserves at time t and the sum of the CL reserves at time t +1 and the
payments in accounting year t+ 1. We remark that, in practice, at the end of accounting year I,dCDRt + 1 cannot be calculated for t+ 1≥ I+ 1, as one only has information up to accounting year I
and, hence, the reserves at time t+ 1 and the payments in accounting year t +1 are unknown for
t+ 1≥ I+ 1. However, in our CL analysis (using the synthetic data), we are provided with upper
claims reserving triangles for which we also know the corresponding lower triangles. Therefore, we
can calculate dCDRt +1 for accounting years t +1= I +1, … , I + J.

For reasons of comparability, we are more interested in a CDR relative to the reserves at time I.
We define

CDRrel;t +1 =
CDRt +1PI

i= I�J +1
E Ci;J j DI
� ��Ci;I�i

for all t +1= I +1, … , I+ J. Using the tower property of conditional expectation, see Williams
(1991), we also get for the relative CDR

E CDRrel;t +1 j Dt
� �

= 0 (17)

for all t+ 1= I+ 1, … , I + J. The CL estimator dCDRrel;t +1 for CDRrel,t + 1, for t+ 1= I+ 1, … , I + J, is
then given by

dCDRrel;t +1 =
dCDRt + 1

R̂I
:
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The information DI at the end of accounting year I only allows us to estimate the uncertainties of the
CDRs. For CDRt + 1, for t+ 1= I+ 1, … , I + J, the MSEP with respect to DI is defined by

msepCDRt + 1 j DI
0ð Þ=E CDRt + 1�0ð Þ2

���DI

h i
:

As estimators for the MSEPs, we can use the formulas given in Wüthrich and Merz (2015). For
t +1= I +1, we have the Merz–Wüthrich formula, see (2.28) in Wüthrich and Merz (2015),

dmsepCDRI + 1 j DI
0ð Þ=

XI
i= I�J +1

Ĉi;J j I
	 
2 σ̂2I�i j I

f̂I�i j I
	 
2 1

Ci;I�i
+ Ĉi;J j I
	 
2

+ 2
XI

m= i + 1

Ĉi;J j IĈm;J j I

 !

´
σ̂2I�i j I

f̂I�i j I
	 
2 1Pi�1

l= 1
Cl;I�i

+
XJ�1

j= I�i + 1

CI�j;jPI�j

l=1
Cl;j

σ̂2j j I

f̂j j I
	 
2 1PI�j�1

l=1
Cl;j

0BBB@
1CCCA:

Due to the tower property of conditional expectation, see Williams (1991), for t +1= I +2, … , I + J
we have

msepCDRt + 1 j DI
0ð Þ=E E CDRt +1�0ð Þ2

���Dt

h i���DI

h i
=E msepCDRt + 1 j Dt

0ð Þ
���DI

h i
;

which leads to the estimators, see (2.36) in Wüthrich and Merz (2015),

dmsepCDRt + 1 j DI
0ð Þ =def Ê dmsepCDRt + 1 j Dt

0ð Þ
���DI

h i
=
def XI

i= t�J +1

Ĉi;J j I
	 
2 σ̂2t�i j I

f̂t�i j I
	 
2 1

Ci;I�i
Qt�i�1

j= I�i
f̂j j I

+ bCi;J j I
	 
2

+ 2
XI

m= i +1

Ĉi;J j IĈm;J j I

 !

´
σ̂2t�i j I

f̂t�i j I
	 
2 1PI�1�ðt�iÞ

l=1
Cl;t�i

Yt�I

r=1

1� Ci�r;I�ði�rÞPi�r

l=1
Cl;I�ði�rÞ

0BBB@
1CCCA

0BBB@

+
XJ�1

j= t�i +1

bσ2j j I
f̂j j I
	 
2 1PI�j�1

l=1
Cl;j

Ct�j;I�ðt�jÞPt�j

l=1
Cl;I�ðt�jÞ

Yt�I�1

r=0

1� CI�ðj�rÞ;j�rPI�ðj�rÞ

l=1
Cl;j�r

0BBB@
1CCCA
1CCCA:

In order for the MSEPs to be on the same scale as the relative CDRs, we standardise the MSEPs by
dividing through the CL reserves at time t= I and define

