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Abstract. The purpose of this paper is to give a characterisation of divided power
algebras over a reduced operad. Such a characterisation is given in terms of polynomial
operations, following the classical example of divided power algebras. We describe these
polynomial operations in two different ways: one way uses invariant elements under the
action of the symmetric group and the other coinvariant elements. Our results are then
applied to the case of level algebras, which are (non-associative) commutative algebras
satisfying the exchange law.
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1. Introduction. The study of what has been called ‘divided power’ algebra struc-
tures dates back to the 1950s. This term can be found in Norbert Roby’s work (e.g. [13])
and in Henry Cartan’s presentation for his seminar (in [1]). What was then called divided
power algebra would now be called, with the language of operads, a I'(Com)-algebra, or
a Com-algebra with divided powers (a new proof of this fact is given in Section 3.3). In
[1], Henri Cartan shows that the homotopy of a simplicial commutative algebra is endowed
with a structure of (graded) I'(Com)-algebra. More recently, Benoit Fresse proved in [9] a
more general result: the homotopy of a simplicial algebra over an operad P admits a struc-
ture of (graded) I'(P)-algebra. Unfortunately, only very little is known about the structure
of ['(P)-algebras, given an arbitrary reduced operad P. In [9], Benoit Fresse describes
the structure of a I'(P)-algebra when P is one of the classical operads As, Com, Lie and,
in characteristic 2, also when P is the operad Pois. loannis Dokas made explicit some
non-trivial structures associated with I (PreLie)-algebras in [7]. More recently, a complete
explicit definition of the structure of a I' (PreLie)-algebras in terms of brace operations was
obtained by Andrea Cesaro (in [4]).

The main goal of this article is to give a characterisation of divided power algebras
over a reduced operad P in terms of polynomial operations bound by a list of relations,
following the example of the classic definition of divided power algebras (in [13]). We
shall first prove the following result:

THEOREM A (Theorem 3.1.24). Let ‘P be a reduced operad. The category of T (P)-
algebras is isomorphic to the category ' (P) of vector spaces A endowed with a family of
operations Py, : AP — A where r = (ry, ..., 1,) is a finite list of integers and x € P(r| +
-+~ +1p,) is stable under the action of &, x - -+ x G,p CGrittry These operations By,
are required to satisfy natural symmetry, homogeneity and polynomiality relations with
respect to the inputs, to satisfy a restriction relation with respect to the repetition of inputs,
to depend linearly on x, and to satisfy natural unit and composition relations shaped
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on the internal unit and composition operation of the operad (see Definition 3.1.17 and
Definition 3.1.20 for the explicit expression of these relations).

We shall also prove the following result:

THEOREM B (Theorem 4.1.42). Let P be a reduced operad spanned by a set operad B.
The category of T'(P)-algebras is isomorphic to the category y'(P) of vector spaces A
endowed with a family of polynomial operations yiy) , : AV — A wherer = (r1, ..., 1) isa
list of integers and [x] € G, x - - - X Gr,,\B(”l + - -+ +rp). These operations are required
to satisfy symmetry, homogeneity, and polynomiality relations with respect to the inputs,
a restriction relation with respect to the repetition of inputs, and unit and composition
relations shaped on the internal unit and composition structure of the operad B (see
Definition 4.1.34 and Definition 4.1.37 for the explicit expression of these relations).

The operations B, . and y, . from these theorems are to be seen as ‘divided power
operations’. The practical interest of the second result is that, in general, it is easier to
describe the set of orbits of a G-set than the invariant submodule of a representation of G.

The proof of these results also uncovers two results involving G-modules without
operad structure:

PROPOSITION C (Proposition 3.1.23). Let M be an S-module. The category
['(M)mod of vector spaces A equipped with a morphism @n>O(M(n) ® A®")Sn — 4 s
isomorphic to the category B(M) of vector spaces A endowed with a family of operations
By AP — Awherer = (r1, ..., r,) is afinite list of integers and x € M(ry + - - - + 1) is
stable under the action of G,, X - - - X 6,p € 6,I+...+,,p. These operations p. , are required
to satisfy natural symmetry, homogeneity and polynomiality relations with respect to the
inputs, to satisfy a restriction relation with respect to the repetition of inputs, to depend
linearly on x, and to satisfy natural unit and composition relations shaped on the inter-
nal unit and composition operation of the operad (see Definition 3.1.17 for the explicit
expression of these relations).

PROPOSITION D (Proposition 4.1.41). Let M be an G-module equipped with a basis
stable under the action of the symmetric groups (i.e. M is spanned by an &-set). The
category T'(M)mod is also isomorphic to the category y (M) of vector spaces A endowed
with a family of operations yix , : AP — A, wherer = (ry, ..., 1) is a finite list of integers
and [x] € M(ri + - - - +1p)s, x-xs,,- These operations are required to satisfy symmetry,
homogeneity and polynomiality relations with respect to the inputs, a restriction relation
with respect to the repetition of inputs, and unit and composition relations shaped on
the internal unit and composition structure of the operad B (see Definition 4.1.34 for the
explicit expression of these relations).

More precisely, under the assumptions of the previous theorems and propositions, one
has the following diagram of categories:

I'(M)mod ~—T (P)alg >

FMQ jGM o Jor

BM) <——B'(P)

y (M) <——Y'(P)
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where the horizontal arrows are inclusions of full subcategories and exist if P =M is
endowed with a structure of reduced operad. The functors G, and O, are inverse to the
corresponding functors F, and P,.

We apply our general results to the case of level algebras.

The notion of level algebras appeared in the study of unstable modules over the
Steenrod algebra. In [6], D.M. Davis defines non-associative ‘depth-invariant’ algebras.
Unstable modules over the Steenrod algebra are studied into more details in Lionel
Schwartz’s work [14]. Later, David Chataur and Muriel Livernet gave the definition of
a level algebra (in [5]) and described the operad Lev, whose algebras are the level alge-
bras. This definition coincides with that of Davis’s depth-invariant algebras. In this article,
we shall give a complete description of the structure of a I'(Lev)-algebra. The operad Lev
being spanned by a set operad, Theorem B gives a characterisation of I"(Lev)-algebras in
terms of polynomial operations, and we will give a finer characterisation. Our result can be
reformulated as follows:

THEOREM E (Theorem 5.2.59). A I'(Lev)-algebra is an F-vector space A endowed
with a family of operations ¢, ,: AP — A, where r=(ry, ..., r,) is a list of integers,
and h:{1,....,r1+---+r,} =N is a map that is constant on each intervals {r, +
e+ L+ — 1), k=1, ..., p, and satisfies Zie[n] 271D =1, These
operations are required to satisfy symmetry, homogeneity and polynomiality relations with
respect to the inputs, a restriction relation with respect to the repetition of inputs, and
unit and composition relations shaped on the internal unit and composition structure of
the operad governing level operations (see Definition 5.2.56 for the explicit expression of
these relations).

In Section 2, we give the notation used in this article, as well as definitions regarding
operad theory.

In Section 3, we give a construction of the categories S(M) and B'(P), and of the
functors Faq, Gaq, Fp and Gp of the previous diagram. We prove that those two couples of
functors form isomorphisms of categories and we apply this result to the classical example
of the operad Com of associative commutative algebras.

In Section 4, we give the construction of the categories y (M) and y’(P) and of the
functors P, Pp, Oprq and Op of the previous diagram.

In Section 5, we prove Theorem E, as a refinement of Theorem B, in the case P = Lev.

In Section 6, we study the connections between I"(Lev)-algebras and other types of
algebras into more details.

Appendix A.l is devoted to the explicit computation of the multiplication i of the
monad I'(P) for a reduced operad P.

NOTATION.
The ground field F is fixed for the whole article.
In order to make this article more comprehensible, G-modules and operads, as well
as their bases, will be referred to with script letters (except when using Greek letters),
whereas vector spaces and their bases will be assigned print letters.

2. Background. In this section, we study the partitions of the set {1, ..., n}, we
define certain operations on partitions, and we recall the basic setting of operad theory on
sets and on vector spaces.

First, we explain the definition of operations on the partitions of the sets
[n]={1, ..., n} which reflect the shape of the composition operations associated with
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the structure of an algebra over an operad. Section 2.1 is devoted to this topic. In passing,
we also explain our notation and conventions for the symmetric groups and for partitions.
In what follows, we use the definitions of this subsection in order to formulate the gener-
alised divided power operations associated with operads. In particular, the notation which
we introduce in Section 2.1 are used freely throughout the paper.

In a second step, in Section 2.2, we study the relationship between the coinvariants and
the invariants for the vector space spanned by a G-set, where G is any group. To be specific,
we check that the coinvariants and the invariants coincide in this case. This observation is
the crux of our description of the structure of a I"(P)-algebra for an operad spanned by an
operad in sets.

Then, in Section 2.3, we review fundamental definitions of the theory of operads
for operads in vector spaces and the general definition of the monads S(P) and I'(P)
associated with an operad P.

2.1. Partitions. In this subsection, we explain our conventions on permutations, par-
titions, and we explain the definition of operations on partitions, which reflect the shape of
composition operations associated with operads.

The operations are encoded by the structure of a coloured operad in sets. Therefore,
we recall the definition of such an operad structure before tackling the applications to

partitions.
NOTATION.
e Denote by [#] the set {1, ..., n}.
e Foraset E, & is the group of bijections £ — E, and G, is the group &,.
e For R = (R))1<i<p a partition of [n], define S :=[],_, &r, C &,.
e For X an G,-set, for x € X and for R a partition of [#], denote by [x]r, and Stabg(x), the

class and the stabiliser of x under the action of the subgroup Gz of G,,.

e For G a group, X a G-set and x € X, denote by Qs(x) ={g-x | g € G} the orbit of x
under the action of G.

e For £ C[n] and p € G,, denote by p(F) the set {p(x) : x € E}.

e ForECNandneN,denote E4+n:={x+n:xekE}.

DEFINITION 2.1.1 ([2] Definition 1.7).

An E-coloured set operad P is the data, for all (xi,...,x,,») € EPtl) of a
set P(x1,...,x,;y) endowed, for all o0 €&, with a map Pxi,...,x,;») —
Pxo-1(1ys - -+ » Xa-1(p)» ¥), as well as an ‘identity’ element c, € P(x; x) for all x € £, and

composition maps:
0i i PXi, o X3 ) X P21, ooy 205 X) = Pty ooy Xis 1, 21+ o o5 Zg, Xieds - 25 Xp3 ),
and that satisfy natural conditions of unitality, associativity and equivariance.

DEFINITION 2.1.2. The N-coloured set operad IT is given by

@, ifr+...4r,#n,

(ry, ..., 1p 0= » .
{R=R)1<i<p :U;_Ri=[n] and Vi € [p] |R;| =r;}, otherwise.

The identity element ¢, € I1(n; n) is the coarse partition ([n]). Given a permuta-

tion 0 € &,, the map I1(r1,..., 7y, n) = (rg-1(1), ..., To-1(p: 1) sends I to o -1 :=
(Is-1(1))iclp;- Compositions are given by refinement: if ReIl(ry,...,r,;n) and Q€
(g1, - - ., qs; ri), there exists a unique increasing bijection b : [r;] — R;, and

RoiQZ(Rlv ""Ri—lvb(Ql)v ""b(QS)vRi-Fl? "‘7Rp)'
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REMARK 2.1.3. The set I1(ri, ..., r; n) is also endowed with an action of &,,: if
R=(R)icpp) € 1(r1, ..., 1p; n), then p(R) = (p(R;))iep;- This action is clearly transitive.

