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This paper deals with the multivariate tail conditional expectation (MTCE) for generalized
skew-elliptical distributions. We present tail conditional expectation for univariate gener-
alized skew-elliptical distributions and MTCE for generalized skew-elliptical distributions.
There are many special cases for generalized skew-elliptical distributions, such as gener-
alized skew-normal, generalized skew Student-t, generalized skew-logistic and generalized
skew-Laplace distributions.
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1. INTRODUCTION

Consider a rangom variable X whose distribution function and tail function are denoted
by Fx(z) and Fx(x) =1 — Fx(x), respectively. The tail conditional expectation (TCE) is
defined as

TCEx (24) = E(X | X > z,). (1)

Given the loss will exceed a particular value z,, generally referred to as the gth quantile
with

FX(‘];Q) =1- q,

the TCE defined in formula (1) gives the expected loss that can potentially be experienced
(see [9]). There are a number of distributions whose TCE measures have been researched. For
instances, the TCE for univariate normal distribution was noticed in Panjer [12]; the TCE
for univariate elliptical distributions was provided by Landsman and Valdez [9]; conditional
tail expectation for the exponential family and its related distributions were derived by
Kim [5]; the TCE for family of symmetric generalized hyperbolic distributions and family
of skew generalized hyperbolic distributions was derived by Ignatieva and Landsman [3, 4],
respectively.
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Recently, Landsman et al. [7] defined a type of a multivariate tail conditional expectation
(MTCE),

MTCE4(X) = E[X|X > VaRq(X)]
= E[X|X; > VaRy, (X1),..., X, > VaRy, (X)), q=(q1,.-.,q,) € (0,1)",

where X = (X1, Xo,..., X,,)T isan x 1 vector of risks with cumulative distribution function
(cdf) Fx(x) and tail function Fx (),

VaR4(X) = (VaR,, (X1), VaR,, (X2), ..., VaR,, (X,))7,

and VaR,, (Xz), k=1,2,...,n is the value at risk (VaR) measure of the random variable
X}, being the g th quantile of X}, (see [7] or [11]). Landsman et al. [6] also define an MTCE,
which is the above special case when q = (q, ¢, . . ., ¢). In Mousavi et al. [11], MTCE for scale
mixtures of skew-normal distribution is discussed. In the present paper, we derive MTCE
for generalized skew-elliptical distributions.

The rest of the paper is organized as follows. Section 2 reviews the definitions and
properties of the univariate generalized skew-elliptical distributions and provides TCE for-
mula for generalized skew-elliptical random variable. In Section 3, we introduce multivariate
generalized skew-elliptical distributions and derive MTCE for generalized skew-elliptical
random vector. Some examples are given in Section 4. We present numerical illustration in
Section 5. Finally, in Section 6, is the conclusions and directions for further research.

2. UNIVARIATE CASES

In this section, we derive TCE for generalized skew-elliptical random variable. Before doing
so, let us introduce univariate generalized skew-elliptical distributions.

A random vector Y ~ GSE;(u,02, g1, H(-)) is said to have a univariate generalized
skew-elliptical distribution, if its probability density function fy (y) exists and satisfies

(see [1)
fy(y)—zgl{; <y0_“>2}H(T> yER, (2)

where g; is the density generator of elliptical random variable X ~ FEj(u,02,g1) with
parameters p and o (see [2]). The condition

(o)
/ t712g,(t) < 00

0

guarantees g1 to be the density generator. H(x),z € R, is called the skewing function sat-
isfying H(—x) =1— H(x) and 0 < H(x) < 1. The characteristic function of X takes the
form

ex(t) =explita}y (3(00?) . e

with function ¥(¢) : [0,00) — R, called the characteristic generator (see [2]).
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To represent TCE for univariate generalized skew-elliptical distributions, a cumulative
generator G (u) is defined as follows:

Gi(u) = /00 g1(v) dv.
Tail expectation EtZ [(Z)] of a random variable Z is defined as follows:
Eyh(2)] = / T hE)fz(2)dzn zteR,
¢
where h(-) is an almost differentiable function. So
Ey.[H'(X)] = / T H (@) fx-(0)dr, wieR,
¢

with the probability density function (pdf)

1 — (1,
o0 =t {57
where X* ~ F(0,1,G1) (see [8]), and ¢/ (-) is the derivative of characteristic generator ().