ψ t +1;v =
1
K

XK
k=1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsep
CDRðk;vÞ

t + 1 j DI
0ð Þ

q
R̂ðk;vÞ

I

to be the average relative MSEPs of the CDRs, for all accounting years t+ 1= I+ 1, … , I+ J and
companies v ∈ {sma, med, big}. In Figure 11, we consider the distributions of the estimated relative
CDRs

dCDRðk;vÞ
rel;t +1

	 

1≤ k≤K
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together with the average estimated confidence intervals

�2ψ t + 1;v; 2ψ t +1;v
� �

for all accounting years t+ 1= I+ 1,… , I + J and v ∈ {sma, med, big}. For the estimated relative CDR
in accounting year t+ 1= I+ 1 we get

dCDRðk;vÞ
rel;I +1 2

½�53:6% ; 28:6% �; if v= sma;

½�15:2% ; 9:2% �; if v=med;

½�6:3% ;�0:7% �; if v= big;

8>><>>:
for all k=1, … , K. In particular, the distribution of the estimated relative CDR in accounting year
t+ 1= I+ 1 gets more narrow with increasing volume V, due to the law of large numbers. In view of
equation (17), we roughly expect the estimated relative CDRs to be distributed around 0. For the
small and the medium company, we can observe positive and negative CDRs in accounting year
t+ 1= I+ 1. In the worst-case scenario of the small company, the sum of the payments in accounting
year t +1= I+1 and the CL reserves at time I +1 is roughly 50% bigger than the CL reserves at time
I, corresponding to a huge loss. For the big company, the estimated relative CDRs in accounting year
t+ 1= I+ 1 are always negative, but they stay within only −6.3% of the reserves at time I. For all
three companies, the confidence intervals of twice the average relative MSEP ψI+ 1,v around 0 seem to
be of appropriate size for the estimated relative CDRs in accounting year t +1= I +1.

For later accounting years t + 1= I+ 2, … , I+ J, we observe in Figure 11 that the distributions of the
estimated relative CDRs get more narrow with increasing accounting year, for all three companies
v ∈ {sma, med, big}. This is due to the fact that for later accounting years there remain fewer accident
years for which the ultimate claim is open. This reduces the corresponding uncertainty. Moreover,
the distributions of the estimated relative CDRs also get more narrow with increasing volume V, due
to the law of large numbers. For the small company, the estimated relative CDRs for later accounting
years are mostly distributed around 0, with a tendency to be slightly bigger than zero. Roughly
speaking, the confidence intervals of twice the average relative MSEP ψt + 1,sma around 0 seem to be of
appropriate size. For the medium and the big company, the values of dCDRrel;t +1 have a small bias.

We remark that the above observations concerning Figure 11 indicate that there is a trend in the data
which, due to the law of large numbers, gets more evident the bigger the volume V of the portfolio.
We will come back to this point during the analysis of the CL factors in section 5.1, see also
Figure 15 (left).
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Figure 11. Boxplots of the estimated relative CDRs dCDRðk;vÞ
rel;t +1 in accounting years t+ 1= I+ 1, …,

I+ J together with confidence bounds of twice the average relative MSEPs ψt +1,v around 0 for the
small company (left), the medium company (middle) and the big company (right). The horizontal
lines indicate the reference value 0. CDRs, claims development results.
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4.2. Decomposition of the total run-off uncertainty

We can decouple Mack’s MSEP of the CL reserves at time I into the MSEPs of the CDRs. According
to (2.38) in Wüthrich and Merz (2015), we have

dmsepRI j DI
R̂I
� �

=
XI + J

s= I + 1

dmsepCDRs j DI
0ð Þ:

Thus, Mack’s MSEP of the CL reserves at time I is considered as total run-off uncertainty, which can
be split to the uncertainties at time I of the CDRs in accounting years t+ 1= I+ 1, … , I+ J.

First, we analyse the proportion of the square-rooted total run-off uncertainty which is due to
accounting year t +1= I +1. To this end, in Figure 12 (left), we consider the distribution offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsep

CDRðk;vÞ
I + 1 j DI

0ð Þ
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ

I j DI
R̂ðk;vÞ

I

	 
r
0BB@

1CCA
1≤ k≤K

for all companies v ∈ {sma, med, big}. We observe that the proportion of the square-rooted MSEP of
the CDR in accounting year t +1= I +1 to the total run-off uncertainty tends to increase in the
volume V. This increase is particularly large in going from the medium to the big company. This is
driven by parameter uncertainty.

