P

@ CrossMark

J. Appl. Probab. 59, 904-929 (2022)
doi:10.1017/jpr.2021.98
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Abstract

A system of mutually interacting superprocesses with migration is constructed as the
limit of a sequence of branching particle systems arising from population models. The
uniqueness in law of the superprocesses is established using the pathwise uniqueness of a
system of stochastic partial differential equations, which is satisfied by the corresponding
system of distribution function-valued processes.
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1. Introduction

Superprocesses, describing the evolution of a large population undergoing random repro-
duction and spatial motion, were first constructed as high-density limits of branching particle
systems by Watanabe [20]. The connection between superprocesses and stochastic evolution
equations was investigated by Dawson [1]. Since then, ample systematic research results have
been published; see e.g. [2], [7], and [13]. Those with immigration, a class of generalizations
of superprocesses, have also attracted the interest of many researchers. We refer to [13], [14],
[15], and the references therein for immigration structure and related properties. Let Mr(R)
be the collection of all finite Borel measures on R. Set Mp(R)?> = Mp(R) x Mg(R). Let C’;(R)
(resp. CS(R)) be the collection of all bounded (resp. compactly supported) continuous func-
tions on R with bounded derivatives up to kth order. Let (14;);>0 be a continuous Mp(R)-valued
process solving the following martingale problem (MP): for all f € C,%(R), the process

|
M} = (i, f) — (o, f) — fo <§<us,f’/>+(f<,f>>ds (1.1)

is a continuous martingale with quadratic variation process

t
M) =y /0 (s, £7) ds, (1.2)

Received 23 December 2020; revision received 8 November 2021.

* Postal address: Faculty of Computational Mathematics and Cybernetics, Shenzhen MSU-BIT University, Shenzhen,
Guangdong, 518172, China.

** Postal address: School of Mathematical Sciences, Hebei Normal University, Shijiazhuang, Hebei, 050024, China.
Email address: liuhuili@hebtu.edu.cn

*** Postal address: Department of Mathematics & National Center for Applied Mathematics (Shenzhen), Southern
University of Science and Technology, Shenzhen, Guangdong, 518055, China.

© The Author(s), 2022. Published by Cambridge University Press on behalf of Applied Probability Trust.

904

https://doi.org/10.1017/jpr.2021.98 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.98
https://orcid.org/0000-0002-3739-2891
https://orcid.org/0000-0002-2475-1808
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jpr.2021.98&domain=pdf
https://doi.org/10.1017/jpr.2021.98

Mutually interacting superprocesses with migration 905

where y > 0 and x € Mp(R). The corresponding model is super-Brownian motion (SBM) when
k = 0. The uniqueness in law of SBM can be obtained by its log-Laplace transform

log E exp(—(ur, f)) = — (1o ur)

(see Watanabe [20]), where u; is the unique solution to the following log-Laplace equation:

d 1
% = S Aux) - %ut(x)z,
up(x) =f(x).

Xiong [22] studied the stochastic partial differential equation (SPDE) satisfied by the distribu-
tion function-valued process of SBM, and approached its uniqueness from a different point of
view. Related work can also be found in [3] and [8].

For a finite measure «, the corresponding model is the superprocess with immigration,
which was constructed in [11] through the cumulant semigroup; see also [12] and [14]. In
the case of « being interactive, i.e. kK = k (i), the existence of a solution to the MP (1.1, 1.2)
has been verified in Méléard [17], where the result is applicable to the situation with interac-
tive immigration, branching rate, and spatial motion. By the approach of pathwise uniqueness
for SPDEs satisfied by the distribution function-valued process, Mytnik and Xiong [19] estab-
lished the well-posedness of MPs for superprocesses with interactive immigration. See also
[23] for related work.

