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Abstract  For a finite quiver @) without sources, we consider the corresponding radical square zero
algebra A. We construct an explicit compact generator for the homotopy category of acyclic complexes
of projective A-modules. We call such a generator the projective Leavitt complex of Q. This terminology
is justified by the following result: the opposite differential graded endomorphism algebra of the projective
Leavitt complex of @ is quasi-isomorphic to the Leavitt path algebra of Q°P. Here, Q°P is the opposite
quiver of @, and the Leavitt path algebra of Q°P is naturally Z-graded and viewed as a differential graded
algebra with trivial differential.
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1. Introduction

In the last decade, Leavitt path algebras of directed graphs (or quivers) [1, 5] were intro-
duced as an algebraization of graph C*-algebras [16, 22] and, in particular, Cuntz—Krieger
algebras [11]. This class of algebras has been attracting significant attention, with inter-
est in whether K-theoretic data can be used to classify various classes of Leavitt path
algebras, inspired by the Kirchberg—Phillips classification theorem for C*-algebras [21].
One can also find conditions on graphs such that the associated Leavitt path algebras
have specific properties, as demonstrated in many papers, for instance [1-3, 6].
For a finite quiver @, Smith [23] describes the quotient category

QGr(kQ) := Gr(kQ)/Fdim(kQ)

of graded k(@Q-modules modulo those that are the sum of their finite-dimensional submod-
ules in terms of the category of graded modules over the Leavitt path algebra of Q° over
a field k. Here, Q° is the quiver without sources or sinks that is obtained by repeatedly
removing all sinks and sources from Q. The full subcategory qgr(kQ) of finitely presented
objects in QGr(kQ) is triangulated equivalent to the singularity category [8,20] of the
corresponding radical square zero algebra; see [23, Theorem 7.2].
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Let A be a finite-dimensional algebra over a field k. We denote by K,.(A-Proj) the
homotopy category of acyclic complexes of projective A-modules. This category is a
compactly generated triangulated category whose subcategory of compact objects is tri-
angle equivalent to the opposite category of the singularity category of the opposite
algebra A°P.

The homotopy category K,.(A-Proj) was described as a derived category of the Leavitt
path algebra of Q°P viewed as a differential graded algebra with trivial differential; see
[10, Theorem 6.2]. Here, Q°P is the opposite quiver of Q. The homotopy category of
acyclic complexes of injective modules over A was also described in terms of Leavitt path
algebra; see [10, Theorem 6.1].

In this paper, we construct an explicit compact generator for the homotopy category
K.c(A-Proj) in the case where A is an algebra with radical square zero. The compact
generator is called the projective Leavitt complex. We prove that the opposite differential
graded endomorphism algebra of the projective Leavitt complex of a finite quiver without
sources is quasi-isomorphic to the Leavitt path algebra of the opposite quiver. Here, the
Leavitt path algebra is naturally Z-graded and viewed as a differential graded algebra
with trivial differential.

Let Q be a finite quiver without sources, and let A = kQ/J? be the corresponding
algebra with radical square zero. We introduce the projective Leavitt complex P*® of @
in Definition 2.4. Then we prove that P* is acyclic; see Proposition 2.7.

Denote by Lk (Q) the Leavitt path algebra of @ over k, which is naturally Z-graded.
We consider the Leavitt path algebra Li(Q°P) of Q°P as a differential graded algebra
with trivial differential.

The following is the main result, which combines Theorems 3.7 and 5.2.

Theorem. Let Q be a finite quiver without sources, and A = kQ/J? be the corres-
ponding finite-dimensional algebra with radical square zero.

(1) The projective Leavitt complex P® of Q) is a compact generator for the homotopy
category K,.(A-Proj).

(2) The opposite differential graded endomorphism algebra of the projective Leavitt
complex P* of Q) is quasi-isomorphic to the Leavitt path algebra Ly(Q°P). O

For the construction of the projective Leavitt complex P®, we use the basis of the
Leavitt path algebra Lj(Q°P) given by [4, Theorem 1].

For the proof of (1), we construct subcomplexes of P°®. For (2), we actually prove
that the projective Leavitt complex has the structure of a differential graded A-Lj(Q°P)-
bimodule, which is right quasi-balanced. Here, we consider A as a differential graded
algebra concentrated on degree zero, while L (Q°P) is naturally Z-graded and viewed as
a differential graded algebra with trivial differential.

The paper is structured as follows. In § 2, we introduce the projective Leavitt complex
P of @ and prove that it is acyclic. In §3, we recall some notation and prove that
the projective Leavitt complex P*® is a compact generator of the homotopy category of
acyclic complexes of projective A-modules. In §4, we recall some facts of the Leavitt path
algebra and endow the projective Leavitt complex P® with a differential graded Ly (Q°P)-
module structure, which makes it become an A-Ly(Q°P)-bimodule. In § 5, we prove that
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the opposite differential graded endomorphism algebra of P*® is quasi-isomorphic to the
Leavitt path algebra L (Q°P).

2. The projective Leavitt complex of a finite quiver without sources

In this section, we introduce the projective Leavitt complex of a finite quiver without
sources, which is an acyclic complex of projective modules over the corresponding finite-
dimensional algebra with radical square zero.

2.1. The projective Leavitt complex

Recall that a quiver Q = (Qo, Q1; s, 1) consists of a set Qg of vertices, a set )1 of arrows
and two maps s,t : Q1 — @, which associate with each arrow « its starting vertex s(«)
and its terminating vertex ¢(«), respectively. A quiver @ is finite if both the sets @y and
@, are finite.

A path in the quiver @ is a sequence p = a, - - - asay of arrows with ¢(c;) = s(a;41)
for 1 < j < n — 1. The length of p, denoted by I(p), is n. The starting vertex of p, denoted
by s(p), is s(a1). The terminating vertex of p, denoted by t(p), is t(ay,). We identify an
arrow with a path of length one. We associate to each vertex i € @)y a trivial path e; of
length zero. Set s(e;) =i = t(e;). Denote by @, the set of all paths in @ of length n for
each n > 0.

Recall that a vertex of ) is a sink if there is no arrow starting at it and a source if
there is no arrow terminating at it. Recall that for a vertex i that is not a sink, we can
choose an arrow § with s(/3) = i, which is called the special arrow starting at vertex i;
see [4]. For a vertex ¢ which is not a source, fix an arrow 7 with ¢(y) =i. We call the
fixed arrow the associated arrow terminating at ¢. For an associated arrow «, we set

T(a) = {B € Qi | (8) = t(a), B # a}. (2.1)

Definition 2.1. For two paths p = oy, -+ - asq and ¢ = 3, - - - B8 with m,n > 1, we
call the pair (p, ¢) an associated pair in Q if s(p) = s(q), and either «; # 31 or @y = fy is
not associated. In addition, we call (p, e5(,)) and (eypy,p) associated pairs in @ for each
path p in Q.