NOTATION 2.1.4.
e A p-tuple of non-negative integers r = (1, ..., 1) such that 7y + - - - +r, =n is called
a composition of the integer n. Denote by Comp),(n) the set of compositions of » into
p parts and I1,(n) the set of partitions of the set [n] into p parts. There is an injection
¢: Comp,,(n) < TI1,(n), mapping r to

n+-cFrnatnl=n+- o +rna+ Lo+ )

The composition » will be identified with its image ¢ (7). The map ¢ admits a left inverse
pr:I,(n) — Comp,(n), which sends R = (R))ie[p) to (IR;]ic(p)-

e Comp,(n) is endowed with the following &,-action: if o € &, and r € Comp,(n), 1 :=
(ro-1(1y» - - - » T'o—1(p))- Note that ¢ is not compatible with this action.

e In the set I1(r; n) there is a unique element of Comp),(n) (more precisely, in the image
of Comp),(n) by ), namely r, and T1,(n) = leeComp,,(n) I1(r; n).

e IfreComp,(n) and q € Comp,(r;), then r o; g=teComp, . (n), with

£:(r17"'7ri711q19'-'7qsvri+17"'1rp)'

REMARK 2.1.5. Equivalently, the set IT1(r; n) can be defined as the set of maps
f:[n]— [p] satisfying, for all i € [p], |f~'(i)| = r;. The identification is done as follows:
a partition R = (R;);c[p of [#] is identified with the function dg : [n] — [p] mapping x € [n]
to the unique 7 € [p] such that x € R;. Conversely, each f : [n] — [p] is associated with the
partition (f’l(i))[elp] of [n]. For 0 € &, and f : [n] — [p], one has o - f : x> o (f(x)).
Following this setting, for f € I[1(r, ..., 7,; n) and g € [1(q1, .. ., gs; 7;), there exists a
unique increasing bijection b : £~ (i) — [r/], so that

foig: [n] —[p+s—1]
S ), if f(x) <i,
X P ygobx)+i—1, if f(x)=1i,
S +s—1, if f(x)>1.
DEFINITIONS 2.1.6. Operations on partitions
In the next paragraphs, we will define five operations on partitions: (1) a product >, (2)

a product ®, (3) a family of unitary operations (y;)ien, (4) a composition ¢ and (5) a
product A.

1) Let Qell(qy,...,qsp) and ReIl(r, ..., rp; n). According to the previous
remark, Q corresponds to dp : [p] — [s] and R to 0 : [n] — [p]. Define the partition

O>Rell Zr,-,...,Zr[;n ,

i€ i€Qs

associated with the function dg o 9, that is:

©> Ry = | | [ &
JEOi

i€[s]
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Note that if q € Comp,(p) and r € Comp,,(n), then q>r=teComp(n), where

£=(Ziegl Fiy ovesy Ziegyri>‘

2) The operation:

®: IM(ry, ..., n) x g1, ..., qsm) —II(r, ..., 15, q1s - .., gs; n+m)
((R)ierp1> (9))jerst) = R®Q:=((n,m)oy Q) o1 R.
satisfies R® Q= (R1, ..., Ry, Q1 +n, ..., Oy + n) and is associative.
3) For k a positive integer and R € [1(r1, . .., 75 1), R®F denotes the partition:
R®k:=R®~--®ReH(r1,...,rp,...,rl,...,rp;kn).
——— ——
k k
For all positive integers k and R € I1(ry, .. ., rp; n), set:

k—1
Ye(R) := ({i + (G = DpYjeti)ietp > R = | [ [ R +)n eM(kry, ..., kry; kn).
/=0 ielp]
EXAMPLE. For n =3, R= ({1, 3}, {2}), k=3,

R® =({1,3}, {2}, {4, 6}, {5}, {7, 9}, {8)).

and
@R =({1,3,4,6,7,9} 12,5, 8}).
REMARK. K‘X’k =u,whereu=(ri,...,7, ..., 71, ..., 7). On the other hand,
it is clear that y;(r) is not the element v € I1(v; nk) with y= (kry, ..., k). Note

that y(c,) = cy and thatr=c, ® -- - ®¢;,.
4) Letre Compp(n) and, for all i € [p], let q,€ Compy (m;). For all 0y € H(gl; my),
0, € Il(g,: m),....0p € H(gp; mp), set:

ro (Qla ey Qp) =Vn (Ql) ®---Q Vrp(Qp)-
EXAMPLE. Forr=(3,2),¢, = (2,1),¢,=(1,2),
ro(q,.4,) =v3q,) ®rg,)

=({1,2,4,5,7,8},{3,6,9) ® ({1, 4}, {2, 3, 5, 6})
=({1,2,4,5,7,8},{3,6,9}, {10, 13}, {11, 12, 14, 15}).

The operation ¢ will add a subscripted index to the partitions: for i€ [p]
and j € [s;], denote by 70 (Q1, ..., 0p)ij =10 (01, .., Op)si4tsi4j =T +
-+ rimymi—y + (v,(0)));. The previous example gives:
ro(q,. ¢,)21 =110, 13}.
5) For R e I1,(n) and O € I (n), set:

(R A Dicpp, jets1 = Ri N O)icpp, jels]-
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The operation A also adds a subscripted index to the partitions: for example, the
partition (¢ (Q1, ..., Op)) A has three indices. For instance:

(o Q1. Op) /\I)ijk = (o (@))yNI.
The index i corresponds to the part of r and to the chosen ;. The index j
corresponds to the part Q; ; and the index k corresponds to the part /.

LEMMA 2.1.7. Forr € Comp,,(n) and R € I15(n), if O (see Remark 2.1.5) is increasing
on each r;, then r A R € Comp,, (n).

Proof. Let g=(|r, N R, ri N R r, NRy|) € Comp, (). We have to

prove that » A R = g. For all i € [p], r; N R contains 4 elements. Hence, the fact that

) )

—D+1

R is increasing on r; implies that {1, ..., g]} C Ry, and so, that {1, ... ,gl} e(rAR).
Thus, (r AR);; = NIRRT The same reasoning shows that (r A R), = 9yim1ysa’ and so on,
until (r A R);s = q, O

2.2. Permutation representations of finite groups. This subsection aims to shed
light on an isomorphism between invariants and coinvariants of a permutation representa-
tion. The following general lemma will be used in our construction of generalised divided
power operations.

Let G be a finite group and let X be a G-set.

LEMMA 2.2.8. There is a commutative diagram:

FIG\X] 2%~ F[X%
TWG%
FIX]6

where the arrows are linear isomorphisms.

Proof. The map ¢¢ is induced by

G\X —F[X]°
EIR Y
y€QG(x)

It is easy to show that this gives an isomorphism. It is also easy to show that the map
FLX]— F[G\X], induced by

X —FG\X]

x = [x]

passes to the quotient by the action of G, giving an isomorphism ¥ : F[X]s — F[G\X].
Set then Og = ¢ o Y. O

2.3. S-modules and operads. This section contains the definition of an G-module,
of the tensor and the composition product of G-modules, of the Schur functor associated
with an G-module and the invariant version I, as well as the definition of operads, algebras
over an operad and divided power algebras over a reduced operad. For general definitions
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concerning operads in a symmetric monoidal category C, we refer to Sections 5.1 and 5.2
of [10], and Section 1.1 of [9].

The category of operads in Sef is denoted Opg,, and objects in Ops,, are called set
operads. Similarly, Opr denotes the category of operads in the category of [F-vector spaces
and objects in Opy are just called operads.

DEFINITION 2.3.9. An G-module M is a sequence (M (n)),en, where for each n € N,
M (n) is a representation of the symmetric group &,,. A morphism between two G-modules
is a sequence of equivariant maps. We denote by G, the category of G-modules. The
arity of x € M(n) is n.

DEFINITION 2.3.10. For M, N two G-modules, the S-module M ® N is given by
MRN)(m):= P Indg’, s M @N().
i+j=n

The tensor product ® makes S04 into a symmetric monoidal category with unit the
&-module which is [ in arity 0 and is 0 in positive arity. Therefore, given an G-module M
and an integer n, &, acts on M®”",

DEFINITION 2.3.11. For M, N two &-modules, the G-modules M o N and MoN
are given by
(Mo N () :=EPHMK) @ N (),
keN
and

(MBN) () := @D M (k) @ N (m)) S,

keN
where &, acts diagonally on M (k) @ N®*(n).

The operations o and o provide as well G,,,q with a (non-braided) monoidal category
structure, with unit, in both cases, the G-module ¢/ which is [ in arity 1 and 0 in any other
arity.

REMINDER. An operad P is a monoid in the monoidal category (Spmod, 0, U). In
other words, P is a G-module endowed with morphisms n:U — P and pu:PoP — P
satisfying unitality and associativity axioms.

DEFINITION 2.3.12. Let M be an G-module. The Schur functor associated with M
is the endofunctor of the category of F-vector spaces, mapping V' to
SM, V) := P M) @ V™),
neN

where &, acts diagonally on M (n) ® V®". This endofunctor is denoted S(M).
Similarly, for all &-modules M, there is an endofunctor of the category of [F-vector
spaces, which maps V' to

LM, V) :i= M) @ Ve ©,

neN

where the action of &, is the same as before. This endofunctor is denoted I"(M).
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PROPOSITION ([9], Section 1.1.11). Given an operad P, the Schur functor S(P) is
endowed with a monad structure.

DEFINITION. Given an operad P, a P-algebra is an algebra over the monad S(P).

DEFINITION 2.3.13. An G-module M is said to be reduced (or connected) if
M(0)=0.

DEFINITION 2.3.14 ([9], Section 1.1.14). For all G-modules M and N, there is a
morphism of G-modules, which is natural in M and N, called the norm map or the trace
map:

Trpn : MoN — MGN,
inducing a natural transformation 7rx : S(M) — I'(M).

PROPOSITION ([9], Section 1.1.15). If N is reduced, then Tr nq_nr is an isomorphism.

PROPOSITION ([9], Section 1.1.18). The functor T'(P) is endowed with a monad
structure, whose unit and multiplication transformations are denoted by 1 and [i.

DEFINITION. Given a reduced operad P, a divided power P-algebra, or I"(P)-algebra,
is an algebra over the monad I'(P).

PROPOSITION ([9], Section 1.1.19). If P is a reduced operad, then Trp is a morphism
of monads.

PROPOSITION ([9], Section 1.1.1). If'F has characteristic 0, then Trp is an isomor-
phism.

Given a reduced operad P, the composition product of I (P) involves the isomorphism
Trp.p (see [9], Section 1.1.18 and Appendix A.1). According to the foregoing, a I"(P)-
algebra is also endowed with a structure of a P-algebra and, if the characteristic of the
ground field is 0, then those two structures coincide.

PROPOSITION 2.3.15 (See Appendix A.1). Let P be a reduced operad and V be an [F-
vector space. Denote by |1 : P o P — P the multiplication of P and by 1 : T'(P) o T'(P) —
['(P) the multiplication of the monad T (P). Consider an element t € T (P, I'(P, V)) of the
form

®r;
p

t= Z 0-xQ®0 - ® Z 0i-X;®0; -V )

0€6,/6, i=1 \0:€6,,/6,

with r € Comp,(n), x € P(n)®:, and for all i€ [p], q, € Compy (m;), x; € ’P(m[)Gzi and
Vi € (V®m)S4 One then has

wy () = Z ,u(x@[r ®x‘l®r1 ®...®x§’p]ni6;;.i)®7;.(v_1®r1 ®...®V_P®rp),
€6/ [, 6,16,

where M =rymy + - - - +1,mp, and

[r@x" @+ 01, oy € I @ Pm)®".
o
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PROPOSITION 2.3.16 ([10], Section 5.3.9). The fiee functor Set — F e, sending X to
the F-vector space spanned by X, extends to a functor F[-] : Op,,, — Opy.

3. Operations indexed by invariant elements. In this section, we describe the
category of I'(P)-algebras associated with a reduced operad P in terms of operations
parametrised by invariants elements of 7(n) under the action of Young subgroups of G,,.
These polynomial operations are to be seen as generalised divided power operations.

Formally, the goal of this section is to explain the definition of comparison functors
that fit in a diagram of the following form:

' (M)mod ~—r (P)alg >

FM< jGM o Jor

BM) <——B'(P)

where B(M) and B’(P) will be categories of vector spaces endowed with generalised
divided power operations, and to check that the vertical functors define isomorphisms of
categories.

In Section 3.1, we explain the definition of the categories S(M) and S'(M) with
full details and the definition of the functors F 4 and F'». The functor Fp endows any
' (P)-algebra with a generalised divided power algebra structure.

In Section 3.2, we explain the definition of the functors G, and Gp and we check that
these functors are inverse to F nq and F'p in order to complete the proof of our statement.

In Section 3.3, we examine the applications of our constructions to the case of the
commutative operad.

The main result of this section is Theorem 3.1.24, stated in the introduction of this
article as Theorem A.

3.1. Construction of the functors Foq and Fp. In this subsection, we define cat-
egories I'(M)moq and I'(P),1e of divided M-modules and divided P-algebras, as well as
categories (M) and B’(P), which have objects vector spaces endowed with polynomial
operations f, , indexed by compositions » € Comp, (n) of integers and invariant elements
of P, x € P(n)®:. One of the main results of this article is Theorem 3.1.24, which states
that I"(P)ag and B'(P) are isomorphic, and therefore, that the data of a divided power alge-
bra over an operad is equivalent to the data of generalised divided power operations on the
underlying vector space.

In this section, we will need the notation and definitions of Section 2.1 to deal with
compositions of integer and partitions of the set [#].

Let M and P be an G-module and a reduced operad.

