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We study the interaction between dispersed and sticky information by assuming that firms
receive private noisy signals about the state in an otherwise standard model of price
setting with sticky information. We compute the unique equilibrium of the game induced
by the firms’ pricing decisions and derive the resulting Phillips curve. The main effect of
dispersion is to magnify the immediate impact of a given shock when the degree of
stickiness is small. Its effect on persistence is minor: even when information is largely
dispersed, a substantial amount of informational stickiness is needed to generate
persistence in aggregate prices and inflation.
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1. INTRODUCTION

According to Mankiw and Reis (2002), the sticky information model achieves
two important goals at once: (i) it explains why prices fail to respond quickly to
nominal shocks and (ii) it reconciles the backward-looking behavior needed to
generate the observed persistence in aggregate prices with the assumption that
agents are fully rational. One key feature they do not take into account in their
paper is the fact that, in the real world, information is differential: agents get
different pieces of (relevant) information when they update their information sets.
What are the consequences of having firms setting prices when information is
sticky and dispersed? In this paper, we build a model in which firms update their
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information set infrequently and, when information is updated, receive a noisy
signal of the relevant state. Our goal is to analyze the resulting dynamics for
aggregate prices and inflation rates.

In the model, firms’ optimal price is a convex combination of the current
state of the economy and the aggregate price level. Nevertheless, as firms do not
observe the current state or other firms’ pricing decisions, they have to use the
available information to infer the optimal price. As in Mankiw and Reis (2002),
only a fraction of firms update their information set in each period. Those that
update receive two types of information: the first piece is the value of all previous
periods’ states, while the second piece is a noisy, idiosyncratic, private signal
about the current state of the economy. Since noisy signals are idiosyncratic,
the firms that update their information set will have heterogeneous information
about the state [as in Morris and Shin (2002) and Angeletos and Pavan (2007)].
Hence, in our model, heterogeneous information disseminates slowly in the econ-
omy. While firms receive private signals and information about past states only
infrequently, they also have access to a public information about the evolution of
the state. This information is available to all firms, including those that were not
selected to update their information set.

Since a firm’s optimal price depends on both the current state of the economy
and the price chosen by the other firms, it must form beliefs not only about the
current state but also about the other firms’ beliefs about the current state of the
economy, and so on, so that higher-order beliefs play a key role in our model.
Hence, the pricing decisions by firms induce an incomplete information game
among them. In our main result, we prove that there exists a unique equilibrium of
such game. The uniqueness of the equilibrium allows us to unequivocally speak
about the sticky–dispersed information (henceforth, SDI) aggregate price level
and Phillips curve.

The SDI aggregate price level we derive depends on all the current and past
states of the economy and on the public signals. This is so for two reasons. First,
there are firms for which the information set has been last updated only in the dis-
tant past. This is a direct effect of sticky information. Second, firms that have just
received new information will behave, at least partly, as if they were backward-
looking. This happens because of a strategic effect: their optimal relative price
depends on how they believe all other firms (including those that have outdated
information sets) in the economy are setting prices. The influence of public
signals on the aggregate price index emerges from these two effects. Public infor-
mation helps firms to predict not only the unknown states, but also one another’s
actions.

From aggregate prices, we are able to derive the SDI Phillips curve and show
that inflation also depends on all the current and past states of the economy and
on the public signals. This dependence on current and past states is linked to the
result obtained in Mankiw and Reis (2002), in which inflation depends on past
expectations of current economic conditions, due to the fact that firms compute

https://doi.org/10.1017/S1365100518000470 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100518000470


A STICKY–DISPERSED INFORMATION PHILLIPS CURVE 749

expectations based on outdated information. This is an implication of the stick-
iness of information in our model and was already present in Mankiw and Reis
(2002). In our model, however, in addition to being sticky, information is also
noisy and dispersed. The fact that information is noisy leads a firm that has just
updated its information set to find it optimal to place positive weight on the states
from previous periods to predict the current state. Hence, in comparison to the
model economy stated in Mankiw and Reis (2002), the adjustment of prices to
shocks will be slower in an economy with noisy information. Through the com-
plementarities in price setting, the fact that, on top of being noisy, information is
dispersed magnifies such effect.

Related literature. There is a vast literature relating informational frictions
and the macroeconomy.1 To the best of our knowledge, this is the first paper
to build a dynamic model of price-setting decisions where information is both
sticky and dispersed. There are, however, a large number of papers that are con-
nected to what we do. Among those papers, in addition to the ones that were
already mentioned, our work follows a large literature that sheds new light into
the tradition that dates back to Phelps (1968) and Lucas (1972) of considering
the effects of imperfect information on price-setting decisions. Mankiw and Reis
(2010) provide the most recent survey on the impact of informational frictions
on pricing decisions, comparing a partial (dispersed) information model with a
delayed (sticky) information model, and deriving their common implications.2 In
turn, Angeletos and La’O (2009) introduce dispersed information (and explic-
itly discuss the role of higher-order beliefs) in an otherwise standard setting with
sticky prices à la Calvo (1983); throughout the paper, we compare how our dis-
persed information model differs from their sticky price environment. Veldkamp
(2011) covers a myriad of topics related to informational asymmetries and infor-
mation acquisition in macroeconomics and finance. Our paper connects to this
broad literature through two strands. In our model, information is sticky [as in,
e.g., Mankiw and Reis (2002)] and dispersed [as in, among others, Morris and
Shin (2002)]. Also, by focusing on informational stickiness (rather than price
stickiness), we complement the analysis of Angeletos and La’O (2009).

Our work is also related to the recent empirical work on belief heterogene-
ity. Andrade et al. (2016) document a set of facts about disagreement among
professional forecasters and propose an extended version of the sticky informa-
tion framework of Mankiw and Reis (2002) that can jointly explain these facts
and compare the results of their sticky information model to a noisy information
model, when agents observe a noisy signal of the current state of the economy.
Instead of choosing one information imperfection, stickiness versus dispersion,
our proposed model embeds the two in a unified framework. On the one hand,
following Mankiw and Reis (2002), information spreads slowly through the econ-
omy. On the other hand, the information received by the fraction of informed firms
is noisy and heterogeneous, which entails fundamental and strategic uncertainty.
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As a result, the SDI model is the natural framework to test between the two
competing information frictions.

The paper that is the closest to ours is Baeriswyl and Cornand (2010). They also
combine, in a single model, dispersed information and informational stickiness to
study the signaling role of policy actions. There is one main difference between
their paper and ours: the relevant fundamental in our economy evolves dynam-
ically, whereas they assume that the fundamental is random noise over time.
Dynamics substantially change the way agents form their beliefs. Over time,
different agents have different pieces of information regarding the fundamental.
In fact, since the fundamental evolves according to a process which is time-
dependent, any two agents whose information sets were updated at different
points in time will have different beliefs regarding the state. As a consequence,
at a given point in time, there is heterogeneity in beliefs regarding the fundamen-
tal (and aggregate prices) even within the agents who have outdated information
sets. Such a cross section of beliefs has nontrivial impacts on both aggregate
prices and inflation. Also, by explicitly incorporating dynamics, we are also able
to obtain impulse responses of aggregate prices and inflation rates to structural
and informational shocks that hit the economy.

