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We obtain an integral representation of an energy for structured deformations of
continua in the space of functions of bounded variation, as a first step to the study of
asymptotic models for thin defective crystalline structures, where phenomena as
slips, vacancies and dislocations prevent the effectiveness of classical theories.

1. Introduction

The theory of first-order structured deformations introduced by Del Piero and
Owen [17] forms a basis for addressing a large variety of problems in contin-
uum mechanics, where geometrical changes can be associated to smooth-classical
deformations, piecewise deformations and more complex deformations for which
an analysis at the macroscopic and microscopic levels is required. Specifically, this
theory can be applied to problems relating to plasticity, crystals with defects, liquid
crystals and material composites.

From a variational point of view, the problem of assigning a free energy to a
body that undergoes a structured deformation was first studied by Choksi and
Fonseca [13] in the context of functions of special bounded variation (SBV) (the
main notation and concepts used throughout this work are given in § 2). This energy
was defined as the most effective way to build up the deformation using sequences
of approximating simple deformations in SBV. More precisely, Choksi and Fonseca
defined a structured deformation in an open and bounded set 2 C RY, N > 1, as a
pair (g, G) where the macroscopic deformation g is an element of SBV(£2; R¢) and
G (deformation without disarrangements) is an integrable tensor field in 2. Using
a Lusin-type result of Alberti [1] (see theorem 2.5) it was proven in [13] that, given
such a pair, there exist deformations u,, in SBV(£2; R¢) with

ML.Q)

unL—l>g and Vu, G. (1.1)

As a result, the energy associated to (g, G), I(g,G) was defined as the relaxation
with respect to the topology given in (1.1) of the functional

5(u):/QW(Vu)dx+/S W ([u],v,) dHN ", w e SBV(2;RY),
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for appropriate bulk and interfacial densities YW and ¥, that is,

o . . L M(£2)
I(g9,G) := {un}CSIII;{‘/(Q;Rd) { hnlr_1>1£f5(un), Uy — g, Vuy, G}. (1.2)

The main objective in [13] was then to characterize I(g,G) through an integral
representation formula. The principal difference of this characterization from pre-
vious integral representation results for similar relaxed energies, where relaxation
is taken with respect to the L' (BV-weak) topology [4,7-10,20,21] is the fact that
gradients of approximating sequences {u,} in (1.1) are constrained to converge to
the given function G (not necessarily Vg). In this case, if Vu,, — G in L', the
difference G — Dy is achieved by the limit of singular measures since Du,, — Dg
in the sense of distributions. Moreover, the Hausdorff measure of the jump set of
up, tends necessarily to infinity, otherwise theorem 2.1 of Ambrosio [3] asserts that
G = Vg almost everywhere.

In the context of defective crystals, as mentioned in [13], (1.2) can be interpreted
as a way of realizing the deformed crystal by piecing together elastic crystals on
an increasingly fine scale. We refer to Choksi et al. [14], where the framework
introduced in [13] has been used to predict, for simple models, the origins and
main characteristics of phenomena such as fracturing, yielding and hysterisis, with
applications to single defective crystals (see [14, §4.3]).

Our objective is to generalize the relaxation result derived in [13] to the full BV
setting for a class of second-order energies suitable for the study of equilibrium
configurations of thin defective crystalline structures, as addressed by Matias and
Santos [26]. As noted in [26], the energy considered in [13] is not appropriate for
this study since some control in the second-order derivatives of the deformation is
needed to avoid geometrical obstacles in the thin film limit.

To present our main result, theorem 4.1, whose complete statement is given
in §4, we denote by BVZ(£2;R?) (SBV?(£2;R%)), d > 1, the space of functions
u € BV(£2;R?) such that Vu € BV(£2;RN) (respectively, for SBV?(£2; R?)) and
we start by introducing the space of generalized structured deformations

GSD(£2;RY) := BV?(£2; RY) x BV(£2; R>N).

For any (g, G) € GSD(£2;R?) we consider the relaxed energy

. . Lt Lt
1(g9,G) = {un}csgl\%((z;Rd) { hnrglcgf E(un), up — g, Vu, — G}, (1.3)

where

E(u):/QW(Vu,Vzu)dx—i—/S ;pl([u},uu)dHN—1+/ Ty ([Vu], vy ) dHN 1

Svu

for u € SBV?(£2;R?), and the functions W, ¥; and W, satisfy the hypotheses
(H1)—(H7) introduced in § 3. Under hypotheses (H;)—(Hy), theorem 4.1 asserts that
there exist bulk and interfacial densities W1, Wa, 71, 72 (see (3.2)—(3.5)) such that,
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for all (g, G) € GSD(£2;RY),

1(9.G) = /ﬂ (W(G — Vg) + Wa(G.VG)) du + /S (o], vg) AHN 1

_ _ dD¢g
+ | 7(GT,G,vg)dHY 1+/W< >dDCg
/SG 2 ¢) o '\ d[Deg] D%l

dD°G

WS\ @ aipeqr ) AIP°C 1.4
+/Q 2 ( ’d|DCG|> DG (1.4)
where W3*, as usual, denotes the recession function of Wy in the second variable,

that is,

W(A,tB
W3°(A, B) = limsup %7 A e RN B e RIXNXN,
t—o0

To show (1.4) we start by deriving a similar relaxation result in the SBV setting:
theorem 3.2. Although this characterization could have been derived directly for
the whole energy I(g, G) using localization and blow-up methods, Alberti’s theorem
(theorem 2.5) allows us to divide this energy into two first-order relaxed energies
I(9,G) and I2(G), making our arguments more concise. The effect of the struc-
tured deformation is captured in the first energy I1 (g, G) through the limit energy
density W; that depends on G — Vg (deformation due to disarrangements at the
microscopic level). The full BV characterization (1.4) then follows from theorem 3.2
together with a sequential characterization of the energy I;(g, G) (see lemma 4.3),
Reshetnyak’s theorem (see theorem 2.2) and Alberti’s rank-one theorem [2].

We finish this introduction by referring the interested reader to Carriero et al.
(see [11,12] and the references therein) for other second-order variational problems
arising from some models in image segmentation and in continuum mechanics.

The overall plan of this work in the ensuing sections will be as follows. Section 2
gives the main notation and results used throughout. Section 3 is devoted to a proof
of the SBV counterpart of our main result, theorem 3.2. A proof of theorem 4.1 is
obtained in §4.

2. Preliminaries

The purpose of this section is to set some notation and to give a brief overview
of the concepts and main results that are used in subsequent sections. All of these
results are stated without proof since they can be readily found in the references
given below.

2.1. Notation

Throughout the text, 2 C RV, N > 1, will denote an open bounded set, and we
will use the following notation.

o A(f2) is the family of all open subsets of (2.
e M(S2) is the set of finite Radon measures on f2.

o ||p]| stands for the total variation of a measure p € M(£2).
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e SN~1 stands for the unit sphere in RV,
e ¢, denotes the ith element of the canonical basis of RN for i =1,..., N.
e () denotes the unit cube centred at the origin with one side orthogonal to ey .

e Q(x,0) denotes a cube centred at x € 2 with side length § and with one side
orthogonal to ey.

e Q,(x,0) is the cube centred at x € {2 with side length § and with one side
orthogonal to v € SV—1.