REMARK 1: In Adcock et al. [1], pdf of a random variable X* ~ Ey(u,02,G1) was defined

fxwa:)—mﬂ)gczl{;(xa“f},

where R is a non-negative random variable with pdf

fR(T) = 291(”'2/2), re [Ov OO)

We further suppose that E(R*) < oo, in which case the covariance of X exists and Cov(X) =
E[R?|0*. However, in Landsman and Valdez [9], if [¢/(0)| < oo, the covariance of X ewists
and is equal to Cov(X) = —'(0)a?. Inspired by this, we define the pdf of X* ~ F1(0,1,G1)

as above.

If h(-) = 1, we will have FtZ[h(Z)] = Fz(t), which represents tail function of Z.

THEOREM 2.1: Assume that a random vector Y ~ GSEy(u, 02, g1, H(+)) follows a univariate
generalized skew-elliptical distribution with pdf (2). We suppose

. — (1
ZEIEOO H(z)Gy (222) =0. (3)
Then
i) R (X)]
FZ(Zq) 209(0) FZ(Zq)

where Z ~ GSE1(0,1,91, H(+)), X* ~ E1(0,1,G1), 24 = (y; — ) /o, and H'(-) is derivative
of function H(-).

TCEy (yq) =pn+ 20H<Zq) ) (4)
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ProoOF: Using definition, we obtain

TCBy (1) = 5 /; 2, {; (yoﬂf} (22

Applying the transformation z = (y — u)/o, we have

TCEy (y,) = lezq) /:OC 2oz + W {;ZQ} H(z)dz

(
1 '_20 :OO H(z) dGl{;Zz}+M/zjoo 291{;,22}H(z)dz]

q

|
N

™
[i=)
S

S -20 (H(zq)Gl {;zg} + Z:OO H'(2)Gy {322} dZ) + uFz(z)

=—_ _20H(zq)él {;zg} — 209/ (0)EZ.[H'(Z*)] + qu(zq)} ;

where the third equality we have used (3).
Therefore, we obtain (4), which completes the proof of Theorem 2.1. [ |

REMARK 2: If H(-) = &, we will obtain TCE for elliptical distribution:
Gy (322)
TCEy (y,) = p + 0 ——2"92

(4q) Folen)

where Z ~ E1(0,1,91). We observe that (5) is a generalization of formula (3) (¢, =1) in
Lansman and Valdez [9].

7 (5)

3. MULTIVARIATE CASES

A random vector Y is called an n-dimensional generalized skew-elliptical random vector
and denoted by Y ~ GSE,, (u, X, g, H(+)). If its pdf exists, the form will be (see [1])

2

fY(y) = ﬁgn

{;(y—u)Till(y—u)}H(E1/2(y—u))7 yeR",  (6)

where
1

—F=9n
VIZ|
is the density of n-dimensional elliptical random vector X ~ E,,(u, 3, g,,). Here pisan x 1

location vector, ¥ is a n x n scale matrix, and g, (u), u > 0, is the density generator of X,
satisfying the condition

x(@)i= <= {5@-w = @0 |, wcR ™

(o)
/ /2 1g, (1) < oo
0

H(x), x € R™, is called the skewing function satisfying H(—x) =1 — H(x) and 0 < H(x) <
1. The characteristic function of X takes the form ¢x (t) = exp{it” p} (3t 3t),t € R",

https://doi.org/10.1017/50269964820000674 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964820000674

504 B. Zuo and C. Yin

with function () : [0,00) — R, called the characteristic generator (see [2]). A cumulative
generator Gy, (u) is defined. It takes the form

Gou(u) = /u " gu(v) du.

Shifted cumulative generator is also defined

*

G, _1(u) = / gn(v+a)dv, a>0, n>1, (8)

with G, (u) < oo (see [6]).

Assume a random vector Y ~ GSE,(u,¥,g,,H(-)) with finite vector p=
(115 )", positive defined matrix ¥ = (0y;)7;—; and pdf fy (y).