Organization. The paper is organized as follows. We describe the setup of the
model in Section 2 and derive the unique equilibrium of the pricing game played
by the firms in Section 3. In Section 4, we analyze which properties are satis-
fied by the equilibrium values of the coefficients of our model and evaluate the
impulse response functions for inflation and aggregate demand. In both exercises,
we compare our results for the sticky and dispersed information model with the
ones obtained for the sticky prices and dispersed information model proposed
by Angeletos and La’O (2009). Section 6 contains the concluding remarks. All
derivations that are not in the text can be found in the Appendix.

2. THE MODEL

The model is a variation of Mankiw and Reis’s (2002) sticky information model.3

There is a continuum of firms, indexed by z ∈ [0, 1], that set prices at every period
t ∈ {1, 2, ...}.

Although prices can be reset at no cost at each period, information regarding
the state of the economy is made available to the firms infrequently. At period t,
only a fraction (1 − λ) ∈ (0, 1) of firms are selected to update their information
sets about the current state. For simplicity, the probability of being selected to
adjust information sets is the same across firms and independent of history.

We depart from a standard sticky information model by allowing information
to be heterogeneous and dispersed: a firm that updates its information set receives
information regarding the past states of the economy as well as a private signal
about the current state. There is also a public signal about the change in the state
that is available to all firms.
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Pricing decisions. Under complete information, any given firm z ∈ [0, 1] sets
its (log-linear) price pt (z) equal to the optimal price decision p∗

t given by

p∗
t ≡ rPt + (1 − r) θ t, (1)

where Pt ≡
∫ 1

0 pt (z) dz is the aggregate price level, and θ t is the nominal aggre-
gate demand, the current state of the economy. This pricing rule is standard, and
although we don’t do it explicitly, it can be derived from a firm’s profit maximiza-
tion problem in a model of monopolistic competition in the spirit of Blanchard
and Kiyotaki’s (1987).4

Information. The state θ t follows a random walk

θ t = θ t−1 + εt, (2)

with εt ∼ N(0, α−1).
If firm z ∈ [0, 1] is selected to update its information set in period t, it observes

all previous periods’ realizations of the state,
{
θ t−j, j ≥ 1

}
. Moreover, it obtains

a noisy private signal about the current state. Denoting such signal by xt (z), we
follow the literature and assume

xt (z) = θ t + ξ t (z) , (3)

where ξ t (z) ∼ N(0, β−1), β is the precision of xt (z), and the error term ξ t (z) is
independent of εt for all z, t.

There is also a public signal yt that is available in all periods to all firms,
including those that have not been selected to update their information set,

yt = θ t − θ t−1 + ηt,

where ηt ∼ N
(
0, γ −1

)
is independent of the other shocks and over time. It is clear

from equation (2) that yt is a signal over the exogenous shock εt. In the same line,
once the state θ t−1 is observed to those that have updated their information sets at
t, xt (z) − θ t−1 is a private signal over εt.

As a result, the information set of a firm zj that was selected to update its
information j periods ago is

�t
(
zj
) = {

xt−j
(
zj
)

, 
t−j−1, Yt
}
. (4)

where 
t−j = {θ t−k}∞k=j and Yt = {yt−k}∞k=0 represent the sets of all states previous
to t − j and of all public signals.

3. EQUILIBRIUM

Using (1), the best response for a firm zj that was selected to update its information
j periods ago—and, therefore, has �t(zj) as its information set—is its forecast of
p∗

t , given the available information �t(zj):

pt
(
zj
) = E

[
p∗

t | �t
(
zj
)]

. (5)
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Denoting by �t−j the set of firms that last updated their information set at period
t − j, we can express the aggregate price level Pt as5

Pt = ∫
∪∞

j=0�t−j
pt

(
zj
)

dzj (6)

= ∑∞
j=0

∫
�t−j

E
[
p∗

t | �t
(
zj
)]

dzj.

Since the optimal price p∗
t is a convex combination of the state, θ t, and the

aggregate price level, firm z needs to forecast the state of the economy and the
pricing behavior of the other firms in the economy. The pricing behavior of each
of these firms, in turn, depends on its own forecast of the other firms’ aggregate
behavior. It follows that firm zj must not only forecast the state of the economy, but
also predict the behavior of the other firms in the economy and make forecasts of
these firms’ forecasts about the state, forecasts about the forecasts of these firms’
forecasts about the state, and so on. In other words, higher-order beliefs will play
a key role in the derivation of equilibrium in our model.

Indeed, if one defines the average kth-order belief about the current state
recursively as follows:

Ēk [θ t] =
{

θ t, : k = 0,∑∞
j=0

∫
�t−j

E
[
Ēk−1 [θ t] | �t

(
zj
)]

dzj, : k ≥ 1,
(7)

then in equilibrium, the aggregate price level is

Pt = (1 − r)
∑∞

k=1 rk−1Ēk [θ t] . (8)

3.1. Computing the Equilibrium

In this section, we derive the unique equilibrium of the pricing game played by the
firms. First, we obtain the higher-order beliefs. Then we compute the aggregate
price level in period t as a weighted average of all higher-order beliefs about the
state θ t.6

3.1.1. Posterior distribution. The common posterior for a firm zj that updated
its information set in period t − j given public information alone is normal with
mean wt−j ≡ E

[
θ t−j|
t−j−1, Yt−j

] = κ
(
yt−j + θ t−j−1

) + (1 − κ) θ t−j−1 and vari-
ance σ 2

z ≡ (α + γ )−1, where κ ≡ γ (α + γ )−1. Private posteriors, on the other
hand, are

θ t−j | �t
(
zj
) ∼N (

δxt−j
(
zj
) + (1 − δ) wt−j, (α + β + γ )−1

)
, (9)

where

δ ≡ β

α + β + γ
∈ (0, 1). (10)

Hence, a firm zj that updated its information set in t − j expects the current state
to be a convex combination of the private signal xt−j

(
zj
)

and a (semi-)public sig-
nal wt−j—combining the public information yt−j with the only relevant piece of
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information that comes from learning all previous states
{
θ t−j−k

}
k≥1.7 The rela-

tive weights given to xt−j (z) and wt−j when the firm computes the expected value
of state θ t−j depend on the precision of such signals.

Using (2), one has, for m ≤ j,

E
[
θ t−m | �t

(
zj
)] = E

[
θ t−j | �t

(
zj
)] + ∑j−1

i=m E
[
εt−i | �t

(
zj
)]

. (11)

As a result, a firm that last updated its information set in t − j must infer about
the errors {εt−i}j−1

i=m to forecast the fundamental θ t−m in any period after t − j. The
only signal that reveals information about εt−i is the public signal yt−i because
from (2),

yt−i = θ t−i − θ t−i−1 + ηt−i = εt−i + ηt−i.

The weight κ captures the importance of εt−k on the signal yt−k = εt−k + ηt−k.
Thus, the expectation of a firm zj that last updated its information set at t − j

about θ is

E
[
θ t−m | �t

(
zj
)] =

{
δxt−j

(
zj
) + (1 − δ) wt−j + κ

∑j−1
i=m yt−i : m ≤ j,

θ t−m : m > j.
(12)

In words, a firm that last updated its information set in period t − j combines the
forecast made in that period with the information from the public signals {yt−i}j−1

i=m
to forecast all future values of the fundamental θ . Moreover, since at the moment
it adjusts its information set the firm observes all previous states, the firm will
know for sure the value of θ t−m for m > j.