L d Ql/ = Qu(ov 1)
o RIXNXN ig the set of real tensors of order d x N x N, d > 1.
e ( represents a generic constant,

e lim,, ,, := lim, lim,,, while lim,, ,, := lim,, lim,,.

2.2. Measure theory
We start by recalling a generalization of the Besicovitch differentiation theorem
due to [4].

THEOREM 2.1. If A and p are Radon measures in (2, > 0, then there exists a
Borel set E C {2 such that u(E) = 0 and, for every x € supppu \ E,

dA . ANz +eC)

) = lim 22 "
an T et o)

exists and is finite whenever C is a bounded, convez, open set containing the origin.

We also recall Reshetnyak’s theorem on weak convergence of vector measures
(see [27]; see also [6]).

THEOREM 2.2. Let p and p, be R%-valued finite Radon measures in 2 such that
o — g1 in 2 and such that ||| (2) — ||u]|(£2). Then

dn [ (et @) @) = [ 1(o @ )l @)

for every continuous and bounded function f: £2 x S%1 — R.

2.3. BV-functions

In this section we briefly summarize some facts on functions of functions of
bounded variation to be used later. We refer to the interested reader to [6, 18,
19,23, 28] for a detailed description of this subject.

A function u € L'(£2;RY) is said to be of bounded variation, and we write u €
BV(£2;R?) if all its first distributional derivatives Dju; € M(R2) for i = 1,...,d
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and j =1,..., N. The matrix-valued measure whose entries are D;u; is denoted by
Du. The space BV(£2;R?) is a Banach space when endowed with the norm

lullBv = [lullzr + [[Dul|(£2).

By the Lebesgue decomposition theorem, Du can be split into the sum of two mutu-
ally singular measures D*u and D3u (the absolutely continuous part and singular
part, respectively, of Du with respect to the Lebesgue measure £V). We denote
by Vu the Radon-Nikodym derivative of D?u with respect to £V, so that we can
write

Du = Vul® | 2+ D*u.

Let {2, be the set of points where the approximate limit of u exists, i.e. x € {2
such that there exist z € RY with

lim |u(y) — z|dy = 0.
e—0 Q(z,e)
If ¢ € 2, and z = u(z), we say that u is approzimately continuous at x (or that
x is a Lebesgue point of u). The function u is approximately continuous £V-a.e.
x € (2, and
LY (02\ 2,) =0. (2.1)

Let S, be the jump set of this function, i.e. the set of points = € 2\ §2,, for which
there exists a,b € RY and a unit vector v € SV=!, normal to S, at z, such that

a # b and
1
lim —/ |u(y) —a|ldy =0 (2.2)
=0t €N Jiyequ@e): (y-2) >0}
and
i 7 [ [u(y) — bl dy = 0 (2.3)
im — u(y) — bl dy = 0. .
=0t €N Jiyequ@e): (y-2)v<0)

The triple (a,b,r) uniquely determined by (2.2) and (2.3) up to permutation of
(a,b) and a change of sign of v is denoted by (u™(z),u™ (z), vy ()).
If u € BV(£2), it is well known that S, is countably N — 1 rectifiable, i.e.

o0
Su=|JKnUE,
n=1

where HV~1(E) = 0 and K,, are compact subsets of C'-hypersurfaces. Further-
more, HN1((2\ £2,)\ S.) = 0 and the following decomposition holds:

Du=Vul™ | 2+ [u] @ v,HN "1 S, + Du,
where [u] := u™ —u~ and D is the Cantor part of the measure Du, i.e. Du =
Deu | (£24,).
If 2 is an open and bounded set with Lipschitz boundary, then the outer unit
normal to 9f2 (denoted by v) exists HV~! almost everywhere and the trace for

functions in BV (£2; R?) is defined.
Next we recall some useful results on BV functions used in what follows.
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THEOREM 2.3 (approximate differentiability). Ifu € BV(£2;R?), then, for LN -a.e.
x €2

(N-1)/N
lim { [ )~ ule) = Fute) - (g — )N dy} _0.
Q(z,€)

LEMMA 2.4. Let u € BV(§2;R?). There exist piecewise constant functions u, such
that u, — u in L' (2;R?) and

I1Dul(@) = tim (D (2) = Jim [ sl (@)] A5 o),

The space of special functions of bounded variation introduced in [16] for problems
arising from pattern recognition and the mathematical theory of liquid crystals,
SBV(£2;R%), is the space of functions v € BV(£2;R?) such that D°u = 0, i.e. for
which

Du = Vul™ 4 [u] @ v, HN "1 [ S,.

The next result is a Lusin-type theorem for gradients due to [1] and is essential
for our arguments.

THEOREM 2.5. Given f € LY(£2;RXN) there exists u € SBV(£2;RY) and a Borel
function g: 2 — RN such that

Du= fLN + gH™ " | S,

/ 91 M1 < Ol .

u

REMARK 2.6. From the proof of theorem 2.5, it also follows that
lullz1 (@) < CllfllLr(2maxny-
The following technical result is a simplified version of lemma 4.3 of [25].

LEMMA 2.7. Let 2 C RN be open and bounded and let A € RN . Then there
exists u € SBV(2;RY) such that ujpg = 0 and Vu = A almost everywhere in 2.
In addition,

|D*u|(£2) < C(N)|A][£2].
Following [11,12], we define, as presented in §1,
SBV?(;R?) = {v € SBV(£2;RY), Vv € SBV(£2;R>*N)1.

If u € SBV?(£2;R?), we use the notation V?u = V(Vu), that is, VZu is the
absolutely continuous part of D(Vu) with respect to the Lebesgue measure. We
will also define

BVZ(2;RY) = {v € BV(£;R%), Vv € BV(2;R>*N)}.
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3. Integral representation in SBV

The aim of this section is to derive an integral representation of the relaxed func-
tional energy defined in (1.3),

. R L' L'
I1(g9,G) = {un}CSg1\§2(Q;Rd) { lilnilo%fE(un)’ Up, — g, VU, — G},

E(u):/QW(Vu,Vzu)der/S @y ([u], 1) dHN L

u

+/ Ty ([Vul, ven) dHN L, uw € SBVZ(12;RY),
Svu

for (g,G) € SD(£2;R?), where
SD(£2;RY) := SBV?(£2; R?) x SBV(£2; R*N),

In a similar way to the approach used in [13], we assume the density functions W,
¥y, ¥y to satisfy the following conditions.

(H;1) There exists C' > 0 such that
SIBl-C<w(a,B)<C(1+|B)
for all A € RN and B € RI*XNXN,
(Hz) There exists C' > 0 such that
W (A1, B1) — W(Az, Ba)| < C(|A1 — As| + | By — Bal)
for all A; € RN and B; € R&XNXN =1, 2.

(H3) There exists 0 < a < 1 and L > 0 such that

A, tB
we(a,p) - LAE O

for all t > L, A € RN B e RXNXN with |B| = 1.
(H4) There exist ¢; > 0 and Cy > 0 such that
a1l Al <\, v) < G|
for all A € R? and v € SN—1.
(Hs) There exist ¢ > 0 and Cy > 0 such that
c|Al S W2 (4,v) < Cof4]

for all v € SN—1 and A € R¥*N,
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(He) (Homogeneity of degree one.)
Uy (tA\, v) =ty (\, v), Uy (tA,v) =ty (A, v)
forall v € SN, A e R%, A € RN and t > 0.
(H7) (Sub-additivity.)
U (A1 + Ao, v) < U (A1,v) + ¥ (Aa, V),
Uy (A1 + Ag,v) < Ua(Ay,v) + Ws(Ag,v)
for all v € SVN=1, \; € RY, A; € RV 4 =1,2.