In fact there exist some populations distributed in different colonies, such as the mutually
catalytic branching model; see [4], [5], [6], [16], and [18]. The evolution of this model can be
illustrated by interacting superprocesses. A sudden event may induce mass migration and lead
to an increment of population size in one colony and a decrement in the other. For instance,
war causes large numbers of people to move into a neighbouring country, and radiation mutates
normal cells, and so on. Therefore it is natural to study superprocesses with interactive migra-
tion between different colonies. In this paper we consider a continuous Mz(R)?-valued process
(/LIIL, ,u?) ~o called a mutually interacting superprocess with migration, which solves the

following MP: for all f, g € C%(]R), the processes

1 t t
Ml =t f) = (o) = 5 [ o has = [k pas
0 0

t
+ [ lnkontoud w2y o

| ; (1.3)
5 =2, o) =g )= 5 [ 2 g =z [ (a2 g)as
t
are two continuous martingales with quadratic variation and covariation processes
t
(M) =1 fo (i f2)ds,
(1.4)

t
(M8), = y2 /0 (17 &%) ds,

(M, M8y, =0,
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where x is a probability measure on R, y1 and yo are positive constants, and the migration
intensity (-, -, -) is a non-negative bounded continuous function on R x M, r(R)2.

The purpose of this paper is to establish the well-posedness of the MP (1.3, 1.4), i.e. the
existence and uniqueness in law of such mutually interacting superprocesses with migration.
As far as we know, this is the first attempt to discuss the well-posedness of mutually interactive
superprocesses with migration. The structure of interactive migration makes the model more
complex and increases the challenge of constructing a solution to the MP. Simultaneously, the
traditional method of moment duality fails to prove the uniqueness of such a process. We for-
mulate the process as the limit empirical measure of a sequence of branching particle systems.
The uniqueness in law of the superprocesses is demonstrated by the pathwise uniqueness of the
solution to a system of mutually interacting SPDEs, which are satisfied by the corresponding
distribution function-valued processes.

We introduce some notation. Let D(R., Mr(R)?) (resp. C(R4, Mp(R)?)) denote the space
of cadlag (resp. continuous) paths from R to Mp(R)? furnished with the Skorokhod topol-
ogy. Let D(R,, R?) be the collection of cadlag paths from R, to R?. Let Cp.m(R) be the
subset of Cp(R) consisting of non-decreasing bounded continuous functions on R. Write
(i, f) as the integral of f € C,%(R) with respect to measure y € Mp(R). For any f, g € CZ(]R),
define (f, g)1 = fR f(x)g(x)dx. Let Hy = L*(R) be the Hilbert space consisting of all square-
integrable functions with the norm || - ||o given by |[f||% = fsz(x)e_‘x‘dx for any f € Hp. Set
vi(x) = vi((—o00, x]) as the distribution functions of v; € Mp(R) for any xeR and i=1, 2.
Define the distance p on Mg(R) by

p(v1, v2) = /R e M|y (x) — va(x)ldx.

It is easy to see that under metric distance p, Mr(R) is a Polish space whose topology coin-
cides with that given by weak convergence of measures. Let |x] denote the integer part of x.
Moreover, we always assume that all random variables in this paper are defined on the same
filtered probability space (2, F, F;, IP). Let E be the corresponding expectation.

The rest of this paper is organized as follows. In Section 2 a sequence of branching particle
systems arising from population models is formulated. In Section 3 the existence of solu-
tion to the MP (1.3, 1.4) is established through the tightness of a sequence of measure-valued
stochastic processes arising as the empirical measures of the branching particle systems. In
Section 4 we verify the equivalence between the MP (1.3, 1.4) and SPDEs satisfied by the dis-
tribution function-valued processes and further prove the pathwise uniqueness of the SPDEs
by an extended Yamada—Watanabe argument. Throughout the paper we use the letter K, with
or without subscripts, to denote constants whose exact value is unimportant and may change
from line to line.

2. A related branching model with migration

There exists a population living in two colonies with labels {1, 2}. Initially, each colony
has n particles, spatially distributed in R. Write k ~ 7 to denote the kth living particle at time ¢
in each colony. For any s > 1, let Xth(s) denote the corresponding particle’s location at time s
in colony 1 with i € {1, 2} if it is alive up to time s. The motions of the particles during their
lifetimes are modelled by independent Brownian motions. For any i € {1, 2}, k ~ ¢, accompa-
nying the corresponding particle with a standard Brownian motion {B,Lt(s) 15 > 0}, we have

xm ) LX)+ B _ ()~ BL_(1) foralls>1.
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For s <1, kat(s) represents the corresponding particle’s location at time s if it is alive at s;
otherwise the same notation represents its ancestor’s location at s.