3.1.2. Beliefs. We establish that there is a unique linear equilibrium in the game
by computing the aggregate price level in period t as a weighted average of all
(average) higher-order beliefs about the state θ t, as stated in (8). In the Appendix,
we use (12) and the recursion (8) to derive the following useful result:

LEMMA 1 (Higher-Order Beliefs). The average kth-order forecast of the state
is given by

Ēk [θ t] = ∑∞
m=0 λm

{
(1 − λ)

[
am,kθ t−m + bm,kθ t−m−1

] + κcm,kyt−m
}
, (13)

where the weights
(
am,k, bm,k, cm,k

)
are recursively defined, for k ≥ 1, by⎡

⎣am,k+1

bm,k+1

cm,k+1

⎤
⎦ = Am

⎡
⎣am,k

bm,k

cm,k

⎤
⎦ + (1 − λm)

k

⎡
⎣ δ

1 − δ

ρ

⎤
⎦,

the initial weights are
(
am,1, bm,1, cm,1

) ≡ (δ, 1 − δ, ρ), ρ ≡ 1 − δ(1 − λ), and the
matrix Am is given by

Am =
⎡
⎣δ

(
1 − λm+1

) + (1 − δ) (1 − λm) 0 0
(1 − δ)

[(
1 − λm+1

) − (1 − λm)
]

1 − λm+1 0
(1 − λ) ρλm 0 1

⎤
⎦. (14)
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3.1.3. Equilibrium price level and SDI Phillips curve. We obtain the equilibrium
aggregate price level by plugging (13) into expression (8) for Pt and the SDI
Phillips curve by taking the first difference.

PROPOSITION 2 (Linear Equilibrium). The equilibrium aggregate price level
in period t, Pt, is linear in the states

{
θ t−j

}∞
j=0 and in

{
yt−j

}∞
j=0, that is,

Pt = ∑∞
m=0 gmθ t−m + ∑∞

m=0 hmyt−m, (15)

where the coefficients are given by

gm ≡
⎧⎨
⎩

(1−r)(1−ρ)

1−r(1−ρ)
if m = 0(

1−r
r

) [
1

1−r(1−ρλm)
− 1

1−r(1−ρλm−1)

]
if m ≥ 1,

and (16)

hm ≡ κ

[
ρλm

1 − r (1 − ρλm)

]
. (17)

In such equilibrium, the SDI Phillips curve is given by

π t = ∑∞
m=0 gm (θ t−m − θ t−m−1) + ∑∞

m=0 hm (yt−m − yt−m−1). (18)

The equilibrium aggregate price level Pt and consequently inflation π t as shown
in (18) depend on current and past states of the economy. This is so for two rea-
sons. First, there are firms in the economy for which the information set has been
last updated in the distant past. This is a direct effect of sticky information and
is linked to the result obtained in Mankiw and Reis (2002), in which inflation
depends on past expectations of current economic conditions. In our model, as
shown in (8), individual expectations about the current state are functions of the
past states of the economy. Second, even firms that have just adjusted their infor-
mation set will be, at least partly, backward-looking. This happens because of a
strategic effect: their optimal relative price depends on how they believe all other
firms (including those that have outdated information sets) in the economy are set-
ting prices. While prices depend on δ, they reflect a nontrivial interaction between
dispersion and stickiness due to strategic complementarity in pricing decisions.

In our model, however, besides being sticky, information is also dispersed. The
effect of private information is captured by the positive weight given to the state
in period θ t−m−1 by a firm that has its information set updated in t − m. If, instead
of having a private signal of θ t−m, firms knew the state, they would ignore the
information given by θ t−m−1. But, since the private signal the firm observes is
noisy, it is always optimal to place some weight on past states to forecast the
current state. Hence, in comparison to an economy à la Mankiw and Reis (2002),
the adjustment of prices to shocks will be slower in an economy with dispersed
information.

The expression (18) also shows that public information has long-lasting effects
on inflation. This result emerges from the fact that, in contrast with Mankiw
and Reis (2002), in our model agents that do not update their information set
are partially informed about the state through the public signal. Comparatively
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to this result, private signals have a relatively mild influence on prices insofar
as idiosyncratic shocks die out with aggregation. The only effect that remains
from private signals comes from the modification on the strategic interaction that
occurs when firms compute the equilibrium. In contrast, shocks that come from
public signals last forever.

The model with i.i.d. disturbances. We argue that we are able to obtain impulse
responses to various shocks because, in contrast to Baeriswyl and Cornand
(2010), we explicitly incorporate dynamics. In order to formalize this statement,
consider that, instead of following a random walk as in equation (2), the state θ t

is simply an i.i.d. disturbance:

θ t = εt, with εt ∼ N
(
0, α−1

)
.

In this case, if firm z ∈ [0, 1] is selected to update its information set in period t,
it continues to observe all previous periods’ realizations of the state,

{
θ t−j, j ≥ 1

}
,

but now they are uninformative about θ t. Moreover, the noisy private signal about
the current state is no longer useful to forecast the state in any future period:

xt (z) = θ t + ξ t (z) , with ξ t (z) ∼ N
(
0, β−1) ,

= εt + ξ t (z).

If, in order to be more directly comparable to Baeriswyl and Cornand (2010), we
ignore the public signal y, we are able to show that the higher-order beliefs, and
consequently the price level, become functions of the current state:

Ēk [θ t] =
(

β (1 − λ)

β + α

)
θ t,

Pt = (1 − r)
∑∞

k=1 rk−1Ēk [θ t]

= β (1 − r) (1 − λ)

α + β [1 − r (1 − λ)]
θ t.

As a result, the only relevant shock is the current fundamental θ t = εt itself, which
will have only an immediate and temporary effect on the price level.

4. PROPERTIES OF THE MODEL

In this section, we analyze the properties of our model using the work of
Angeletos and La’O (2009) as our benchmark. Perhaps the most prevalent form
of introducing nominal rigidity in macro models comes from the seminal paper
by Calvo (1983), in which, in each period, randomly selected firms set their prices
optimally, while the remaining firms keep their prices unchanged. Angeletos and
La’O (2009) introduce dispersed information in an otherwise standard Calvo
model. In contrast, we introduce dispersed information in a sticky information
model à la Mankiw and Reis (2002). One might wonder whether there are mean-
ingful differences in considering the effect of dispersed information in those two

https://doi.org/10.1017/S1365100518000470 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100518000470


756 MARTA B. M. AREOSA ET AL.

models and, therefore, whether there are relevant differences in Angeletos and
La’O (2009) and our paper.

To compare the models, we ignore public information, which is absent in
Angeletos and La’O (2009), and use the fact that the aggregate price level in
both models can be written as

Pt = φ0θ t + φ1θ t−1 + ∑∞
m=2 φmθ t−m,

where
∑∞

m=2 φm = 1 − φ0 − φ1.8

The coefficients φ′s of the two models are functions of three parameters repre-
senting (i) the degree of stickiness, λ, (ii) the degree of strategic complementarity
in pricing decisions, r, and (iii) the ratio of the precision of private signals to the
precision of the prior, β/α.9 The main difference is the parameter λ, which rep-
resents the degree of Calvo (1983) price rigidity in Angeletos and La’O (2009)
while, in our model, represents the degree of Mankiw and Reis (2002) information
rigidity.