We observe that, as already mentioned in [13], the coercivity hypotheses above
and the homogeneity condition (Hg) are of technical order and can be relaxed
(see [13, remark 3.3]). In addition, the linear growth and subadditivity requirements
on the interfacial densities could be weakened by assuming a Lipschitz continuity
property instead.

REMARK 3.1. (i) In what follows, we extend ¥;, i = 1,2, as homogeneous functions
of degree one in the second variable to all of RY.

(ii) We note that the class of functions over which the infimum in the definition of
I(g,G) is taken is non-empty and, in addition, under hypotheses (H;), (H4) and
(Hs), the energy I(g,G) < co. More precisely, there exists C' > 0 such that

1(g,G) < C[/Q(l + Vgl + |G+ [VG]) dz + |[D*g[|(2) + [ D°GlI(2) | (3.1)

for all (g, G) € SD(£2;RY).
Furthermore, given (g,G) € SD(£2;R?) from theorem 2.5, there exists h €
SBV(£2; RY) such that
Vh=G, LN ae. inf

and
[ D°R||(£2) < C1||G| 1.

Moreover, by lemma 2.4, there exists a sequence {4, } of piecewise constant func-
tions such that

_ ! o
Un ——g—h,  [|D*@n[|(2) —— [[Dg — Dh[|(£2).
Now define u,, € SBV(£2;R"Y) as
Up = Uy, + h.

Clearly, Vu, (z) = G(x) for LN-almost every x € 2 and u,, — g in L'. Thus, by
hypotheses (Hy), (Hs) and (Hs),

I(g9,G) < liﬁgicgf{/QW(VumVQUH) dx—|—/S Uy ([un] (), v(un (z))) dHN 1

Un

+ /S . o ([Vun](z), v(Vu, (x))) dHN—l}
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gcnmmf{/ W(G,VG)dx+||D5un||(Q)+||D5Vun||((2)}
2

n— oo
gC{/Q(lJr|V9|+|G|+|VG|)dw+DSQH(Q)JFHDSGHQ)].

The main result of this section is stated as follows.

THEOREM 3.2. For all (g,G) € SD(£2;R?), under hypotheses (Hy)—(H7) we have
that

1(g,G) = /Q (W1(G — Vg) + Wa(G, VG)) dzHN !

+ [l a+ [ (GG ve)an
S S

g G

where, given A,B,A, I’ € RN C e RXNXN N cR? gnd v € SN—1,

Wi(A) = inf /wl([u],uu)dHN—l,
u€SBV2(Q:RY) | Js,

ulag =0, Vu= A a.e. in Q}, (3.2)
Wi (B,C) = inf / W(B,Vu(x))dz
vESBV (Q;REXN) Q

+ [ Bl o) Y, vlag(e) = Ca, (33)

v

Av) = inf U ) dHN 1
w) = it an
ulag, =Yy, Vu=0 a.e. in QV}, (3.4)
= [} HEr>o,
TOw) "o ifx-v <0,
ATv) = inf W (v, Vo) d
¥a( v) Uest(lgu;RdXN){ o (v, Vv)dz
+/ o([v], v(v)) dHN Y vlag, ZW(A,F,U)},
Sv
(3.5)
(z) = A ifx-v >0,
YA = I ifx-v<O0.

REMARK 3.3. We observe that, as a consequence of hypothesis (Hg), the function
Wi is homogeneous of degree one. Moreover, it is easy to check that the recession
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function of W5 in the second variable is given by

Ws°(B,C) = inf We(B,V d
Fo =t A w9

+/S Llfg([v],u(v))dHN_l, v|ag () :CJ:}

v

for all (B, C) € RN x RIXNXN,

The proof of theorem 3.2 is an immediate consequence of lemma 3.4, proposi-
tion 3.5 and theorem 3.6.

LEMMA 3.4. Under hypotheses (Hy) and (Hy), for all (g,G) € SD(£2;R?),

where
B . .. N-1
Li(g,G) = {u"}csgl\l;(Q;Rd) { hnrglcgf /Sun U ([un], v(uy,)) dH )
Up, L—1> g, Vu, L—1> G}
and
IL(G) = inf {liminf/ W (v, V) dx
{v, }CSBV(£2;RIXN) n—oo  [o

[ (o o) 4, G}'

Un

Proof. In fact, it is immediate to see that
Ii(g9,G) + I(G) < I(g9,G).
On the other hand, let u,, € SBV2(Q;Rd) with u, — g in L' and Vu,, — G in L!
be such that
Ii(9,G) = lim Uy ([un], v(un)) dHN

n— oo S
Un,

and let v, € SBV(£2;RY) with v,, — G in L' be such that

L(G) = lim [/QW(vn,an)dx—i—/S s ([vn], v(vn)) dHN 1.

vp,

By theorem 2.5, let h, € SBV(£2;R%) be such that Vh, = v — Vu,, and by
lemma 2.4, let h,, be a piecewise constant function with ||, — hy|lz1 < 1/n and
| Dhy||(£2) — || Dhy||(£2)] < 1/n. Then the sequence

wn:un+hnfi~1n

https://doi.org/10.1017/50308210510001460 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001460

A relaxation result in the framework of structured deformations 249

is admissible for I(g, G) and

I(g,G) < liminf [/ W (Vw,, Vw,) dx—i—/ Uy ([wy], v(wy)) dHN 1
n—oo 1) Su

n / O ([Van], (Vo)) dHN !
Sv“’n

< lim Uy ([un], v(uy,)) dHN 1

n—oo S
Un

n—oo

+limsup/ Uy ([hn), v(hy)) dHN 1
Sh"

+ lim sup/ Uy ([hy], v(hy)) dHN 1
n—oo Jg;

+ lim [/ W(vn,an)d:z:+/ Wy ([vn], v(vyn)) dHN 1
n— oo 0 Svn

< Ii(g,G) + Ix(G) —|—C/ |v, — Vu,|dz
Q

by conditions (Hy) and (H7), theorem 2.5 and lemma 2.4. Inequality I(g,G) +
LI (G) = I(g,G) follows by letting n — oo since v, — G and Vu,, — G in L. O

PROPOSITION 3.5. For all G € SBV(£2; RN under hypotheses (H;)—(Hs3) and
(H5)7

IQ(G):/ WQ(G,VG) dx—f—/ ’}/Q(GJr,Gi,l/G)dHNil.
2 S

G

Proof. The proof is a consequence of theorem 4.2.2 in [8]. O

THEOREM 3.6. Under hypotheses (Hy), (Hg) and (Hy), for all (g,G) € SD(£2;R%),

L(g.G) = /Q Wi(G — V) da + /S 1([g], vg) AHN 1. (3.7)

g

The proof of theorem 3.6 will be divided into three parts (§§ 3.1-3.3). Specifically,
in §3.1 we will introduce a local version of I1 (g, G) defined on A({2) and show that
I(g,G, ") is the restriction to A(£2) of a Radon measure absolutely continuous with
respect to LY +HN 1 [ S,. In §§3.2 and 3.3, we will prove that, for all 4 € A(£2),

L(g,G, A) = / Wi(G — Vg) da + / 1 (([g], vy) M1
A ANS(g)

from which, taking A = (2, equality (3.7) follows, completing the proof of theo-
rem 3.6.

https://doi.org/10.1017/50308210510001460 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001460

250 M. Baia, J. Matias and P. M. Santos

3.1. Localization
We start by localizing I1(g, G), i.e. we define, for A € A({2),

_ . - N_1
Li(g,G,A) = {u7L}CSI}§1Vf2(A;Rd) { llnrr_1>1or<1)f ... Uy ([un], v(ug)) dHY 7,

1 A']Rd 1 A,Rde
u, D )g7WnL(, )G}'

Our objective in this subsection is to show that I1(g,G,-)[A(£2) is a Radon
measure.