We start by introducing the branching particle systems. In colony 1 there exist indepen-
dent branching and emigration, and there are also independent branching and immigration in
colony 2. The branching mechanisms in the two colonies are also independent. However, the
emigration and immigration are interactive. The particles in colony 1 can move to colony 2,
but not reciprocally. During branching/emigration/immigration events, all the particles move
according to independent Brownian motions.

e (Measure-valued process in colony 1 with 1 =1, 2.) Let ,u?’ﬁ be the empirical distribu-
tion of particles living in colony 1, that is, forany f e Ci(R), we have

f Zf Xih).

k~t
where the sum k ~ ¢ includes all those particles alive at ¢ in each colony.

e (The behaviour of particles living in colony 1.) For a particle k alive at time ¢ in
colony 1, we consider (conditionally independent) random times Tklw (corresponding
to a reproduction event) and pi~; (corresponding to a migration event) such that

P(tk]lN, >t+h| ]—',) —e M1l

and
t+h
P(pk~z>t+h|fr)=E[eXp{—/ n(Xp2 (), w L, u?) dS} ‘]:z]
t
(X @t 2 )

when £ is sufficiently small, where A, 1 is the branching rate of those particles liv-
ing in colony 1 with A, 1/n— A1 as n — oo, and (-, -, -) € CZ(R x Mp(R)?) is the
migration intensity. If tk]{vt < Pk~t, then at time T;}N,, particle k dies and gives birth to a
random number £ of offspring at the position of colony 1 where particle k died, with
E[g" ] =14 B,.1/n, Var[g™ L] =07 | satisfying 8,1 — B1 and 6,1 — o7 as n — oo.
If pr~r < 1’;}&,, then at time pi~;, particle k migrates to colony 2 and settles down at a
random position according to a probability measure .

e (The behaviour of particles living in colony 2.) For a particle k alive at time ¢ in
colony 2, we consider random time rk{t (corresponding to a reproduction event) such
that

]P’(IENZ >t+h| ]-',) =2l
where A, 2 is the branching rate of those particles living in colony 2 with A, 2/n — A2
as n — oo. Then, at time ‘L’ENI, particle k dies and gives birth to a random number "2 of
offspring at the position of colony 2 where particle k died, with E[£72] =1+ Bn.2/n,
Var [£2] = 022 satisfying 8, 2 — B2 and 0, 2 — o2 as n — o0.

3. Existence of a solution to the martingale problem

In this section we study the convergence of a sequence of measure-valued processes arising
as the empirical measures of the proposed branching particle systems in Section 2, and show
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that the limit is a weak solution to the MP (1.3, 1.4). We denote Z?: 1 fi =0 for any f;. For any
t >0, let & > 0 be sufficiently small. It follows from the construction of the branching particle
systems that

1 1
(i )= 2U(FOGL+ )+ AR5 N = D)+ DS (.

ot k~t
with
i ‘
INROE [Zf(xﬁfi”(r 1) = X+ h))] Ut cvshapirs GD
i=1
Dn,]l,h _ Xn’]l 1T 3.2
et () _f( jr (1 )) {oka<tth<tl ) G2

where "g“,?’j, k=1,2,... are independent and identically distributed (i.i.d.) copies of é”’]l,
XZ;]lt’i(t +h),i=1,..., E,?’& are defined as i.i.d. copies of X,’:fll(t—i— h), I, is the indicator
function, and T,:"N%’h( f) is the correction term due to particle k and its descendants having
more than one branching or migration event in the time interval (¢, t 4 k). Since f is bounded,

one can check that the correction term satisfies
1,k
E[1 (O | Fi] <0,

where O(h?) is an infinitesimal of 4 with order no less than 2. In fact it is hard to obtain the
explicit expression for the correction term. However, the order indicates that it is very tiny and
can make itself disappear in the limit form. The conditional independence of p~; and rkﬂN[
implies that

