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VAUGHT’S CONJECTURE FOR ALMOST CHAINABLE THEORIES
MILOS S. KURILIC

Abstract. A structure Y of a relational language L is called almost chainable iff there are a finite set
F C Y and a linear order < on the set Y \ F such that for each partial automorphism ¢ (i.e., local
automorphism. in Fraissé¢’s terminology) of the linear order (Y \ F, <) the mapping idr Uy is a partial
automorphism of Y. By theorems of Fraissé and Pouzet, an infinite structure Y is almost chainable iff
the profile of Y is bounded: namely. iff there is a positive integer m such that Y has < m non-isomorphic
substructures of size n, for each positive integer n. A complete first order L-theory 7 having infinite models
is called almost chainable iff all models of 7~ are almost chainable and it is shown that the last condition is
equivalent to the existence of one countable almost chainable model of 7. In addition, it is proved that an
almost chainable theory has either one or continuum many non-isomorphic countable models and, thus,
the Vaught conjecture is confirmed for almost chainable theories.

§1. Introduction. In this article we confirm Vaught’s conjecture for almost
chainable theories, extending the result of [7], which concerns the smaller class
of monomorphic theories. We recall that the Vaught conjecture is related to the
number 7 (7, w) of non-isomorphic countable models of a countable complete first
order theory 7. In 1959 Robert Vaught [14] asked if there is a theory 7 such that the
equality I (T, w) = w is provable without the use of the continuum hypothesis; since
then, the implication I (7, w) > @ = I(7.w) = ¢ is known as Vaught’s conjecture.

The rich history of the investigation related to that (still unresolved) conjecture
includes a long list of results confirming the conjecture in particular classes of
theories (see, for example. the introduction and references of [9]) and, on the
other hand, intriguing results concerning the consequences of the existence of
counterexamples and the properties of (potential) counterexamples (see, e.g., [1]).

The results of this paper are built on the fundament consisting of two (groups of)
results. The first one is the basic Rubin’s paper [11] from 1974 in which the Vaught
conjecture is confirmed for theories of linear orders with unary predicates; we will
use the following result of Rubin (see Theorem 6.12 of [11]).

TueoreM 1.1 (Rubin). If T is a complete theory of a linear order with a finite set
of unary predicates, then I(T,w) € {1, c}.

The second group of results is a part of the fundamental work concerning
combinatorial properties of relational structures collected in the book of Roland
Fraissé [2]. We will use Fraissé’s results related to almost chainable structures, as
well as a theorem of Gibson, Pouzet and Woodrow from [4], describing all linear
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orders which chain an almost chainable structure over a fixed finite set, which is
derived from similar results obtained independently by Frasnay [3] and by Hodges
et al. [6]. These results are presented in Section 2.

In Section 3 we show that a complete theory 7 with infinite models has a countable
almost chainable model iff all models of 7 are almost chainable and, so, establish the
notion of an almost chainable theory. In Section 4 we prove that for each complete
almost chainable theory 7 having infinite models we have I(7,w) € {1,¢} and,
thus, confirm the Vaught conjecture for such theories.

The results of this paper can be regarded as extensions of the existing results
concerning Vaught’s conjecture in several ways. First, the role of definability and
interpretability in extensions of classes for which Vaught’s conjecture is already
confirmed is well known (see [12] or [5]); here, taking a specific class K of colored
linear orders, we confirm the conjecture for the theories of structures which are
Yy-definable in structures from K. More precisely, if X = (X, <. {ao}. .... {a,1}) isa
linear order with n unary predicates, where ¢y < --- < a,_ are the first n elements of
X.andif L, = (R, U, ..., U, ;) is the corresponding language, then each quantifier-
free L,,-formula ¢ (vy. ... . v,_1) defines an m-ary almost chainable relation on the set
X. (In this way we obtain “finite modifications” of several relevant monomorphic
relations; e.g., betweenness, cyclic-order and dihedral relation, see [2].) More
generally, if L = (R; : i € I is any relational language and ¢; (vo. ..., vy R;)fl)’ for
i € I, are Xy-formulas of L, defining the relations RE{ c X (Ri) then the structure
Y := (X, (RY :i € I)) is almost chainable and I (Th(Y),®) € {1,c}. So we obtain
a large jungle of theories satisfying Vaught’s conjecture; some simple examples are
given in Section 5.

Second, it is known that Vaught’s conjecture is equivalent to its restriction to
(the theories of) partial orders (see [5, p. 231]) and, for example, it is confirmed
for the theories of trees (Steel [13]) and reticles, that is, the posets which do not
embed the four element poset N (Schmerl [12]). Here we note that simple infinite
almost chainable posets are obtained taking a finite poset P = (P, <) and replacing
some element p € P by an infinite linear order L. By Theorem 4.1, the theory of
the resulting poset will be w-categorical iff Th(IL) has that property; otherwise it
will have continuum many non-isomorphic models. We note that in this way we can
construct posets of any finite Dushnik—Miller dimension.

Third, one combinatorial invariant of a complete theory 7T is its profile function:
7 (n) is the number of non-isomorphic n-element substructures of models of 7.
So. in [7] Vaught’s conjecture is confirmed for monomorphic theories; namely, the
theories having the minimal profile (o7 (n) = 1, for all n € N); here we extend that
result for the theories with bounded profile (@7 < m, for some m € N).