REMARK 3.7. Following the argument used in remark 3.1, it is easy to see that
there exists C' > 0 such that, for all A € A(£2),

Li(g,G, 4) < C[/A(IVQI +1G]) dz + [[Dg|[(A)]- (3-8)

The following lemma shows that I (g, G, -) is nested-subadditive.
LeMMA 3.8. Let A, B,C € A(£2) with ACC B CC. Then
Il(vavc)<Il(vavB)+Il(g7Gvc\A) (39)

Proof. Let u, € SBV*(B;R?) and v, € SBV?(C'\ 4;R%) be two sequences such
that u, — g in L'(B;RY), Vu, — G in L}(B;R>N) v, — g in LY(C \ 4;RY),
Vo, — G in LY(C'\ A;R¥), and such that, in addition,

Ii(g9,G,B) = lim Uy ([un], v(un)) dHN-1

n—oo g,
and
Li(g,G,C\ A) = nl;n;o .. Uy ([vn], v(vy)) dHN L.
Note that
Up — v, — 0 in LY(BN(C\ A);RY) (3.10)
and

Vi, — Vv, =0 in LY(BN(C\ A); R>*N),

For 6 > 0, define
As :={z € B, dist(x, A) < d}.

Let d(x) := dist(z, A),z € C. Since the distance function to a fixed set is Lipschitz
continuous (see [28, exercise 1.1]), we can apply the change of variables formula
(see [18, theorem 2, §3.4.3]) to obtain

s
/ |un—vn|Jd(x)dx:/ {/ [, — v | AHN " (2) | dy
As\A 0 d='(y)
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and, as Jd(-) is bounded and (3.10) holds, then, for almost every p € [0, 4], it follows
that

lim [y, — vp| AHN T = lim [y, — v | AHN T = 0. (3.11)

n—00 d=1(p) n—00 94,

Fix po such that (3.11) holds. We observe that A, is a set with locally Lipschitz
boundary since it is a level set of a Lipschitz function (see, for example, [22]). Hence,
we can consider uy, vp, Vi, Vo, on 0A, in the sense of traces and define

U, in Ap,
Wy =

v, inC\A,.
Then
ILi(g,G,C) gliminf/ Wl([wn],y(wn))dHN_l
n—00 Sun,
and, using (Hy) and (3.10), we obtain (3.9). O

THEOREM 3.9. Assume that hypothesis (Hy) holds. Then I;(g,G,-) | A(£2) is a
Radon measure absolutely continuous with respect to LN +HN=1 | S,.

Proof. Let u, € SBV?(£2;R?) be such that u, — ¢ in L'(£2;R%), Vu,, — G in
LY (02; RN and

Ii(9,G,2) = lim @y ([un], v (1)) AHN
n—o00 S“n

and define, for all Borel sets B ¢ RV,

jin(B) = [3 ) AR

Up,

By (Hy4), the sequence of non-negative Radon measures {,} is uniformly bounded
in M(R™) and thus, passing to a subsequence if necessary, we conclude that

pn = i M(RY).
Let us show that, for all V € A(£2),

Given V € A(£2), let € > 0 and take W CC V such that pu(V \ W) < e. It follows
that

Q)= pu(R2\W)+e
g,G,02)—I(9,G, 2\ W) + ¢

where we have used the equality p(£2) = p(£2) and lemma 3.8. Thus, letting € — 0,
we obtain
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Now let us see the reverse inequality. Define, for A € A({2),

A(A) = /A(|V9\ +1G[) dz + [[Dg||(A). (3.14)
Let K CC V be a compact set such that A(V \ K) < ¢, and choose an open set W
such that K CC W CC V. Again using lemma 3.8, (3.14) and (3.8),

Il(g,G, W) +Il(va7V\K)
(W) + CAMV \ K)

<
<
< (V) + Ce,

i
1
which, together with (3.13), yields (3.12) by letting ¢ — 0. O

3.2. Lower bound
The objective of this part is to show that, for all A € A(f2),

(g, G, A) >/AW1(G(90)—Vg(x))dx+/AnS( )fyl([g],yg)dHN_l. (3.15)

To prove inequality (3.15), let u,, € SBVZ(£2;RY) be such that

L' L'
Uy — G, Vu, —— G,
n—oo n—oo
lim 1 ([un), v(u,)) dHN 7! < o0

n—oo S
Un

Define p,, as

in(B) = /B Yl ) 4

for all Borel sets B C (2. Since, by the hypotheses on ¥y, the sequence of Radon
measures {u, } is bounded, then there exists (up to a subsequence) u € M(2) with
i — pinM(£2). We now show that

C%LN(%) = Wi(G(zo) — Vg(xo)) (3.16)

for £N-almost every zo € 2 and that

T ) > 2 sl(a). o) (3.17)

for HN=1 | S, -almost every zg € {2.

Proof of equation (3.16). Let xg € 2 be a point of approximate differentiability of
g and of approximately continuity of G (see theorem 2.3 and equality (2.1)) and
such that du/dLN (xg) exists. Let {64} — 0 be such that u(0Q(zo,dx)) = 0. Then
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11mn—>oo Mn(Q(an 6:’6)) = M(Q(xm 6k)) and

li
k—oo LN (Q(0, 0))
1
= lim — Uy ([un], v(uy)) dHN 1
BB S s, motens ([un], v(un))

(/ 0 () (70 + 8. () (0 + B5)) AHN ().
kin—00 Ok JQn{y: zo+6,y€Su, }

Defining
e
we have that
dup . N-1
dﬁ—N(aﬁo) = k}llgoo s, Uy ([, k], V(U i)) dHY T (3.18)

As x( is a point of approximate differentiability of g, then
Ll
On ke —— Vg(0)(-)
k,n—o00
since
lim [ |vnk(y) — Vg(zo)y| dy

Un(fvo + 5ky) - g(dfo)
Ok

Q
:/ ‘g(xo+5ky)—g(wo)
Q Ok
1

= lim
n— oo

- Vg(aro)y‘ dy

- Vg(wo)y‘ dy

g(2) — g(wo) — Vg(x0)(2 — o)
Ok

dy

0 JQ@o.si)

by a change of variables. Similarly, as z( is also an approximately continuity point
of G,

Voen —E2 s Gao). (3.19)

k,n—o00

We now change the sequence {vy, } to comply in (3.18) with the definition of W,
(see (3.2)). We start by setting

wn,k(y) = Un,k(y) - Vg(:ro)y, Yy < Qv
and, following the argument used in (3.11), we choose r,, ; €10, 1[ such that

g — 1
" k,n—oo
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and
/ |wy | dHN ™ ——— 0. (3.20)
aQ(O,’I’n’k)

k,n—o0

By theorem 2.5, let p,, 1 be such that

vpn,k}(y) = G(.ﬁo) - an,k:(y)a (VS Q7
and define
Znk = Wk + ok 0 Q0,70 k).
Note that
Vinr = G(zo) — Vg(zo) in Q(0,7r,k).