DEFINITION 3.1.17. © The category I'(M)meq has objects (4, f) where 4 is an
[F-vector space and f is a linear morphism f : I'(M, 4) — 4. A morphism of I' (M )04
of the form (4, ) — (4, /") is a linear map g: 4 — A’ such that f' o (M, g) =gof.

e The category B(M) has objects (4, B), where 4 is an F-vector space and B, , is a
family of operations By, : 4*¥ — A, given for all r € Comp,(n) and x € M) ®:, and
which satisfy the relations:

(B1) Ber((@)i) = By ((ap—1))i) for all p € &,, where p* denotes the block
permutation with blocks of size (r;) associated with p.
(:82) /3x,(0,r|,r2,...,rp) (GO» ap, ..., ap) = ﬂx,(rl,rz ..... ) (alv e ap)~
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(B3) Ber(rar,az, ..., a,) =A"By (a1, ..., a,) VYreF.
(B4) 1If r € Comp, (n) and g € Comp(p), then

ﬂx,[(al’"'3a17a27""a2’"'9as7"‘7a_¥)
—— ————

q 92 qs
= ay,ay, ..., dg).
IB(ZUESEDL/GLUW)'EDK( 1, 42, ) S)

(,35) ,Bx,[(ao +ap, ..., ap) = Zl-&-m:m ,Bx,gol(l,m) (ao, ay, ..., ap)-
(B6) IBAH—y,z = )\ﬂx,g + IBy,z ,forallx, ye M(”)GL-
The operation (1) is a symmetry relation. Relations (82), (83) and (B1) express
the polynomiality of the operations, (84) could be regarded as a repetition reduction
relation, and (B6) asserts that 8, , depends linearly on x.
The morphisms in (M) are the linear maps compatible with the operations S, .
If (4, f) is an object of I'(M) o4, Or if (4, B) is an object of S(M), then the vector
space 4 is the underlying vector space of the object.

REMARK 3.1.18. If (4, B) is an object in the category B(M), the operations B, .
induce operations By : 4™ — A, for all partitions R € [1(r, ..., r,; n) and all x stable
under the action of Gg. Indeed, according to Remark 2.1.3, there exists t € G, such that
7(R) =r. Generally, the permutation 7 € &, such that t(R) =r is not unique. One can
define:

ﬁx.R(al7 ey ap) = ﬂr-x,[(als ey ap)’
which does not depend on the chosen .

REMARK 3.1.19. Relations (82), (83) and (B5) are expressed here by acting on the
first variable, but can be rewritten, thanks to Relation (81), to act on any other variable. For
example, from Relation (85), one deduces the equivalent relation:

(B5 bis) For all r € Comp, (n), and g € Comp,,(m),

Brr Zaivn-’zai = Z Brroth....k) (@1 - - ., Gm).

iegl ieip k; eCompql (71)yeees kl,eCompqp (rp)

DEFINITION 3.1.20.
e The category I"(P), is the category of algebras over the monad I'(P).
e The category B'(P) is the full subcategory of objects (4, B) of B(P) satisfying:

(B7a) iap,y(@) =a VaeA.
(B7b) Let r € Comp,(n), x € P(n)°* and for all i € [p], let g, € Compy (m)), x; €

P(m,-)Gﬂf and (bj)1<j<, € A*% Denote by b = (bj)iefp) jelr) and for alli € [p],
b,‘ = (bi,j)je[k,-]- Then:

,B)r,g(ﬂxngl (bl)v s IBXp,QP (bl’)) = IBZ: r~u(x®(®’.)

1)) st )

where r ¢ (4)ieip) is defined in Definitions 2.1.6, where B. yo(q ), 1 defined

in Remark 3.1.18 and where 7 ranges over S,o(g,,.,,,/([Tr2; &1, S,) in the
sum.

Relation (B7a) is a unit relation, and Relation (87b) is a composition relation.
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PROPOSITION 3.1.21. Let (4, [f) be an object of T'(M)meq. For all neN, all
compositions r € Comp,(n) and all x € M (n)®:, define:

Bey: AP >4

(ahzizp = f Z 0-XQ0 - (®ial®r")

0€6,/6,

The mapping (4, 1) — (4, B) extends to a functor Frq : I'(M)meq — B(M). In particular,
the operations B, . satisfy Relations (81) to (86) of Definition 3.1.17.

PROPOSITION 3.1.22. Let P be a reduced operad and (4, f) be an object of T (P)alg.
Then (A, B), as defined in Proposition 3.1.21, is an object of B'(P). Hence, Fq restricts
to a functor Fp : T'(P)ag — B'(P).

Proof of Proposition 3.1.21 and Proposition 3.1.22. Relations (81), (82), (83), (86)
and (B7a) are clear.
Relation (84) comes from the following fact:

Z g -X= Z g Z T-X.

0e6,/6, 0€6,/Gypr €65, /6y

Relation (B5) comes from the following fact:

(a+b)® = Z Z o - (@ ®b®m).

(I,m)yeComp, (1) 0€6,/6;x6S,,

Relation (B7b) makes sense, firstly because [T/_; &,,2 Sy S Sro(g):eyy» and secondly

poernT) -
because M(x ® [Zfeewwiem ITE 6,08, T ® (R, x; )]) is stable under the action of

Gro(q.)ie[p] :

It comes from the fact that, / being compatible with the multiplication /& of I'(P), we
have f o I'(P, f) =f o fig, Where fi4: T'(P, (P, A)) — I'(P, A) is the component of &
at A4, and hence, following Appendix A.1:

ﬁx,g(ﬁm,gl (bl)v cee lgxp,iu(bp)) =

®ri

P
i ik
Y ox0a- Q| D px®p- 07" @by
0e6,/6, i=1 pi€S6y; /Sy,

®ri

=f |t Z o-x®o0 - ® Z pi'xi®:0i'(bﬁq’l®"~®biiqm’)

066»1/1_[1 6;7 i=1 pi€6mi/6g[

» p
=f Z ol <x® |:®xl®”’:|> Qo - ®(bﬁ%‘1 QR -® bi‘ifh)@r, ’
i=1 i=1

~ P
€S, rimi/ [T 6/‘,'361,
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S v Y et <x® [@@])

0e6y, ri"i/GKO(Q,)ig[p] T€6£o<1[>i€lpj/(]_[f:1 6,726%) i=1

p
R0 -T- <®(b§’61i1 Q- ® b?;:]iki)@h))
i=1

= ’Bzr r~ﬂ(x®(®f:1 X?"’v))»fo(gl)ie[p] (bij)ie[p],je[k,-]- =
PROPOSITION 3.1.23. For any &-module M, the functor F g : T (M)moq = B(M) is
an isomorphism of categories.

THEOREM 3.1.24. For any reduced operad P, the functor Fp :T'(P)ag — B'(P) is
an isomorphism of categories.

Plan of the proof of Proposition 3.1.23 and Theorem 3.1.24. We want to construct the
functor Gq: B(M) = T'(M)mog, inverse of Fpq. Let (4, ) be an object of B(M).
Lemma 3.2.25 gives a decomposition of I'(M, A) as a direct sum. Definition 3.2.26
shows how to define a function f : I'(M, 4) — A from this decomposition, which is natu-
ral in (4, o). We thereby obtain a functor G o : (M) — I'(M)mod, and we readily check
that Gaq o Faq = idpmy,,, (Remark 3.2.27). Lemma 3.2.30 shows that Faq o Goq is the
identity of S(M).

To prove Theorem 3.1.24, let us furthermore assume that M =P is endowed with a
structure of reduced operad and that the operations «, , satisfy Relations ($7a) and (87b).
It is then enough to show that the morphism f* of Definition 3.2.26 endows A4 with the
structure of a ' (P)-algebra, which implies that G o restricts to a functor Gp : 8/(P) —
" (P)aig, which will be inverse to F'p. This is done in Lemmas 3.2.31 and 3.2.32. O

3.2. Technical lemmas. In this section, we give the construction of the functors G 4
and Gp, and we check that these functors are inverse to F'y and Fp following the argument
given in the plan of the proof of Proposition 3.1.23 and Theorem 3.1.24. Lemma 3.2.25
gives a decomposition of I'(M, 4) as a direct sum that depends on a choice of a totally
ordrered basis of 4. Definition 3.2.26 gives the definition of a morphism f": I'(M, 4) — 4
from that decomposition and the definition of G (. Lemmas 3.2.28 to 3.2.30 show that f
and so G4, does not depend on the choice of the basis of 4, and that G : B(M) —
['(M)mod 1s an inverse to F 4. Finally, Lemma 3.2.31 and Lemma 3.2.32 show that, in
the case where M =P is endowed with a structure of operad, G restricts to a functor
Gp : B'(P) = I'(P)a that is the inverse to F'p.

Let (4, @) be an object of (M), B be a totally ordered [F-vector space basis of 4.

LEMMA 3.2.25. The module T"(M, A) is isomorphic to the direct sum:

b M,

n,p,g,bl,...,bp

where n ranges over N, p ranges over [n], r ranges over the set Comp;,(n) ={re
Comp,,(n) : Vi € [p], ri > 0}, and by < - - - < b, € B. Moreover, the isomorphism is given by
the direct sum over ne N, p € [n], r € Comp;(n), and by < - - - < b, € B of the morphisms:

M) —T'(M, 4)

x > Z o-x®o-<®bf§”').

0eG,/6, i€[p]
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Proof. For all n € N, we can identify the &,-module 4%" with:

P mdg 1, @ @by,
purbib, )

where p ranges over [n], r ranges over Comp;(n), by<---<b,€eB, Indgf designates

the induced representation, and 7,(b%"' ® - - - ® b,(?r”) is the trivial &,-module spanned
by '@+ ® b,?r”. Remark that Indgr" TK(b?r1 R - ® bf?r”) is equal, as an &,-module,
to F[&,/6,1Q T(n (b?rl R & b?r”), where &, acts on &,/6, by translation. This G,-
module is a permutation representation with basis {o ® (b?r1 R ® bf?r”) 10 €6,/6,).
The identification Gap,z,bl,...,bp Indgz Tt(b?’l ® - ® bff’”’) = 4% s given by 0 ® (b?r‘ ®
@b =0 (BT ®--- @by

The module (M(n)®A%")S" decomposes as @p,z,bl,...,b,; (M(n) ®Indg:’
T,(by, ..., bp))G". Let peln]l,re Comp[;(n), and by <---<b,eB. Given an cle-
ment ¢ e M (n) ®Indgf T,(by, ..., by), there is a unique (Xo)secs,/s, € M(n)*16:/6:]
such that

t= Y x%®c B ® - ®b").
0e6,/6,

Suppose that t is invariant under the action of G,,. Then, for all t € G,,, the uniqueness of
(X5 )oes, /s, implies that T - X, = x;.5, and in particular, if T € &,, then 7 - x; = x,. Finally,
we have t = ZUE@/GL 0 Xig Q0 - (Q); bl@r‘), where id € 6,/G, is the class of the neutral
element. Hence, an element x € M (1) ©- uniquely determines the element

Y ox®0- (@ b;@’f) € (M) ® Indg' T, by, . .., b)) O

0€6,/6,
DEFINITION 3.2.26. Given (4, «) an object of S(M), there is a linear map:
E (M, 4) — 4
t= Zae@n/qo XQ0 - (®, bl@") >y (b1, ..., By)
Denote by Gaq(4, @) := (4, f).

REMARK 3.2.27. Indeed, the expression of f is linear in x € M (). With this defi-
nition, it is clear that if Gaq(Faq(4, g)) = Gam(4, @) = (4, ), then f = g, for f and g are
linear and are equal on each factor of the decomposition of I'(M, A4) as a direct sum given
by Lemma 3.2.25.

To prove that this extends to a functor G : B(M) — I'(M)eq Which is inverse to
F ,q, one has to show that Fy( o G is the identity of S(M) and that G is actually a
functor, that is, the construction of /" does not depend on the basis B of 4 used. For that, let
(A4, B) =F (A4, f) where f is the morphism of Definition 3.2.26. The next lemmas show
that &, = B, for all € Comp, (n) and x € M (n)®".

It is clear that, for all » € Comp,(n), all by <--- <b,eBandallxe M),

Ber(bi, ..., by) =0 (b1, ..., by) =1 (D) 3.1)
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LEMMA 3.2.28. For r € Comp,(n), for (bi)1<i<p € B*F pairwise distinct and for x €
M (n)®:, we have the equality:

Brr(bi)i = atx (b));. (3.2)

Proof. There exists a permutation p € G, such that p - (;); is ordered, and

Relation (81 Equation (3.1
IBx,g(bi)i = (IB ),Bp*-x,[/’ (b,o‘](i))i a = ( )ap*-x,[/’ (bp‘](i))i
Relation (B1
= b )axﬁg(bi)i- O

LEMMA 3.2.29. Equality (3.2) holds for r € Comp,(n), for (b;)1<i<p € B*F and for
x e M(n)®:.