§2. Preliminaries. Almost chainable structures.. Throughout the paper we assume
that L = (R; : i € I) is a relational language, where ar(R;) =n; € N, fori € I. If
Y is a non-empty set and 7 C Sent; an L-theory, then Mod; (Y) (resp. Mod(Y):
Mod[) will denote the set of all models of 7 with domain Y (resp. the set of
all L-structures with domain Y; the class of all models of 7). Let Y = (Y. (R} :
i € I)) be an L-structure. For a non-empty set H C Y, H:= (H. (R} | H :i €
I)) is the corresponding substructure of Y. If J C I, then L, :=(R;:i € J) is
the corresponding reduction of L and Y|L; := (Y. (R : i € J)) the corresponding
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reduct of Y. By [Y] we will denote the class of all L-structures being isomorphic to
Y (the isomorphism type of Y).

If X = (X, <) is a linear order, then X* will denote its reverse, (X, <™'). By LOy
we denote the set of all linear orders on the set X.

We recall the notions and concepts introduced by Fraissé which will be used in
this paper and fix a convenient notation. For n € N, by Age,(Y) we denote the
collection {[H]: H € [Y]"} of isomorphism types of n-element substructures of
Y (or, equivalently, Age,(Y) = {H € Mod.(n) : H < Y}/22). The age of Y is the
collection Age(Y) := |,y Age, (Y). The function ¢y with the domain N defined
by py(n) = | Age,(Y)|. for all n € N, is the profile of Y.

By Pa(Y) we denote the set of all partial automorphisms of Y (isomorphisms
between substructures of Y, or, in Fraissé’s terminology. local automorphisms). The
L-structure Y is freely interpretable in an L'-structure X having the same domain iff
Pa(X) C Pa(Y). We will say that Y is simply definable in X iff each relation R} is
definable by a quantifier free L'-formula in the structure X.

Almost chainable structures. Let Y € Mod, (YY), F € [Y]<® and <€ LOy\r.
Following Fraissé (see [2. p. 294]). the structure Y is called (F <)-chainable iff

Vo € Pa((Y \ E<)) idr Up € Pa(Y). (1)

The structure Y is called F-chainable if it is (F, <)-chainable for some linear order <
on Y \ F.Y is called almost chainable if it is F-chainable for some F € [Y]<?.

The following four statements are proved in [2] for |L| = 1 and have straightfor-
ward generalizations for arbitrary relational language L. So, these results of Fraissé
are cited and used in the paper in such, more general, form.

Generally. if Y is a set. F € [Y]". <€ LOy\r and F = {ay.....a, 1} is an
enumeration of the elements of the set F, we introduce the auxiliary language
L, := (R, Uy, ..., U, 1), consisting of new relational symbols, where ar(R) = 2 and
ar(U j) = 1, for j < n, and define the linear order <1 on the set ¥ and the L, -structure
(in fact, the linear order with n unary predicates) X by
(L) <[ (Y\F)=<.

(L2) (Y.<) ={ao} + - +{an1} + (Y \ F).and
(L3) X:= (Y. <. {ao}. ... {an1}).

Fact2.1. Let Y be an L-structure, F = {ay. ....a, 1} € [Y]"and < € LOy\p. If
< and X are defined by (L1)—(L3), then the following conditions are equivalent:

(a) Y is (F, <)-chainable,
(b) Y is freely interpretable in X, (that is, Pa(X) C Pa(Y)). and
(¢) Y is simply definable in X.

ProoF. (a) = (b). Let (1) hold and f € Pa(X). Then, since f preserves U,’s,
for each y € dom f and each j < n we have: y = a; iff f(y)=a;. So. if a; €
dom f, then f(a;) = a; and. hence. f | (F Ndom f) = idrndom s. In addition,
if y € (dom f)\ F, then f(y) ¢ F and, hence, f[(dom )\ F]C Y \ F. So, by
(L1), o := f [ ((dom f)\ F) € Pa((Y \ E <)) and by (1) we have g :=idr U ¢ €
Pa(Y). Finally, since f = g | dom £, it follows that f € Pa(Y).
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(b) = (c). Let Pa(X) C Pa(Y) and i € I. Let Lity, (vp. .... vs,_1) be the set of all
L,-literals  such that Fv(y) C {vo.....v,1}. For y = (yo. ... yn1) € Y" let

D;(0) = {;76L1th() X E gly }

Since |L,| < @ we have | Lit;, (0)| < w. so the relation ~C Y" x Y"i defined by
X ~ y iff @5 (0) = ®5(0) is an equivalence relation with finitely many equivalence
classes, say [yi]. k < m. Let ez, (0) := A\ ®@;, (), for k < m, and let

0i(7) ::\/{eyk( )ik<mAJ% € R X e, x]} 2)
We prove that
e (7eR Xk olf). 3)

Lety € R andk < m,where y ~ yk Then X |= €5, [7]and 5, (0) appears in ¢; (7).
Since X ): 5) « ] we have X |= ¢;[y] as well.

IfX E iy there are k < mand X € R} such that X |= g5, [¥] and X = €5, [§
Thus X ~ j and hence, p := {(x,.y,) : r < n;} € Pa(X) C Pa(Y ) C Pa((YRY>).
Thus, since ¥ € R} | {x, :r<n;}, we have y = px € R} | {y, :r <m;} and,
hence, y € R}.

(c) = (a). Fori € I.let g;(vy. .... v, 1) € Formy, be a Zy-formula satisfying (3).
For a proof of (1) we take ¢ € Pa({Y \ F, <)) and show that f := idr U ¢ € Pa(Y).
By (L1) we have ¢ € Pa((Y.<1)): by (L2), f € Pa({(¥. <)) and. since f(a;) = a;.
for all j < n, we obtain f* € Pa(X). So, for K := dom f and H := ran f, denoting
by K and H the corresponding substructures of X, we have f € Iso(K, H). Now,
foriel and y € K”i we have y € RY iff (by (3)) X = ¢;[y] iff (since ¢; is a
Xo-formula) K {= ¢;[y] iff (since f € Iso(K H)) H = @:[f 7] iff (since ¢; is a Zo-
formula) X = ;[ f 7] 1ff (by (3)) f7 € RY.So f € Pa((Y.R})), for all i € I; thus
f € Pa(Y) and (1) is true. -

Fact 2.2. If'Y is an infinite almost chainable L-structure, then there is a minimal
finite set F C Y such that Y is F-chainable (the kernel of Y, in notation Ker(Y)).