First, we analyze which properties are satisfied by the equilibrium values of
the coefficients φ′s in the two models. Then, we evaluate the impulse response
functions of the two models for inflation and aggregate demand.

4.1. Comparative Statics

The comparative statics is illustrated in Figure 1. For ease of comparison, we use
the same baseline parameterization of Angeletos and La’O (2009): we identify
the length of a period as 1 year, a probability of price/information change equal
to 1/3 per quarter (λ = 0.20) , and strong complementarity in pricing decisions
(r = 0.85). These values are consistent with standard calibrations of the Calvo
model, but not necessarily with sticky information models. We, however, post-
pone the analysis of a calibration more in line with Mankiw and Reis (2002) to
the evaluation of impulse response functions. We also follow Angeletos and La’O
(2009) and set β/α = 1, meaning that the variance of the forecast error of the typ-
ical firm about the current innovation in nominal demand is one half the variance
of the innovation itself.

The first column of Figure 1 plots the coefficients φ0, φ1, and 1 − φ0 − φ1 as
functions of λ, the relevant degree of (price vs. informational) stickiness for each
model. For both models, φ1 is decreasing in λ while 1 − φ0 − φ1 is increasing
in λ. The most relevant difference is in the coefficient attached to the current
state: φ0 is decreasing in the degree of information stickiness but non-monotonic
in the degree of price stickiness (it increases for low values but decreases for
high values). As in the standard sticky price and sticky information models,
the aggregate price level becomes more and more persistent as the number of
firms that cannot adjust prices or update their information sets increases (higher
values of λ). In both models, this pattern is characterized by an increasing
weight 1 − φ0 − φ1 attached to past fundamentals as λ increases. Clearly, the
incorporation of public signals, characterized by κ = 0 (or γ = 0), does not
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The first column presents the impact of the relevant rigidity parameter λ (prices or information) on the elasticities of the equilibrium price level of both our model
(sticky information), with and without the incorporation of public signals, and Angeletos and La’O (2009) model (sticky prices) with respect to the current nominal
shock φ0, the most recent past nominal shock φ1 and all other past nominal shocks (1 − φ0 − φ1). The second and third columns present analogous impacts of the
degree of strategic complementarity in pricing decisions (r) and of the ratio of the precision of private signals to the precision of the prior (β/α).

FIGURE 1. Price-level coefficients as functions of the structural parameters of the model.
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change the shape described for the sticky information model. However, it shifts
upward the curve associated with the coefficient φ0. As all coefficients must sum
to one, an increase in φ0 is associated with a decline in the other coefficients. The
rationale behind the shift of the curve associated with φ0 is easy to understand:
when the public signal becomes more precise, firms are better informed about the
errors that drive the fundamental in all periods (εt−i, for all i ≥ 0), meaning that
their pricing decision will generate an equilibrium price level that is closer to the
one that would be produced if there were complete information. At this limit case
(complete information), firms ignore all past states and set Pt = θ t. Past states are
only relevant to firms’ pricing decisions because of outdated information. Not
only are there firms in the economy for which the information set has been last
updated in the far past, but also firms that have just received new information
will behave, at least partly, as if they were backward-looking due to a strategic
effect. Public information helps firms to predict not only the unknown states, but
also one another’s actions. This shift of φ0 also appears in the analyses presented
for the other two parameters—r and (β/α)—since firms can always use public
signals to better infer the fundamental θ t.

The second column of Figure 1 plots the same coefficients as functions of the
degree of strategic complementarity in pricing decisions. Once again, the coef-
ficients of both models present similar dynamics: φ0 is a decreasing function in
r, 1 − φ0 − φ1 is an increasing function in r, and φ1 is non-monotonic in r, first
increasing and then decreasing in r. The pattern here is also similar to the one
observed in a model without dispersed information. Under sticky prices, after
a monetary shock, firms that can adjust their price following a monetary shock
will find it optimal to stay closer to the past price level the higher the degree of
strategic complementarity between them and the firms that cannot adjust (and are
thus stuck to the past price level). Under sticky information, firms that updated
their information sets will find it optimal to attach more weight to the information
that is available for most of the firms that cannot update. As a result, both mod-
els present an increasing weight 1 − φ0 − φ1 attached to past fundamentals as r
increases.

Finally, the third column of Figure 1 plots these coefficients as functions of
β/α, the ratio of the precision of private signals to the precision of the prior.
Clearly, φ0 is increasing in this ratio, while 1 − φ0 − φ1 is decreasing for both
models. The major difference between the two models is in the coefficient φ1,
which decreases under sticky prices but is non-monotone under sticky informa-
tion, first increasing and after that slowly decreasing. Consider the coefficients φ0
and φ1, which characterize, respectively, the price impact of the current and the
past shocks. To understand how the precision of information affects these coeffi-
cients, first consider the choice of the price-setting firm. Under sticky prices, each
firm chooses a price that is a linear combination of past prices and past nomi-
nal shocks (which are common knowledge among all firms) and the firm’s own
expectation of current nominal demand (which is unknown in the current period).
Aggregating across firms gives the aggregate price level as a linear combination
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of past price levels and past nominal shocks and of the average expectation of θ t.
As in any static incomplete information model with Gaussian signals, the firm’s
own expectation of the fundamental is merely a weighted combination of its pri-
vate signal and the common prior, which here coincides with θ t−1. If firms have
less precise private information relative to the prior, that is, lower β/α, they place
less weight on their private signals than on their prior when forming their expec-
tations of θ t. As a result, the average expectation is less sensitive to the current
shock θ t and more anchored to the past shock θ t−1. This explains why less precise
information (a lower β/α) implies a lower φ0 and a higher φ1.

Now consider the case of sticky information. Firms updating their information
sets in t will also attach more weight to the private signal xt to the detriment of
the past observed fundamental θ t−1. As the weight of the current fundamental θ t

in the aggregate price level depends only on the private information of period t,
an increase in private precision that increases the weight that firms updating in
t attach to xt translates into an increase in the weight of θ t, that is, a higher φ0.
Now consider how an increase in private precision affects θ t−1. Following the
same logic, firms that updated their information sets in t − 1 will increase the
weight of xt−1 and, consequently, of θ t−1. However, as we have already noticed,
firms that updated in t will attach less weight to θ t−1, which they now observe,
and more to xt. The former effect dominates for lower values of private relative
precision β/α while the latter takes place as β/α increases.

4.2. Impulse Responses

We now study how the precision of information affects the impulse responses of
the inflation rate and real output to an innovation in nominal demand.