Proof. According to Lemma 3.2.28, (b;); can be sorted in order to obtain only con-
secutive repetitions. Yet, if g € Comp,(p) and if (b4, ..., by) € B*® are pairwise distinct,
then:

Relation (84)
ﬂx.g(bla -~-,b1, ~-~7bs7 --wbs) = ZOGGgDL/SLU'x’QDZ(bl’ bz, ~-~7bp)
qi qs
Lemma 3.2.28
= ZUEGqDZ/GLU'x’gDZ(bI’ by, ..., by)
Relation (B4
= (IB )ax,(rl ..... r,,)(blv~'~sbl"~,st-~-vbs)- O
N e’ e e’
q1 qs

LEMMA 3.2.30. Equality (3.2) holds for re Comp,(n), (bi,...,by) €A™’ and
x € M(n)®:. The definition of f does not depend on the choice of B, and F o0 Gy =
idgmy.

Proof. Fori € [p], let us write b; in the basis B as

ki
b,’ = Z )LUXU
J=1

Set X = (xij)ie[p]ng[ki] and AX = ()\-l"]‘xiyj)ie[p]ng[k[]. One has

Relation (85 bis)
ﬂx,g(b] s ey bp) = Z ﬂx,go(gl ..... Zp)(AX)
q,€Compy, (r1),..., ZﬂeComka ()
Relation (83) G
qij
= ) [TTT4 | Berotgynqp @O
gleCompkl (rl),...,gpeCompkp (rp) \\i=1 j=1
Lemma 3.2.29 L
emma 5.2. 9
= > [TITH | eeretgy.nq) @0
gleCOmpkl [(SD ZpeCompkp (rp) \\i=1 j=1

Relati t i
clations (B3) et (BSbis) |\ -

According to Lemma 3.2.30, the map f does not depend on the choice of B and the
resulting functor G is indeed an inverse to F . Hence, Proposition 3.1.23 is proven.
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To prove Theorem 3.1.24, let us assume that M =P is endowed with the structure of a
reduced operad, and let us show that G o restricts to a functor '(P) — I'(P)ai,. Denote by
n and p the unit and multiplication of S(P), and by 77 and i those of I'(P) (Appendix A.1
gives the full expression of fi).

LEMMA 3.2.31. The map f is compatible with 1.
Proof. Indeed, using Relation (87a):
fon(a)=flidp ® a) = digp,1)(a) =a. O
LEMMA 3.2.32. The map f is compatible with 1.
Proof. Let us check that the following diagram commutes:

TP. TP, A) — L 1P, 4

w| !

(P, 4) 7 A

A generic element of I'(P, '(P, 4)) is of the form:
p
t:= Z 0-xQ®0 - <®tl®r‘>,
0e6,/6, i=1

where &, C Stab(x) and where, for all i € [p],

t = Z o-x®0 - ®a®q" ,

0€6,, /6,

with q,€ Compy, (n;) and &, < Stab(x;).
Set q 1= = (@) ielp) jels,] and, forall i € [p], a; := (ajj)je[s;)- On one hand:

[oT(P.NH=/| D o-x&0- <®f(t,~)®")

0e6,/6,

:le,r(axl,g] (al)v ey ax,,,gp (ap))s
which is equal, according to Relation (87b), to

azrec I‘M(x®[®ix;®ri])’lo(gl """ Zs)