Proor. For |L| =1, thisis 10.9.3 of [2, p. 296]. But the proof of 10.9.3 as well as
the proofs of propositions (1), (2) and (3) of 10.9.2, which are used in the proof of
10.9.3 have straightforward generalizations for arbitrary relational language L. We
note that the Coherence lemma (2.4.1 of [2. p. 50]) used in the proof of 10.9.2(2)
works if, in particular, the language is finite and Z = [ X]<“ for some set X. o

Fact 2.3 (Pouzet). An infinite L-structure Y is almost chainable iff its profile is
bounded (that is, there is a positive integer m such that py(n) < m, for each n € N).
(See [8. Theorem 1.2 in p. 317] or [2. p. 297]. for finite L.)

FAcT 2.4. Let Y and 7 be L-structures. If'Y is almost chainable and Age(Z) C
Age(Y), then Z is almost chainable and | Ker(Z)| < | Ker(Y)].

Proor. For |L| =1, this is Lemma 10.9.6 of [2, p. 297], which has a
straightforward generalization for arbitrary relational language L. We note that
10.1.4 of [2, p. 275], which is used in the proof 10.9.6 holds for (in the notation of
[2]) R and R’ of arbitrary signature and for S’ of finite signature. o
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If Y € Mod;(Y) is an infinite (F, <)-chainable structure, then the set
£h = {(Y \ F, <) : <€ LOy\p and Y is (F, <)-chainable} (4)

is a non-empty set of linear orders and it is easy to see that (Y \ F. <) € £L iff
(Y \ F.<)* € L£E. Theorem 9 of [4] gives the following description of the set L.

THEOREM 2.5 (Gibson, Pouzet and Woodrow). If' Y € Mod(Y) is an infinite
(F, <)-chainable L-structure and L := (Y \ F, <), then one of the following holds

(I) L§ = LOy\r. that is. each linear order < on Y \ F chains Y over F,
(1) £5 = Uy gy {F+L T +F). and
(IIY) There are finite subsets K and H of Y \ F such that L. =K + M + H and
L = agerox {<1<, Q)+ M+ (H, <y, (H <p)* +M* + (K, <K>*}.

Qg €ELOy

§3. Almost chainable theories. A complete theory 7 C Sent; will be called almost
chainable iff each model Y of T is almost chainable and this notion is established by
the following theorem.

THEOREM 3.1. If T is a complete L-theory with infinite models, then the following
conditions are equivalent:

(a) All models of T are almost chainable,

(b) T has an almost chainable model, and

(¢) T has a countable almost chainable model.
If (a) is true, then there is n € w such that | Ker(Y)| = n, for each model Y of T.

A proof of the theorem is given at the end of the section.

Cram 3.2. Let K be a finite family of non-isomorphic L-structures of size n € N.
Then we have

(a) For each finite set J C I there is an Lj-sentence wi.j such that for each
Y € Mody we have: Y |= wic s iff {H|L, : H € [Y]"'}/= ={[K|L,;]:K € K} and

(b) For the first-order theory T := {yx.s :J € [I1=°} and each Y € Mod, we
have: Y = Tx iff Age, (Y) = {[K] : K € K}.

Proor. First, without loss of generality we can assume that the domain of each
structure K € K is the same set, say K. Let K = {x. ..., x, 1 } be an enumeration of
its elements and x := (xq. ..., X,_1).

(a) For a structure K € K. let ax s(0):= A{n € Lit., () : K |= n[x]}. where
Lit,, (o) is the set of all literals of L, with variables in the set {vo.....v,1}.
Then for Y € Mody, y € Y" and H := {yo, ..., yn1}, we have Y = ax sj[7] iff
{{xk.yk) : k < n} is an isomorphism from K|L; onto H|L,. If = € Sym(n) and
oy ;(0) is the formula obtained from ax ; by replacement of vy by (). for all
k <n, then Y ': Q%J[J_/] iff Y ': O{]K_J[yn(()), ’yn(n—l)] iff DPr = {(xk,yﬂ(k)) k<
n} is an isomorphism from K|L; onto H|L,. So, for the formula ¢k ,(v) :=
V esym(n) @k (V) we have Y = o s [7] iff H|L; = K|L;. and the equivalence in
(a) is true for the formula

v = Niex 30 020 0) A ((Awcran e # 01) = Vicer 955(8)). - (9)
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(b) Let Y = Tx. Suppose that H = {yo. ..., y,1} € [Y]" and that H 2 K, for all
K € K. Then for each K € K and each 7 € Sym(n) we have px . == {{xk. V) :
k < n} ¢ Iso(K,H) and, since pg,: K — H is a bijection, there is ik, € I such
that pi . & Iso((K. RS ). (H. R}, ).