Figure 2 plots these impulse responses for inflation (�pt) and real output
(yt = θ t − pt). We identify the period as a year and set λ = 0.20 and r = 0.85.
Once again, we follow Angeletos and La’O (2009) and consider three alternative
values for the precision of information: (i) β/α = 1 (baseline case); (ii) β/α → ∞
(standard sticky price/information model); and (iii) β/α = 0 (alternative extreme:
no information about the current shock other than the past shock). The first line
of Figure 2 illustrates how the incompleteness of information affects the dynam-
ics of inflation for Cases (i)–(iii) for both sticky prices and sticky information
models. Two observations are common to both models. First, the instantaneous
impact effect of a monetary shock on inflation is increasing in β/α. As the
precision of private information increases, prices initially react more to a nom-
inal disturbance. Second, as the precision of private information decreases, the
second-period inflation becomes higher and higher. As the past nominal demand
now becomes common knowledge, prices with low sensitivity to the monetary
shock in the last period greatly increase in the second period to reflect this new
information. Note, however, that prices react less under sticky information than
under sticky prices. Besides this, inflation continues to rise and returns more grad-
ually under sticky information. This is so because, for r < 1, firms also care about
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The first line presents the impulse responses of the inflation rate to an innovation in nominal demand, for three different values of the relative precision of
information—α = β, β/α = ∞, and β/α = 0—and the same calibration as Angeletos and La’O (2009). The second line presents the corresponding impulse
responses of real output.

FIGURE 2. Impulse responses to an innovation in nominal demand—Angeletos and La.O’s (2009) calibration.
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the overall price level and, therefore, need to consider what information other
firms have. For small values of r, even an informed firm will not adjust its price
much to the change in aggregate demand until many other firms have also learned
of it. From the second line of Figure 2, the instantaneous impact effect of a mon-
etary shock on inflation is decreasing in β/α for both models. Furthermore, the
sticky information model seams to converge more quickly to the steady-state level
than the model with sticky prices.

At first sight, the differences between the two models (sticky prices vs. sticky
information) under dispersed information seem quite modest. However, if we con-
sider a calibration close to the standard sticky information model of Mankiw and
Reis (2002), the results differ dramatically. We increase the degree of strategic
complementarity (r = 0.90) and consider that firms on average make adjustments
once a year (λ = 0.25). As becomes clear in Figure 3, inflation under sticky infor-
mation becomes much more inertial than under sticky prices. The sticky price
model with dispersed information could also present a more inertial pattern if we
change the model so that the shock becomes common knowledge after a number
of periods different from one.

As pointed out by Angeletos and La’O (2009), inflation can start low if firms
initially have little information about the innovation and can rise in the early
phases of learning, but once firms have accumulated enough information about
the shock then inflation will begin to fall. This is true for both models (sticky
prices and sticky information). The major difference is that the standard sticky
information model seems to capture all the relevant inertia.

In Figure 4, we extend the analysis previously made by incorporating public
signals in the sticky information model. In contrast to private signals that just
give information about the state of each firm’s last update, we assume that pub-
lic signals are available every period. This difference in our modeling strategy
strengthens the importance of those signals. Clearly, when the precision of the
public signal increases, the impulse responses of both aggregate demand and infla-
tion to an innovation in nominal demand become attenuated. The occurrence of
this phenomenon is easy to understand. When agents do not observe a state, they
use the information conveyed in public signals to make inferences about it. As
the precision of public signals grows, γ → ∞, the informational shocks vanish

(ηt−j
p→ 0, ∀j), meaning that yt−i

p→ θ t−i − θ t−i−1. Therefore, no matter how long
it has been since firm zj last updated its information set, it will always be able to
assess the state θ t through

θ t−j−1 + ∑j
i=0 yt−i

p→ θ t.

Not surprisingly, when γ → ∞ (and consequently κ → 1), inflation becomes
π t = θ t − θ t−1, which is the inflation rate that would prevail if firms had com-
plete information about the fundamental. Alternatively, we can express inflation
as π t = εt. This simple expression shows that εt has an immediate impact on infla-
tion when information is complete, meaning that the impulse response of inflation
is concentrated at the point t = 0 and zero afterwards. When the precision of
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The first line presents the impulse responses of the inflation rate to an innovation in nominal demand, for three different values of the relative precision of
information—α = β, β/α = ∞, and β/α = 0—and the same calibration as Mankiw and Reis (2002). The second line presents the corresponding impulse responses
of real output.

FIGURE 3. Impulse responses to an innovation in nominal demand—Mankiw and Reis’ (2002) calibration.

https://doi.org/10.1017/S1365100518000470 Published online by Cam
bridge U

niversity Press

https://doi.org/10.1017/S1365100518000470


A
STIC

K
Y–D

ISPER
SED

IN
FO

R
M

ATIO
N

PH
ILLIPS

C
U

RV
E

763

0 5 10 15 20 25
t t t

0

0.05

0.1

0.15

0.2

0.25

0 5 10 15 20 25
0

0.05

0.1

0.15

0.2

0.25

0.3

0 5 10 15 20 25
0

0.05

0.1

0.15

0.2

0.25

0.3

0 5 10 15 20 25
t

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

=y
p-

0 5 10 15 20 25
t

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

0 5 10 15 20 25
t

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

Sticky information (  = 0.25)
Sticky information (  = 0)

Δ 
p

b/a = 0 b/a = 1 b/a

The first line presents the impulse responses of the inflation rate to an innovation in nominal demand, for three different values of the relative precision of
information—α = β, β/α = ∞, and β/α = 0—and the same calibration as Mankiw and Reis (2002) but considering inclusion of public information. The second
line presents the corresponding impulse responses of real output.

FIGURE 4. Impulse responses to an innovation in nominal demand—Mankiw and Reis’ (2002) calibration and including public signals.
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the public signal grows without approaching infinity, as shown in Figure 4, the
impulse response keeps the same shape, but, for any t > 0, it is partially atten-
uated by a greater influence of public signals (since it is closer to the complete
information case) and becomes concentrated at the point t = 0.

The incorporation of public signals clearly attenuates the movements of the
real output. This observation is just an extension of the analysis just made: when
the informational friction vanishes, the impulse responses converge to the com-
plete information case. Since the model does not incorporate any nominal rigidity,
under complete information, shocks do not move the real output.

4.3. Efficiency Criterion

We use an efficiency benchmark that addresses whether higher welfare could be
obtained if agents were to use their available information in a different way than
they do in equilibrium. Following Angeletos and Pavan (2007), we adopt as our
efficiency benchmark the strategy that maximizes ex ante utility subject to the sole
constraint that information cannot be transferred from one agent to another. We
modify their efficiency criterion to nest the assumption that information is sticky.
The Lagrangian for our problem is

E� = −(1 − λ)
∫

(
t ,Yt)

[∑∞
j=0 λj

∫
xt−j

u
(
xt−j, 
t, Yt

)
dF(xt−j | 
t, Yt)

]
dF(
t, Yt)

+
∫

(
t ,Yt)

η (
t, Yt) h (
t, Yt) dF(
t, Yt),

where u
(
xt−j, 
t, Yt

)
is the “utility” function of the firm, and η (
t, Yt) is the

Lagrange multiplier associated to the constraint

h (
t, Yt) ≡ Pt(
t, Yt) − λ
∑∞

j=0 (1 − λ) j
∫

xt−j

pt
(
xt−j, 
t−j−1, Yt

)
dF(xt−j | 
t, Yt).