For each vertex i € Qg and [ € Z, set
AL ={(p,q) | (p,q) is an associated pair with I(¢) — I(p) = [ and t(p) = i}. (2.2)

Lemma 2.2. Let Q be a finite quiver without sources. The above set Al is not empty
for each vertex i and each integer .

Proof. Recall that the opposite quiver Q°P of the quiver ) has arrows with
opposite directions. For each vertex i€ (Qp, fix the special arrow of @Q°P start-
ing at ¢ as the opposite arrow of the associated arrow of () terminating at
i. Observe that for each vertex i and each integer I, Al is one-to-one corresp-
onded to {(¢°P,p°P) | (¢°P,p°P) is an admissible pair in Q°P with I(p°P) — (¢°P) = —I
and s(p°P) = i}. Here, refer to [17, Definition 2.1] for the definition of an admissible pair.
By [17, Lemma 2.2], the latter set is not empty. The proof is completed. O
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Let k be a field and @ be a finite quiver. For each n > 0, denote by kQ,, the k-vector
space with basis @,,. The path algebra kQ of the quiver Q is defined as kQ = @, - kQn,
whose multiplication is given as follows: for two paths p and ¢, if s(p) = t(g), then the
product pq is their concatenation; otherwise, we set the product pg to be zero. Here, we
write the concatenation of paths from right to left.

We observe that for any path p and vertex i, pe; = d; 5(,)p and e;p = 9; 4(,,)p- Here, &
denotes the Kronecker symbol. It follows that the unit of £Q equals Zier e;. Denote by
J the two-sided ideal of k@) generated by arrows.

Consider the quotient algebra A = kQ/J?; it is a finite-dimensional algebra with radical
square zero. Indeed, A = kQq & kQ; as a k-vector space, with its Jacobson radical radA =
kQ, satisfying (radA)? = 0. For each vertex i and arrow «, we identify e; and o with
their canonical images in A.

Denote by P; = Ae; the indecomposable projective left A-module for i € Q9. We have
the following observation.

Lemma 2.3. Let i, j be two vertices in @, and let f : P; — P; be a k-linear map. Then
f is a left A-module morphism if and only if

fle:) = bijrej + > 1(B)8
{BeQ1 | s(B)=4,t(B)=1i}
f(O[) = 52"]')\0[

with X\ and p(8) scalars for all a € Q1 with s(a) = 1.

For a set X and an A-module M, the coproduct MX) will be understood as
D.cx M, where each component M(, is M. For an element m € M, we use m(,
to denote the corresponding element in M(,.

For a path p=a, - -asa; in Q of length n > 2, we denote by p = «a,,_1---a; and
P = Q- az the two truncations of p. For an arrow «, denote @ = €4,y and & = ey(q).

Definition 2.4. Let @ be a finite quiver without sources. The projective Leavitt
complex P* = (P!, 8')1ez of Q is defined as follows:

(1) the Ith component P! = Pico, PZ-(AZ);

2) the differential §' : P! — P! is given by §'(a(, =0 and
(p.9)

BCp.q) if p = Bp,

1 _
8 (eil(pa)) = > Bllewpam itlp) =0,
{B€Q1 | t(B)=i}

for any i € Qo, (p,q) € Al and a € Q; with s(a) = 1.

Each component P! is a projective A-module. The differentials 6' are A-module mor-
phisms; compare Lemma 2.3. It is straightforward to see that §'*1 o 6 = 0 for each I € Z.
In summary, P*® is a complex of projective A-modules.
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2.2. The acyclicity of the projective Leavitt complex

We will show that the projective Leavitt complex is acyclic.

In what follows, f:V — V' is a k-linear map between two vector spaces V and V.
Suppose that B and B’ are k-bases of V and V', respectively. We say that the triple
(f, B, B’) satisfies condition (X) if f(B) C B’ and the restriction of f on B is injective.
In this case, we have Kerf = 0.

We suppose further that there are disjoint unions B = By U B; U By and B’ = B U Bj.
We say that the triple (f, B, B’) satisfies condition (W) if the following statements hold.

(W1) f(b) =0 for each b € By.

(W2) f(B;1) C B} and (f1, By, B') satisfies condition (X), where f; is the restriction of
f to the subspace spanned by Bj.

W3) For b€ By, f(b) =0by+ f(c) for some by € B}, and some finite subset
c€B; (b) 0
B (b) € B;y. Moreover, if b,/ € By and b # V', then by # b}.

We have the following observation. The proof of it is similar to that of [17, Lemma 2.7].
We omit it here.

Lemma 2.5. Assume that (f, B, B) satisfies Condition (W). Then By is a k-basis of
Kerf and f(By)U{bg | b € Ba} is a k-basis of Imf.

From now on, Q is a finite quiver without sources. We consider the differential &' :
P! — P in Definition 2.4. We have the following k-basis of P':

B' = {€i¢(p.q), ®C(p.g) | 1 € Qo, (p,q) € Al and a € @y with s(a) = i}.

Denote by Bl = {a{(.q) | i € Qo,(p,q) € Al and o € Q1 with s(a) =i} a subset of B'.
Set

B = {€ile;,q) | 1 € Qo, (€i,q) € Al}
for 1 >0. If 1 <0, put B, = (). Take B} = B!\ (B} U BL). Then we have the disjoint
union B! = B, U B! UB}. Set B{ = {BClesiaya) 11 € Qos (es(q),q) € Al such that ¢ =
g8 and 3 is associated} for [ € Z. We mention that Bf = () for [ < 0. Take B} = B'\ B
for I € Z. Then we have the disjoint union B! = B{l U B{ for each | € Z.

Lemma 2.6. For each | € Z, the set B is a k-basis of Kerd' and the set By™ is a
k-basis of Imd'.

Proof. For | <0, we have B} = () = BJ"'. We observe that the triple (&', B!, B'+1)
satisfies condition (W). Indeed, 6'(b) = 0 for each b € Bl. The differential ¢ induces an
injective map ' : BY — B{™'. Then (W1) and (W2) hold. To see (W3), for I > 0 and
each i € Qo, €i((c,,q) € Bl we have

' (€iC(erq) = Wlesyga) + D 0 (es(a)$(8.08))>
BET ()

where « € Q1 such that t(«) =i and « is associated. Here, recall T'(«) from (2.1). Thus
(€i(es,q))0 = (e, n).qa) and the finite subset B! (€i(erq) = 1es(3)C(B.ap) | B €T ()}
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Recall that Bi™ = {alp.q |1 € Qo, (p,q) € A and o € Q, with s(a) = i}. Now we
prove that Bh™ = 6"(BL)U{by | b€ BL}. We mention that the set {by|bec Bs} =
{a(e, oy q0) | 4 € Qi and « is associated with (o) = s(q)}. Clearly, SYBYHYU{b | b e
BL} C B(l)'H. Conversely, for each i€ Qp and (p,q) € Aﬁ"’l, we have alp, q) =
(5l(€t(a)g(ap’q)) € (Sl(Bi) for a € Q1 with S(a) =1, but OCC(p’q) ¢ {bo | be Bé} Applying
Lemma 2.5 for the triple (8!, B!, B"*1), the proof is complete. O

Proposition 2.7. Let Q be a finite quiver without sources. Then the projective Leavitt
complex P*® of Q) is an acyclic complex.