Since J := {ig, : Ke KAn € Sym(n)} € [I1? and Y = wi.s, by (a) there are
Ko € K and 7y € Sym(n) such that pg, ., € Iso(Ko|L,.H|L;). which implies that
DKo € Iso((l(o,l’?fi0 ). (H. Rio_noﬁ and we have a contradiction. So we have

0-70
proved

VH e[Y]" IKe K H2K, (6)

that is, Age,(Y) C {[K] : K € K}. Concerning the inclusion “D,” suppose that for
some Ky €

VH € [Y]" H#K, (7)

and let £ = {Ky....,K, 1} be an enumeration. Then, for each 0 <r < s and
n € Sym(n), since Ko 2 K, we have p, = {{x;. x (1)) : k < n} € Iso(Ky. K,) and.
hence, there is i, € I such that

Pr & I0((K. R.). (K. R ). (8)

Now J :={i,;:0<r<sArmeSym(n)} € [[]<* and. since Y |= wi s, there is
H € [Y]" such that H|L; = Ky|L;. By (6) and (7) there is r >0 such that
H = K,. which implies H|L; 2 K,|L; and, hence, K¢|L, =2 K,|L;. Thus, there
is 7 € Sym(n) such that p, € Iso(Ko|L,.K,|L;), which in particular gives p, €
Iso((K. R?fp,(K, R{")). but this contradicts (8). So for each K € K there is
H € [Y]" such that H 2 K; that is, {[K] : K € K} C Age,(Y).

Conversely, if Age,(Y) = {[K]: K € K} and J € [[]<“, then for each H € [Y]"
there is K € K such that H = K: so H|L, = K|L, and. hence, [H|L;] = [K|L,]. In
addition, foreach K € K thereis H € [Y]" such that H = K so H|L; = K|L; again
and, by (a), Y = wi.s. Thus we have Y = Tx. .

Cram 3.3. Let Y be an infinite L-structure and | Age,(Y)| < w, for each n € N.
Then for the theory Tage(v) = U, en Tage, (v) and any L-structure Z we have

(a) 7jAge(Y) C Th(Y)

(b) Z ': 7;\ge(Y) ﬁ Age(Z) = Age(Y), and

(¢) If Z = Th(Y), then Age(Z) = Age(Y).

PrOOF. (a) By Claim 3.2(b), for n €N we have Y |= Taqe, (v) S0 Tage, (v) C Th(Y).

(b) Z | Tage(v) iff Z |= Tage, (v). for all n € N; iff (by Claim 3.2(b)) Age,(Z) =
Age,(Y), for all n € N iff Age(Z) = Age(Y).

(¢) If Z |= Th(Y). then by (a) Z = Tje(v) and by (b) Age(Z) = Age(Y). =

Cramm 3.4. If'Y is an infinite almost chainable L-structure and 7. |= Th(Y), then
Age(Z) = Age(Y), the structure Z is almost chainable and | Ker(Z)| = | Ker(Y)].

ProoF. By Fact 2.3 we have | Age,(Y)| < w, for all n € N. So, by Claim 3.3(c)
we have Age(Z) = Age(Y) and. by Fact 2.4, the structure Z is almost chainable and
| Ker(Z)| = | Ker(Y)]. .
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Cram 3.5. If T is a complete almost chainable L-theory with infinite models and
|I| > w. then T has a countable model and there are a countable language Ly C L
and a complete almost chainable L j-theory T; such that

| Mod ()/ = | = | Mod] (w)/ = | )

Proor. Let Y = (Y,(RY :i € I)) € Mod] . By Fact 2.1, there are a finite set
F ={ay,....,a,1} C Y, a linear order <LOy and an L,-structure X satisfying
(L1)—~(L3) and for each i € I there is a quantifier-free formula ¢; (vp. ..., v,,_1) such
that

vie v (5 e R & X pli). (10)

Since there are countably many L,-formulas, there is a partition 7 = |_J jes 1. where
|/| < w. such that, picking i; € I;, for all j € J, we have R = RiY/_. foralli € I;.
So. for the L-sentences 1, ; := V0 (R;(0) < R;;(0)), where j € J and i € I;, we
have 7, := U e, Amij 1 i € I;} C Th(Y) = T. Now, Ly := (R, : j € J) C L and.
using recursion, to each L-formula ¢ we adjoin an L;-formula ¢, in the following
way.: (’Uk = ’U])J =V = (R,'(’Uko, oo Uknl-fl))f = R[j (Uko, ’Uknrl)’ for all i €
Ii: (=) =~y (p Ay)y = s Ay and (Yo @), := Vv ¢;. A simple induction
proves that

VZ € Mod)" V(i) € Form, Vz € Z (Z = plf] & ZIL, = W[z‘]). (11)

We prove that, in addition, for each Z,,Z, € ModZ;7 we have
7y 27y & Zl|LJ = ZZ‘L‘] and 71 =, 7, & Zl|LJ =, Zz|LJ. (12)

The first claim is true since [so(Z1, Z,) = 1s0(Z|L;. Z,| L ). For the second, suppose
that Z; =; Z, and Z|L; |= w. where y € Sent,. Then y € Sent; and Z; = w.
which gives Z, = w so, by (11), Z|L; = w. because w; = y. Conversely, suppose
that Z|L; =1, Z»|L; and Z; = ¢. where ¢ € Sent;. Then, by (11), Zy|Ly E ¢y
and, hence, Z,|L; = ¢y so, by (11), Z, = .

Let 7; :=Thy, (Y|Ly). If Z € Modz, that is, Z =; Y, then by (12) we have
Z|L; =1, Y|L;. which means that Z|L; € ModZ. So we obtain the mapping A :
Mod] — Mod,” . where A(Z) = Z|L,. for all Z € Mod] . which is an injection.
because 7, C T.

IfA e ModZ, then Z = (4. (R :i € 1)) € Modf’, where R? = Rfé, for jeJ
and i € [;. Now Z|L; = A =1, Y|L; and, by (12), Z=, Y, that is, Z € Mod]
and A is a surjection. Since the mapping A preserves cardinalities of structures,
we have A[Mod] (w)] = ModZ (w). By the Lowenheim-Skolem theorem there is

Ac ModZ (w) and A1(A) is a countable model of 7.