X* ~ En(p, 2, G,) (see [8]) is called an elliptical random vector with generator G, (u),
if its density function (if it exists) defined by

m:;li lmf Tz - x "
feo@) = ol O e Wi e ), e e )

REMARK 3: In Adcock et al. [1], pdf of a random vector X* ~ E,(u, %, G,,) was defined as

n — 1 Tew—1 n
fx*(w):WGn{Q(w—H) % (w—ﬂ)}a x € R",

where R is a non-negative random variable with pdf

27'("/2

fr(r) = Wrnflgn(rz/Z), r € [0, 00).

We further suppose that E(R?) < oo, in which case the covariance of X exists and
Cov(X) = (E[R?/n)X. However, in Landsman and Valdez [9], if |1’ (0)| < oo, the covari-
ance of X exists and is equal to Cov(X) = —¢'(0)X. Inspired by this, we define the pdf of
X* ~ Ep(pn, %, G,) as above.

Y* ~ GSE, (1,2, G, H(+)) is a generalized skew-elliptical random vector. Let Z =
S-Y2(Y — pu) ~ GSE,(0,1,,, gn, H(-)). Writing

Zq = (Zl,qa 22.qy Zn,q)T = 271/2(yq - /1»)7

_ _ T
where yqg = VaRg(Y), and z_j q = (21,q:22,q+ - -+ » Zk—1,q> Zht1,q - - - » Zn,q) -

To derive the formula for MTCE, we define tail expectation Etz [1(Z)] of n-dimensional
random vector Z:

Ey[h(Z)] = /too h(z)fz(z)dz, zteR"

where h is an almost differentiable function and fz(z) is pdf of Z.
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So tail expectation E:N,k [H*(W_g)] of (n — 1)-dimensional random vector

—k

Wfk = (Wh W27 sy Wk*la Wk+17 ceey Wn)T ~ n*1(07 In*]-’ G’ﬂfl)
enable to be expressed as

Ew_ [H(W_)] :/t H* (w_) fw_, (w_p) dw_p, w_p,t R,

dw_j = dwy dws - - - dwg—1 dwgyq - - - dw,,, with the pdf

1 — 1
fw—k(w—k) = _WGn_lvk {2wzkw_k}
1 — 1 1
= _mGn {QwTk'wk + 22,3[,} ., k=1,2,...n,
where H*(w_) = H(§;, o) with &, , = (w1, w2, ..., Wk—1, 2k,q, Wk+1,- - -, wy,) T, and é;_Lk

is defined by (8). In addition, ¥*'(-) is derivative of characteristic generator corresponding
to 6271 k-

REMARK 4: From Landsman et al. [6], we know that —1/4* (0) = Ch1ks and ¢,y y is the
normalizing constant, that is to say,

Ch1.k :/0 VPG () dt

If h(-) =1, we will have Etz[h()] = Fz(t), which represents tail function of Z. Its tail
function as follows:

Fz(t) = / fz(z)dz, =z, teR",
t
dz = dz1 dzo - -+ dzy,, and fz(2) is pdf of Z as above.

In the following, we formulate the theorem that gives MTCE for generalized skew-
elliptical distributions.

THEOREM 3.1: Assume that a random vector Y ~ GSE, (u, X, g,, H(+)) follows a n-variate
generalized skew-elliptical distribution with pdf (6). We suppose

— 1
lim H(z)G, (sz> =0, k=12,...,n. (10)
2p— 00 2
Then
MTCEy (yq) = p + 21/257‘7, (11)
Fz(zq)
where
0q = (01,4,02.q,-- .,6n)q)T
with

hq = —20" (0) By [H* (W _p)] — 20/ (0B [0nH(X™)], k=1,2,...,n,

k

—*

Z ~ GSE7L(OaInagTL7H('))7 X* ~ En(071naén) and W—k ~ En—1(071n—17Gn—1,k)' Fur-
thermore, Oy H(X™) = dH (x*)/ dz}.
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ProoOF: Using definition, we obtain

MTCEy (yq)
1

“+oo
! 2 “(y—m'E Ty - u)} H(E2(y — ) dy.