E[H{ |E]:P(rk1’\'l<t+h|]:t)[?(l+h<,0k~,|}—t)
~(1- e_k”’“h)e_’](xfg(f)»ﬂf'l,u?'z)h

X Ap1h

L <t+h<pi~}

and

n2

n, 1 n1
) | Fi] & (1 — e MK @ty ) g =

l 1 2
~n(XE2, (0, i w7 )h

IE[]I{,(>k~,<t+h<1']l

k~t

The corresponding conditional probability can be replaced by the approximate value when &
is sufficiently small. Applying It6’s formula, we have

t+h 1 t+h
FXEia+m) =X L) + / S (XEL9) B (9) + 5 / (x0ke)ds. 33)
t t
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Consequently

(i )=t f Z / (X7 2(9))dBE ()

k~t

4= Z / // kwt(s)

k~t
Given any 7> 0, let us discretize the time interval [0, f] by the step size h. Set j = [t/h].
Then
1 d 1
n, n,
(i f) = )+ Z M(E-H)hm’ —{ugi, . f)
£=0
J (l+])h/\t
1 1
=(ug f)+ / ' (Xeen () dBi(s)
" <t
(/é+1)hAt L
+z >3 / () s
" <t
1,hA(t—th 1L hAG—Ch 1 hAG—Lh
+ Z > (AT = DI TP+ ).
kNKh

Let M?’f ,i=1, 2, 3 be martingales with

(1Z+1)h/\t .
M () = Z /Z /(X0 ) ABE (5, (3.4)

k~£h

”*fm—Z AN TN ~EAG TN Fall. G)

=0 k~€h

sy (r)—Z >0k — B0 T | Fual ). (3.6)

e
Moreover, A™/ is defined as
(e+1)hnt

w10 Z— Sif, e ds+z RIS

fan 2 Jen " th

1,hN(t—Ch L LLhn(t—Lh
+Z S TE[AL TP = DT | Fu).

" <t
It follows from (3.3) that

E[f (X lon (€ + D AD) | Fon] =1 (X2 () + OCh A (¢t — €h),
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where O(h A (t — £h)) < % sup,cgr [f”/(x)|h < Kh holds for any given h and n since f € Ci(R).
Combining with (3.1) and (3.2), we obtain the conditional expectations

,BnIl n,1

E[Ap LD fy | Fon) = F(XEL ) (h A (1 — £h)) + OUh A ( — £h))?)

and

E[Dply™ () Fu
—f( k,\,@h(gh)) ( kwgh(ﬁh) U«gh Mzhz)(h At —Lh)+O(h A (1 — gh))Z)’

where O((h A (t — £h))?) < Kh? holds for any given & and n. Consequently
1 L\ B 1hn
A =5 /0 (i) ds 0 = it f)h A (= eh
£=0

J
= Dl m (e i WA G e
=0

J
+ 3 (w1 O A (2 — £h)y)
=0

J

+Z Sl e, (3.7)

k~lh

with the last term satisfying

ay n LA L
> - §j [ PO Fa] < D (it 1) O A = e (3.8)
=0 ~Lh =0

n
One can see that
(et f) = (et £)+ MY (@0 + MY () — M (1) + A (1), (3.9)

Carrying out steps similar to those above in colony 2, for any g € C,%(R), we have

(ui"®, 8) = (g ™. &)+ Y5 (0) + My (1) + M3 (1) + A5 0, (3.10)
where
i L/l (€+1)hAt 5
M) = Z / "(X}52,(9))dBE g, (5) (3.11)
= kNEh
and
Lt/hJ 2.h th 2.h th
MyE (1) = Z S A ) — B[ARZN TP 0y | Fun]) (3.12)
=0 k~€h
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are martingales with

gkN(h

2, hA(t—Lh) 2. 2

Ao (&)= [Z g(XeTn (€ + D A1) — g(Xp 2, (€ + Dh A r))} L
=1

and XZ};,;((Z 4+ 1)k A t) having the same distribution as X, N[h((ﬁ + 1)h A t). Moreover,