By (12), the mapping A preserves the isomorphism relation and (9) is true. By
(10) the reduct Y|L, is simply definable in X and, by Fact 2.1, it is almost chainable.

By Claim 3.4, the theory 7; = Thy, (Y|L,) is almost chainable. =
PrOOF OF THEOREM 3.1. The implication (a) = (c) follows from Claim 3.5, the
implication (c) = (b) is trivial and (b) = (a) follows from Claim 3.4. -
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REMARK 3.6. We note that for finite languages the implication (b) = (a) in
Theorem 3.1 follows from Pouzet’s result (our Fact 2.3).

§4. Vaught’s Conjecture. In this section we confirm Vaught’s Conjecture for
almost chainable theories. More precisely, the whole section is devoted to a proof of
the following statement.

THEOREM 4.1. If T is a complete almost chainable theory having infinite models,
then I(T,w) € {1, ¢}. In addition, the theory T is w-categorical iff it has a countable
model which is chained by an w-categorical linear order over its kernel.

So, let 7 be a complete almost chainable L-theory having infinite models. By
Theorem 3.1, there is n € w such that each model of 7 has the kernel of size n
and, by Claim 3.5, w.l.o.g. we suppose that |L| < w. which gives Mod] () # 0.
As above, let L, denote the language (R, Uj. ... U, 1), where R is a binary and
U;’s are unary symbols. In the sequel, for Y € Mod, (). by [Y] we denote the set
{Y" € Mod(w) : Y/ 2 Y} and similarly for the structures from Mod,, ().

Following the architecture of the proof of the corresponding statement from [7]
we divide the proof into two subsections. In “Preliminaries” we take an arbitrary
countable model Y of 7 and a linear order with » unary predicates X, such that
Pa(X,) c Pa(Y,) (see Figure 1) and describe the cardinal argument which will
be used in our proof. In “Proof,” distinguishing some cases, taking convenient
structures Yy and X, and using that cardinal argument, we prove Theorem 4.1.

P
Mod;, (w) - Mod; (w)
—— Mod} (w)
— Mod;™ (w) — ——— Mod? (w) —
—®[Mod; " (w)]—
W | wxm{ S Tx|)ivd
|_
'A/llYO OXO ° YO

FIGURE 1. The mappings ® and V.
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4.1. Preliminaries. For convenience, letA, := {(x¢.....x,1) € ©" : \/; ;o Xk =
x;} and, for an n-tuple @ := (ay, ..., a,_1) € 0", let us define F; := {ao, ..., a,1}.

We fix a model Yy = (w, <R?{° ;i €I)) € Mod] (w) and an enumeration of its

kernel, Ker(Yo) = {ao. ....a, 1 }. By Fact 2.1 there is a linear order <€ LO,, such
that, defining @ = (ay, ..., a,1) and Xy := (w, <. {ao}. ..., {an1}).

<CO, -<> = {ao} + e+ {an,l} + (6() \ Fg) and Pa(Xo) C Pa(Yo)

Thus, the structure Yy is (Fz, <[ (w \ Fz))-chainable. Let Tx, denote the complete
theory of Xy, Thy, (Xy). The structure X, has the following properties expressible
by first order sentences of the language L,:

(i) The interpretation of R is a linear order,
(ii) The interpretations of the relations Uy, k < n, are different singletons,
(iii) These singletons are ordered as the indices of Uy ’s (that is, the L,-sentence
Ni<icn Y. v (Ue(u) A Up(v) = R(u.v)) is true in Xo), and
(iv) The union of these singletons is an initial segment of the linear order; that is
Xo b= Vit v ((Upa () A Ny ~Ui(0)) = R(w.0)).

So. if 7™ is the set of the L,-sentences expressing (i)—(iv). then 7* C Tx, and
Xo € M, = {<w, < {ao}. ... {an1}) € Mod] (o) :
Yo is (Fz, <] (@ )\ Fd))-chainable}.

By Fact 2.1 the structure Yy is simply definable in the L,-structure X,y. Thus, for
each i € I there is a quantifier free L,-formula ¢; (vo. .... v,,1) such that

VE € o (x e R & X, = @i[x]). (13)
Generally speaking, using the L,-formulas ¢;, i € I, to each L,-structure X €
Mody, (@) we can adjoin the L-structure Yx := (w, (R,* :i € I)) € Mod. (),
where, for each i € I, the relation R?X is defined in the structure X by the formula
;. that is,

Vi € o (;z eR* o X (pi[)f]>. (14)

Cramv 4.2, For each structure Y, € Mod] (w). each enumeration Ker(Y,) =
{ap, ..., a,1} each structure X, € Mg‘{o and each choice of formulas ¢;, i €1,

satisfying (13), defining Yx by (14), for X € Mody, (w), we have

(a) The mapping ® : Mod,, (w) — Mod, (w), defined by ®(X) = Yx, for each
X € Mod,, (w), preserves elementary equivalence and isomorphism; moreover,
ISO(X], Xz) C ISO(YX1 5 sz),for Cl”X], X, € MOdL” (a)) and

(b) The mapping P : ModLTfo (w)/= — Mod] (w)/=2, given by W([X]) = [Yx].
Jor all [X] € Mod:fo (w)/ =2, is well defined.