B FY(ytI) /yq \/@gn {2

Applying the transformation z = 3~/2(y — p), we have

1
q
1

+oo
== 21/2/ 2H(z)zgn {1ZTZ} dz
Fz(zq) z 2

q

+o0 1 .
+u 20n 3% 2 H(z)dz

+oo
/ 20222 4+ p)gn {;sz} H(z)dz

1 _
= = 21/25 —+ F zZ .
FZ(zq)[ q + 1EFz(zq)]
Since
+oo 1
Ok,q = / 2H (z)zkgn {ZTZ} dz
Zq 2
+oo +oo o 1 1
= —2/ dz_k/ H(z)0kGy, {QZZkZ_k + 22%}
Z_k,q Zk,q
oo — (1 5 1,
= 2/ H(& )Gy 5212k + 5%kq ¢ 42—k
Z_kq 2 2
+o00o o 1
+ 2/ OnH(2)Gy, {sz} dz
Zq 2
= =20~ () By "7 [H* (W )] — 20/ (0)EX. [0p H (X )],
where &), ;= (21,22, -+, 2k—1, Zk,qs Zht 1 - - -5 2,)T, and in the third equality, we have used

(10). So that

+o0 1 e
g = 2H(z)zgp, 3% 2 dz

q
= (01,9, 02.q, -+ 0n.q)" -
Therefore, we obtain (11), which completes the proof of Theorem 3.1.

1

REMARK 5: Letting H(-) = 5 in Theorem 3.1, we will obtain generalized formula of Theorem

2
2.1 (¢, = 1) in Landsman et al. [6]:

MTCEy (yq) = p + 21/257‘1,
Fz(zq)

where 8g = (81,4,02,q,- - - » 5n7q)T, Ok,q = ,w*' (O)wak(z_kyq), k=1,2,...,n.
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4. EXAMPLES

We now provide MTCE for special cases of the generalized skew-elliptical distributions,
such as generalized skew-normal, generalized skew Student-¢, generalized skew-logistic and
generalized skew-Laplace distributions.

EXAMPLE 4.1 (Generalized skew-normal distribution): A n-dimensional generalized skew-
normal random vector Y , with location parameter u, scale matriz 3 and skewing function
H(:):R — R, has its density function as

2 1 Ty—1 Ty —1/2
_ ey — WIS Yy — )V HATS -
MW= s exp {0 = WSy - ) | HGTE 2y - )
y € R, where v = (71,72, .. )T € R™. We denote it by Y ~ GSN, (0, X,~v, H(-)). In
this case, Gp(u) = gn(u) = (27) "2 exp{—u} and
HE 'y —p) = HY"=V2(y — p)).
MTCE is given by

MTCEy(yq) = p + 21/2#, (13)
FZ(Zq)

where 8q = (81.4,02.g5- -+ 0n.q) 7,
5 2 1, Tk (AT 2 B2 H (AT X
kg = ;exp _§Zk,q W—k[ (’Y ék,q)] + 2k X*[ (7 )]’
k=1,2,....,n, Z ~ GSN,(0,I,~, H(-)), X* ~ N, (0,1) and W_j, ~ Np_1(0,I,_1).

REMARK 6: If H(:) = ®(-) (the cdf of 1-dimensional standard normal distribution) in
Ezample 4.1, MTCE for n-dimensional skew-normal distribution will be obtained:

MTCEy(yq) = p+ 21/257‘1, (14)
Fz(zq)

where 8q = (81,4, 02,5+ -+ +0n.q)"

2 1 “—=Z—k,q J=5%q *
Ok,q = \/ —€xp {—221%,11} Ew [0 €k o)l + 2mEX-[0(v"X7)], k=1,2,...,n,

Z ~ GSN,(0,1,,7,®(-)), X* ~ N,(0,I,) and W_j, ~ N,,_1(0,I,_1). In addition, ¢(-) is
the pdf of 1-dimensional standard normal distribution.

REMARK 7: If H(:) = % in Example 4.1, we will obtain MTCE for n-dimensional normal
distribution as follows:

MTCEy (yq) = p+ zl/téiq, (15)
Fz(zq)

where 8g = (01,4,02.q,- - - » 5n,q)T

7

1 1 _
Ok,q = EGXP {_222,,1} Fw_ (z_kq), k=1,2,....n,

Z ~ N,(0,1,), and W_y, is the same as in Example 4.1.
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We observe that (15) is generalization of MTCE for normal distribution in Landsman
et al. [6].