This criterion may be understood as measure of social welfare, if “welfare” is now
evaluated from the perspective of firms. We know that p∗

t is obtained as the first-
order condition of u

(
xt−j, 
t, Yt

)
. But since many different functions can generate

the same first-order condition, this social welfare measure can vary. For instance,
in Morris and Shin (2002), (1) appears as the first-order condition of a beauty-
context utility function. Using this function, Morris and Shin (2002) showed that
the provision of public information may diminish social welfare. Nevertheless,
Woodford (2003) shows that

u
(
xt−j, 
t, Yt

) ≡ − (
pt (z) − p∗

t

)2

guarantees profit maximization in a way that is consistent with the approach
presented in Blanchard and Kiyotaki (1987). We consider an extension of this
function.
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As a result, any direct comparison regarding the impact of communication
on welfare between our work and the related literature, specifically Baeriswyl
and Cornand (2010) and Tang (2013), should be misleading as we are applying
a diverse welfare criterion, Angeletos and Pavan (2007), on a diverse group of
agents, firms instead of households.

5. COMMUNICATION POLICY

We now use the model to discuss communication policy by a benevolent cen-
tral banker. Assume the central banker has access to information about the
fundamental growth of the economy; namely, it observes

gt = θ t − θ t−1 + ut,

where ut reflects the fact that the central banker’s information is a noisy signal of
the fundamental growth.

The central banker’s communication policy takes a very simple form: it
commits to disclosing a garbled transformation of gt,

yt = gt + vt = θ t − θ t−1 + ut + vt,

where vt is a noise the central banker adds to information it has at the time of
disclosure.

The central banker controls the precision of vt, given by σ−2
v . Hence, a fully

transparent communication policy corresponds to the choice of σ−2
v → ∞,

whereas a policy of not communicating any information corresponds to
σ−2

v = 0.10

Before proceeding, we notice that by making ηt ≡ ut + vt, all the results we
have derived in previous sections hold true for a given communication policy and
by taking the information disclosed by the central banker as the relevant public
information in the economy. As before, we denote by γ the precision of such
public signal.

To evaluate the optimal communication policy, we need to establish what the
objective function of the central banker is. We first assume that each firm incurs
a quadratic cost for setting prices that are different than the target ones. In fact,
firms’ payoffs in period t are

�t (z) = E
[− (pt (z) − ((1 − r) θ t + rPt))

2 − τ ( pt (z)) | �t−j (z)
]
.

We take the central banker as maximizing—by choice of the precision vt—
firms’ ex ante (i.e. period zero) total profits, which we denote by E�. Simple
computations allow us to write such total profits as a function of γ as

E� (γ ) = −
(

1 − λ

α + β + γ
+ λ

α + γ

) ∑∞
j=0 λj�2

j ,
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where

�j (ρ (γ )) = 1 − r

1 − r
(
1 − ρλj

) .

It is easy to verify that the first derivative of this expression with respect to γ is
always positive. Hence, full transparency is always optimal.

PROPOSITION 3. The optimal communication policy by the central banker
entails full transparency, that is, σ−2

v → ∞.

In a setting like ours, one could think that, much as Morris and Shin (2002),
public information could harm social welfare. The reason is that, besides revealing
information about the state, public information is, due to strategic complementar-
ities, indicative of what other firms will do, so each firm responds excessively
to public signals. Proposition 3 shows, however, that the positive effect of more
precise public signals in reducing the relative importance of past shocks vis à
vis current shocks—which, in turn, reduces the persistence of aggregate prices in
our sticky information setting—outweighs any costs that might emerge from the
strategic effects of public information. Full transparency is always optimal.

5.1. Taxation

In the above section, we assumed there existed a central banker with access to
a piece of information that could be made public so as to help pricing decisions
and, as a consequence, improve welfare. We could give a step and answer the
following questions: (i) if a benevolent planner who observed the information set
of all firms could choose the pricing rule to be adopted by those firms, which rule
would he choose and (ii) could such rule be implemented through taxes?

We start by answering the first question. The planner’s problem would be to
choose pricing rules for the firms to maximize ex ante total profits:

max
{pt(z)}z∈[0,1]

E�.

Computation shows that the set of individual price schedules that solve this
program is given by

pt (z) = E
[(

1 − r∗) θ t + r∗Pt (
t, Yt) | �t−j (z)
]
, (19)

where (
1 − r∗) ≡ (1 − r)2,

so that r > r∗.
Hence, from a social point of view, price setters place too much weight on

aggregate prices relative to the true state of the economy θ t. Of course, this would
be inconsequential if all agents knew θ t, for they would necessarily choose the
same (and “correct”) price θ t. In our sticky and dispersed information model, such
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“externality” has consequences. A natural way to remedy the bad consequences
of such externality is through taxes. But how should this be done?

Assume that a benevolent planner sets linear taxes τ ( pt (z)), which, of course,
might depend on the price the firm chooses. Given those taxes, the profit function
of firm z becomes

�t(z) = E
[− ( pt(z) − ((1 − r) θ t + rPt))

2 − τ ( pt(z)) | �t−j(z)
]
.

Now, if a tax scheme successfully fixes the externality firms impose on each other,
while solving

max
pt(z)

E
[−( pt(z) − ((1 − r) θ t + rPt))

2 − τ ( pt(z)) | �t−j(z)
]

,

firms choose prices that lead to (19). Combining the firms’ first-order condition
with (19), we get

dτ ( pt(z))

dpt(z)
= 2r(1 − r) (θ t − Pt).

Therefore,

τ ( pt (z)) = 2r(1 − r) (θ t − Pt) pt(z).

Of course, the difficulty is that neither θ t nor Pt is observable by all firms (in fact,
θ t is only observed for a given firm when its selected to update its information
set). However, one could solve the problem by charging

τ ( pt (z)) = 2r(1 − r)E
[
θ t − Pt | �t−j(z)

]
pt(z).

PROPOSITION 4. By charging taxes

τ ( pt(z)) = 2r(1 − r)E
[
θ t − Pt | �t−j (z)

]
pt(z),

a benevolent planner will induce pricing rules by the firms which are socially
optimal.

6. CONCLUSION

In this paper, we considered the impact of sticky and dispersed information on
individual price-setting decisions, and the resulting effect on the aggregate price
level and the inflation rate. We analyzed which properties are satisfied by the
equilibrium values of the coefficients of the model, which are functions of three
parameters representing (i) the degree of information stickiness, (ii) the degree of
strategic complementarity in pricing decisions, and (iii) the ratio of the precision
of private signals to the precision of the prior. Then we evaluated the impulse
response functions of the two models for inflation and aggregate demand. In both
exercises, we compared our results from the sticky and dispersed information
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model with the ones obtained by a model with dispersed information and
sticky prices.

The model we propose nests the dispersed information model and the sticky
information model as special cases, and can be extended in many directions.
One possibility is to analyze how communication interacts with other policy
instruments (e.g. interest rates) available to a central banker. We believe these
extensions/applications are interesting avenues for future research.

NOTES

1. For example, Hahn (2014) studies the impact of central bank transparency under heterogeneous
information, Giuli (2010) analyzes the rationale for delegating monetary policy to a central banker
more conservative than the society if information is sticky, and Carrera and Ramírez-Rondán (2017)
provide evidence consistent with agents that update information faster when inflation is higher.

2. The theories of “rational inattention” proposed by Sims (2003, 2010) and “inattentiveness”
proposed by Reis (2006a,b) have been used to justify models of dispersed information and sticky
information.

3. Subsequent refinements of the sticky information models can be found in Mankiw and Reis
(2006, 2007, 2010) and Reis (2006a,b, 2009).