ProoF. (a) By recursion on the construction of L-formulas to each L-formula
©(0) we adjoin an L,-formula ¢*(9) in the following way: (vy = v;)* = vy = v;,
Ri (v ... Uk, OF = i (g, s Uk, ;) (replacement of v; by vy, in ¢;), (—p)* =

https://doi.org/10.1017/js1.2021.60 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.60

1000 MILOS S. KURILIC

—*, (o Aw)* = @* Aw*and (Ju p)* := Ju, *. Aroutine induction shows that,
writing v instead of vy. ..., v,_1. we have (see [5. p. 216])

VX € Mod;, (w) Ve(v) € Form, Vx € o" (X Eo*x]e Yx E <p[)?]>. (15)

Let X;.X; € Mod,, (). If X; = X, then for an L-sentence ¢ we have: Yx, E e
iff X = ¢* (by (15)) iff X, |= ¢* (since X; = X,) iff Yx, = ¢ (by (15) again). So.
Yx, = Yx, and the mapping @ preserves elementary equivalence.

If / : X; — X is an isomorphism, then by (14) and since isomorphisms preserve

all formulas in both directions, for each i € I and X € " we have: ¥ € R?{Xl iff
X | @i[x]iff X, = Lp, [fX]iff /% € R, 2 Thus £ e Iso(Yy,. Yy, ).

(b) For X € ModLn (w) we have X = X,. which, by (a), (13) and (14), implies
that ®(X) = Yx = Yy, = Y. So. since Yo = 7. we have ®(X) € Mod[(w) and,
thus,

®[Mod, ™ ()] € Mod] (o). (16)

Assuming that X;. X, € Mod “0(w) and X; = X,. by (a) we have Yx, = Yx,. that
is [Yx,] = [Yx,]. So, the mappmg ¥ is well defined. -

Thus, by Claim 4.2(b). if I(7x,.®) = c. then for a proof that /(7. w) = ¢ it is
sufficient to show that the mapping W is at-most-countable-to-one, which will be true

.
if for each X € Mode0 (w) we have [P '[{[Yx]}] < w. We note that, by Example
4.2 of [7]. it is possible that P {[Yx]}] = .

Now, let X € Mod “0(w). Then we have X = 7* and. hence. there is b :=
(bo.....by1) € 0" \A such that X = (@, =<x.{bo}.....{by_1}) and Yx is definable
in X by (14). So. by Fact 2.1, the structure Yy is (Fl;, <x| (@ \ F;))-chainable and
(see (4))

Lx = (0 \ Fp.<x| (@ \ F)) € £y (17)
For an n-tuple ¢ := (co. .... ¢p-1) € 0" \ A, let us define
MG, = l(w <. {co},.... {ecn1}) € ModLTn* (w) :
Yy is (Fz, <[ (o \ Fg))-chainable}, (18)
My 1= Useoma, M- (19)
Thus. X € M’;’YX C My,. For M C ModZ: (w), let M= = {[A]: A € M}.

-
CramM 4.3. For each structure X € Mod Liio () we have

IR

A[ivaly] € M3, 1 Mod, ()

PrOOF. Let XGModZ{O(w). Then, by (16) we have Yx € Mod]

(e):
W([X]) = [Yx] € Mod] ()/ = and ¥ '[{[Y]}] C dom(¥) = Mod, " ( )/%
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Let [Xi]€ W ![{[Yx]}]. Then [X;]€ Mod XO(

)
Mod[n (w) is closed under =2, we have X € Mod *(w).
and, hence, X| = (w. <x,.{co}.....{cs1}). for some ¢ :

Since X; € Modz—f‘) (w), by (14) for i € I we have

/= and, since the set

This implies that X; = 7*
= (Co, oo s Cu1) €E @™\ A

Vicw" (FeR ™ & X gl (20)

Also we have [Yx,] = W([X;]) = [Yx]. so there is / € Iso(Yx. Yx,) and we prove
that [X;] € My .

Clearly, X, := <60 S =x, 1 o)} oo A Hen)}) 2 X and £ € Iso(Xo, X).
For i € I and X € »" we have X € R, i fxe R?Xl (since f € Iso(Yx. Yx,)).
iff X; = <p, [fx] (by 20), iff X5 |= ¢;[x] (since f € Iso(X5.X))). Thus X € R?{X iff
Xy = i[x], for all x € w", so, by Fact 2.1, the structure Yy is (Ff 17 f’l[-<xl] i
(@ )\ Ffflc—,))-chamable. Now, X, € M{{X ¢ and, hence. [X;] = [X,] € (M{{;E)% C
MG . Thus Y I{[Yx]}] C Mg, - &

The following folklore statement will be used in our case analysis as well.

Cram4.4. If some structureY € Mod[(w) is simply definable in an w-categorical
structure X with domain w, then Y is an w-categorical structure and I (T, w) = 1.

ProOF. By the theorem of Engeler, Ryll-Nardzewski and Svenonius (see [5. p.
341]), the automorphism group of X is oligomorphic; that is, for each n € N we have
|w" [ ~x, | < @, where X ~x, 7 iff fx = 7, for some f € Aut(X).

As in Claim 4.2(a) we prove that Aut(X) C Aut(Y). which implies that for n € N
andeach X, y € " wehave X ~x, J = X ~y, J. Thus|w"/~y, | <|0"/~x. | <
w, forall n € N, and, since |L| < w, using the same theorem we conclude that Y is
an w-categorical L-structure. -

4.2. Proof. First we prove that |[Mod] (w)/2 | € {1.c¢}. using definitions and
notation from “Preliminaries” and distinguishing the following cases.

CASE A. There exist a structure Yy € Mod[(w)v an enumeration of its kernel,
Ker(Yy) = {ao, ..., ay 1}, and a structure X, € Mg{o such that the theory Tx, is w-
categorical. Then by Fact 2.1 the structure Y is simply definable in X, and by Claim
4.4 wehave I(T,w) = 1.