Proof. The statement follows directly from Lemma 2.6. O

Example 2.8. Let @ be the following quiver with one vertex and one loop.

1.3

The unique arrow « is associated. Set e = e; and A! = Al for each | € Z. It follows that

{(a7le)} ifl<0,
A=< {(e,e)} if 1 =0,
{(e,a)} ifl>0.

The corresponding algebra A with radical square zero is isomorphic to k[x]/(2?). Write
A = A¢!, where ¢! = Cla-t,e) for 1 <0, (% = ((e,e) and ¢' = ((¢ 1) for I > 0. Then the
projective Leavitt complex P*® of @) is as follows

S AC? EACI 5_L>A<l+1 I

)

where the differential §' is given by &!(e¢') = a¢!™! and §'(a¢') = 0 for each | € Z.

Observe that A is a self-injective algebra. The projective Leavitt complex P° is
isomorphic to the injective Leavitt complex Z°® as complexes; compare [17, Example
2.11].

Example 2.9. Let @ be the following quiver with one vertex and two loops.

o1 A
Y

We choose a7 to be the associated arrow terminating at the unique vertex. Set e = e;
and A! = A} for each | € Z. A pair (p, q) of paths lies in A! if and only if I(q) — I(p) = (
and p, ¢ do not start with o simultaneously.
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We denote by A the corresponding radical square zero algebra. The projective Leavitt
complex P*® of @ is as follows:

5t 5 5t
e A(A%) ——= gAY —— -

We write the differential 6° explicitly: 50(01;6((,,7(1)) =0 and

5(eCp) = C(p,q) if p = awp,
p,q a1<(67qa1) —+ aZC(e7qa2) if p=e,

for k =1,2 and (p,q) € A°.

3. The projective Leavitt complex as a compact generator

In this section, we prove that the projective Leavitt complex is a compact generator of
the homotopy category of acyclic complexes of projective A-modules.

3.1. The cokernel complex

Let @ be a finite quiver without sources, and let A be the corresponding algebra with
radical square zero. For each i € Qo, [ € Z and n > 0, denote

A" ={(p,9) | (p,q) € A} with p € Q,}.
Refer to (2.2) for the definition of the set Al.
Recall the projective Leavitt complex P* = (P!, '),z of Q. For each [ > 0, we denote
1,0
K= ®ier PZ-(Ai ) C P!, where P; = Ae;. Observe that the differential §' : Pt — P!
satisfies 6! (K!) € K!*1. Then we have a subcomplex K*® of P*, whose components X! = 0
for I < 0. Let ¢* = (¢')1ez : K* — P* be the inclusion chain map by setting ¢! = 0 for

[ < 0. We set C*® to be the cokernel of ¢°. _
We now describe the cokernel C* = (C', 6') of ¢*. For each vertex i € Qo and [ € Z, set

A=A
n>0
Observe that we have the disjoint union Al = AY® UALT for 1 >0 and AL = ALT for
L+

[ < 0. The component of C*® is C! = @ier Pi(A'i ) for each I € Z. We have C! = P! for
I < 0 and the differential &' = &' for I < —2. The differential §' : C' — C'*! for | > —1 is
given as follows: §!(a((,,q)) = 0 and

0 if i(p) =1,

§'(eiC(p.q)) oOtherwise,

6l(6iC(p,q)) = {
for any i€ Qo, (p,q) EA2’+ and o € @ with s(a) =1i. The restriction of st to
1,1

@ier PZ.(A{ ) is zero for [ > —1. We emphasize that the differentials ol for 1 > —1 are
induced by the differentials §' in Definition 2.4.
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‘We observe the inclusions

(@) @

1€Q0 i€Qo

inside the complex C® for each [ € Z and n > 2. Then, for each n > 0, the following
complex, denoted by C;,

n—4 n—3,3y cn— n—2,2 n— n—1,1
Lo pArT e @ parT @ Pi(Ai, ) 0

K3 K3
1€Q0 1€Qo i€Qo

is a subcomplex of C* satisfying C, = 0 for | > n. The differential &' for [ < n — 2 is the
differential of P°.
We visually represent the projective Leavitt complex P°® and the cokernel complex C*®

In
of ¢*. For each | € Z and n > 0, we denote P P-(A"' )

1€Qo T 1
AP pat? p?)

by PA"™) for simplicity.

P<A72.2) P(Afl.z) P( 0,2

NN

P(A—l.l) P(Au,l) P(Al,l) P(A ) P(As.l)

NN

P(An,n) P(A1,0> P<A2,0) P(As.o) L.

Remark 3.1.

(1) For each [ € Z, the lth component of the projective Leavitt complex P*® is the
coproduct of the objects in the [th column of the above figure. The differentials
of P*® are coproducts of the maps in the figure.

(2) The horizontal line of the above figure is the subcomplex K°®, while the other
part gives the cokernel C® of ¢® : K®* — P*. The diagonal lines (not including the
intersection with the horizontal line) of the figure are the subcomplexes C? of

C®. For example, the first diagonal line on the left (not including P(AO"O)) is the
subcomplex C§.

We have the following observation immediately.

Proposition 3.2. The complex C* =@, .,Cn.
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Proof. Observe that for each n > 0, the Ith component of C;, is

I,n—1
@™ ifi<n
C7l’L = 1€Qo
0 otherwise.
1+
Then the Ith component of @, -,Cn is B, ~,ChL = Dico, Pi(Ai ) = ¢! Recall the dif-
~ B B ~ 1,1
ferential &' : C' — C!*! of C®. The restriction of §' to Dicaq, Pi(A" ) is zero, and the

~ l,n ~
restriction of ¢' to Gaier P;Ai ) for n > 11is 6'. Thus, 6" : ' — C'*1 is the coproduct of

the differentials &' : C!, — Ci+! for n > 0. O

3.2. An explicit compact generator of the homotopy category

We consider the category A-Mod of left A-modules. Denote by K(A-Mod) its homotopy
category. We will always view a module as a stalk complex concentrated on degree zero.
For X*® = (X', d% )icz, a complex of A-modules, we denote by X *[1] the complex given
by (X°*[1])! = X**! and dfx[l] = —d" for i € Z. For a chain map f*:X® —Y?*, its
mapping cone Con(f*) is a complex such that Con(f®) = X*[1] ® Y* with the differential

; _(—d{t 0
Con(f®) — fi+1 d%’ .