Lt/hJ
"%)-Z S AP P — B[O (9) | Fun]) (3.13)

" e
is also a martingale with

,2,hA(t—Lh
DN () = (4, @) Wpypn <t hnn)-

We emphasize that the sum ‘k ~ £k’ in (3.13) involves those particles living in colony 1 at time
£h. In addition,

Li/hl (C+1DhAt 5
A™8(1) = Z - Z — / g (X7, (5)) ds
=0 i 2 e
W 2 hA(—Lh) L D hA(—Ch)
+ n SJAN(— - E Dn’ NG
Z DB T @ Ful + 30~ Y B[ @) | Fal
k~@h =0 k~Lh
WhJ 2 hA(t—Lh) WhJ 2 hA(t—LEh)
n,2,hn(t— =, A(t—
+ Z > Vi )+ Z > e,
k~€h k'v@h

where the second and third terms are due to birth events in colony 2 and migration from
colony 1, respectively, the fourth term is the correction term due to those particles living in
colony 2 and their descendants having more than one branching, and the last term is the cor-
rection term due to those particles living in colony 1 that have not only migrated to colony
2 but also given birth to offspring after settlements. Therefore the sum ‘k ~ £k’ in the second
or fourth term involves those particles living in colony 2 at £h, and the sum ‘k ~ £h’ in the
third or last term involves those particles living in colony 1 at £A. Considering the possibility
of more than one branching or migration event in the time interval (¢A, (€ 4+ 1)k A t] and the
boundedness of g, one can see that

E[ 05N )] | Fon] + E[IEp 250 (@)l | Fan] < O A (1 — Em))P).
Consequently
An.g 1 ! o ﬂn 2A n, 2 n 2
AT =5 | (w57 ") s+ Z Wil g)h A (1 — th))
L7/h] X
+ 300 it (ot 1)) A (¢ = eh)
=0
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Lt/h] ,
+ Z Wit 1O A (1 — £h))?)

Lt/hJ Lt/hJ
I Z Z TZNQZhh/\(tfeh)( )+ Z Z Hzgﬁf:A(z Zh)( ). (3.14)

k~£h k~£h

with the terms in the last line satisfying

Lt/hJ 2.h Lh U/hj 2.h Lh

Z Y B[N T @)l | Fun] + Z Y E[E5 TP @1 Fun
" ~th =~
L1/h]

< D+ 1 ) O A (= t)).

The following propositions give the quadratic variation and covariation processes for those
martingales M!" (1) and §"% (1) with i = 1, 2, 3.

Proposition 3.1. The variation processes of Mf‘f(t) withi=1, 2, 3 are as follows:

Li/h)
1 +1)hAt
=23 0 feh I (X () [*ds, (3.15)
=0 k~th
PRI £,
s = bt P+ 25 ) 2 ey
=0
L1/h]
+- > (w1 O A = ey, (3.16)
=0
| i/
(57) = = 3wt SO i i) o~ ey
=0
| i/
+ - Z W 1) O A (1 — €h))P). (3.17)

Proof. Notice that (3.15) is obtained directly by (3.4). Moreover, by (3.1) one can see that

nLhAG— br ;
E[(ApL M) | Fon] = (02 o >f2 (XL (Cm) A 1 (B A (2 — €h)

+ O((h A (t — €h))%),

where O((h A (t — £h))?) < Kh? holds for any given & and n. Applying Lemma 8.12 of [21],

f

the quadratic variations of M; are as follows:

Lt/h] ’
1 i _
M37), =" ,TzE{ [Z (A% (A | F “’))} K ”}

=0 k~Ch
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Lt/h]

-3 5 | reuen) (o2

=0 k~€h

2

)An,wz A(t—th) +O((h A (1 — zh»z)}

Lt/hJ . 8, | i/
= > (it ) ( o2 ) A=)+ =3 (it 1) O A (= Eh))P).