In particular, Case A appears if there is a structure Y € ModT(w) satisfying
condition (i) of Theorem 2.5: Y is F-chainable and £ = LO)\r. Then, taking an
enumeration F = {ay, ..., a, 1 }, the relations RlY of the structure Y are definable in
the structure X := (w, {ao}, ..., {ay1}) of the unary language L' := (Uy, ..., U, 1)
by quantifier free L’-formulas and, since the structure X is w-categorical, Y is w-
categorical as well; so, I(7,w) = 1 again. We note that such structures are called
finitist by Fraissé, see [2, p. 292].

CASE B. For each structure Y, € Mod[(w), each enumeration of its kernel
Ker(Yy) = {ao. ..., a, 1} and each structure Xy € Mg’{o, the theory Tx, is not w-

T _
categorical; so, by Theorem 1.1, |Modej0 (W)= | =rc forall X, € Mg, -
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Then, by the remark from Case A concerning condition (i) of Theorem 2.5, we
have

VY € Mod] (@) L5 # LO,ker(y). (21)
and we prove that | Mod] (w)/2 | = c. distinguishing the following two subcases.
SUBCASE B1. There exist a structure Y, € Modz (), an enumeration of its kernel,
Ker(Yy) = {ao. ..., ay 1}, and a structure X € M@O such that the linear order Lx, :=
(w\ Fa.<x,| (@ \ Fz)) € E% has at least one end-point.
Then we take such Yy, @ and X, and notice that Xy = 7* and that the mentioned
property of Lx, gives a first order property of Xy. Namely. Xy = 0y V 0;. where

0o :=Fv Yu (U,_1(u) = R(u,v) A=Fw (R(u, w) A R(w,v))), (22)
0y := v Vu (—u =v = R(u,v)). (23)

Now we have \Modfjo (w)/=|=c¢ and, by Claim 4.2(b), for a proof that

|Mod] (w)/= | = citis sufficient to show that the mapping W is at-most-countable-
to-one. This will follow from the following claim and Claim 4.3.

CLAM 4.5. )Mi N Mod, ()] = ‘ < o, for all X € Mod, ™ ().

-
Proor. Let XeModlj‘) (w). By (19) it is sufficient to show that for each ¢ ¢
o™\ A, we have

‘(Mg}x)g N Mod, ™ ()] = ‘ < . (24)
Let Xi = (0. <x,. {c0o}. ... {ea1}) € M{_. Then by (18) and (4) we have
Ly, = (@ \ Fr.<x, | (0 \ F2)) € LI

First, if the set Eg; satisfies condition (iii) of Theorem 2.5, then we have (E?;g )= =
{[Lx, 1. [Lg, 1} (because all “K + M + H-sums” are isomorphic and all “H* + M* +
K*-sums” are isomorphic). Thus each structure X, € Mg}x consists of the initial

part, {co} + -+ {cn-1}. labeled by the unary relations U/XZ ={c;}. j<mn, and a
final part, which is either isomorphic to the linear order Ly, or to its reverse, I[&l .
So we have |(M§}X)§\ < 2and (24) is true.

Otherwise, by (21) and Theorem 2.5, ﬁg‘;g = ULXI:HHF{F + I I* + F*}.
- T
Let X = (0. =<x,. {co}. ... {en1}) € MG, N Modsz0 (w). Then Ly, :=(w\
Fr.=<x,| (0 \ Fp)) € Lg‘;g and. hence, thereisa cut {I. F} in Lx, (i.e.a decomposition

Lx, = I+ F) such that Lx, = F + I or Ly, = I* + F*. Suppose that I, F # (), that I
does not have a largest element and that F does not have a smallest element. Then

. . . . T
F + T and I* 4+ F* are linear orders without end points. But, since X, € Mod Liio (w)
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we have X, = 0y v 0, and, hence, the linear order Lx, must have at least one
end-point, which gives a contradiction.

- T
So. for each X, € Mg N ModLigO (w) we have Ly, = F+1 or Lx, = I* + F*,

where I has a largest element or F has a smallest element. Since such cuts {I.F} in
LLx, are defined by the elements of the set w \ F%. there are countably many of them.

= T L . .
Thus [M§_ N Mod Lfo (w)] = w, which implies (24), since each class from the set
N T . = T
(M§{X): N Modeo (w)/ = has a representative in Mg, N Modlj§0 (w). 4
SUBCASE B2. For each structure Yy € Mod[(w), each enumeration of its kernel.
Ker(Yy) = {ao. ..., ay 1}, and each structure X, € M”O, the linear order Ly, := (w \

Fz.=<x,1 (0 \ F3)) € EQ; is a linear order without end points.

Then we fix arbitrary Yy € ModZ(co) and X, € M‘IO, where Ker(Yo) = F;.

g
Again we have |Mode0 (w)/=|=c¢ and, as in Subcase Bl, the equality
| Mod? (w)/= | = ¢ will follow from Claims 4.2(b). 4.3 and the next claim.

CLAIM 4.6. M?X N Modzgo ()] = | <, forall X € ModZ{0 ().

Ty L. . —

ProOF. Let X&Mod Lfo (w). By (19) it is sufficient to show that for each ¢ €
"\ A, we have [(M¢ )| < 2.

LetX; = (0, <x,.{co}. ... {ca1}) € M%X.Then, by our assumption, Lx, = (@ \
Fz.<x,| (@ \ Fz)) is a linear order without end points and Ly, € Lg‘;{ .