4. See Woodford (2003) for details.
5. In a slight notational abuse, we use

∫
�j

[•] dzj to denote the Lebesgue integral over the
subset �j.

6. We could also follow Morris and Shin (2002) and first derive an equilibrium for which the
aggregate price level is a linear function of fundamentals. We could then establish, using (8), that this
linear equilibrium is the unique equilibrium of our game.

7. θ t−j−1 is the only piece of information in 
t−j =
{
θ t−j−k

}∞
k=1

the firm needs to use because the
state’s process is Markovian.

8. On request, we can send a sketch of a proof on the impossibility of writing the price index
obtained from the SDI model as a function of the past price indexes, as presented in Angeletos and
La’O (2009).

9. Using the notation introduced in Angeletos and La’O (2009), φ0 = c2 and φ1 = c1c2 + c3.
10. We are implicitly assuming that the central banker is forced to choose a communication policy

which is i.i.d. over time. This, however, is without loss given its objective function and the fact that
the environment is stationary.
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APPENDIX: HIGHER-ORDER BELIEFS

In this appendix we derive the general formula of the kth-order average expectation

Ēk [θ t] = (1 − λ)
∑∞

m=0 λm
[
am,kθ t−m + bm,kθ t−m−1

] + κ
∑∞

m=0 λmcm,k yt−m,

considering that the weights
(
am,k, bm,k, cm,k

)
are recursively defined, for k ≥ 1, by⎡

⎣am,k+1

bm,k+1

bm,k+1

⎤
⎦ =

⎡
⎣ δ

(1 − δ)

ρ

⎤
⎦ (1 − λm)

k + Am

⎡
⎣am,k

bm,k

cm,k

⎤
⎦,
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where the matrix Am is given by

Am ≡
⎡
⎣δ

(
1 − λm+1

) + (1 − δ) (1 − λm) 0 0
(1 − δ)

[(
1 − λm+1

) − (1 − λm)
]

1 − λm+1 0
(1 − λ) ρλm 0 1

⎤
⎦, (A1)

the initial weights are
(
am,1, bm,1, cm,1

) ≡ (δ, 1 − δ, ρ), and ρ ≡ 1 − δ (1 − λ).

Proof (Higher-Order Beliefs). We start by computing Ē1 [θ t] as

Ē1 [θ t] = ∑∞
m=0

∫
�m

E
[
Ē0 [θ t] | �t (zm)

]
dzm

= ∑∞
m=0

∫
�m

E [θ t | �t (zm)] dzm

= ∑∞
m=0

∫
�m

[
δxt−m (zm) + (1 − δ) θ t−m−1 + (1 − δ) κyt−m + κ

∑m−1
i=0 yt−i

]
dzm

= (1 − λ)
∑∞

m=0 λm
[
δθ t−m + (1 − δ) θ t−m−1 + (1 − δ) κyt−m + κ

∑m−1
i=0 yt−i

]
= (1 − λ)

∑∞
m=0 λm

[
δθ t−m + (1 − δ) θ t−m−1

] + ρκ
∞∑

i=0
λiyt−i.

The first two equalities use the definition of Ēk [•], for k ∈ {0, 1}, as stated in (7).
The third equality uses (12) to compute firms’ expectations. The forth equality results
from the computation of the integral, considering that the Lebesgue measure of �m

is (1 − λ) λm and idiosyncratic shocks die out with aggregation,
∫

�m
xt−m (zm) dzm =∫

�m
θ t−m + ξ t−m (zm) dz = (1 − λ) λmθ t−m. The last equality just rearranges the terms. This

expression shows that
(
am,1, bm,1, cm,1

) ≡ (δ, 1 − δ, ρ). We can use this result to obtain
Ē2 [θ t] as

Ē2 [θ t] = ∑∞
m=0

∫
�m

E
[
Ē1 [θ t] | �t (zm)

]
dzm

= (1 − λ)
∑∞

m=0

∫
�m

∑∞
j=0 λjE

[
δθ t−j + (1 − δ) θ t−j−1 | �t (zm)

]
dzm

+ρκ
∑∞

k=0 λkyt−k.

This last equality holds because yt−k belongs to all firms’ information sets. We use (12) to
rewrite Ē2 [θ t] considering three different cases: (i) j < m, when firm zm does not observe
either θ t−j or θ t−j−1, (ii) j = m, when firm zm observes θ t−j−1, but not θ t−j, and (iii) j > m,
when firm zm observes both θ t−j and θ t−j−1. Thereafter,

Ē2 [θ t] = (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λj

{
δE

[
θ t−j | �t (zm)

] + (1 − δ)E
[
θ t−j−1 | �t(zm)

]}
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

λm
{
δE

[
θ t−m | �t (zm)

] + (1 − δ) θ t−m−1

}
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑∞
j=m+1 λj

[
δθ t−j + (1 − δ) θ t−j−1

]
dzj + ρκ

∑∞
k=0 λkyt−k.

Using (12) to compute expectations, we get

Ē2 [θ t] = (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λj {δxt−m (z) + (1 − δ) θ t−m−1} dzm

+ (1 − λ) κ
∑∞

m=0

∫
�m

∑m−1
j=0 λj

[∑m−1
i=j

[
δyt−i + (1 − δ) yt−i−1

]]
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

λm
[
δ
[
δxt−m (z) + (1 − δ) θ t−m−1 + (1 − δ) κyt−m

]
+ (1 − δ) θ t−m−1

]
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑∞
j=m+1 λj

[
δθ t−j + (1 − δ) θ t−j−1

]
dzm + ρκ

∑∞
k=0 λkyt−k.
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Evaluating the integral and rearranging the terms, we find

Ē2 [θ t] = (1 − λ)2 ∑∞
m=0 λm

[
δθ t−m + (1 − δ) θ t−m−1

] ∑m−1
j=0 λj

+ κ (1 − λ)2 ∑∞
m=0 λm ∑m−1

i=0

[
δyt−i + (1 − δ) yt−i−1

] ∑i
j=0 λj

+ (1 − λ)2 ∑∞
m=0 λ2m

[
δ2θ t−m + [

1 − δ2
]
θ t−m−1 + (1 − δ) δκyt−m

]
+ (1 − λ)2 ∑∞

j=1 λj
[
δθ t−j + (1 − δ) θ t−j−1

] ∑j−1
m=0 λm + ρκ

∑∞
k=0 λkyt−k

= (1 − λ)
∑∞

m=0 λm (1 − λm)
[
δθ t−m + (1 − δ) θ t−m−1

]
+ κ (1 − λ)

∑∞
i=0

[
δyt−i + (1 − δ) yt−i−1

] (
1 − λi+1

) ∑∞
m=i+1 λm

+ (1 − λ)2 ∑∞
m=0 λ2m

[
δ2θ t−m + (

1 − δ2
)
θ t−m−1 + (1 − δ) δκyt−m

]
+ (1 − λ)

∞∑
j=1

λj
(
1 − λj

) [
δθ t−j + (1 − δ) θ t−j−1

] + ρκ
∞∑

k=0
λkyt−k

= (1 − λ)
∑∞

m=0 2λm (1 − λm)
[
δθ t−m + (1 − δ) θ t−m−1

]
+ (1 − λ)2 ∑∞

m=0 λ2m
[
δ2θ t−m + (

1 − δ2
)
θ t−m−1

]
+ κ

∑∞
m=0 λmyt−m

{
(1 − δ) (1 − ρλm) + δ

(
1 − ρλm+1

) + 2ρ − 1
}
.