Each triangle in K(A-Mod) is isomorphic to

0
1
for some chain map f°.

Denote by I, = D(e;A4) the injective left A-module for each i € Qg, where (e;A) 4 is
the indecomposable projective right A-module and D = Homy(—, k) denotes the standard
k-duality. Denote by {ef} U{a* | a € Q1,t(a) =i} the basis of I;, which is dual to the
basis {e;} U{a | a € Q1,t(a) =i} of e;A.

We denote by M* the following complex

0,0 1,0 1,0 1 1+1,0
- P L PN — L~ PINT L PN —

1€Q0 1€Q0 1€Qo 1€Q0

(1 0

i Con(f*) ~— X*[1]

X* Ye

of A-modules satisfying M! = 0 for [ < 0, where the differential d' for [ > 0 is given by
dl(eggei,p)) =0 and dl(auC(ei,p)) = eg(a)C(esm),pa) for i € Qo, (ei,p) € A?O and a € Q1
with ¢(«) = 4. Consider the semisimple left A-module kQy = A/radA.

Lemma 3.3. The left A-module kQo = A/radA is quasi-isomorphic to the complex
M?®. In other words, M® is an injective resolution of the A-module kQ.

https://doi.org/10.1017/5001309151800007X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151800007X

1164 H. Li

Proof. Define a left A-module map f°: kQoy — MO such that fO(e;) = €§C(ei,ei) for
each i € Qy. Then we obtain a chain map f® = (f!)iez : kQo — M?* such that f!' =0
for [ # 0. We observe the following k-basis of M' for I > 0:

Fl = {e?((ei,q), aﬂC(ehq) | i€ Qo, (ei,q) S Aé’o and o € Ql with t(a) = Z}

Set Th = {eCie,.q) | 1 € Qo, (€i,9) € AL}, T4 =TI\ Th, and T} = T''. We have the dis-
joint union I = T}, UT!. The triple (d',T'*, T'*1) satisfies condition (W). By Lemma 2.5,
the set T, is a k-basis of Kerd' and the set d'(T) is a k-basis of Imd'. For each
1>0,i€ Qo and (e;,q) € Aé“’o, write ¢ = ga with o € Q1. Then we have egC(ei,q) =
d'(0*C(e,ny.q)- Thus d'(T')) =T, Hence Imd' = Kerd'*! for each [ > 0 and Kerd" =
kQo. The statement follows directly. O

‘We now recall some terminology and facts on triangulated categories. For a triangulated
category 7, a thick subcategory of 7 is a triangulated subcategory of 7 which is closed
under direct summands. Let S be a class of objects in 7. We denote by thick(S) the
smallest thick subcategory of 7 containing S. If 7 has arbitrary coproducts, we denote
by Loc(S) the smallest triangulated subcategory of 7 which contains S and is closed
under arbitrary coproducts. By [7, Proposition 3.2], we have that thick(S) C Loc(S).

For a triangulated category 7 with arbitrary coproducts, an object M in 7 is compact
if the functor Homy (M, —) commutes with arbitrary coproducts. Denote by 7°¢ the full
subcategory consisting of compact objects; it is a thick subcategory.

A triangulated category 7 with arbitrary coproducts is compactly generated [13,18]
if there exists a set S of compact objects such that any non-zero object T satisfies
Homy (S, T[n]) # 0 for some S € S and n € Z. This is equivalent to the condition that
T = Loc(S), in which case we have 7° = thick(S); see [18, Lemma 3.2]. If the above set
S consists of a single object S, we call S a compact generator of T.

The following is [17, Lemma 3.9].

Lemma 3.4. Suppose that T is a compactly generated triangulated category with a
compact generator X. Let 7' C T be a triangulated subcategory closed under arbitrary
coproducts. Assume that there exists a triangle

X Y Z X[1]

such that Y € T' and Z satisties Hom7(Z,T") = 0 for each T' € T'. ThenY is a compact
generator of T'.

Let A-Inj and A-Proj be the categories of injective and projective A-modules, respec-
tively. Denote by K(A-Inj) and K(A-Proj) the homotopy categories of complexes of
injective and projective A-modules, respectively. These homotopy categories are triangu-
lated subcategories of K(A-Mod) which are closed under coproducts. By [15, Proposition
2.3(1)], K(A-Inj) is a compactly generated triangulated category.

Recall that the Nakayama functor v = DA®4 — : A-Proj — A-Inj is an equiva-
lence, whose quasi-inverse v =1 = Hom(D(A4), —). Thus we have a triangle equivalence
K(A-Inj) = K(A-Proj). The category K(A-Proj) is a compactly generated triangulated
category; see [12, Theorem 2.4] and [19, Proposition 7.14].
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Lemma 3.5. The complex K® is a compact generator of K(A-Proj).

Proof. Recall that Homa(D(A4),I;) = Ae; for each i € Qp. Then we have K® =
(vt (M?),v71(d"))iez. By Lemma 3.3, M*® = ikQo in K(A-Mod). It follows from [15,
Proposition 2.3] that M® is a compact object in K(A-Inj) and Loc{M?®) = K(A-Inj).
Since K(A-Inj) = K(A-Proj) is a triangle equivalence which sends M® to K®, we have
Loc(K®) = K(A-Proj). O

Lemma 3.6. Suppose that P® € K(A-Proj) is a bounded-above complex. Then we
have

Homg (a-Mod)(P®, X*) =0

for any acyclic complex X*® of A-modules.
Proof. Directly check that any chain map f®: P®* — X* is null-homotopic. (I

Denote by K,.(A-Proj) the full subcategory of K(A-Mod) which is formed by acyclic
complexes of projective A-modules. Applying [19, Propositions 7.14 and 7.12] and the
localization theorem in [14, 1.5], we have that the category is a compactly generated
triangulated category with the triangle equivalence

Dy, (A%P)°P = Koo (A-Proj)©.

Here, for a category C, we denote by C°P its opposite category; the category Dgy(A°P) is
the singularity category of algebra A°P in the sense of [8,20].

Theorem 3.7. Let QQ be a finite quiver without sources. Then the projective Leavitt
complex P® of ) is a compact generator of the homotopy category K,.(A-Proj).