Suppose that the set [Ig; satisfies condition (ii) of Theorem 2.5; that is,
ﬁg;{ = U, 1w {F+ L I" +F"}. Then. taking an arbitrary x € w \ Fz we have

1

Ly, = (- oo, X)Lxl + [x. OO)JLXI =:1+F: and, since Lx, is a linear order without
end points, I.F # (. Let X5 = (0, <x,.{co}.....{cs1}). where <x, is the linear
order on w such that (w.<x,) = {co} + -+ {c,1} + F+ 1. Then the structure
Yx is (Fz. <x,| (@ \ Fz))-chainable and. hence, X, € M%X. But the linear order
Lx, := (w \ Fz. =<x,| (@ \ Fz)) = F + 1 has a smallest element, which contradicts

the assumption of Subcase B2.
Thus there are finite sets K, H C w \ F; such that Ly, = K+ M + H and

£ = Uagerop {(K.ax) + M+ (H <) (<) + M + (K. <x)"}.

< €LOy

In addition, since each element of /.15; is a linear order without end points, we
have K = H = () and, hence, M = Ly, and E?X = {Lx,. L§§1 }. Thus each structure
Xy € Mg, consists of the initial part, {co} + -+ {cs1}. labeled by the unary
relations U]XQ ={c;}. j <n, and a final part, which is either isomorphic to the
linear order L, or to its reverse. Ly . So we have |(M§,X)g\ <2 -

Finally we prove the second part of Theorem 4.1. By our analysis, the theory T
is w-categorical iff Case A appears; so, we have to prove that the L,-structure
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Xo = (w. <. {ao}..... {a,1}) is w-categorical iff Ly, := (w \ Fz. <[ (o \ Fz)) is
an w-categorical linear order. Since Aut(Xy) = {idp, Uf : /' € Aut(Lx,)}. for
neN and X,y € (w\ F;)" we have X ~Ly, y & X ~x, ¥. which implies that
l(w \ F2)"/ ~Ly, | < |w"/ ~x, |- So.if Xy is w-categorical, then LLx, is w-categorical
(by the theorem of Engeler, Ryll-Nardzewski and Svenonius).

On the other hand, if Ly, is w-categorical. then the linear order (w. <) = n +
Ly, is w-categorical (see Rosenstein’s theorem, [10, p. 299]) and, since Aut(X,) =
Aut({m, <)), X is w-categorical too. ]

§5. Comments and examples. By Fact 2.3 and Theorems 3.1 and 4.1, if a complete
theory 7 has an infinite model Y with bounded profile, that is ¢y < m, for some
m €N, then I(T,w) € {1, ¢}. In [4], Gibson et al. have considered the extension of
the profile function to infinite cardinals and proved that if Y is an L-structure such
that @y (u) < w, for some infinite cardinal 4 < | Y|, then Y is almost chainable (see
Theorem 22 of [4]). So. by Theorems 3.1 and 4.1 we have

COROLLARY 5.1. If a complete theory T has a model Y such that oy (u) < w, for
some infinite cardinal u < Y|, then I(T,w) € {1,c}.

We note that Example 4.1 of [7] shows that if 7 is the complete theory of the
ternary betwenness relation defined on the rational line with doubled integers, then 7°
is a complete monomorphic (and, hence, almost chainable) theory which is unstable,
does not have definable Skolem functions and has a countable model which is not
bi-interpretable with any linear order. By Theorem 4.1 we have I (7T, w) = c.

Further, Example 4.2 of [7] shows that if 7 is the complete theory of the ternary
cyclic-order relation defined on the discrete linear order w + w*, then the mapping
¥ defined in Claim 4.2(b) is not finite-to-one. Here we have I (7, w) = ¢ again.

Finally, we give three simple examples of ternary almost chainable structures
which are not monomorphic.

ExaMPLE 5.2. Let L = (Ry), ar(Rg) =3 and let X = (w, <,,{0}.{1}.{2}).
where <,, is the usual strict linear order on w. Then we have X € Mod,,(w). where
Ly = (<, Uy, Uy, Uy), and the Ls-formula

wolu, v, w) = (vg < vy <v2) V(v <v2 <o)V (V2 <wo <vp)
\Y (Uo(vo) A Up(vr) A Nj< _'Uj(v3))

defines the L-structure Y = (w. R} ) in X. Clearly, R is the union of the cyclic-order
relation defined on the ordinal (w. <,,) and the set {(0.0.z) : 2 <, z}. Thus, for
example, (70, 80, 90). (80.90.0). (90. 1. 3).(0.0.5). (0.0.90) € R . Since Ker(Y) =
{y e Y :Age(Y \{y}) < Age(Y)} (see[8.p.300]),itiseasy to check that Ker(Y) =
3 ={0,1,2} (forexample, for K := {0,1,2,3} wehave K <> Y \ {1}). Here we have
case (iii) of Theorem 2.5 and I (Th(Y).w) = «¢.

ExampLE 5.3. If in Example 5.2 we take the Ls-formula ¢((vo. v1. v2) given by
</\,:j<3 —U; (i) A ((vg <1 <v2) V(01 <0y <wg) V(02 < wp < vl)))

\VJ (Uo(”Uo) A UO(UI) A /\j<3 _'Uj(v3)>’
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we obtain the ternary almost chainable structure Y’ = (w, R ). Now. the relation

R{ " is the union of the cyclic-order relation defined on the linear order (@\3.<y)
and the set {(0,0,z) : z € w \ 3}. Here we have case (ii) of Theorem 2.5 and. by
Theorem 4.1, the equality / (Th(Y’), w) = ¢ holds again.

ExaMPLE 5.4. If in Example 5.2 we take ¢f (vo.v1.v2) := Up(vg) A Up(vi) A
A <3 ~Uj(v3), we obtain Y = (0. RY"), where RY" = {(0.0,z) : z € @ \ 3}. Now
we have case (i) of Theorem 2.5 and. by Theorem 4.1, I (Th(Y").w) = 1.
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