We can write this expression as

Ē2 [θ t] = (1 − λ)
∑∞

j=0 λj
[
aj,2θ t−j + bj,2θ t−j−1

] + κ
∑∞

j=0 λjcj,2yt−j,

where

αj,2 = [
1 − (1 − δ)2

] (
1 − λj

) + δ2
(
1 − λj+1

)
,

bj,2 = (1 − δ)2
(
1 − λj

) + (
1 − δ2

) (
1 − λj+1

)
,

cj,2 = (1 − δ)
(
1 − ρλj

) + δ
(
1 − ρλj+1

) + 2ρ − 1.

This result shows that (13) holds for k = 2. Note that

aj,k + bj,k = ∑k−1
n=0

(
1 − λj

)n (
1 − λj+1

)k−1−n
(A2)

for k = 2. We use induction to obtain to prove that (A2) holds for a generic k and to compute
Ēk [θ t]. Suppose that (13) holds for k − 1. Then

aj,k + bj,k = [
1 1 0

] ⎡
⎣ δ

(1 − δ)

ρ

⎤
⎦ (

1 − λj
)k−1 + [

1 1 0
]

Aj

⎡
⎣aj,k−1

bj,k−1

cj,k−1

⎤
⎦

= (
1 − λj

)k−1 + (
1 − λj+1

) (
aj,k−1 + bj,k−1

)
= [

1 − λj
]k−1 + ∑k−2

n=0

[
1 − λj

]n [
1 − λj+1

]k−1−n

= ∑k−1
n=0

[
1 − λj

]n [
1 − λj+1

]k−1−n
.

Based on this result, we prove that

∑m−1
j=0 λj

(
aj,k−1 + bj,k−1

) = ∑m−1
j=0 λj

[
1 − λj+1

]k−2 ∑k−2
n=0

[
1 − λj

1 − λj+1

]n

= (1 − λm)k−1

1 − λ
.
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To obtain Ēk [θ t], we follow the same steps we used before: we decompose Ēk [θ t] into
three different cases (j < m, j = m, j > m), we use (12) to compute expectations, and,
finally, we evaluate the Lebesgue integral:

Ēk [θ t] = ∑∞
m=0

∫
�m

E
[
Ēk−1 [θ t] | �t (zm)

]
dzm

= (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λjaj,k−1E

[
θ t−j | �t (zm)

]
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λjbj,k−1E

[
θ t−j−1 | �t (zm)

]
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

λm
{
am,k−1E

[
θ t−m | �t (zm)

] + bm,k−1θ t−m−1

}
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑∞
j=m+1 λj

[
aj,k−1θ t−j + bj,k−1θ t−j−1

]
dzm + κ

∞∑
j=0

λjcj,kyt−j

= (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λj

(
aj,k−1 + bj,k−1

) [
δxt−m (zm) + (1 − δ) θ t−m−1

]
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λj

(
aj,k−1 + bj,k−1

)
(1 − δ) κyt−mdzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑m−1
j=0 λj

{(
aj,k−1 + bj,k−1

)
κ

∑m−1
i=j+1 yt−i + κaj,kyt−j

}
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

λmam,k−1

[
δxt−m (zm) + (1 − δ) θ t−m−1 + (1 − δ) κyt−m

]
dzm

+ (1 − λ)
∑∞

m=0

∫
�m

λmbm,k−1θ t−m−1dzm

+ (1 − λ)
∑∞

m=0

∫
�m

∑∞
j=m+1 λj

[
aj,k−1θ t−j + bj,k−1θ t−j−1

]
dzm + κ

∑∞
j=0 λjcj,kyt−j

= (1 − λ)2 ∑∞
m=0 λm

[
δθ t−m + (1 − δ) θ t−m−1 + (1 − δ) κyt−m

]
∑m−1

j=0 λj
(
aj,k−1 + bj,k−1

)
+ κ (1 − λ)2 ∑∞

m=0 λm ∑m−1
i=1 yt−i

∑i−1
j=0 λj

(
aj,k−1 + bj,k−1

)
+ κ (1 − λ)2 ∑∞

j=0 λjaj,k−1yt−j
∑∞

m=j+1 λm

+ (1 − λ)2 ∑∞
m=0 λ2m

[
am,k−1

[
δθ t−m + (1 − δ) κyt−m

]
+ (

am,k−1 (1 − δ) + bm,k−1

)
θ t−m−1

]
+ (1 − λ)2 ∑∞

j=1 λj
[
aj,k−1θ t−j + bj,k−1θ t−j−1

] ∑j−1
m=0 λm + κ

∑∞
j=0 λjcj,k−1yt−j

= (1 − λ)
∑∞

m=0 λm (1 − λm)
k−1 [

δθ t−m + (1 − δ) θ t−m−1

]
+ (1 − λ)2 ∑∞

m=0 λ2m
[
am,k−1δθ t−m + (

am,k−1 (1 − δ) + bm,k−1

)
θ t−m−1

]
+ (1 − λ)

∑∞
m=0 λm

[
am,k−1θ t−m + bm,k−1θ t−m−1

]
(1 − λm)

+ κ
∑∞

m=0 λmyt−m

{
ρ (1 − λm)

k−1 + (1 − λ) ρλmam,k−1 + cm,k−1

}
Since (1 − λ) λm = (

1 − λm+1
) − (1 − λm), we can rewrite the last four lines as

Ēk [θ t] = ∑∞
m=0 λm

{
(1 − λ)

[
am,kθ t−m + bm,kθ t−m−1

] + κcm,kyt−j

}
,

where

am,k ≡ δ (1 − λm)
k−1 + [

δ (1 − λ) λm + (1 − λm)
]

am,k

= δ (1 − λm)
k−1

+ [
δ
(
1 − λm+1

) + (1 − δ) (1 − λm)
]

am,k,

bm,k ≡ (1 − δ) (1 − λm)
k−1 + (1 − δ) (1 − λ) λmam,k−1 + [

(1 − λ) λm + (1 − λm)
]

bm,k−1
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= (1 − δ) (1 − λm)
k−1 ,

+ (1 − δ)
[(

1 − λm+1
) − (1 − λm)

]
am,k−1 + (

1 − λm+1
)

bm,k−1

cm,k = ρ (1 − λm)
k−1 + (1 − λ) ρλmam,k + cm,k.

Rewriting these weights in matrix format, we obtain⎡
⎣am,k

bm,k

cm,k

⎤
⎦ = Am

⎡
⎣am,k−1

bm,k−1

cm,k−1

⎤
⎦ + (1 − λm)

k−1

⎡
⎣ δ

1 − δ

ρ

⎤
⎦,

where the matrix Am is given by

Am =
⎡
⎣δ

(
1 − λm+1

) + (1 − δ) (1 − λm) 0 0
(1 − δ)

[(
1 − λm+1

) − (1 − λm)
]

1 − λm+1 0
(1 − λ) ρλm 0 1

⎤
⎦. (A3)

which is exactly our result. �
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