In addition, by (3.19), Vp, r — 0, and then, by theorem 2.5,

k,n—o00

1D pn | (R0, 7 1)) ——— 0. (3.21)

k,n—o00

Thus, by the continuity of the trace with respect to the intermediate topology
(see [6, proposition 3.88]), it follows that

/ |pn | dHY ™ ——— 0. (3.22)
Q0,7 ) k,n—o0
Applying lemma 2.7 in @ \ (Q(0,7y.%)), let {n, 1} be a sequence of functions such
that
Vink(y) = G(zo) — Vg(zo)  in @\ (Q(0, 7 1)), (3.23)
T,k = 0 on a(Q \ (Q(O, rn,k))) (324)
and
|D*nn 1| (@ \ Q(0,7n,1)) < C(N)|Q\ Q(O0, 7 ) |- (3.25)

Then the sequence

nn,k(y)a yeQ \ (Q(O,ka))

is admissible for W (G(zg) — Vg(z¢)), and, in addition by, (Hy), (H7) and (3.24),
we have, for any n and k, that

Zanly) = {Zn,k(y)7 y € Q0,7 1),

/ O ([l v Gp)) AHN 1
Qns

Zn,k

< / 0 ([0 ) (2 e)) AHV
Q(O,rn)k)ﬁSzn

Sk

e [ / gl + [ )| Y
0Q(0,rn k) [Q\Q(O,Tn,k;)]msnnyk
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< / O (o], v (0n i) AR
Q(Oﬂ’n,k)msvm

k

+ c[/ [y 1| dHN 1 +/ \ppge| AHN 1
Q0,7 k) 0Q(0,7n, k)

o w4 [ ol
Q0,rn,1)NSp,, [R\Q(0,rn k)INSy,,

Therefore, by (3.20)—(3.22) and (3.25), we obtain that

lim inf/ Ui ([Zn,k)s v(Znk)) dHN !
QNSz,,

k,n—o00 .
< lim @y (V] v(vng)) dHN L,
k,n—o0 Qns“n,k
which, together with (3.18), implies (3.16). O

Proof of equation (3.17). Let xg € Sy be such that du/dHN 1 | Sy(z) exists,
HN=L(S, N Qy (70, 6))

lim A —1, (3.26)
1
lim ——— / 1G(2)] da = 0, (3.27)
6=0 0N J g, (20,6)

where v = v,(20). We note that, for HV1-a.e. 7y € S, all the conditions above
hold (see [6] for (3.26)). Equality (3.27) holds by (3.26) and the fact that

diGley
dHN-L | S,
Let {dx} — 0 be such that p(9Q,(xo,dx)) = 0. Then,

Jim i (Qu (20, 0k)) = p(Qu (w0, 1))

0.

and
dp
s,
1
=1 i n v ,5
QI SNI0E, G (o, o)) 1 (@ (00:00))
1
= lim lim / Uy ([un], v(un)) dHN 1
koo n—o0 HN=1(Sy N Qy(w0,0k)) Js,, nQ. (20.0) 1{funl, (1))
5N—l
k

= lim i
ki{go TLl—>H;O HN_l(Sg n Qu(x()a 516))

x / 0 (un) (20 + 841, (1) (0 + 64y)) MV
Q. {y: ®o+ryESu, }

= lim lim Uy ([un)(zo + Oky), v(un)(xo + dry)) dHN-1
k—o00 n—ro0 Qu{y: To+0ryESu, }
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by (3.26). Defining

W) 1 (Y) = un(0 + 6ky) — g~ (20), Yy € Qu,

it follows that

dup . . 1 1 N-1
—_—— =1 1 2 d .
dHN-1 |_ Sg (‘TO) kinolo nl—{l;o QunS,1 1([wn,k](y)7 V(wn,k)(y)) H

By (2.2) and (2.3), we have
1

1 L
Wne = V((g)(z0) )

and, in addition, by (3.27),

Lt
V'LU,}L k — 0
7 n,k—oo

since, for all k,

Vun(xo + 6k') m G(l‘o + 6k~).

Using theorem 2.5, and following the arguments of lemma 3.8, we note that it
is possible to modify w}%k so that Vw}b,k =0 and w}%k|3QV = Y([g)(z0),v)- LThus, by
definition of v (see (3.4)), inequality (3.17) holds. O

As a consequence of (3.16) and (3.17), we now derive (3.15).

Proof of equation (3.15). Denote by p, the absolutely continuous part of p with
respect to the Lebesgue measure and denote by py the absolutely continuous part
of p with respect to HV=1 | Sg. Since p is a positive measure, we conclude that

liminf p, (4) > u(A)
n—oo
> [ m@det [ o ant e
A ANS,

> /A Wi (G() - Vg(x)) dz + /A )

Taking the infimum over all sequences

u, € SBVZ(£2;RY), Up, L—1> g, Vu, L—1> G,
n— oo n—00
inequality (3.15) holds. O

3.3. Upper bound
Our objective here is to show that, for all A € A(£2),

1(9, G, 4) < /A WA (G(z) — Vg(x)) dz + /A o il
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For this purpose, it is enough to prove that

%(%) < Wi(G(zo) — Vg(x0)), LN-ae. x9 € N,
mw < m(lg)(x0), v(9)(w0)),  HNl-ae. zg € S,

We start with two auxiliary results.

257

(3.28)

(3.29)

PROPOSITION 3.10. Let ¥y satisfy (Hy) and (Hr7). Then constants C1,Cy > 0 exist

such that
A\ v) =V, 0)| < CiA =N, YA N € RY,
|Wi(A) — Wi(B)| < C2|A — B|, VA, B e RN,

Moreover, v1 is upper semicontinuous with respect to v.

(3.30)
(3.31)

Proof. We show (3.31) and we refer to the proof of proposition 4.3 in [13] for the

remainder of the statement. We start by showing that
Wi(A) < Wi(B) +C1|B — A|, VA, BecR>V,

Fixing € > 0, let u € SBV(Q;R?) be such that u|pg = 0, Vu = A and

e+ Wi(A) >/ @y ([u], vy,) AHN L
S.NQ

Now let v € SBV(Q;R?) be such that v|sg = 0, Vo = B — A and |D*v[(Q) <

C|B — A| (see lemma 2.7), and set w = u + v. Then, by (H4) and (Hy),

Wi (B) < /S (v 4!

<{ [ e [ v an |
SWi(A)+ e+ Ci|B— Al

The reverse inequality is proved in a similar way.

The following proposition easily follows from a diagonalization argument.

PROPOSITION 3.11. Let (gn,Gyr) € SD(£2;R?) be such that

Lt Lt
Gn — and G, — G.
n—oo n— oo

Then
Ii(g,G) < lirginffl(gn, Gr).