We also give an overview of the proportions of the square-rooted total run-off uncertainty which are
released up to the accounting years t +1= I +1, … , I+ J. In Figure 12 (right), we consider the sample
means

1
K

XK
k=1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPt + 1
s= I +1

dmsepCDRðk;vÞ
s j DI

0ð Þ
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidmsepRðk;vÞ
I j DI
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I

	 
r

sma med big

60

70

80

90

100

MSEP(CDRI+1) MSEP(Mack) (LoB2)

Company

P
ro

po
rt

io
n 

(in
 %

)

75

80

85

90

95

100

Proportions of Mack's MSEP (LoB2)

Accounting year t+1

P
ro

po
rt

io
n 

(in
 %

)

I+1 I+3 I+5 I+7 I+9 I+J

sma
med
big

Figure 12. Boxplots of the proportions of the square-rooted MSEPs of the CDRs in accounting
year I+ 1 to the total run-off uncertainty for the small, the medium and the big company (left).
Average proportions of the square-rooted total run-off uncertainty which are released up to the
accounting years t+ 1= I+ 1, …, I+ J for the small, the medium and the big company (right).
MSEP, mean-square error of prediction.
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for all t+ 1= I +1, … , I+ J and v ∈ {sma, med, big}. We observe that, for all accounting years
t+ 1= I+ 1, … , I+ J, the higher the volume V, the higher the proportions of the square-rooted total
run-off uncertainty which are released up to the considered accounting year. In particular, there is a
considerable difference between the medium and the big company.

4.3. Correlations between the claims development results

We conclude the section on the CDRs by analysing whether the CDR in a given accounting year has
an influence on the CDR in later accounting years, considering the correlations of the CDRs. In
Figure 13, the cells (t1, t2) with t1, t2∈ {I+ 1, … , I + J} correspond to the sample correlations of

dCDRðk;vÞ
t1

	 

1≤k≤K

and dCDRðk;vÞ
t2

	 

1≤k≤K

for all v ∈ {sma, med, big}. We only indicate correlations that are of size of at least 0.3 in absolute
value. For all three companies, we observe a rather substantial positive correlation between any two
successive CDRs, apart from the last couple of accounting years. We conclude that, for early
accounting years, a high CDR in a given accounting year (within the corresponding distribution)
tends to lead to a high CDR in the successive accounting year (within the corresponding distribu-
tion). Note that this differs from the Bayesian context, where one can prove uncorrelatedness, see
Wüthrich and Merz (2015).

5. Chain-Ladder Factors and Chain-Ladder Variance Parameters

In this section, we first analyse the CL factors and then the CL variance parameters. We work with
accounting year t= I.

5.1. Analysis of the chain-ladder factors

We define the sample means of the estimated CL factors as

ϕj;v =
1
K

XK
k=1

f̂ ðk;vÞj j I
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Figure 13. Correlations among the CDRs in accounting years t+ 1= I+ 1, …, I + J for the small
company (left), the medium company (middle) and the big company (right). CDRs, claims
development results.
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for all j= 0, … , J −1 and v ∈ {sma, med, big}. Moreover, according to Lemma 2.3 in Wüthrich and
Merz (2015), we have

Var f̂j j I
���C1;j; ¼ ;CI�j�1;j

	 

=

σ2jPI�j�1

l=1
Cl;j

for all j=0, … , J− 1. In practice, to get estimators for the conditional variances of the CL factors,
one replaces the CL variance parameters by their estimators given in equation (8). Thus, we can
define the average standard deviations of the CL factors by

ωj;v =
1
K

XK
k=1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibσ2j	 
ðk;vÞ
PI�j�1

l=1
Cðk;vÞ

l;j

vuuuuut
for all j=0, … , J− 1 and v ∈ {sma, med, big}. In Figure 14, we consider the distributions of the
estimated CL factors

f̂ ðk;vÞj j I
	 


1≤k≤K

together with the average estimated confidence intervals

ϕj;v�2ωj;v;ϕj;v + 2ωj;v

	 

for all development periods j=0, … , J− 1 and v ∈ {sma, med, big}. We observe that the estimated
CL factors are of similar sizes for all three companies. Due to the law of large numbers,
the distributions of the estimated CL factors get more narrow for increasing volume V of the
portfolio. For the small and the medium company, the confidence intervals seem to be roughly of
appropriate size. For the big company, the confidence intervals are much too wide for small develop-
ment delays, indicating that the CLmodel is not fully appropriate. For higher development delays, they
are of appropriate size.