EXAMPLE 4.2 (Generalized skew Student-t distribution): The density function of a n-
dimension generalized skew Student-t random wvector Y, with location parameter w, scale
matriz 3, m > 0 degrees of freedom and skewing function H(-) : R — R, is given by

VA 3 NN —(m+n)/2
(y H) (y H) H(7T271/2(y _ u))7 ye Rn’

m

2¢y,

where v = (1,72, -+ 7n)" € R™ and ¢, = (['((m +n)/2))/(T(m/2)(mn)"/?). We denote
it by’ Y ~ GSSt,(p, X,~v,m, H(-)). The density generator in this case is

—(m+n)/2
2u _ _
gn(u) = ¢, <1+m> , and H(ZV(y—p)=HH"S?(y—p))

and G (u) = (com/(m +n —2))(1 + 2u/m)~(m+7=2/2 MTCE is given by

4]
MTCEy(yq) = p+ =" =2, (16)
Fz(zq)
where 8g = (81,4,02,q,- - - » 5n7q)T,
* Ta*—k,q T 2m'7k: T=%q X*TX* 1/ T v *
Ok.q = by 1 Ew TH (Y &k gl + mEX* 1+ e H'(yv*X7)|,

k=1,2,...,n, Z ~ GSSt,(0,1n,~v,m, H(-)), X* ~ St,(0,I,,m) (Student-t distribution),
W_ ~ St 1(0, \,m — 1), Ay = [m(1 + 23 ,/m)/(m = )|, and

o 1 (1— —(m+n—2)/2
L Pt WQ( Zﬁq)

m

REMARK 8: If H(-) =T(-) (the cdf of 1-dimensional standard Student-t distribution) in
Example 4.2, MTCE for n-dimensional skew Student-t distribution will be obtained:

o
MTCEy (yq) = p+ 2 —1—, (17)
Fz(zq)
where 8q = (81.4502.q5 -+ ++0n.q) "
—z_s omye  — xTx~
* Z—k, T Yk z T v *
Okq = bp i Bw P T(v &p.)] + mEXq <1 + m) ty' X )] )

kE=1,2,...,n, Z ~ GSSt,,(0,1,,v,m,T(-)), and t(-) is the pdf of 1-dimensional standard
Student-t distribution. Furthermore, by i, X* and W_y, are the same as in Example 4.2.
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REMARK 9: IfH(:) = % in Example 4.2, we will obtain a generalized formula of MTCE for
Student-t distribution in Landsman et al. [6]:

MTCEy(yq) = p+ 21/2757‘1,
Fz(zq)

where 8q = (81,q4,02.q5- -, 0n,q) ",

Sq = AT -
ka = w_(Z_kq), k=1,2,....n,

and Z ~ St,(0,1I,,m). In addition, by, x and W_y, are the same as in Example 4.2.

ExAMPLE 4.3 (Generalized skew-logistic distribution): The density function of a generalized
skew-logistic random wvector Y, with location parameter p, scale matriz ¥ and skewing
function H(:) : R — R, is given by

2, exp{—3(y—p)TS(y—p)} Tvo1/2(,
M= S e b wrs i TR

RS Rna where Y= (71,72’ s 77n)T7

T [ [ Bt
" Ut e

-1

1
(27[-)"/2\113(_17 %a 1) '

We denote it by Y ~ GSLo,(p, 2,7, H(+)). The density generator in this case is

exp{—u} = exp{—u}
and so Gy, (u) = Eryn expl—ul’

0= T el

and H(Z Y2 (y — p)) = H(ATS"2(y — pn)). MTCE is given by

MTCEy (yg) = p+ S22 (18)
Fz(zq)
where 8q = (81.4,02.q5 -+ 0n.q) "
20’” T2 —k,q T T%q X*TX* 1T v *
Skq = = W, [H (v Ek’q)] + 29 EX- 1+ exp S HEH" XY,
n—1,k

k=1,2,...,n, Z ~ GSLo, (0,1, 7(-)), X* ~ Lo,(0,1,) (logistic distribution,),

—1

_ 2iq oo 4(n=3)/2 gyrf_
s - M Dol [ el
(27) 0 1+ exp{— 52} exp{~t}
22
exp{ ’“2"}

2 )
i

(27‘(’)(”*1)/2\11*1‘(_ exp{— é,q }7 n;l’ 1)
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and pdf of W _j,:
Tt Zhg
exp{ 3 ) }