We now show that inequalities (3.28) and (3.29) hold.
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Proof of (3.28). Let xg be a point of approximate continuity for G and Vg, that
is, such that

1
(SN{/ |G(x) — G(xo)| + |Vg(z) — Vg(xo)] dm} — 0. (3.32)
Q($076) 5—0
Let € > 0 and consider u € SBV?(£2;RY) such that
Wi(Glan) ~ Vgloo)) 4> [ wn(fulv) dn T, (3.33)

QNSu

ulog = 0 and Vu(z) = G(zg) — Vg(zo) for a.e. z € Q. Extend u by periodicity to
all of RN and define, for n € N and 6 > 0,

Un 5(7) = 5u<n($g$0)>

n

Given 6 > 0, apply theorem 2.5 and let ps € SBVZ(Q(z0,6); RY) be a function
such that

Vps(x) = G(x) — G(zg) + Vg(zo) — Vg(x) (3.34)
LN-ae. x € Q(z0,0) and satisfying

[ Dps[(Q(w0,6)) < C(N) . |G(x) — G(w0)| + [Vg(x0) — Vg(z)|da.
Note that, by (3.32),

[ Dps]|(Q(x0,9))
oN 6—0

In addition, using lemma 2.4, define a sequence of piecewise constant functions p,, s
such that, for all § > 0,

0. (3.35)

pus = —ps and [Dpusl(Q(0.8) ——> [Dpsl|(Qr0.8).  (3.36)
Now define

Wn,o(x) == g(x) + uns(x) + ps(x) + pns(z), =€ Q(xo,9).

Clearly,
9 d ! !
Wn,§ € SBV (Q(ané)vR )7 Wn,s > g, an,é > G
n— oo n— oo

For each 6 > 0, the sequence w,, s is admissible for I; and

dIl(g7G7') T Il(g7G7Q(x076))
acy (@) = Jim N '

Then

dIl(g?G7'> o . o . { 1 / N-1
——= " (x¢) < liminfliminf { — U1 ((wn,s5], v(wn,5)) dH
dLnN (wo) 5 N Sw,, sNQ(x0,0) il Lt )

—0 n—o0
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and, by (Hy),

dIl (ga Ga )
Ty

1
< lim inf lim inf {N/ @ ([g],vy) dHN T
’ 0% JsynQ(ao.0)

—0 n—oo

o [ %(‘Nu](”(x“)),uu(”(‘”x“))d%“
0N {045 /n) S0 3NQ(0.6) n 9 4

1 _
+ N @1 ([ps], v(ps)) dHN !
Sps NQ(w0.6)

1 p—
v llpnsh vpus) .
Spn,(sﬂQ(IOJs)
By (Hy), we observe that

1 / N-1
— U ([g], vy) dH — 0
N Js,nQ(x0.6) ! 850

since

d|D*g|
Moreover,
1
yN/ U ([ps), v(ps)) dHN ~ 0
SpsNQ(0,8) -0
and

lim lim 1 ([pn.s), V(pns)) dHN 1 =0

1 /
N
5—0n—o00 § Sp,,L,éﬂQ(l‘oﬁ)

by (Hy), (3.35) and (3.36). Finally, changing variables, we obtain that

Y SC N
0N Jizo+(5/m)8 10 Q(w0,5)  \T 0 0

= / @y ([u], ) dHN 7,
Qmsu

from where A o
DO E < [ ol .
QNSy

As a consequence, letting ¢ — 0 in (3.33), inequality (3.28) follows. O

Proof of equation (3.29). Following an argument in [5], we note that it suffices to
prove (3.29) for g = Axg with A € R and where yg is the characteristic function
of a set of finite perimeter E.

(i) We will start by addressing the case where E is a polyhedron. Let zg € S, be
such that

1
lim 7_/ |G(z)|dz = 0, (3.37)
00 0871 Jq, (wo.0)
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where v = v,(zp). Given € > 0, let u € SBV(Q,;R?) be such that Vu = 0,
ulo, = Y(aw) and

O p) +e> / Oy ([u], v) AN (3.38)

(see (3.4)). For sufficiently small § > 0,
D} (zg,6) = Q,(x,6) N {x: — < L
Qf (20,6) = Qu(w0,6) N {x: wom) v, 0}

and @, (zg,9) in an analogous way. Now set

A, x € QF (x0,0) \ D (=, 9),
U,n,g(l') = u(n(x;mo)>a MAS Dg(x0a6)7
0, x € Q) (x0,0) \ DI} (zo,9),

where u has been extended by periodicity to all of RY. Note that, for x € D" (x, ),
we have that n/d|(z — 2°) - v| < 1. Clearly,

1

L
Up s ——
™0 00,60 TOw)

where, for x € Q, (z9,9),

. A ifz-v >0,
’y()\,y)(x) =

0 ifzxz-v<O.
By theorem 2.5, there exists (s € SBV(Q, (2o, d); R?) such that V(s = G and

|D*Cs[(Qu(20,6)) < ClG L1(Q, (wo,5):RAx VY- (3.39)

Moreover, by lemma 2.4, there exists a sequence ¢, s of piecewise constant functions
defined on @, (x,d) such that

Ll

Cnys — s
and
|DCn,s5(Qu (0, 9)) — |DCs|(Qu (20, 9)).

Set

Wn,s = Un,s + (5 — Cn,se
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Clearly, wy, s is admissible for I (g, G, Q. (z0,9)). Therefore,

dIl (gv Ga )
w5,

1
= 11_I>% 5N71[1(97G5Qu(x076))

RN |
< lim liminf ——
550 n—oo § Qu(%0,8)NSw,, 4

1
= lim lim inf { / U1 ([un,s](x), v(un,s)(x)) dHN !
Q,,(I[),(s)ﬁsunyé

%([wn,a](w),v(wn,5><x>>dHN‘l}

50 n—oo oN—1

+ / 0 (G (). 1(Co) () ARV
Qu(0,6)NS¢,

+f ()01 (Goa) 0 a4
Qu(%0,6)NS¢,, &
=J1+ o+ Js.

The terms Jz and Js go to zero due to (Hy), (3.39), (3.3) and (3.37). Moreover,

J; = lim lim inf U1 ([un,6)(2), v(tns) (x)) AHN

o
§—0 n—oo 0 Qu (20,6)NSu,,

.6

= lim lim inf
6—0 n—oo

< o (0 (M ) (M) o
D (zo,0)N{z: (n(x—x0)/6)ESu} o J

W ([ul(y), vuly)) dHN " (y)

5N71

= lim lim inf _1/
6—=0 n—oo N nQ,N{y: |ly-v|<1/2}NS,

- / @ ([u(y), valy)) dAHY 7 (y).
Q.S

Thus
m(%) < /Qmsu Uy ([u)(y), vuly)) dHY " (y)

and, consequently, (3.29) follows by letting e — 0 in (3.38).