Proof. Recall from Proposition 2.7 that P* is an object of K,.(A4-Proj). The complex
C® = Coker(¢®), where ¢* : K®* — P* is the inclusion chain map. Then we have the
following exact sequence

@
0 — K° pe co — 0,

which splits in each component. This gives rise to a triangle

Ko 2 pe ce X[1] (3.1)

in the category K(A-Proj).
By Proposition 3.2 and Lemma 3.6, the following equality holds

Homg (4-proj) (C*, X*) = H Homg (4-proj)(Cn, X®) =0
n>0

for any X°® € K,.(A-Proj). Recall from Lemma 3.5 that K£® is a compact generator of
K(A-Proj). By the triangle (3.1) and Lemma 3.4, the proof is completed. O
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4. The projective Leavitt complex as a differential graded bimodule

In this section, we endow the projective Leavitt complex with a differential graded
bimodule structure over the corresponding Leavitt path algebra.

4.1. The Leavitt path algebra and module structure

Let k be a field and @ be a finite quiver. We will endow the projective Leavitt complex
of @ with a Leavitt path algebra module structure. Recall from [1, 5] the notion of the
Leavitt path algebra.

Definition 4.1. The Leavitt path algebra Li(Q) of @ is the k-algebra generated by
theset {e; | i € Qo} U{a|a € Q1}U{a*|a€ Qi} subject to the following relations:

0) e;e; =0; 56 for every i,5 € Qo;

1) ega)a = aeyq) = a for all a € Q;

3

(0)
(1)
(2) ey = a’eyq) = o for all a € Qy;
(3) af* = da,pei(a) for all a, B € Q;

(4)

4 Z{ate | s(a)=i} a*a = e; for i € Qg which is not a sink.
Here, § is the Kronecker symbol. The relations (3) and (4) are called Cuntz—Krieger
relations. The elements o* for oo € Q1 are called ghost arrows.

There is an alternative description of Lj(Q). Let Q be the double quiver obtained
from @ by adding an arrow o in the opposite direction for each arrow « in Q. Then the
Leavitt path algebra Ly (Q) is isomorphic to the quotient algebra of the path algebra kQ of
@ modulo the ideal generated by {af* — da,B€4(a) Z{wte | s(y)=i} Yy —e; | a, B € Qn,
i € Qo}

If p=ay - azaq is a path in @ of length n > 1, we define p* = ajal - - «a,. By con-
vention, we set ef = e; for i € Qp. We observe by (2) that for paths p, ¢ in @, p*q = 0 for
t(p) # t(q). Consider the relation (3). We have the following fact; see [24, Lemma 3.1].

Lemma 4.2. Let p, q, v and 1) be paths in Q with t(p) = t(q) and t(v) = t(n). Then
in Li(Q) we have

(Y'p)'n ify=1q,
. N PN if g =7,
(") (v'n) = .
p*(g'n) ifq=4q,
0 otherwise.

Here, v and q' are some non-trivial paths in Q).

By the above lemma, we deduce that the Leavitt path algebra L;(Q) is spanned by
the following set: {p*q | p,q are paths in Q with ¢(p) = ¢(q)}; see [1, Lemma 1.5], [24,
Corollary 3.2] or [9, Corollary 2.2]. By (4), this set is not k-linearly independent in
general.
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For each vertex which is not a sink, we fix a special arrow starting at it. The following
result is [4, Theorem 1].

Lemma 4.3. The following elements form a k-basis of the Leavitt path algebra

Li(Q):
(1

) ei, i € Qo;
(2) p,p*, where p is a non-trivial path in Q;
)

(3) p*q with t(p) =t(q), where p = ay, -+ -y and ¢ = 3, - - - #1 are non-trivial paths of

Q such that o, # By, or a,, = 3, that is not special.

From now on, @ is a finite quiver without sources. For notation, Q°P is the opposite
quiver of Q). For a path p in @, denote by p°P the corresponding path in Q°P. The starting
and terminating vertices of p°P are t(p) and s(p), respectively. By convention, e;p =ej
for each vertex j € Qq. The opposite quiver Q°P has no sinks.

For the opposite quiver Q°P of @, choose a®? to be the special arrow of Q°P starting
at vertex i, where « is the associated arrow in ) terminating at i. By Lemma 4.3,
there exists a k-basis of the Leavitt path algebra Li(Q°P), denoted by I'. Define a map
X Uiez.icqo Al — T such that x(p,q) = (p°P)"¢°P. Here, (p°?)"¢°P is the multiplication
of (p°P)* and ¢°P in Lj(Q°P). The map x is a bijection. We identify I' with the set of
associated pairs in (). A non-zero element x in L (Q°P) can be written in the unique form

m

x = Z Ai(p?P) g
=1

with \; € k non-zero scalars and (p;, ¢;) pairwise distinct associated pairs in Q.

In what follows, B = Li(Q°?). We write ab for the multiplication of a and b in
B for a,b € B. Recall that the projective Leavitt complex P* = (P!, §!);cz and P! =
®ier P"(As)'

We define a right B-module action on P°®. For each vertex j € Qg and each arrow a €
Q1, define right actions ‘-’ on P! for any I € Z as follows. For any element Cip,q) € PiCp,q)
with i € Qo and (p, q) € AL, we set

TC(p,q) €5 = 0j,t(q)TC(p,q) (4.1)
if i(q) =0,p = pa
o pew) = O T8, e
2((p,q) P = BT (o) and « is associated, (4.2)
5s(a),t(q)a:g‘(p,aq) otherwise;

Oa,cx xC( q) if q= alf/]\
gy (a%P) = { o | (4.3)

" {5s<p>,t<a>xC<pa,eS(a>> if I(q) = 0.

Here, regarding the notation, a path p =y, - -asa; in @ of length n > 2 has two
truncations, p= a1 ---ay and p = a, - - - ag. For an arrow o, & = €4,y and @ = ey(q)-
The set T(a) = {f € Q1 | t(B) = t(a), 5 # a} for an associated arrow a.
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We observe the following fact:

((pga® =0 if s(a) # t(q), (4.4)
xc(nqy(aor’)* =0 ift(a) #t(q).
Lemma 4.4. The above actions make the projective Leavitt complex P*® of Q a right
B-module.