On the other hand, setting // := &, ... 4 ), One has
= £

~~~~~~

P
fops()=f Z ar.(u <x®|:®xl®”:|>)
@0V, /H) ¥ (H/ TT; &,2([T; S i=1

Qr;
(&(®

i=1
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Following the same computation as in the proof of Relation (87b) of Proposition 3.1.22
(page 488), one gets

Jopa®)= Y 6 TSR, 5 1),ro(q, 4 )(a). D

3.3. Example: the operad Com. In this section, we check how our description of
the structure of a I'(/P)-algebra applies in the particular case P = Com. We retrieve the
classical definition of divided power operations on commutative algebras, as given by H.
Cartan in [1].

DEFINITION 3.3.33. A divided power algebra is an associative and commutative
algebra A4 equipped, for every integer n € N, of an operation y, : 4 — A satisfying:

(C1) yu(ra) = A"y,(a) foralla € 4; and A € .

(C2) Ym(@yn(@) = (""")Ymsn(a) forall a € A.

(C3) yula+b) = yu(@ + (12 Y@ yui(®)) + yu(b) forallac 4, b € A.
(C4) y1(a) =aforall a e A.

(C5) vu(ab) =n'y,(@)y,(b) = a"y,(b) =y, ()b foralla € A, b € A.

(C6) Ym(yn(a)) = -y, . (a) forall a € A.

m!(nH)"
A morphism between divided power algebras is an algebra morphism compatible with the
operations y,,.

Recall that the operad Com is an operad defined, in terms of G-modules, as

0, ifn=0,
Com(n) :=
[ (trivial representation), ifn #0.

One can apply Theorem 3.1.24 on it. The category of I"(Com)-algebras is isomorphic to
the category of [F-vector spaces A equipped with operations By, , for all n € N and A € [.
Using the relations of Definition 3.1.20, it can be shown that the family of operations
(Yu)neN 1= (Bx,,m)neN endows A with a structure of divided power algebra, with multi-
plication the operation By, (1.1). Conversely, on any divided power algebra (4, y) one can
create a family of operations B, . by setting, for all » € Comp,,(n) all (a;)ie[p), and A € F,

Bux,rar, ... a) =] ] vl (3.3)
i€lp]
For other modern surveys on divided power algebras, see [11], Section 3, [12], Section 2
and [9], Section 1.2.2.

4. From invariants to coinvariants. The aim of this section is to improve the char-
acterisation of I"(P)-algebras given by Theorem 3.1.24 in the case where P is a reduced
operad spanned by a set operad.

Formally, the goal of this section is to explain the definition of comparison functors
that fit in a diagram of the following form:

BM) <—B'(P) .

y (M) <—y"(P)
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where the vertical functors will be shown to be isomorphisms under the right assump-
tions. Here, B(M) and g'(P) are the categories of generalised divided power modules and
algebras defined in Section 3.1. The categories y (M) and y’(P) will be similar to the cat-
egories B(M) and B'(P) in that they have objects vector spaces endowed with polynomial
operations subject to a list of relations, except that the family of operations considered and
the list of relations will be somewhat smaller and easier to manipulate.

In Section 4.1, we explain the definition of the categories y (M) and y’(P) in full
details, we give the definition of the functors P4 and Pp, and we show that, when M
is endowed with a basis stable under the action of the symmetric groups, and when P is
spanned by a set operad, these functors are isomorphisms of categories. This is the result
of Theorem 4.1.42. Together with Theorem 3.1.24, this result implies Theorem B as stated
in the introduction of this article.

In Section 4.2, we study the compatibility of the isomorphisms Og of Section 2.2,
depending on a finite group G, with the properties of restriction to and induction from a
subgroup of G. We construct morphisms that are used to prove Theorem 4.1.42.

In Section 4.3, we give a very brief summary of the results obtained in Section 3 and
Section 4.

4.1. Construction of the functors Poq and Pp. In this subsection, we consider
the particular case of an &-module M endowed with a basis B stable by permutation,
and the case of a reduced operad P spanned by a set operad 5 ( that is, P =[F[/5]
as in Proposition 2.3.16). We define categories y (M) and y’(P), which are similar to
the categories B(M) and B'(P) of Section 3 in that they have objects vector spaces
endowed with polynomial operations yqy, , satisfying some relations, except that these
operations are now indexed by r e Comp;,(n) and [x], € M(n)s,. We then construct a
pair of functors Ppq : B(M) — y (M) and Pp : B'(P) — y'(P). The main result of this
section is Theorem 4.1.42, which states that these functors are isomorphisms of cate-
gories with inverse functors O and Op. The proof of Theorem 4.1.42 uses results from
Section 4.2. Composed with the isomorphisms F 4 and Fp of Section 3, these functors
give a refined characterisation of I' (M)-modules and I' (P)-algebras as generalised divided
power algebras.

In this section, we will use the definitions and notation defined in Section 2.1,
Section 2.2 and in Section 3.1.

DEFINITION 4.1.34. Let M be an G-module such that, for all ne N, M(n) is
endowed with a basis 5(n) stable under the action of G,,. The category y (M) has objects
(4, y), where A4 is an F-vector space, and y, , is a family of operations yjy, ,: 47 — 4,
where r € Comp,, (n) and [x], € &,\B(n), and which satisfy: )

D Y@, oos @) = Viprade o (@p-11ys - -+ Api(p) forall p € Gy, forall p € G,
where p* stands for the block permutation of blocks of size (r;) associated with p.
()/2) y[x](o,rl.rz,....rp),(O,rl,rz,m,rp) (ao, ar, - -, ap) = )/[x](,.lv_,_,,p,,(rl,rz ,,,,, ) (ap, ..., ap).
v3) Vi,r(rai, az, ..., ap) =2y, (a1, ... a) YAeR
(y4) Letr € Comp,(n), g € Comp,(p) and x € B(n). Then:
y[X]L,K(alv"'valaazv"'3a27"'7as7"'1a5)
—_— — S————
q1 q2 qs
[Stabyer ()|
= — dy, dyy, oo, dg).
[Sab, o ) Ve o @)
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V)

y[x]M(QO +ap,a, ..., ap) = Z Z y[ylgol(/,m)vlol(lvm) (a(), ap, ..., ap)-

Hm=r1 [Ylro; 1.m) €S oy 1m) \ Qs (¥)

Relation (y 1) is a symmetry relation, Relations (y2), (3) and (y5) express the polynomi-
ality of the operations, and (y4) could be regarded as a repetition reduction relation.
The morphisms of y (M) are the linear maps which are compatible with the operations

y[x]pK'
NOTATION. Objects of y (M) will be denoted as couples (4, y), where 4 is an [F-

vector space and y is a family of operations yyy,,, : 4*¥ — A4 with r € Comp,,(n) and [x], €
&, \B(n).

REMARK 4.1.35. This definition depends on the chosen basis B of M. However, there
is an isomorphism of categories between two categories y (M) coming from two different
bases of the same M stable under the actions of &,,. The proof of this fact is in the proof
of Theorem 4.1.42.

REMARK 4.1.36. Those operations induce, for all, » € Comp,(n), R € I1(r; n) and all
[x]r € Gr\B(n), an operation Yy, .z : A*¥ — A. Indeed, according to Remark 2.1.3, there
exists T € S, such that 7 (R) =r. We set:

Vol R(@1s « - s @p) = Vira,r(@r, - - o, ap).

This does not depend on the choice of 7.

DEFINITION 4.1.37. Let B be a set operad and P = F[] be the operad spanned by 15,
as described in 2.3.16. Suppose that P is reduced. Let y'(P) be the full subcategory of
y (P) of objects (4, y) satisfying:

(y62) Yiap.(1y(a) =a, forall a € 4.
(y6b) Let r € Comp,(n), x € B(n) and, for all i € [p], let q, € Comp, (m;), x; € B(m;)
and a; = (ay)jerr) € AN Set a = (ai)ieqpy jeir- Then:

Vil (Vi g, (@10 - -+ Vil g (@) =

Stab{@(gi)ie[p] </~’L (x ® (®f=1 x;XWi))) ‘

- P
Ti (@R, x; r’))]m(qv)ie[p] 10(gi)ielp)
4;

[Staby ()| Ty [Staby, (x)

is defined in Remark 4.1.36.

where
]/[ ro(gi)ielp)

m <x® (®, x?r' ))]

ro@ielp)

REMARK 4.1.38. Relation (y4) is equivalent to the following relation, which is a
priori weaker:

V[x](,o.,l,_m,p),g(al ’ al ’ aza AR ap) =

|Stab(ro+r1 235 Tp) (x) ’
|Stab(r0,r1 ..... ) (x) |

[X](r0+rl,rz.ra.....r'p)v(V0+rlqr21r3v--vrp)(al’ s ).

Indeed, Relation (y4) is deduced from this one by iterating it, and using Relation (y 1).
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LEMMA 4.1.39. Let M be an S-module, endowed, for all n € N, with a basis B(n)
stable under the action of &,. Then the operations Bo, (y1,).» Where Og, is the morphism
of Section 2.2 and [y], € &,\B(n), generate all the operations P ..

Proof. Relation (B86) implies that any basis of M (n)®: furnishes generating opera-
tions. The Lemma of Section 2.2 shows that &,\B(n) is a basis for M(n)g,, and that
Os, : M(n)s, — M (n)®: is an isomorphism. O

PROPOSITION 4.1.40. Let (A, B) be an object of B(M). Let us set, for all re
Comp, (n) and all [x], € &,\B(n):

Yixlr = BO,(1x1,).r (4.1)
where Og, : M(n)s, — M (n)®: is defined in Section 2.2. This gives a functor

Py BM) = yM)
A, B) =My

PROPOSITION 4.1.41. Let M be an S-module such that, for all ne N, M(n) is
endowed with a basis B(n) that is stable under the action of &,. The functor P, is an
isomorphism of categories.

THEOREM 4.1.42. If P is a reduced operad spanned by a set operad B (i.e. P =
F[B]), then the functor Pp restricts to a functor Pp : B'(P) — y'(P) and the latter is an
isomorphism of categories.

Proof of Proposition 4.1.40, Proposition 4.1.41 and Theorem 4.1.42.
For this proof, we will need Proposition 4.2.43, Proposition 4.2.44 and Proposition 4.2.45.
Let (4, B) be an object of S(M). The operations 8 satisfy Relations (1), (82) and (83)
of Definition 3.1.17, which, through Equation (4.1), translate into (y 1), (y2) and (y3). To
translate Relation (84), observe that

y[x],.[(ala"'aalaa27"'7a27"'aaSa'-'9aS)
T ——— — ——— ~———
q1 92 qs
=ﬂo(m),(a1,---,al,az,.-.,az,-.-,as,---,as)
A L B e —~———
q1 92 qs
= ay,ay, ..., da
P(Srecponre, 7 0u(11). qir @ B0 @)

Proposition 4.2.43 then implies

Vi (@i, ...,a,az, ..., a0, ..., A, ..., 05) =
T ————— ——— —
q1 q2 qs
ﬁOGﬂDK(IndEDE([x]L))v g|>K(al’ a21 LR ] aS)
‘Smbqw(x)
= _— ﬁ(’):, Os . r,[>(a116121"'7a)
|Stab£(x)| Sy (O, ((Xlger)), g1 s
‘Stabgw(x) ‘
= W Yl gor (@15 @2, - o5 )
r
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To translate Relation (85), observe that
Y, (@0 +ai, az, . .., ap) = Pog, (.0 (a0 +ar, az, .., ap)

= Z Bos, (x1).ro1tm (@0, a1, - ..., ap)
I4+m=ry

Proposition 4.2.44 then implies

a ay,ay, ...,ad,) = E - ap, dy, ..., d
V[x]m( 0 + 1, €42, ) p) '306501(Lm)mmiol(1,n1)([-‘1"))~ﬁ°1<’-'”’( 0, 41, ) p)

I+m=r,

= Z Z B O 0, (1) Wlgo (21 (a, ar, ..., ap)

I+m=r1 [Ylro; t.m) €S roy 1m) \ R, (%)

= Z Z Yoy tmysror (1m) (ao, ay, ..., ap).

l+m=r1 [Vl 1,m) €S roy 1, \ L&, (X)

Assuming that M =P =[F[B] and that (4, B) is an object of B'(P), then Relation
(B7a) of Definition 3.1.20 translates into (y6a) and, to translate Relation (87b), observe
that

V[X]L,K(V[xl]il 4, (ar), ..., V[x,,]%,gp (ap))

= Boe, @1 (Bos,, (i, ).q, @) - - Poe, (l)q, (ap))

= a 9
Ps, vu(0s, (IIO@L, Os,, <[x,]$>>),go<gi)‘rew]( )

where 7 ranges over S, ()., /([T &1, S, ). Proposition 4.2.45 implies

J’[x]bg()/[xl]g1 a, (@5 Vi, g, (ay)) =By, O g, (W X1 1g).ro(g e (@).

9,

Proposition 4.2.43 implies
y[x]i,l(y[xl]il 4, (@, ..., V[x,,]%,gp (ap)) =

’Stabfo(gi)ie[p] (M(X & (®f:l x;@rl))))
7 Vnee@, )]

10(qi)ielp)

[Stab, )| TT0_y |Staby (x)

rol4pielp]

Thus, Paq(A4, B) is an object of y (M) and Pp(4, B) is an object of y’(P). It is natural in
(4, B) if M and its basis B are fixed.

Let us construct an inverse functor. According to Lemma 4.1.39, it is sufficient to
define the operations Bo, (1,).- for x ranging over &,\B(n). Then, setting:

Bos,@.r = Yirl,.rs

one obtains a functor O : y (M) — B(M) which restricts to a functor Op : y'(P) —
B’ (P). Indeed, we already checked that Relations (y 1) to (y 6b) are equivalent to Relations
(B1) to (B7b). Moreover, those functors are clearly inverse to P rq 3 and Pp g, respectively.
Furthermore, since S(M) and B'(P) do not depend on the choice of 3, then changing
the chosen basis would not change the isomorphism class of the category S(M), which