(ii) Now let E be a general set of finite perimeter and let g = Ax g, A € R. Consider
E,, a sequence of polyhedra such that (see [15])

per(E,) m) per(E), (3.40)
LY(E,AE) —— 0,
n— oo

and

Ll
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By proposition 3.10 and [7, proposition 3.6] we obtain a sequence of functions
m: RY — [0, 00) that are continuous, homogeneous of degree one and satisfy

n\y) <) <Clyl, vy eRY, (3.42)
(A y) = inf1"(y), (3.43)
where 71 (A, -) has been extended as an homogeneous function of degree one to all
of RN, Let
In = AXE,, - (3.44)
By (3.41) it is clear that
Ll
gn —— 9.
n—oo

Given A € A({2), from the previous case and proposition 3.11, we have that

Ii(g,G, A) < liminf I (g,, G, A)
n— oo

< liminf {/ Wi (G — Vg,)dx +/ 7 ([gn]s v(gn)) d’HN—l}
A Sg,NA

n— o0

n—oo

zliminf{/ Wl(G)dx+/ 'yl([gn],u(gn))dHN_l}

A Sy, NA

<C/ |G| dz + lim / Y1([9n), v(gn)) dHN 1, (3.45)
A n=e Js,, NA

where, in the last inequality, we have used (3.31) together with the fact that
W1(0) = 0. For fixed m by (3.45), the definition of g,, (3.43) and theorem 2.2,
it follows that

L(g,G,A) < C / Gldz + lim AT ((gn)) AHN
A

n=o0 JoE,NA

<C/ \G|dx+/ M () dHN L.
A OENA

Now, letting m — oo and using the monotone convergence theorem, we obtain

Ii(g,G, A) <0/ |G|d:c+/ Y1\ vy) dHN L (3.46)
A S

4NA

Consider xq satisfying (3.37). Then, from (3.46), we immediately conclude that, for
g defined by (3.44),

dIl(gaGa )

. 1
m(mo) = }1_12% Wﬁ(g, G, Qu(20,6))

< n(l9)(20), vg(20))-
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4. Integral representation in BV

This section is devoted to the characterization of the energy I(g,G) (see (1.3)) in
the full BV setting for (g, G) € GSD(£2;R?) := BV?(£2;R?) x BV(2; R>*N). We
refer the reader to theorem 3.2 for the hypotheses and notation used throughout.

THEOREM 4.1. Let (g, G) € GSD(£2;R?). Under hypotheses (Hy)—(Hz),

1(9.G) = /Q (W(G — Vg) + Wa(G,VE)) da + /ﬂ (g vg) AHN

g

B _ dD¢g
+/ v (GT, G, vg) dHY 1+/W<—>chg
Sa 2( ) a d|Deg| | |

dDcG
° _— De@G|. 4.1
= [ wr (e qpe ) doal (4.1)

To prove theorem 4.1, we start by deriving two auxiliary results.

PROPOSITION 4.2. Let v € SN=1 and define, for all C € R¥*N,

W1(C) = inf { W1(C — Vo(z)) dz + / Y1 ([v], v(v)) dHN T,

Qv Q.NSy
v e SBVZ(Q,,;Rd)7 vlag, (x) = b(z - v),

Then W1 (C) = W1(C).

Proof. Clearly, W1(C) < W1(C). Let us prove the reverse inequality. Fix € > 0 and
let v € SBV?(Q,; RY) with v|ag, (x) = b(z-v) for some b € SBV2([—%, 1];R%), with
b= b(—1) be such that

Wi(C) = [ Wi(C - Vu(z))dz +/ (], v@)dHN " —e.  (4.2)
Qu Q.NS,

Extend v by periodicity to all of RY and define

wn(y) = v(zy) - C%y € Ql/'

By theorem 3.2 it follows that

L1(w0,0,Q,) = /Q Wi (C — Vu(ny)) dy

1

T / Y1 ([v](ny), v(v)(ny)) ANt
N JQun{y: nyes.}

= [ Wi -Vetm)ar+ o [ () v
Qv

nQyNSy

— [ WA(C - Volny)) dy + / ([ (), () (y)) AHV L.
Qv Q.NSy
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Therefore, by the Riemann—Lebesgue lemma,

Jim 1(w,0.Q,) = [ WAC= Vol dy+ [ o)) w)and
Qv QuNSy

and, consequently, by proposition 3.11,

L(=C(),0,Q,) < [ Wi(C —Vu(y))dy +/ (W), v(v)(y)) dH .
Qu Q.NS,

Since

L(=C(),0,Q)) = . Wi (C) dy = W1 (C),
then, by (4.2),
Y W1(0)2W1(C)—e

and the result follows by letting ¢ — 0. O
LEMMA 4.3. Let (9,G) € GSD(2;R%). For all A € A(S2), define

~ . .. Lt Lt
Li(g,G,A) = inf {h?{gloréfll(gn,Gn,A),gnm)g, Gnm}G}.

{gn}CSBV?(4;RY)
{G,}C SBV(4;R*N)

Then fl(gv G7 A) = Il(gv GvA)
1
Proof. Let (gn, Vgn) € SD(£2;R?) with g, i—1> g and Vg, —L 5 G. Then

n—oo

L1 (g0, Vg, A) < / 1 ([gn]s v(gn)) AHN

Sy, NA

for all n € N. Hence,

liminf/ U1([gn], v(gn)) dAHN T > lirginffl(gn,Vgn,A) >1(g,G,A).
Sy, NA n—oo

n—oo
By the arbitrariness of the sequence {g,}, it follows that

L(9,G,A) > I,(g9,G, A).
To show that the reverse inequality is true, let

fl(g, G,A) =liminf I (g, Gp, A)
n— o0

with
gn € SBVX(ARY),  GueSBV(AR™Y), g,y G, oG
For each n € N, let u,, € SBV?(4;R?) be such that
1 N-1
Il(gnanaA)‘Fﬁ z r@[}l([un]vy(un))d?'[ )
s

Un

|un - gn|L1 <

)

|vun - GnlLl <

SI=3|-
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Therefore,

Ii(g, G, A) = liminf I, (gn, Gp, A)
n—oo

> liminf U1 ([un], v(ug)) dHN !

n— oo Su "

= Il(vavA)

We proceed now to the proof of theorem 4.1.

Proof of theorem 4.1. Given (g,G) € GSD(£2;R?) by lemma 3.4 (which still holds),
we can decompose

I(gaG) = Il(g7G) + IZ(G)a

where
Ii(g,G)
= et L ] ) O g, T 6
{un}CSBV2(2;RY) | n—oo Jg
(4.3)
and
IL(G) = inf {liminf W (v, Vu,) dz
{vn }CSBV(£2;R4xN) n— 00 o
Son
(4.4)

As in the proof of theorem 3.2, by theorem 4.2.2 of [8] we have that

IQ(G):/ Wg(G,VG)dx+/ yo(GH, G vg) dHN !
2 S

anN2

dD°G
0 —— = ) dlD¢

and, hence, to prove our claim (4.1), it is enough to show that

h(g,G):/QWl(G—vQ)dH/S 11 ([g], vg) AHV 1

g

dD¢g ,
+/ 1% (—)dDC . 4.5
[ w5y ) A0l (45)

We divide the argument into four steps.