Proof. We prove that the above right actions satisfy the defining relations of the
Leavitt path algebra L (Q°P). We fix x((, ) € Pi{(p,q) € Pl
For (0), we observe that z(, ¢y-(ej 0 €jr) = 05 j:7((p.q)-€j-
For (1), for each @ € Q1 we have
2((p,g) (P eh(a)) = (2((p,g) ") -€4(ar)
= 2((p,q) @
We have
TC(p.a) (€s(0) @) = (2((p,g) ()@
= Os(a),t(a) TC(p.a)

= ((p,q).0"",

op

where the last equality uses (4.4). Similar arguments prove the relation (2).
For (3), we have that for o, 8 € Q1

TC(p,q) (P (BP)") = (2(p,q)-°P)-(6°P)*
if 1(q) =0,p=pa

6t(a)’t(ﬁ)$<@ﬁ’es(m) - 5%Bx<(57’65(“’)) and « is associated
yET (o) 5
Os(a),t(q)00, LG (p,q) otherwise,
= Os(a),t(q) 00,8 (p,q)

= :EC(nyZ).((sa,ﬁes(a))'

Here, we use the fact that in the case where I(¢) = 0, p = pa and « is associated, if & = (3,
then s(a) = t(q) and v # f for each v € T'(a); and if o # 8 with ¢(«) = ¢(5), then there
exists an arrow v € T'(«) such that v = 3.

For (4), for each j € Qo, we have that if @ € Q@ with t(«) = j is associated, then

2((p.q) (@) aP) = (2((p,q)-(a”P)")-P

5a,a11'<(p,q) if ¢ = 011(/]\’

0j1,5(p) <5”C(p,es(p>) - ffC(pﬁﬁ)) if {(q) = 0.
BeT(a)

If o € Q1 with t(«) = j is not associated, then

6a,a1xC(p,q) if q= O‘l(/l\v

. OP\* 1 OP) —
xC(P#I) ((a ) @ ) {(5]',3(17)1'((;00:,@) ifl(Q) =0.
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Thus, we have the following equality

TC(p,q)° ( > (a°p)*a°">

{a€Q1 | t(e)=j}

- { 07,6(a) LS (p,q) if ¢ = o,
05,50 TC(preaiyy)  if Ug) =0,

= 0j,4(a)%C(p,q)

= 2((p,q)"€j- 0
The following observation gives an intuitive description of the B-module action on P°.

Lemma 4.5. Let (p,q) be an associated pair in Q.

(1) We have Zier €il(eie) * (PP)"4°P = €1(p)C(p,a)-

(2) For each arrow (8 € @1, the following equality holds:

Bllewisyeaim) ” (P°P)"4°P = bs(8),t(») Bl(p.a)-

Proof. Since (p,q) is an associated pair in @), we are in the second subcases of (4.3)
and (4.2) for the right action of (p°?)*¢°P. Then the statements follow from direct
calculation. (]

4.2. The differential graded bimodule

We first recall from [13] some notation on differential graded modules. Let A =
P,.cz A" be a Z-graded algebra. For a (left) graded A-module M = &, ., M™, elements
m in M™ are said to be homogeneous of degree n, denoted by |m| = n.

A differential graded algebra (dg algebra) is a Z-graded algebra A with a differential
d: A — A of degree one such that d(ab) = d(a)b + (—1)*lad(b) for homogeneous elements
a,be A

A (left) differential graded A-module (dg A-module) M is a graded A-module
M =@, c, M™ with a differential dy; : M — M of degree one such that dys(a-m) =
d(a)-m + (—1)l%la-dy; (m) for homogeneous elements a € A and m € M. A morphism of
dg A-modules is a morphism of A-modules preserving degrees and commuting with
differentials. A right differential graded A-module (right dg A-module) N is a right
graded A-module N = @, ., N™ with a differential dy : N — N of degree one such that
dy(m-a) = dy(m)-a+ (—1)™Im - d(a) for homogeneous elements a € A and m € N.
Here, we use central dots to denote the A-module action.

Let B be another dg algebra. Recall that a dg A-B-bimodule M is a left dg A-module
as well as a right dg B-module such that (a-m)-b=a-(m-b) for a € A, m € M and
be B.

Recall that @ is a finite quiver without sources. In what follows, we write B = L (Q°P),
which is naturally Z-graded by the length of paths. We view B as a dg algebra with trivial
differential.
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Consider A = kQ/J? as a dg algebra concentrated on degree zero. Recall the projective
Leavitt complex P* = P, P!, which is a left dg A-module. By Lemma 4.4, P* is a right
B-module. We observe from (4.1)—(4.3) that P*® is a right graded B-module.

The following result states that P°® is a dg A-B-bimodule. It is evident that P® is a
graded A-B-bimodule. Recall that the differentials on P* are denoted by d'.

Proposition 4.6. For each | € Z, let x((, q) € Pi{,q With i € Qo and (p,q) € AL,
Then for each vertex j € (Qy and each arrow 3 € @1, we have:

(1) 51($C(p7q)'€i) = 5l(xc(p,q))'ei§
(2) 61+1($<(P,Q)'60p) = 5l(£€(p,q))'ﬁ0p;

(3) 87 (@) (B)7) = 8" (2(p.0))(5P)"-

In other words, the right B-action makes P*® a right dg B-module and thus a dg A-B-
bimodule.

We make some preparation for the proof of the above proposition. There is a unique
right B-module morphism ¢ : B — P* with ¢(1) = >, €i{(e; e;)- Here, 1 is the unit
of B. For each arrow 3 € ()1, there is a unique right B-module morphism ¢g : B — P*
with ¢g(1) = BClews).e00sy)- By Lemma 4.5, we have

o((P)"¢°P) = e1(p)C(p,g) and d5((P°")"¢°P) = 64(8).,1() B ) (4.5)

for (p°P)*q°P € I'. Here, we emphasize that T' is the k-basis of B = L (Q°P). Then ¢ is
injective and the restriction of ¢ to e4(5)B is injective. Observe that both ¢ and ¢z are
graded B-module morphisms.

Lemma 4.7. For eachi € Qq, | € Z and (p,q) € Al, we have

77

(6" 0 ) ((p*P)"¢P) = > dala®®P)gP).
{0€Q1 [ He)=i)

From this, we conclude that (&' o ¢)(b) = > e, Pala°Pb) for b e Bl

Proof. For each arrow o € Q1 and (p°P)*¢°P € T', we observe that

5(1 a poP)*q°P ifp= A;
OéOp(pOp)*qu _ 1 (p ) q 1 p a1p (46)
()P if I(p) = 0,
which are combinations of basis elements of L;(Q°P). Then we have that
(8" 0 )((pP)"¢°) = 8" (€iCp.ap)
a1((p,q) if p = aqp;
- Z O‘C(es(a),qa) if l(p) = 07
{a€Q: | t(a)=i}
= Yo Gala®®P)gP).
{a€eQ: | t(a)=1}
The last equality uses (4.6). O
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Proof of Proposition 4.6. Recall that 6'(a((, ) =0 for a € Q1 with s(a) =1. It
follows that (1-3) hold for 2 = «. It suffices to prove that (1-3) hold for z = e;. We recall
that (p,q) € AL, and thus t(p) = i.