In order to analyse the sizes of the estimated CL factors, we use the global estimates f j;v defined in 13.
In Figure 15 (left), we plot the ratios between the global estimates f j;v of the CL factors and the
sample means ϕj,v of the estimated CL factors

f j;v
ϕj;v

 !
0≤ j≤ J�1

for all v ∈ {sma, med, big}. We observe that the two estimates of the CL factors are rather close to
each other. We slightly underestimate the CL factors for early development periods and slightly
overestimate them for later development periods. We remark that the global estimates f j;v consider
the full development of the cumulative claims payments in all accident years i=1, … , I. This
explains the small biases observed for the estimated relative CDRs in Figure 11. In particular,
Figure 15 (left) confirms that there is a slight trend in the data.
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5.2. Analysis of the chain-ladder variance parameters

In order to analyse the sizes of the CL variance parameters, we define the sample means of the
estimated CL variance parameters by

τ2j;v =
1
K

XK
k=1

σ̂ðk;vÞj j I
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Figure 14. Boxplots of the estimated CL factors bf0 j I;bf1 j I;bf2 j I (first row), bf3 j I;bf4 j I;bf5 j I (second row),bf6 j I;bf7 j I;bf8 j I (third row) and bf9 j I;bf10 j I (fourth row) for the small, the medium and the big company.
The red lines indicate the average estimated confidence intervals (ϕj,v−2ωj,v,ϕj,v+2ωj,v). CL, chain-ladder.

Back-testing the chain-ladder method

357

https://doi.org/10.1017/S1748499518000325 Published online by Cambridge University Press

https://doi.org/10.1017/S1748499518000325


for all j= 0, … , J −1 and v ∈ {sma, med, big}. In view of equation (8), we define global estimates for
the CL variance parameters by

σ2j;v =
1
K

XK
k=1

1
I�1

XI
i= 1

Cðk;vÞ
i;j

Cðk;vÞ
i;j + 1

Cðk;vÞ
i;j

�f j;v

0@ 1A2

for all j= 0, … , J −1, depending on the considered company v ∈ {sma, med, big}. In Figure 15
(right), we plot the square roots of the ratios between the global estimates σ2j;v of the CL variance
parameters and the sample means τ2j;v of the estimated CL variance parametersffiffiffiffiffiffiffi

σ2j;v
τ2j;v

vuut0@ 1A
0≤ j≤ J�1

for all v ∈ {sma, med, big}. We observe that the estimators for the CL variance parameters given in
(8) seem to work best for the small company and worst for the big company. For all three companies,
the estimators of the CL variance parameters get more imprecise with increasing development period
j. This indicates that the CL assumptions are not fully appropriate for our data. Finally, we remark
that the extrapolation for estimating the CL variance parameter σ2J�1, see section 2.2, does not work
in our case.

6. Conclusion

In this study, we back-tested the CL claims reserving method using synthetic data obtained from the
individual claims history simulation machine developed in Gabrielli and Wüthrich (2018). For this
data, we have a complete development over 12 development years, and it does not consider a tail
development factor. To analyse the effect of the portfolio size, we considered three companies with
different volumes V. We summarise the most important observations found:

(1) The percentage of the OLL that lie within the confidence intervals of twice Mack’s MSEP around
the CL reserves increases in portfolio size.

(2) The process variance and the parameter estimation error (relative to the CL reserves) decrease in
volume V.

(3) The proportion of the process variance to the MSEP increases in portfolio size.
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Figure 15. Analysis of the CL factors (left) and the CL variance parameters (right) for the small,
the medium and the big company. The horizontal lines indicate the reference value 1. CL, chain-
ladder.
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(4) We underestimate the process variance for small volumes V of the portfolio and overestimate it
for big volumes V.

(5) For all three companies, we underestimate the parameter estimation error. The situation gets
slightly better for increasing volume V.

(6) The proportion of the square-rooted MSEP of the CDR in accounting year I +1 to the total run-
off uncertainty increases in volume V.

(7) For all three companies, we observe substantial positive correlation between most of the
successive CDRs.

(8) The model error of the CL method becomes more apparent for increasing volume V, inducing
a bias.

We remark that the conclusions drawn from this study are based on the synthetic data generated by
the individual claims history simulation machine provided in Gabrielli and Wüthrich (2018).
Nevertheless, this study can give a general intuition of how the CL claims reserving method behaves,
particularly when the volume V of the portfolio increases. Of course, an interesting next step is to see
whether our conclusions also hold for other claims reserving data.
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