Step 1 (localization). Asin § 3.1, we can see that I (g, G, ) | A({2) is an absolutely
continuous Radon measure with respect to LY +HN=1 | S, + d|D¢g|.
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Step 2 (upper bound for the density energy derivation with respect to the Cantor
part Dg of Dg). Let us prove that, for |[D¢gl-a.e. xg € £2,

dI(g,G,") dD¢g

d|DCg| (CUO) <W (—W(Io)> (4_6)

Let g, be a sequence of regular functions such that
Ll
gn ——9, [ Dgnl|(£2) —— [|Dg||(£2)
n—oo n—oo
and, in addition, consider

G € SBV(2;R"N)  with G, —— G.

n—oQ

Given A € A(f2) by theorem 3.2 (see (3.7)), lemma 4.3 and proposition 3.10, we
obtain that

Ii(g9,G, A) < liminf I (g, Gpn, A)

n—oo

= liminf /A Wi (G (z) — Vgn(z)) dx

n—oo

iC’/ |G(x)| dx + lim/Wl(—Vgn(x))dx

:C/A|G(m)|dx+/AW1 (—cjgg') d|Dyl, (4.7)

where the last equality follows by theorem 2.2 since W7 is Lipschitz continuous and
homogeneous of degree one.
Let x¢ € supp |Dg| such that dI; (g, G,-)/d|Dg|(zo) exists and

dD¢g ) . 1 / ( chg)
w29 (p)) =lm w (- d|D%gl.
( aDg] ) = 0 5o @0,0) Jouns M\ dlDeg] ) 1P

Then,

dIl(g, Ga )

BT Il(g7G7Q(x0,5))
a1 D] (zp) = lim

© 520 |Deg|(Q(m0,6))

dD¢<g
< = J
S W1< d|DCg|(””°))

Step 3 (lower bound for the density energy derivation with respect to the Cantor
part D¢g of Dg). Let us prove that, for |[D¢gl-a.e. xg € £2,

dIl(gaGa') chg

d|ch| ($O) =W (—(W(1‘0)> (4_8)

by (4.7) so that (4.6) holds.

Let xo € supp |D¢g| be such that
dD¢g

w(xo) = Uao @ Vg(zo)
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for some ag, = a € R and vy(,,) = v € SV~ (see Alberti’s rank one theorem [2])

and with
d|G|£N

d[Deg|
Thus, showing (4.8) is equivalent to showing that
dl (gv Ga )
d|Deg
To prove (4.10), let (g,,, Gy) € SBV?(£2; R%) x SBV(£2; R¥*N) be a sequence with

1 \(27 d 1 Q’ dxX N
gn4>L( R) g and Gn—>L( RT) G,
n—oo

(zo) = 0. (4.9)

(z9) =2 Wi(—a®v). (4.10)

n— oo

and fix § > 0. Note that, by proposition 3.10,
lim [Il(gna Gna Qu(woa 6)) - Il(gn; Ga Ql/('r07 6))] =0
n— o0
and, by theorem 3.2 and (4.3), we have that
Il (g’ru G7 QV($07 6))

_ / Wi(G — Vg,) di + / 71(gn), v(gn)) AHV 1
Q,,(ﬂ’,'(),(s) QV(zU’é)nsgn

=N : Wi(G(x0 4 0y) — Vgu(xo + dy)) dy

4 gN-1 / Y1 ([gn] (0 + 69), v(gn) (z0 + y)) dHN 1.
QuN{y:wo+oy€Sy, }

Defining

ts 5N ’

we can write that

I (gn, Gn, Qu(0,9))
|ch‘(Qll(x076))

1
= g Wl(G(fﬂo + 52,/) - vyn(xO + 5y)) dy
Q.
1 _
5 | 11((gn)(0 + 8y), (gn) (w0 + 8y)) A
§ Qu{y:zo+dyE€Sy,, }
and setting
gn(x0 +0Y) — [o gn(xo + 0y)dy
w5 (y) = = . YEQL,

Ots
we derive that

Il(gnanle/(IOvé)) _ l Wl(G(ﬂ?o + §y) _ tévwn,é(y)) dy

D°g[(@(0.8) & Ja,

[ ) s )
QuNSu,
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Consequently,

.. .. Il(gnaGTuQV(an(S))
lim inf lim inf
0-0  n—oo  [Deg[(Qy (0, 0))

1
= lim inf lim inf [ W1 (G(zo + 0y) — tsVws s(y)) dy
§—0 mn—oo |5 Q. ’

w0 o) s ) |
QuNSu,

Using Alberti’s result on the blow-up of the Cantor part (see [2], [4, theorem 2.3]

and [24, lemma 5.1]), there exists a non-decreasing function ¢ € BV[—3, 3] such
that
1/2
(H-c-hH=1 [ cas=o (1.12)
~1/2
and

lim lim [ fwn,5(y) = al(y - v)|dy = 0.

v

Therefore, passing to a diagonalizing sequence wy = wy,),5(k), setting o, = 0(k)
and using the homogeneity property of Wy, we have that

.. .. Il(ﬂn,GmQu<$076))
lim inf lim inf
§—0 mn—oo |ch|(Q,,(Io, 5))

k—o0 t5k

’ /Qs ().l () a2

Now set

uly) = W0 e, (1.13)

where pj denotes the standard mollifier sequence, and
ek = (pr*Q)(3) — (o * O)(=3)-
It is clear, by (4.12), that ¢ — 1 as k — oo. Since
Ll
W — Vg —— 0
k—o00

with a similar argument to the one used in lemma 3.8, we can assume that wy|ag, =
vk loq, - Thus, defining

wi(y) = wr(y) — (a@v)y,y € Qu,
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we have that

.. . Il(gnanle/(IOa(S))
lim inf lim inf
6-0 n—oo  [Deg|(Qu(x0,0))

= lim o, (W1 (G(zOJra’“y) - Vﬂ)k(y)> —(a® 1/)> dy

k—o0 ts,,

+ [ i) v ) a
QuNSw,
Since, by proposition 3.10 and (4.11),

s | Wi (C0 ) G ) - (@e ) - WA-Ta) - (as )y

k— 00 L5,
G 0
< limsup C G(zo + dry) ‘ dy
k—o0 Q. 218
= limsup — G(xo + 5;€y)’ dy
k—o0 6)€

Qv
C
|G(z)|dz
t5k(sl]¢,v Qu(x0,0k)

lim
k— o0
0 (4.14)
by (4.9). From (4.13), it is easy to see that, for each k € N, the function w(y) is

admissible for W7. Therefore, from (4.14) and proposition 4.2, we conclude that

.. .. Il(gnaGn7QV(x076)) . -
lim inf lim inf > 1 Wy (— -
B0 e |Dog(Qu(20,0)) koo Jg, 1(=Vr(y)) — (a®v) | dy

+ / o ([e] (), (1) (3)) AV
QNSa,

> V~V1(—CL®Z/) = Wl(—CL@IJ).

Finally, the lower bound (4.10) follows from the arbitrariness of the considered
sequence
(gn,Grn) € SBV?(2;R?) x SBV(£2; RI*N)
and from the characterization of I; given in lemma 4.3.
Step 4. We remark that, as in theorem 3.2,
dl(g,G,-
U9 ) (1) = Wa(Glao) — Vglan), Lene. a0 € 2
and
dIl (gv Ga )
dHN-1 | S,

In fact, the proof of the upper bounds can be obtained in a similar way to (4.6).
To do so, it is sufficient to choose sequences

(z0) = n(lg)(x0), v(g)(w0)), HY'-ae. o € .

Lt .
9n m g with ‘Dgn|(‘9) m |Dg‘(“(2)7
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which are regular functions for the case of
dly (gv Gv )
dcN
and piecewise constant functions to address
dIl (97 Ga )
dHN-1 | S,

Since both W3 and ~; are homogeneous functions of degree one, the result follows

from lemma 4.3 and theorem 2.2. It is also easy to check that the lower bounds hold

since the proof of their counterparts in theorem 3.2 is still valid in the BV setting.
As a consequence of steps 1-4,

1(9,G, A) = /A Wi(G - Vg) da + /A 11 ([g], vg) AHV 1

NS,
dD¢g i
+/ W, (—) d|D¢g 4.15
L amegy )P 49)
for all A € A(S2), from which, taking A = (2, equality (4.5) follows, completing the
proof of theorem 4.1. O
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