For (1), we have that

' (eilp.ges) = 01 (d((p°P)*qP)e;)
= (6" 0 9)((P™")*¢ey)
= > Pa (P (p7P)"qPe; )

{a€@y | t(a)=i}

= Yo $ala®()qP)es

{a€Q | t(a)=1i}
= 6l(eig(p7q))'€j~

Here, the second and fourth equalities hold because ¢ and ¢, are right B-module
morphisms; the third and last equalities use Lemma 4.7. Similar arguments prove (2)
and (3). O

5. The differential graded endomorphism algebra of the projective Leavitt
complex

In this section, we prove that the opposite differential graded endomorphism algebra of
the projective Leavitt complex of a finite quiver without sources is quasi-isomorphic to
the Leavitt path algebra of the opposite quiver. Here, the Leavitt path algebra is naturally
Z-graded and viewed as a differential graded algebra with trivial differential.

5.1. The quasi-balanced dg bimodule

We first recall some notation on quasi-balanced dg bimodules. Let A be a dg algebra
and M, N be (left) dg A-modules. We have a Z-graded vector space Hom (M, N) =
P,,c, Homy (M, N)™ such that each component Hom 4 (M, N)™ consists of k-linear maps
f: M — N satistying f(M?) C N*t" for alli € Z and f(a-m) = (=1)"%a - f(m) for all
homogenous elements a € A. The differential on Hom4 (M, N) sends f € Homy (M, N)"
to dyo f—(=1)"fody € Homu (M, N)"*L. Furthermore, End (M) := Hom4 (M, M)
becomes a dg algebra with this differential and the usual composition as multiplication.
The dg algebra End 4 (M) is usually called the dg endomorphism algebra of M.

We denote by A°PP the opposite dg algebra of a dg algebra A. More precisely, A°PP = A
as graded spaces with the same differential, and the multiplication ‘o’ on A°PP is given
by aob=(—1)lellblpq,

Let B be another dg algebra. Recall that a right dg B-module is a left dg B°PP-module.
For a dg A-B-bimodule M, the canonical map A — Endpgops (M) is a homomorphism of
dg algebras, sending a to I, with l,(m)=a-m for a € A and m € M. Similarly, the
canonical map B — End(M)°PP is a homomorphism of dg algebras, sending b to 7
with 73 (m) = (=1)IPl™lm . b for homogeneous elements b € B and m € M.

A dg A-B-bimodule M is called right quasi-balanced provided that the canonical
homomorphism B — End 4 (M )°PP of dg algebras is a quasi-isomorphism; see [10, 2.2].
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Denote by K(A) the homotopy category and by D(A) the derived category of left dg
A-modules; they are triangulated categories with arbitrary coproducts. For a dg A-B-
bimodule M and a left dg A-module N, Hom4 (M, N) has a natural structure of a left
dg B-module.

The following lemma is [10, Proposition 2.2]; compare [13, 4.3] and [15, Appendix A].

Lemma 5.1. Let M be a dg A-B-bimodule that is right quasi-balanced. Recall that
Loc(M) C K(A) is the smallest triangulated subcategory of K(A) which contains M and
is closed under arbitrary coproducts. Assume that M is a compact object in Loc(M).
Then we have a triangle equivalence

Hom (M, —) : Loc(M) — D(B).

In what follows, @ is a finite quiver without sources and A = kQ/.J? is the correspond-
ing algebra with radical square zero. Consider A as a dg algebra concentrated on degree
zero. Recall that the Leavitt path algebra B = L;(Q°P) is naturally Z-graded, and that
it is viewed as a dg algebra with trivial differential.

Recall from Proposition 4.6 that the projective Leavitt complex P°® is a dg A-
B-bimodule. The following statement establishes a connection between the projective
Leavitt complex and the Leavitt path algebra.

Theorem 5.2. Let @ be a finite quiver without sources. Then the dg A-B-bimodule
P is right quasi-balanced.

In particular, the opposite dg endomorphism algebra of the projective Leavitt complex
of Q) is quasi-isomorphic to the Leavitt path algebra Ly(Q°?). Here, Q°P is the opposite
quiver of Q; Li(Q°P) is naturally Z-graded and viewed as a dg algebra with trivial
differential.

We will prove Theorem 5.2 in §5.2. The following equivalence has been given by [10,
Theorem 6.2].

Corollary 5.3. Let Q be a finite quiver without sources. Then there is a triangle
equivalence

Hom4(P*®, —) : Kac(A-Proj) — D(B)
such that Hom 4 (P®,P°®) = B in D(B).

Proof. Recall from Theorem 3.7 that K,.(A-Proj) = Loc(P®). Then the triangle
equivalence follows from Theorem 5.2 and Lemma 5.1. The canonical map B —
End4(P*®)°PP, which is a quasi-isomorphism, identifies Homa(P®,P®) with B in
D(B). O
5.2. The proof of Theroem 5.2

We follow the notation in §5.1.

Lemma 5.4 (see [24, Theorem 4.8]). Let A be a Z-graded algebra and ¢ : Ly (Q) —
A be a graded algebra homomorphism with ¢(e;) # 0 for all i € Qo. Then ¢ is injective.
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Let Z™ and C™ denote the nth cocycle and coboundary of the dg algebra End 4 (P*)°PP.
We have the following observation.

Lemma 5.5. Any element f:P*— P* in C" satisfies f(P!) C Kerd"*! for each
integer | and n.

Proof. For any f € C" there exists h = (h')jcz € Enda(P*)°PP such that f!=
§nH=lo pl — (=1)""Lh!*1 o §! for each | € Z. By Proposition 2.7, we have Im§" -1 C
Kerd"*! and Imé' C Kerd'*!. Then it suffices to prove that h(Kers'*!) C Kerdn*'.
Recall from Lemma 2.6 that {a(,.q) | i € Qo, (p,q) € Ai™! and o € @y with s(a) =i} is
a k-basis of Kerd!*!. By Lemma 2.3, the proof is complete. (]

Recall that the projective Leavitt complex P*® is a dg A-B-bimodule; see Proposition
4.6. Let p: B — End4(P*®)°PP be the canonical map which is induced by the right B-
action. Since B is a dg algebra with trivial differential, we have that p(Ly(Q°P)™) C Z"™
for n € Z. Taking cohomologies, we have the graded algebra homomorphism

H(p): B— H(End4(P°®)°PP). (5.1)
Lemma 5.6. The graded algebra homomorphism H (p) is an embedding.