justifies a posteriori our choice to name the categories without referring to the chosen
basis. O
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4.2. Technical results on the map O. In this subsection, we investigate the com-
patibility of the isomorphism Og defined in Section 2.2, and which depends on a finite
group G, with the functorial properties for group representations of induction from and
restriction to a subgroup H of G. We define morphisms that we suggestively call /nd and
Res, with the appropriate groups as index, that are used in the proof of Theorem 4.1.42.

Let G be a finite group acting on a set X, let H be a subgroup of G. Recall that there is
a unique ring morphism Z — [F, that will be denoted n — nf. Recall also that Section 2.2
gives a linear isomorphism F[G\X] = F[X]g, so that G\ X represents a basis of F[X]¢.

PROPOSITION 4.2.43. Consider the morphism Indg :F[ X1y — F[X]g induced by

Indg([x]H) = (%)F[x]g. The following diagram is commutative:

FLX Ty —2 FLX]

Ind,(jl lng(;/H gid
FIXIg —5 FIXIO

Proof. Given two elements x, y of X, if x and y are in the same class under the action of
H, then they are in the same class under the action of G. Moreover, Staby (x) and Staby (y)
are conjugated, and so are Stabg(x) and Stab(y). Hence, the map F[X] — F[X]s sending

x to (:gﬁgiiﬁg:)F[x]G passes to the quotient by H. For [x]y € H\X, one has

Y g Oum=> g Y. hex

geG/H geG/H  heH /Staby (x)

- Y g

g€G/Staby (x)

= Z g Z hx

geG/Stabg(x) heStabg (x)/Staby (x)
|Stabg (x)|
o (St 1), :
|Staby (x)| /¢
PROPOSITION 4.2.44. Let x € X. The orbit of x under the action of G, denoted
Qs (x), is equipped with an action of H induced by that of G. There is an injec-

tion H\Qg(x) — H\X. Consider the morphism Resg :FlX]g — F[ X1y induced by
Resfl([x]G) = Zye maow Y- The following diagram is commutative:

FLX]e —2%> FLXTO .

Resg l

FLX1y —5—~ FLX)

Proof. This proposition follows from the following identities:

ou| Y. v|l= Y. ou= ). Y z= ) z=0xle. O

yeH\Qq(x) yeH\ Qg (x) yeH\Qqg(x) zeQy () zeQg(x)
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PROPOSITION 4.2.45. Let P be an operad spanned by a set operad B. Let r €
Comp,(n) and, for all i€lpl, let n;eN, and H; a subgroup of &,,. Let x € B(n)

and, for all i€lp), let x;€Bn). The morphism 1’ P(e, ® (@,P)f")
P (Zl ”i”i)]—[p_ &, induced by

Stabrp &, a1 (00 ® (Q; 7))
w'(x (xp)) = ‘ — ‘ " (x ® <® x,®r">>,
F

|Stabe, ()| TT; |Stabu, (x)|"
makes the following diagram commute:

06,8(®, 05 -
Pms, ® (®,~(7’(ni)}‘3,’ N) ——————= P @ (Q,((P(n))®r))

| ]

P (2 rimi) " &, o P (X rims) S

M) SrpH;

Proof. Set H := Stab]—[/::l &, (u,(x ® (R, x?"))). One has

n (OG,(X) ® <® Ow, (Xi)®ri>)
l Qr;
=u Yoo ogx|e|® > hex

2€6,/Stabss, (x) i \hieH,/Staby, (x;)

e Zn (@)
ge([T-, &,;2H;)/Stabs, (N[ ; Staby, (x;) i
_ Y X h-,u(x@(@x?"’))

ge(1, &, H)y/H  heH[Stabe, (R[], Staby, (x;) i

= > g s ()

ge([T, &,;H)/H

Since Stabyy | &, 1, (LG ® (®, X)) = Stabyp | &, 1, (0x; (x1):)), one gets
n (OG,(X) ® (® O, (xl-)@’f)) =0y &, (G (X)) O

4.3. Summary. For P = [[B] an operad spanned by a set operad B, Theorem 3.1.24
and Theorem 4.1.42 give isomorphisms among the categories I"(P),1q, 8'(P) and y'(P).
For 4 an [F-vector space, this translates to an equivalence between the data of a morphism
f:T(P,A) — A compatible with the monad structure of I"(P), with the two equivalent
data of either:
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e operations B, . such that, for all r € Comp,,(n), x € P1n)®r and (@) 1<i<p € AP

P
ﬂx,g(al,...,ap):f Z G'X®G~<®a?) ’
i=1

0e6,/6,

or,
* operations y; . such that, for all » € Comp,(n), x € B(n)s, and (a;)1<i<p € 4™

P
M@ @)=/ | ) 0O, @0 (@ a?’)
i=1

0€6,/6,

5. The Operad Lev. In this section we give a characterisation of I"(Lev)-algebras.

In Section 5.1, we recall the basic definitions and notation regarding level algebras and
the operad governing this structure.

In Section 5.2, we define the category Step of vector spaces A endowed with polyno-
mial operations ¢y, : 4*? — A4 indexed by the functions / : [n] — N that are constant on
each part of the partition 7 of # and satisfying ), 2,,% =1, subject to a list of relations.
Theorem 5.2.59 states that the categories Step and I'(Lev),) are isomorphic.

In Section 5.3, we give the proof of Theorem 5.2.59 by constructing an explicit pair
of functors U : y’(Lev) — Step and V : Step — y'(Lev), and proving that these functors are
inverse to each other. The functor U equips any I"(Lev)-algebra with an explicit family of
polynomial operations.

5.1. Level algebras: definitions. In this Subsection, we recall the definition of a
level algebra, as given by D. Chataur and M. Livernet in [5], following the definition of a
depth algebra given by D.M. Davis in [6], and we recall a construction of the operad Lev of
level algebras, due to M. Livernet. We will use definitions and notation from Section 2.1.

DEFINITION 5.1.46 (Chataur and Livernet, [5]). A level algebra is an [F-vector
space A equipped with a bilinear operation * which is commutative (but not necessarily
associative), satisfying:

Y(a,b,c,d) €A* (axb)*(cxd)=(axc)*(bx*d).

NOTATION 5.1.47. For n a positive integer, let L(n) be the set of partitions / = (1;) ;>0

of [n] satisfying ) ",y g—‘ = 1. The set L£(n) is endowed with the action of &, on partitions

(see Remark 2.1.3). For I € L(n), J € L(m) and i € [n], there is a unique k € N such that
i € I} and a unique increasing bijection:

b:[n\{i}—>{1,...,i—1}U{i+m,...,n4+m—1}.
The partition / o; J of [n + m — 1] is defined, for j > 0, by
b)), if j<k,
(Toi)j:i=1 b \{iHDUJy+i—1, if j=k,
bU)UJ+i—1, if j>k.

LEMMA 5.1.48. The partition I o;J is in L(m +n — 1).
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NOTATION 5.1.49. Set 1. :=({1},9,9,...) e L(1).

REMARK 5.1.50. The set L£(n) is in bijection with the set £'(n) of maps 4 : [n] — N
satisfying >, % = 1. The bijection £(n) — £'(n) associates I to the map I/, which
sends x € [n] to the unique j € N such that x € J;. Tts inverse L'(n) — L(n) sends & to the
partition 4" := (h~'(j))jen of [n]. From the action of &, on L(n) one deduces o - h(x) =
h(oc~'(x)) and, for h € L' (n), g € L (m) and i € [n]:

h(x), if xe{l,...,i—1},
(hoi@)x) =1 h(i) +g(x—i+1), if xefi,...,m+i—1},
h(x —m+1), if xeli+m,...,n+m—1}.

The unit of this operation is the map 1, : [1] — N that sends 1 to 0.

PROPOSITION 5.1.51. The family (L(n)),en, along with the operations o; : L(m) X
L(n) — L(m+n — 1) for i € [m] and with 1., forms a set operad denoted by L.

For I € L(n), denote by o(/) the height of /, that is the smallest j € N such that for
all i >j, I; =@. If h € L'(n), then o(h) is the maximum of 4. Note that, here, because the
partitions / € Lev(n) are indexed from 0, / can be considered as an ordered partition of [7]
into o(n) + 1 parts.

DEFINITION 5.1.52. Lev is the operad spanned by L, that is Lev = [F[L], where the
operad [F[B] for a set operad B is defined in Proposition 2.3.16.

PROPOSITION 5.1.53. The category of Lev-algebras is exactly the category of level
algebras.

5.2. Characterisation of divided power Lev-algebras. In this subsection, we give
our notation for certain representatives of coinvariant elements of the operad Lev, then we
give a definition of a category Step of vector spaces equipped with polynomial operations
indexed by these coinvariant elements. The result of Theorem 5.2.59 gives a characteri-
sation of I"(Lev)-algebras. More precisely, the operad Lev being spanned by a set operad,
Theorem 3.1.24 and Theorem 4.1.42 give an isomorphism between I" (Lev)ag and y’(Lev),
and Theorem 5.2.59 states that y’(Lev) is isomorphic to Step.

In this subsection, the definitions and notation of Section 2.1 will be broadly used.

NOTATION 5.2.54.
e Forall/ € L(n), recall that &; =[],y &, Note that &; = Stab([).
e For all R € TI(r, n), Cg is the set of maps % : [n] — N which are constant on the sets R;
for all i and satisfy > ", 5tz = 1. There is an inclusion Cg C £'(n). For all refinements
Q of R, there is an inclusion a)g : Cr = Cy (sometimes denoted w, when partitions R and
O can be deduced from the context). For R € T1(z, n) and p € &,, there is a bijection:

CR — Cp.R

h +—p"-h,
with p* € &, the block permutation deduced from p whose blocks have size ry, .. ., 7.
Recall that there is a map ¢ : Comp),(n) <> I1,,(n) which identifies r = (r1, ..., r,) with

the partition ¢(r) such that Ry ={ri+---+r—1+1,....r1+---+r—1 +r}. We
will abuse notation and use the expression C, for C,).

https://doi.org/10.1017/50017089519000223 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000223

502 SACHA IKONICOFF

e Every[/4], € 6,\L(n) has a unique representative 4 which is non-decreasing on each r,,
and the composition 7 A h € Comp,;1.1), (1) (see 2.1.6) satisfies Stab, (h) = Sy

e The next propositions will involve operations of the type ¢ ,: 4*? — A, indexed by
r € Comp,,(n) and / € C,. These operations also induce operations ¢, g : 4™” — A for all
partitions R € T1(r, n) and % € Cg. Indeed, following Remark 2.1.3, there exists 7 € S,
such that 7 (R) = r and one defines:

h,R Is ooy p‘= 'L"h,l | EREICIRIT P/
bnrla ap) =P r(a ap)

which does not depend on the chosen 7.

REMARK 5.2.55. The partial order on the set of compositions of n, given by r < ¢ if
and only if ¢ is a refinement of r, induces a partial order on the set {C,} where r ranges
over the compositions of z. This partial order is the inclusion order. The minimal element
is C(n), which is empty, unless n = 2% with & € N, in which case it only contains the con-
stant function equal to k. The maximal element is C;, (d, being the discrete composition
(1, ..., 1)), which is equal to £'(n).

~——

n

DEFINITION 5.2.56. A step algebra (4, ¢) is an [F-vector space 4 equipped, for all
r € Comp),(n) and & € C,, with an operation:

Gy AP —> A

satisfying the following relations:

(S1) @prpe@pirys -« o5 Apip) = Onr(ar, ..., ap).

(52) Pn.o.r...rp(@o, ars - - -5 ap) = Gn.ry...r (@1 - -, ap).

(S3) ¢>h,5()\a1, ay, ..., ap) = )»”th,z(al, ey ap).

(S4) (N)nrlar, ... ap) = Dt g Woror ) (@15 A1, G2, - - ) for all I me
Comp,(r).

(SS) ¢h.£(a + bv az, ..., a[’) = Zl+m=r1 ¢w:§ol“vm)(h),£ol(l,m) (av bv az, ..., ap)~

(S6) ¢1,.,.1y(a) =a.

(S7) Letre Compp(n) and for all i € [p], let q; € Compy, (m;). The

bn.r(Dgi.q (@ip)jetk))iclp) =

1_[ 1 (rigip)! (@) ictol i
. Y (R, [®:—i) i ij)ielpljelkils
et " \ etk (g5 1 (1@ 7). rotq e

where ¢ is defined in the last item of 5.2.54.

1 (h®(® ey 7)) ro(g et
A morphism of step algebras f': 4 — A’ is a linear map f : 4 — A’ satisfying, for all
r € Comp,,(n), allheC,andallay,...,a,€A4,

S (@nrlar, ... ap) =¢n,(f(@).....[(@)).

Step algebras and their morphisms form a category denoted by Step.

REMARK 5.2.57. Relation (S7) makes sense, because u(h ® (®i€[p] g,® r")) is constant

on < (g )iepp)-
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REMARK 5.2.58. Relations (S2) to (S5) are expressed here by acting on the first vari-
able, but can be rewritten, thanks to Relation (S1), as acting on another variable (in a similar
way as in Remark 3.1.19).

THEOREM 5.2.59. There is an isomorphism of categories:
I'(Lev)ay — Step.

Proof. Since Lev = [F[L], we can apply Theorem 3.1.24 and Theorem 4.1.42 to obtain
an isomorphism I' (Lev),;; — ¥’ (Lev). The next section proves in four steps that there is an
isomorphism y’(Lev) — Step. U

5.3. Proof of Theorem 5.2.59. In this subsection, we develop the proof of
Theorem 5.2.59, by constructing an explicit pair of isomorphisms of categories U :
y'(Lev) <> Step and V :Step — y’(Lev). The definitions and notation introduced in
Sections 5.2 and 2.1 will be broadly used.

STEP 1: CONSTRUCTION OF A FUNCTOR U : y'(Lev) — Step
Let (4, y) be an object of y'(Lev). For r € Comp, (n) and i € C,, set:
On.r = Yy, (5.1

Let us show that (4, ¢) is a step algebra.
Relations (S1), (S2) and (S3) follow directly from Relations (¢ 1), (y2) and (y3). Let
us show that Relation (S4) is satisfied. By definition, one has

r r
<Z><ph,,(a1, ceap) = <l>y[hp]h,(a1, cosap).

Since h € C,, we have &,,,(,m) € &, C Stab(h) and

|Stab, (W] |6, <r1>
|Stab[ol(l,m)(hp)| B |6501(1,m)| - ) )

Thus, using Relation (y4), we get:

r
/ O (@1, -y Ap) = Vi), yror ) (@15 A1, G2, s Gp),

which is equal to 7 ) vo,0m (@1, @1, @2, . . ., ap). Let us show Relation (S5):

o) (m)

onr(atb,ro, .. rp) =yury,(@tb,ra, ... 1)

Relation (y5)
= Z Z y[]][ol(l,m)ﬂlol(l‘m) (a7 b’ @2reees ap).
I4+m=ry ]EGKQHl.n:)\QGL(hP)

One has Qe, (h") = {h"} for &, C Stab(h), thus:

(ph,ﬂ(a + b? r27 IR rp) = Z V[h"’]@l(;,m),go](l,m)(aa bv a27 ceey ap)
I+m=r,

=, Pa o1t (@ by a2, ap).

I+m=ry
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Relation (S6) follows directly from (y6a). Let us finally show Relation (S7):
Phr(Pg..q (i) jeti)ictp) = J/[hp]b[(y[g{)]ﬂl_ 4, (@) jetk))ielp)»
which is equal, according to (y 6b), to
‘Smbm(gi)isw (nthe Q@ &) ’
|Stab, ()| T, ‘Stabgl_ (g)"

oy (aprep et
y[u(h®(®?:l g;@x)) ] ro(giielp) jlielplyetkl

ro@ielpl

Since heC, and, for all ie[p], g € Cg‘, then &, C Stab(h) and &, C Stab(g;) and,
according to Remark 5.2.57, G, ) < Stab (,u (h ® (®f,’:1 g?"'))) It follows that

l

®r;
‘Stabf“ii)iew (nh® Q- & )))‘ ‘610(2)"5“’1‘ 1_[ l 1_[ (rigi)!
. - T ) A ’

|Stab, ()| T, ‘Stabgl_(gi)"‘ |6, x [Ticipy ‘6@. ietpl " \jetk) @5")

and
ai)ielpljelh] = @)oot 11
y[ﬂ("®(®f:1g§r"))q ~£<>(ql-),e[p1( ielpliet (p“(h®(®iemg§®'))’fo(iv)felﬂl( icpletk]
roldielp)

Thus (4, @) is a step algebra. Moreover, if (4, y) and (4', y) are two objects in y’(Lev) and
if f: 4 — A’ is a morphism in y’(Lev), then, by definition, f is compatible with the opera-
tions y(s,.r» and so, according to the definition of ¢y, ,, f is a morphism of step algebras. As
a consequence,

U: y'(Lev) — Step
“,y) = e

is a functor.

STEP 2: CONSTRUCTION OF A FUNCTOR V : Step — y’(Lev)
Let (4, ¢) be a step algebra. Let us set, for r € Comp,(n), [{], € &,\L(n) and
(ai, ..., ap) € A*:

On,.r(@r, ..., ap) :=¢p pap(@,....a1, ..., 04, ..., 4),
S e’ ——
o()+1 o()+1

where I/ is the representative of [//], which is non-decreasing on each r;. Let us show
that the operations 6}, satisfy Relations (1) to (y5) of Definition 4.1.34 and Relations
(y6a) and (y6b) of Definition 4.1.37, making A4 into an object of y’(Lev). Let us show
that Relation (y 1) is satisfied. For (ay, ..., a,) €4 " ando € G,,, seto - (ay, ..., an) =
(@s-1(1ys - - - » s-1(m))- Let p € &,,. On one hand, p induces a block permutation p* € G,
whose blocks have size ry, ..., r,. On the other hand, p also induces a block permutation
P> € Sy+1), Whose blocks all have size o(/) + 1 and this permutation itself induces a
block permutation (p*)* € &, whose blocks have size (r A )10, ..., A ), o It is
clear that (p®)* = p* and that

APy =@Al)”.
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It then follows that:

A
e[p*-l]rﬂ,[" (p-(ai,..., ap)) = ¢p*-[f,5ﬂA(p*~1f) p=(ar, ... ar, ..., ap, ..., ap)
r

o(l)+1 o(I)+1

A
=¢(pA)*.1f’pAA(K/\1/) P (01, BN 4 P < T I ap)
—— ——

o(l)+1 o(D)+1
Relation (S1)
= d)ﬂ‘,ZA]/(al»"'vala-'-1ap9"'7ap)
D e ————
o(H)+1 o()+1

=0,.r(ai, ..., ap).
Let us check (y2). Note that:
O, r1,...,1) Al = ©,...,0, (ZAIf)l,O, o (Z/\If)p,ou)).
—
o()+1

One has

01001y Ot (@05 AL oo Ap) = Bpf 05y, ryar (0, -, GO, o Ay o )
———— ——

o(H)+1 o(l)+1

Relation (S2)
= G (@1, o ALy Ay, ).
— —

o()+1 o()+1

Let us show Relation (y3). Let A € F. Because (/;)o<i<o() 1S a partition of [n], ((r A
)1))0<j<or) is a composition of 7, and so ngg (r A1)y, =ry. One then has

Omn,rAar, az, ..., ap) =Py oy (Aay, ..., Aa, az, ..., a2, ..., Gy, ..., Ap)
N — —

———
o(l)+1 o(l)+1 o(l)+1
. 1))
Relation (S3) 7 Iy
= H)L(KA i N A (2] PN DAY A
-0 —— ———
J= o()+1 o()+1

= )\,rl@[[]gr(al, ey ap).

Let us show (y4). Set r=(rg,...,r,) and ¥/ =(ro+r1,72,...,7,). Let J € L(n) and
I’ be a representative of [J/ ], non-decreasing on each r;. One obtains a composition
(r A )o<i<p,0<j<ow)- There exists a permutation p € S o(s)+1)p+1) Which permutes the
2(o(J) + 1) first parts of » A I and stabilises the others, such that:

p - AT) = (g N1o), (ry N o), (g VI, ey N s (5 N o) 1y N o), - -2
The permutation p induces a block permutation p* € G, whose blocks have size

(T ADoo, ..., @ ADpoy. One then has p* € G, and p* Vs a representative of [Jf]zr
which is non-decreasing on the 7;.
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One obtains another composition: (' A p* - I/ )i<i<p,0<j<o(s)- Note that:

[staby ()] _ [T | Nt =""> (@ A p* - 1%)
|Stab, (J)| ;;{; |Eoﬂ.]j|.|flﬁJj|! o\ @Ay )

and that, forall j € {0, ..., o(J)}:

A Ap* D)= A )+ @A)y

Thus:
Oun,.r(ar, ar, as, .o, ap) =y pap (@, ..., a1, a1, ., a1, . e, Ap)
o()+1 o(J)+1 \T(j)/r/
Relation (S1)
= "’,;?,’1,/1: (I o) (@i, ....q1, ..., 0p, ..., 04p)

2(o())+1) o(J)+1

o(J)
Relatlon (S4) l_[ ((I_"/ Ap* )y

. s Jf Ao f\Aly v ooy dly ooy ydp, .o,
(K/\If)Oj >¢p YUNIN If( 1s , i, » dp, s p)

N ——’
o(N)+1 o(D)+1

|Stab, (J)|

~ [Stab,)| O (@, ... ap).

According to Remark 4.1.38, this is enough to prove Relation (y4).
Let us check Relation (y5). One has

Ow,,(a+b,as,....ap) =¢y,ar(a+b,...;a+bax,....ax,....04 ...,4),
- r 2 ,
o()+1 o()+1 o(D)+1

which is equal, according to Relation (S5), to

E QS&)(QQZ;V(]/),(K/\]/)V(CZ’ b,...,a,b,ay,...,a,...,04,...,4),
) o(D+1 o(D+1 o(H)+1

where the sum ranges over the set of families (vy;, v2 J)e]_[o(l) Comp, ((r A )1)

and where AT = (.. (EAF) 0im Wiomys V2om)) ©10t—1) Viathy—1)s
Vatohy—1) - - ) 010 (V10, V20)). Let  (vij, v2))o<j<oy be such that v+ vy = ALF)y
for all j€{0,...,0()}. Set [:= Zjﬁg vi; and m:= Zj‘)(lg vy;. The family of vectors
(a, b, ...,a,b) can be sorted in order to put the occurrences of a before the occurrences
of b. Let p € &y +1)p be the permutation stabilising the integers greater than 2(o(/) + 1)

and whose graph on the first 2(o(/) + 1) integers is
(p(l), oo pQeo0) + 1))) = (1, 3,5,...,20()+1,2,4,6,...,2(o(I) + 1)).

The permutation p induces a block permutation p* € &, whose blocks have size (r A I ')l‘fj,

and it is an (/, m)-shuffle. Using Lemma 5.3.60, one checks that p* - I’ is the element of
Sh(l, m)I' satisfying, for all j € {0, ..., o(I)},

Wiogizom = [N (0" - YT {D],
()ozjzotny = |1+ [m] 0 (p* - )],
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and that p - (r A )’ = (roy (I, m) A p* - I). One then has

Ou,r(a+b as, ... a)=

Z Z ¢J/,(Kol(,,m)AJf)(a,...,a, b,...,b,az,...,az,...,ap,...,ap),
——— ———— ——
I+m=ry JeSh(l,m)I o()+1 o()+1 o)+1 o)+1

which is equal, according to Lemma 5.3.60, to

Z Z O 1oy oy ror oy (@5 by o, oo ap).

l+m=r1 [Jlyo t,m) €S oy 1,m \ s, (1)
Relation (y 6a) is easy to check. Indeed, IfL =1z (1) Alg)=(1),and so:

Relation (S6)

12101 (@ = 1.y (@) = a

Let us now check Relation (y6b). Let » € Comp,(n) and let 7 € L(n) be such that I s
non-decreasing on ;. For all i € [p], let q, € Compy, (m;) and let J; € L(m;) be such that Jif
is non-decreasing on each 4, and let (a;)jejs,) € A%. One has

emg.z(emﬂ 0, (@ jet)ierp) =
¢I/.(LAIU(
¢J{,(q‘/\4]{)(alls e iy e Qs e i)y e ¢j{,(q|m/{)(all7 e A e Ay e, Aig),
4, 4 . ’ 5
o(J1)+1 o(J1)+1 o(Jp)+1 o(J)+1
o(h)+1
.
d)JZV%MZ)(apl, ety s s e )y s ¢Jpr)(ﬂpwpr)(apl, e Opls ey s s apkp)>,
———— e —
oUp)+1 oUp)+1 oUp)+1 oUp)+1
o(h)+1

which is equal, according to Relation (S7), to

(AP )(g, AT ).

1
Il om0

f ALY
i€[pl,jefo0,...,o(I) i'elki],j €{0,...,0(J;)} (((;Ii/\‘/i)i’J"!)(L )i
¢;L (lf®(®j€[p]j€(0“_un(1)) (Ji/‘)®(£/\1[)ﬁ))’(K/\]f)o(gi/\J,f)ie[p]i/e(o,u.,n(/))
(@iin)ic[p) e, ..o}, i €kl €10, .00}

Remark 5.2.57 indicates that u(/ ® (®i€[pwe{owo(1)}(J;f)‘g’(“ﬂ)ff)) is constant on (r A

.....

of ((ro (q)iep) A I & (R, J¥)))irx. On one hand, we have

‘ ((K<> (q)ietp) A (1 ® ®J,®’f>>

= > A P)g ATy
7=k

ii'k
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and on the other hand, we have ‘((Z/\ VXS (c_]i /\Jl.f)ie[p]) =rA [f)ij(ﬂi /\Jl.f)iy/. So,

according to Relation (S4),

ijij'

O, r Oy, 0, (@i jetk)ierp) =

[ien ( Sy A P00, 0 iy )

.....

¢ (KA[f)é(c./\]f)i , . 3 .
oI (1 (@4, )7 ) ot i (18, )

) (@) ielp),irelkis
ro(gpirn\ 18@; /1)

Meens ( e @ A g, AT i )

..........

(@ii)ielp) v elk-

9[/4 (ro@,7) ] ) rotg)inn(I8(®, 1)

ro(g)inm (I®(®,’J;V")

sl @ )owe(2)

- 1_[ Z (ZA[f)zj(gi /\Jl.f)i,j, 1

keN \j+j'=k

Since

Relation (y 6b) is satisfied.

Moreover, if A’ is a step algebra and if /' : 4 — A’ is a morphism of step algebras, then,
following the definition of 7y, ,, the map /" is compatible with the operations 6y, -, and so,
f is a morphism in y’(Lev). Hence,

V. Step —y'(Lev)
A, ¢) —(4,0)

is a functor.

STEP3: Vo U= idy’(Lev)
Let (4, y) be an object in y’(Lev). One sets:

Phr = VIhP1,.r>

and

Omn,.r@is oo @) == papr (@1, o @1, Ay ),
B r
o(l)+1 o(I)+1

where I is a representative of [//], which is non-decreasing on each r,. Then one has, for
all re Compp (n) and [/], € &,\L(n), Oin,.- = vin,.r-- Indeed, by definition, and following
Relation (y4),
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9[[]D£(al, e, ap) = y[]]r/\l/{Ap ({,Zl, e, ary e, (,Zp, s ay ap)
o(D+1 o(D)+1
|Stab, ()| ( )
=To T gYurlar .. ap),
|Stab, (D] r

and Stab,(I) = Stab, .y (1) =6, N ;.

STEP 4: U o V =idg,,
Let (4, ¢) be a step algebra. One sets:

Oun,r@is ooy @) =Gy pprr @1y oo @1y e Ay ey ),
N S ———’ ——
o()+1 o()+1
and
@nr = Opr), r-

Then, one has, for all r € Compp (n) and h € Cy, pr = Gp. -
Indeed, by definition, one has
SAar, ... a)=¢p @, ..o ar, ..., ay, ..., ay).
onr(ar ) = On i@ 1 D )

———
o(h)+1 o(h)+1

Since % € C,, one then has

i, if j=h(k) where ker,
(rAh);=
0, otherwise,

and so, according to Relation (S2),

¢h,[(alv ceey ap) :ﬁl’h,g(al» ey ap)-

LEMMA 5.3.60. Let r € Comp,(n), let (I, m) € Comp,(r1) and let h:[n] — [p] be a
map non decreasing on each r;. Then the set Sh(l, m)h:={o -h:o € Sh(l, m)} is a set
of representatives of G, qm\Rs,(h). Moreover, an element g of Sh(l, m)h is uniquely
determined by the families of integers (vij)o<j<on) = |[l] ﬂg_l({j})| and (V2)o<j<o(h) =
|l+ mINg '({jD|, and those families satisfy Vi + vy = |51 ﬂh’l({j})| for all je
{0,...,0(h)}.

Proof. The first assertion comes from the fact that Sh(l, m) is a system of represen-
tative of &,.,,m \S,. The second comes from the fact that all o - & with o € Sh(/, m) is
non-decreasing on [/] and / + [m], and satisfies:

N -B D] = N D) - 0

6. Divided power Lev-algebras: examples and relations with other types of alge-
bras. The aim of this section is to give the first examples of I (Lev)-algebras, and to shed
light on natural connections between I" (Lev)-algebras and other types of algebras.

In Section 6.1, we will focus on the links between I'(Lev)-algebras and other types
of algebras, those links being functorially deduced from operad morphisms to or from the
operad Lev.

https://doi.org/10.1017/50017089519000223 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000223

510 SACHA IKONICOFF

In Section 6.2, more details are given on the free level algebra, which corresponds to
the free ‘depth-invariant’ algebra of Davis (see [6]). We show that this level algebra can
also be identified with the vector space spanned by the set of binary Huffman sequences
(following the definition of [8]), on which we define a level multiplication.

In this section, following the result of Theorem 5.2.59, we will completely identify
I"(Lev)-algebras with elements of Step. We will use the definitions and notation from
Section 2.3.

6.1. Relations with other types of algebras. In this Subsection, we consider two
“forgetful functors’, one from I'(Lev)-algebras to Lev-algebras, and the other from Lev-
algebras to Com-algebras. We will use the results from Section 5 and Section 3.3.