2
i

Sk )
1+ eXp{_tTTt - =5t}

k=1,2,...,n,t e R"1

In addition, V7},(2,s,a)is the generalized Hurwitz—Lerch zeta function defined by (cf. [10])

o0

. 1 P(p+n) =
\I//L(Z7S7a) = Z 7’L' <n+a)s7

n

which has an integral representation

1 oS} ts—le—at
wr = dt
e = [ e

where R(a) > 0; R(s) >0 when |z| <1 (2 #1); R(s) > 1 when z = 1. Therefore,

2
Zk

e Vi (—ew{=Bah 5 1) 6lag)
U315, 1) |

where ¢(+) is pdf of 1-dimensional standard normal distribution.

REMARK 10: If H(-) = Lo(-)(the cdf of 1-dimensional standard logistic) in Ezample 4.3 ,
MTCE for n-dimensional skew-logistic distribution will be obtained:

MTCEy (yq) =+ £/2 00 (19)
FZ(Zq)
where 8q = (01,4,02,q, - - - » 6n’q)T,
2cn . 2 X*TX* .
g = ———Ew " [Lo(v &, 4)] + 27k Exe (1 —|—exp{—2}> lov"X )1 ,

Cnfl,k

k=1,2,...,n, Z ~ GSLo,(0,1,,v,Lo(-)), and lo(-) is pdf of 1-dimensional standard
logistic distribution. Furthermore, ¢y, ¢, ., X* and W_y, are the same as in Ezample

4.5.

REMARK 11: If H(-) :% i Example 4.3, we will obtain a generalization of MTCE for
logistic distribution in Landsman et al. [6]:

MTCEy (yq) = p + s1/2_O%

?

FZ(Zq)
where 8q = (81,4,02.q5---+0n.q) ",
Ok,q = *Cinfw,k(z_k,q), k=1,2,...,n,
Cn—l,k

and Z ~ Lo, (0,1,,). In addition, c,, cZ_Lk and W _y, are the same as in Example 4.5.
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ExaMPLE 4.4 (Generalized skew-Laplace distribution): A n-variate generalized skew-
Laplace random vector Y, with location parameter u, scale matriz 3 and skewing function
H(:): R — R, has its density function as

2¢y,
VIZ|

where v = (71,72, ---,7m)"  and ¢, =T(n/2)/2r"/?T(n). We denote it by Y ~
GSLay(p, 2,7, H(-)). In this case, gn(u)=cnexp{—V2u}, H(E"V2(y—p))=H(y"
Y2y — ) and G, (u) = ¢, (1 + V2u) exp{—+v2u}. MTCE is given by

fr(y) = exp{—[(y —w)"S (y — W] YHH'EV2(y — p)), yeR",

MTCEy (yq) = 1 + zl/téi", (20)
Fz(zq)
where 8q = (81.4502.q5 -+ ++0n.q) ",
2¢, —z_ q F * * *
bha = =By THO € 0)] + 20 ER- [(1+ VX TX)H (47 X)),
n—1,k

k=1,2,...,n,Z~ GSLa,(0,1,,v,H(-)), X* ~ La,(0,I,) (Laplace distribution),

* F(anl) % n=3 2 2 -
Cn_lak_(%r)(?v,—l)/Q[A t 2 (1+,/t+zk7q)exp{f t+zk7q}dt} ,

and pdf of W _j,:

fwoo@®) =y (L JtTe+ 22 Jexp{—y/t"t+ 22}, k=1,2,...,n,
tc R L

REMARK 12: If H(-) = La(-) (the cdf of 1-dimensional standard Laplace) in Example 4.4,
MTCE for n-dimensional skew-Laplace distribution will be obtained:

MTCEy (yq) = p+ 21/2757«;, (21)
Fz(zq)

where 8g = (81,4,02,q,- - - » 5n,q)T7

2Cn =2k, T%q * * *
Oka = —Ew!{[La(y" & q)l + 2% EX- (14 VX X )la(y" X)),
n—1,k
k=1,2,...,n, Z ~ GSLa,(0,14,7,La(-)), and la(-) is pdf of 1-dimensional standard
Laplace distribution. Furthermore, c,, ¢,y ;. X* and W_y are the same as in Ezample

4-4-

REMARK 13: If H(:) = % in Example 4.4, we will obtain a generalized formula of MTCE
for Laplace distribution in Landsman et al. [0]:

MTCEy (yq) = p + 21/257‘1,
Fz(zq)

where 8q = (61,q,02.q,---,0n,q)"

Ok,q = Fw (2-kq), k=12,...,n,

and Z ~ La,(0,1,). In addition, c,, Cp_1) and W_y are the same as in Ezample 4.4.

https://doi.org/10.1017/50269964820000674 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964820000674

512 B. Zuo and C. Yin

5. NUMERICAL ILLUSTRATION

We provide a numerical illustration of the TCE risk measure for the normal (N), skew-
normal (SN), Student-¢ (St) and skew Student-t (SSt) distributions. In addition, we also
consider MTCE risk measure for the normal (V) and skew-normal (SN) distributions.

We consider Ny (u,0?), SNy (11, 02,7), St1(it, 0%, m) and SSty (1, 02, m, ), with u = 1.4,
o =133, m=4and v = —1.0,2.0. The results are presented in Tables 1 and 2:

TABLE 1. The TCE of N and SN (v = —1.0,2.0) distributions for ¢ = 0.90,0.95,0.98

TCE Distribution

q SN(-1.0) N SN (2.0)
0.90 2.521028 3.734046 4.132160
0.95 2.830467 4.143596 4.450346
0.98 3.209941 4.619739 4.871836

TABLE 2. The TCE of St and SSt (v = —1.0,2.0) distributions for ¢ = 0.90, 0.95, 0.98

TCE Distribution

q SSt(—1.0) St SSt(2.0)
0.90 2.691679 4.724058 5.664056
0.95 3.097983 5.659712 6.705451
0.98 3.601481 7.080627 8.273033

In addition, we consider U = (Uy,Us, U3)T ~ N3(u,2) and V = (Vi, Vo, V3)T ~
SN3(p, 3, 7), with

1.4 1.33 —0.067 2.63 2.2
p=1 1.1 |, X¥=| -0.067 025 —0.50 and ~v=| —0.046
3.4 2.63 —-0.50  5.76 -1.38

We let ¢ = (0.90,0.95,0.98)T, then the results are presented in Table 3:

TABLE 3. The MTCE of N and SN distributions for ¢ = (0.90,0.95,0.98)7

MTCE Vector

Distribution U (V1 ) Us (VQ ) Us(V3)

N 3.4240 2.0915 9.1187
SN 1.3825 x 10° 0.5788 x 103 1.7689 x 103

REMARK 14: From Tables 1 and 2, we can observe that TCE increases with the increase in .
From Table 3, we can find that the component-wise MTCE for skewed Normal distributions
are greater than that for corresponding non skewed distribution. As one of the reviewers
pointed out that it maybe a deep theoretical fact. However, we do not prove this statement
at this moment.
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6. CONCLUSIONS AND DIRECTIONS FOR FURTHER RESEARCH

This paper has introduced MTCE for generalized skew-elliptical distributions, which is a
generalization of MTCE for elliptical distributions [6]. As special cases, generalized skew-
normal, generalized skew Student-¢, generalized skew-logistic and generalized skew-Laplace
distributions are considered. To illustrate our results can be computed in the theorems, the
numerical illustrations of the obtained results are given. Furthermore, in [7], the authors
introduced and provided expressions for multivariate tail covariance (MTCov) and mul-
tivariate tail correlation (MTCorr) matrices for the case of elliptical distribution. These
matrices are very important for the tail analysis of the data, it is worthwhile extending these
presentations to the generalized skew-elliptical distributions. We hope that these important
problems can be addressed in future research.
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