Proof. By Lemma 5.4, it suffices to prove that H(p)(e;) # 0 for all i € Q. For each
vertex i € Qo, H(p)(e:)(€iCie,,e;)) = €i(es,e;)- By Lemma 2.6, we have €;(, ¢,) ¢ Kers°.
By Lemma 5.5, H(p)(e;) ¢ C°. This implies H(p)(e;) # 0. O

We will prove that the graded algebra homomorphism H(p) is surjective. For each
y € Z"™, we will find an element z € B"™ with y — p(z) € C™.
In what follows, we fix y € Z™ for n € Z. Then y € Z" implies 6®* oy — (—1)"y 0 §* = 0.
l
Recall that P! = Dico, Pi(Ai) for each I € Z. The set {e;{(p,q), @(p,q) | 7 € Qo, (p,q) €
Al and o € Q; with s(a) =i} is a k-basis of P'. For each i € Qq, | € Z and (p,q) € AL,

we have

(g7t y)eiCp.a) = (=1)"(y o 51)(32'C(p7q))
{(5"” oy)(ap,qg) =0, (5.2)

where a € Q1 with s(a) = .
Observe that y is an A-module morphism. By Lemma 2.3, we may assume that

y(eiC(p7q)) = ¢(y(p7q)) + Z ¢7 (“vaq))
(veQr | 1in=i} (5:3)

y(O‘C(p,q)) = ¢a (y(p,q))v

where y(, ) € €;L(Q°P)" ™ and I € €s(y) L1 (Q°P)" .
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By (5.3) and Lemma 4.7, we have that

" oy)eilpa) =" SWm)) = Y O PYra)
{veQ1 | t(v)=i}

and that
(y 00 (eilpg) = y( D O (pOp)*q°p)> :
{r€Qu [ t(y)=i}
By (5.2), we have

T wwpy@,@):(—l)"y( T mf’p(p@)*q%). (5.4)

{rve@u | t(v)=i} {veQu | t(v)=i}
We recall that for each arrow 3 € )1, the restriction of ¢g to ey B is injective. If
I(p) = 0, then by (5.4) and (5.3), for any v € @ with ¢(v) = i we have
Yewiyan) = (D" Yp.q)- (5.5)

If I(p) > 0, write p = ap with a € Q1 and t(a) = i. By (5.4) and (5.3), we have a®®y(, oy =
(=1)"y(p,q) and YPy, 4y = 0 for v € @y with t(y) =i and v # a. The following equality
holds:

Ypg) = Z Y2V YPYpg) = (=1)" (@) Y(5,q)- (5.6)
{(v€Q1 | t(y)=i}

Lemma 5.7. Keep the notation as above. Take x =
Yipg) = (—1)™(p°P)*¢°Px in L(Q°P) for each (p,q) € Al.

jEQo Yleses) € L(Q°P)™. Then

Proof. Clearly, we have y,.,) = e;x in L(Q°P). For I(p) =0 and I(q) > 0, write
q =gy withy € Q1. Weuse (5.5) to obtain yc,,, 4 = (—=1)™¢°Px in Ly (Q°P) by induction
on l(g). For I(p) > 0, write p = By, - - - 1 with all B arrows in Q. By (5.6), we have y(,, ) =
(=1)™(BP)*Y(p.q)- We obtain y, o) = (=1)"™(BP)* - (1) *Y(e.(,y.q) DY iterating (5.6).
Then, by Y(e,,y.0) = (=1)™m+DgoPg in L, (Q°P), the proof is complete. O

We will construct a map h: P® — P°® of degree n — 1, which will be used to prove
y — p(z) € C". To define h, we first assign to each pair (p,q) € Al an element 6, ;) in

Li(Q°P).

For each i € Qo, define 0, .,) = Z{Wte | s(7)=i} 'u?%esm) € e; L1, (Q°P)"~ 1. Here, refer

to (5.3) for the element “Zmesw)' We define 0., 4 inductively by

e(es(q)7Q) = (_1)n71(70p9(e5(5),5) - Uzes(q)g)) € es(q)Lk(QOp)nHilv (5.7)

where ¢ = ¢y with I(¢) =l and v € Q1. Let (p,q) € Al with I(p) > 0. We define Op,q) bY
induction on the length of p as follows:

Oy = (U E) 00+ S ()] € L@ (5.9)
{rve@u | t(v)=i}
where p = 0p with § € @1 is of length [(q) — I.
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We define a k-linear map h : P®* — P* such that

heilp.g) = 00p.q) and h(alp.qg) = Pall(p.g)
for each i € Qo, | € Z, (p,q) € Al and o € Q; with s(a) = .

Lemma 5.8. Let x be the element in Lemma 5.7, and let h be the above map. For
each i € Qo, | € Z, (p,q) € AL, we have

{(y = p(@))(eil(pq) = (6" o b — (=1)" "' h o §') (e (p,q))
(y = p(@))(al(p,q)) = (0" o b — (=1)"h 0 8") (e (p,q) = O,

where o € Q1 with s(a) = i.

Proof. Recall from (4.5) the right B-module morphisms ¢ and ¢g for 5 € Q1. By (5.3)
and Lemma 5.7, we have

P( )(QC (p,q) ) ( ) ( Op* ) T = ¢(y(p,q))
p(a)(p,q)) = (=1)" pa(p Op* 4°?)x = ¢aY(p,qg))
(y P( ))(ezC(p q)) = Z d)'y(ﬂ(p,q))'

{ve@u | t(v)=i}

Recall that 6'o¢g =0 for each arrow € Q1 It remains to prove (8"T'"loh —
(_1)n_1h o 5l)(ei<(p,q)) Z{»yte | t(y)=i} ¢7( (p,q) )
By the definition of 6, we have

l ¢5(9(;§7q)) ifp = ﬁﬁv
(hod")(eil(p.g) = > &y (Oe.ryan) i 1(p) = 0.
{v€Qu | t(v)=i}

By Lemma 4.7, we have (6"~ 1o h)(€iC(p,q)) = Z{yte | t(y)=i} ¢+ (7?b(p,q))- Then the
following equalities hold:

(6" o h)(eilpg) = (=1)" 7 (R0 8"} (€iGp.0)

> D (VPO (p,)) — (—1)" " dp(05,q) ifp=pp
{veQ1 | t(v)=i}

Z %(Vop@(p,q) - (_1)n_19(es<7>,qw)) if i(p) =

{re@u [ t(v)=i}

= Z ¢'y(ﬂ(p,q))~
{veQ1 | t(v)=i}

The last equality uses (5.7) and (5.8). O

Proof of Theorem 5.2. It suffices to prove that H(p) in (5.1) is an isomorphism. By
Lemma 5.6, it remains to prove that H™(p) is surjective for any n € Z. For any element
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y=y+C" withy € Z", take x =37, Y(e;.e;) € B" = Li(Q°P)". By Lemma 5.8, we
have y — p(z) € C™. Then it follows that ¥ = p(x) in H™(End 4 (P*®)°PP). O
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