For a reduced operad P, there is a functor 7r* : I'(P)ag — Palg, deduced from the
norm map 7r:S(P, -) = ['(P, -) (see Definition 2.3.14 and [9], 1.1.18). For P = Lev it
expresses as:

PROPOSITION 6.1.61. A I'(Lev)-algebra (A, ¢) is endowed with a structure of level
algebra (A, *) such that:

a*xb=¢yqa/a,b),
where h: [2] — N is the map sending both 1 and 2 to 1.

Proof. Let (4, ¢) be a I'(Lev)-algebra. For all a, b € 4, denote by a * b = ¢p.1.1)(a, b).
The map /& and the composition (1, 1) being stable under the action of &,, * is
commutative. Moreover, for a, b, c € A and A € [F, one then has

Relation (S5
(a4 1b) xc = ( )¢>h,(o,1,1)(a, Ab, ) + ¢n.1,01)(a, b, c)
Relation (S2
= ( )¢h,(1,1)()xb, c)+dpanla, c)
Relation (S3)

Mbxc)+axc.

Hence * is bilinear. Finally, let g : [4] — N be the constant map equal to 2. One has g =
wu(h ® h ® h). From Relation (S7), one checks that

(@axb)*(cxd)=¢q1,1.1,1)(a, b, c, d).
The map g and the composition (1, 1, 1, 1) are stable under the action of Sy, so
(axb)*(cxd)y=(a*xc)x(bxd),
and so, * is indeed a level algebra multiplication. O

For P, P’ two operads, any morphism of operads ¢ : P — P’ induces a functor ¢* :

P;lg — Payg (see [10], 5.2.4) and, through the norm map, a functor /* : ' (P")aig = I' (P)alg.

One then has the following result.

PROPOSITION 6.1.62. A divided power algebra (A, y) is endowed with a structure of
I"(Lev)-algebra (A, ¢) such that

Ony A*P — A4

P
@ ... ap) = [ wan,
i=1
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where the product is given by the commutative algebra structure on A, and where, by
convention, the terms such that r; = 0 are omitted.

Proof. There is an operad morphism pr:Lev— Com sending I € L(n) to X,.
This morphism induces a functor pr* : I'(Com)a, — I'(Lev),e. If (4, f) is a I'(Com)-
algebra, then pr*(4, f) = (4, f o T'(pr, A)). Let (4, y) be a divided power algebra (as in
Definition 3.3.33). Forr € Compp(n), (ai, ..., a,) € AP, define

By, (ar, ..., ay) = 1_[ Yr(a:),
i€lp]

as in 3.3. This gives an object (4, B) of B'(Com). According to Definition 3.2.26, there
is a morphism f : I'(Com, A) — A, such that (4, /') is a I'(Com)-algebra, given by, for all
r€ Comp,(n), (ai, ..., a,) €A™

p
S Z X, ®0- <® af") =By, (ar, ..., ap).
i=1

0€G,/6,

One then obtains a I'(Lev)-algebra (4, f o I'(pr, 4)). Note that, for all r € Comp, (n), I €

Lm)®r and (qy, . . ., a,) € AP,
P P
f{Tr 4 Z 0~1®0~(®al®"”) =f Z Xn®a-<®ag">
0e6,/6, i=1 0€6,/6, i=1

This also gives an object of y’(Lev) such that, for all € L(n), ZeCompp(n),
(@i, ...,ay) €A,

P
Vi@ . a) =f | Tpr.a | D G'Or([)@)o"(@az@ri)
i=1

0€G,/S,

According to the previous Section, for all r € Comp, (n), h € Crand (aj,...,a,) €A™,
since h” € L(n)®=, one has (see 5.1)

P
burlar, ... ap) =yprypar, ..., a)) =f| T(pr, A) Z oc-h®o- <® a?ri>

0e6,/6, i=1

P
=r| > Xn®a-(®a?> =By, ....a) =[] vla) O
i=1

0e6,/6, i€lp]

6.2. The free-divided power level algebra on one generator. This section aims to
give an explicit description of the free I" (Lev)-algebra generated by one element.

Remark 6.2.63 explains why the free Lev-algebra and the free I" (Lev)-algebra have the
same underlying vector space. In [6], D. M. Davis shows that the underlying vector space
of the free level algebra generated by one element is endowed with a structure of module
over the Steenrod algebra. He denote this module by Y;, and this module coincides with
the unstable module X; studied by Carlsson in [3]. The non-associative multiplication used
by Carlsson on X| coincides with its level algebra product.
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In Proposition 6.2.67, we give a new characterisation of this object, using binary
Huffman sequences of [8]. Proposition 6.2.72 describes the free-divided-level operations
on this object.

REMARK 6.2.63. Let M be an G-module such that for all n € N, M (n) is equipped
with a basis stable under the action of &,,. According to Section 2.2, there is, for all n € N,
an isomorphism Og, : M(n)s, — M (n)®. Denote by Fx the one-dimensional [F-vector
space spanned by x. One has

- @neN Ogn
FM, F) =PMm @ oS =P Mmn® = PHMms,
neN neN neN

=P Mm@ (F))e,.

neN

In particular, when P is a reduced operad equipped with a basis stable under the action of
the symmetric groups, then the free I"(P)-algebra over one generator is isomorphic, as a
vector space, to the free P-algebra over one generator. From Proposition 6.2.67, we readily
deduce:

DEFINITION 6.2.64. For all n € N, let BHS(n) denote the set

ueNN:Zu(i)znand Z@:l

i
i ieN

A sequence u € BHS(n) is called a binary Huffman sequence (following [8], Definition 2).
Denote by BHS the union |_|n21 BHS(n). For all u,ve BHS, set u-v:= (0, u(0) +
v(0), u(1) +v(1),...) € BHS.

PROPOSITION 6.2.65. For all n > 0, S,\L(n) is in bijection with BHS(n).

Proof. Forall ne N, let 7w : L(n) — BHS(n) be the map sending / to (|1o] , |/1], .. .).
The map 7 is surjective because, for u € BHS(n), the composition u is in £(n), and 7w (1) =
u. Moreover, I, J € Lev(n) satisfy (/) = 7 (J) if and only if there exists o € &, such that
J =0 -1.So, & induces a bijection 7 : S,\ L(n) — BHS(n). L]

REMARK 6.2.66. Recall that the set operad £ encodes level multiplications on sets.
It is easy to see that the level multiplication on BHS endowed by the identification of
Proposition 6.2.65 is the multiplication (i, v) — u - v of Definition 6.2.64.

PROPOSITION 6.2.67. The free level algebra on one generator is isomorphic, as an
F-vector space, to the vector space spanned by the set of binary Huffman sequences. The
level multiplication on F|BHS] is spanned by the level multiplication (u, v) — u - v defined
in Definition 6.2.64.

Proof. The identification of Proposition 6.2.65 linearly extend to an isomorphism ¢
and we have

S(Lev, Fx) = P Levin)s, = D FIS,\L(n)] 2 D FIBHS(m]=F[BHS]. O

neN neN neN

Following Remark 6.2.66, this gives a level algebra isomorphism between S(Lev, Fx) and
[F[BHS] endowed with the multiplication (u, v) > u - v.
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COROLLARY 6.2.68. The free I' (Lev)-algebra on one generator is isomorphic, as an
F-vector space, to the vector space spanned by the set of binary Huffman sequences.

REMARK 6.2.69. Proposition 6.2.67 and Corollary 6.2.68 give two different struc-
tures on F[BHS]: a structure of level algebra, and one of divided power level algebra.
The former is given by the level multiplication (u, v) +— u - v. The latter is given by the
isomorphism F[BHS] — I'(Lev, Fx), that associates u € BHS(n) with Og, (1) ® x®". By
Proposition 6.1.61, this I'(Lev)-algebra structure yields another level multiplication on
F[BHS]. We will denote it by (u, v) > u * v.

LEMMA 6.2.70. The level algebra product given by Proposition 6.1.61 on [F[BHS]
seen as the free I (Lev)-algebra spanned by one generator is given by

B u(/')+V(/')>.
u*v_jl;’!< u(j) (u-v).

Proof. Let u e BHS(n), ve BHS(m). Proposition 6.1.61 implies that the level algebra
product on F[BHS] as a I' (Lev)-algebra is given by

uxv=aepanuv)

with 4 : [2] — N constant and equal to 1.
Unwinding the definitions, one gets:

On, 1,1y (U, v) = dpa,1 (1, v)
= y[hp](lvl)’ (1’ 1)(”1 V)

4.1
= Pos,, , ".a.nU, V)

=il Y, o-h®c-((0s,wex*)® & O, x>
0662/6(1,1)

According to Appendix A.1, one then gets:

On.a,1y U, v) = Z o-nh’ @u' @ v®H @ o - x®mH"

0€Gin/G 116, xG G,

|Stab(u (" @ u® )|
Su][&4]

u(j) +v()
=H< u() )(”'V)' -

jeN

Ot gusm (h @ u®v)) @ X"

The following lemma shows that F[BHS] is indeed generated, as a I" (Lev)-algebra, by
one element:

LEMMA 6.2.71. For all u € BHS(n), one has

u=¢gf,u(1[lv o 1p),
e ——
o(u)+1

where 1, =(1,0,0, ...) e BHS(1) is the element associated with 1 ® x®!.
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Proof. Following the computations of the proof of Lemma 6.2.70, one has

o(u)
$walle..... lp)=0| > o0-Os,w®0c- <®(1L ®x)®”<">>

oG 41 0€6,/6, i=0

= > o p®1?") @x*"
€&, /[, GuiS

=0g, ) x*" =u. O

Finally, we get:

PROPOSITION 6.2.72. The free-divided power level algebra is the vector space
F[BHS] equipped with the polynomial operations:

HleN (Xjepm i = '))'u
T 7l Tpen (i ()1

¢/’l,£(ula ey up) -

with {ki} = h(r;), u= ( Zje[p] riui(l — kj))]eN, and where, for x <0, u;(x) =0

Proof. Let re Compp(n), heC, and for all i € [p], let u; € BHS(m;). Following the
computations of the proof of Lemma 6.2.70, one has

P
Gupur, )= | > o0 ®0c- (®(06,,,, () ® x®"~>®”>
0€6,/6, i=1
Denote by M =Y _| r;m;. According to Appendix A.1, one then gets:

®r[,

Gy, .., uy) = Z o-p’"Ru"®- - Y®o -x®
0By /[T, 6,16,
= > 0 Oy (" @U@ - @uS") @0 - x2M)
o eStab(pu(h” ®u, Q.. ®u®")))/ [T, 6,16y,
\Sfabw(h” Quf" ®- ®"’>>)

y " @u)® @ - @u ) @ 1.
AT OIS 1 ’
Since 1 (h" & (Qyepp 5)) = ( Xjerp 774 — k) ;o On€ gets the expected result. [

Let us give an example. Let /2 : [2] — N be constant and equal to 1. Then, as explained
in Proposition 6.1.61 and Lemma 6.2.70, ¢, (1,1) plays the role of the level algebra multipli-
cation in F[BHS] seen as the free I (Lev)-algebra on one generator, and for all u € BHS(n),
one has

i
uxu=dp a1, u) :1_[ (;(E])))w - u)

jeN
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Note that the coefficient I—[/.EN (2;’(](’))) is even. Using Proposition 6.2.72, one also has

M _l 2u(])> .
ez =311 (u(i) (w10

jeN

On,2) () =

In this way, ¢, (2) plays the role of a divided square in any I"(Lev)-algebra.
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Appendix

A.1. Proof of Proposition 2.3.15. This section aims to clarify the product of the monad I'(P),
when P is a reduced operad. This is the result of Proposition 2.3.15.

Let us write the proposition again. Let P be a reduced operad and ¥ be an [F-vector space. Denote by
1P oP — P the multiplication of P and by i : I'(P) o I'(P) — I'(P) the multiplication of the monad I"(P).
Consider an element t € I'(P, T'(P, V)) of the form
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®ri

J4
t= Z o-Xx®0 - ® Z 0;-Xi ® 0 Vi ,

0€6,/6, i=1 \0ie&,,/6,,

with € Comp,, (n), x € P(n)®r, and for all i pl, q; € Compy, (m;), x; € P(m; ) 4 and v; € (V®'”‘)

PROPOSITION A.1.73. One has

fir(t) = > pa®r@r" ® @ e )@ T @ @),
TSy /1, 618y,

where M =rimy + - - - + rpmy, and

o e.. ®xp”]rl xy,elnd X,l®79(m)®”

Proof. The multiplication iy : T'(P, (P, V)) — (P, V) is the composite:

Drz0.1120P 1) @ PE (M) @ VEM)SSY > @B (D, P(n) @ PE"(M))Sn @ V&M )Sur |

| -

Bz (P(n) ® T (PN, 1) B0 (B0 P(0) @ PE (M), @ VEM)SM
I &
Drzo(P(n) ® T(P, V)&M) (@10 PM) @ VEM)Sut

The isomorphism ¢ : (P(n) @ I'(P, V)& S — (P(n) @ T(P®", V))Sn (see [11], Proposition 4.2) is given by

o) = Z oc-xQo0 - Z

o€Gn/Gr te&u/ T Sm

2

) ®~=

®0u-Xf (@),

(rfi.j)ie[p],je[r,»]Gﬂf;l(Gm,/GL.)X"" I1; 6;‘” i=1 j=1
which is equal to
> ox®o- Z [z®x®”®~~®xp"’]n e ®T M @ @)
06,/ reu/ T, &, B
= 2 Z @ x®0 [18x" ® - ®x Iy ) 8T M @ ® ).

><1,

€6, /6, TEGM/H

Every 1 € &y /[, G;” can be decomposed as a product 7175 with 11 € Sy / [T 6,216, and 1, € &,

®ry

acting by block of size m;. Yet, x is invariant under the action of 7; and, x| ' ® - - - ® x?r” and vy’ Q...Q vp®’P

are both invariant under the action of 7}, so, one gets

> o> ) (0m) x®0 -7 @17 ® -+ ®% "Iy gn)

0E€6n/Gr €S re&y /[T, 611Gy,

Ty M @ ®v,%7)

https://doi.org/10.1017/50017089519000223 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000223

DIVIDED POWER ALGEBRAS 517

is equal to

> > ((0m) x® (0m) [0 ®"" ® - ®x) Iy gen)

0€Gn/Gr 12€8r 1@y /[T, 6116,

Rt -1 ®- - ®v,%7)
®
= Z Z (a-x®a-[r®x?r'®'--®xprpln16;:‘1)®f’(ﬂ®yl®"'®Vl®yp)'
7€8n reGu/ [T, 6116,
Then, applying the inverse of the norm map 7rp p : P o P — P o P, one gets

R
> Ol @x" ® - ®x "1 exnle, ®T- W1 @ ®37).
re®y/TI, GGy, o B

Finally, applying the multiplication of the operad P gives the expected result. O
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