=0

Further, by (3.2) we have

B D) Fen] = £ (X ) (OGO i 15 A = )
+O((h A (t = Lh))™).

In the same way, the quadratic variation process of Mg u () is derived as follows:

Lt/h] 2
1 _ _

M37), =" —zﬂﬂ{ [Z (D2 ~ B ) feh))] W}

£=0 k~Ch

1 L/h Lt/h] X
= Z ML LN D)0 = )+ = (it 1) O A = e
Z 0

This completes the proof. O

As above, the quadratic variation processes for M?’g (1) with i =1, 2, 3 are stated in the
proposition below without proof.

Proposition 3.2. The variation processes of AA/I?’g () withi=1, 2, 3 are as follows:

. 1 (Z-i—l)h/\t
(i), =2 = / g (X2, ) ds, (3.18)
£=0 k~Lh
. hn
(b13%), = Mtzh 8 ( > - thy)
Lt/hJ
+- Z (152, 1) O(h A (2 — €)Y, (3.19)
A Lt/hJ
(W255), = — 3 80wl e i i) ) A o= )
=0
| Lrhl
+- Z Wit 1) O A (1 — eh)?), (3.20)

From the construction of the model, one can check that the martingales in Proposition 3.1

and 3.2 are mutually uncorrelated except for M / and M3 , whose covariation process is
demonstrated in the following proposition.
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Proposition 3.3. The covariation process of Mg I and Mgl 8 s

Lt/h]

R 1
A A R R L T OV ) CRN G D)
£=0
oy
+> ;(u’g,; 1 O(h A (1 = £h)?).
=0

Proof. For simplicity of notation, we set

1y oon 1 i 1 AAG—
ne.k=- (DN —B[DEL () | Funl)s
1 2 _ 2 _
k= (D2 ) —B[DEZ P () | Ful).

It follows from (3.6) and (3.13) that

Le/h) Lt/h]
M =3 D Itk and M=) Y bk,
£=0 k~¢th £=0 k~th

where ), includes all alive particles in colony 1 at time £h. Again applying Lemma 8.12
of [21], one can check that

L1/h]
(M2t sy =3 E[ 3 L b k) ‘ ]‘—gh:|.
=0 ki~Lh,ky~Lh

For ky = ky = k, the kth living particle in colony 1 emigrates to colony 2, and we have

E[L1(€, k)L, k) | Fepl

= (X,;f> {B[Dp P ()| Fon] (1 = B[Wipp (et vnny | Fen])}

_ (X, g>f(Xn,]IEh(Kh))n(XZ;]leh(Eh)’ M;}l]l’ “Zhg)(h A (t—Lh))

2 k~
O((h A (1 = £h))*)

x [1 = n (Xl (Eh). il i) A = )] + pe
, n n nl n O((h A (t — Lh))?
= (ang>'f (X o) n (Xl (Eh, i, i) Ch A (= thy) + s (nz 2,

Further, for the case k; # k> we obtain that

L1, hA(t—Lh L1, hn(t—Lh
E[D}: LA (HDE L E (g) | Fyy] =0,
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since the probability that two particles emigrate from colony 1 to 2 simultaneously is 0, which
implies
E[11(£, k)Ia(€, k2) | Fen]
(x. 8 1 hAGi—th
= E[Df o D Fen] - B[ Mgy p=ervmnn | Fon]
O((h A (t — €h))?)
e

Therefore we obtain

s Ay,
o X g 1 2
=D D o ()Xl (R, i )0 A o~ e)
=0 k~th
[t/h]

Y LowAG— )

£=0 ky~Lh,ko~Lh
.8y na
= Z T(“eh (it 1520 A G — eh)
£=0
Lt/hJ
+ Z (it 1) O A (1 = en))?).

The result follows. O

In the following we make some estimations (Lemmas 3.1-3.4) and then prove the tightness
of the empirical measure for the branching particle systems.

Lemma 3.1. Assume that

sup E[(ug’l, 1)2p + (/LS’Q, 1)2p] <00 forsomep>1.
n
For any T > 0, there exists a constant K = K(p, T) such that

supE[sup((uf’l, 1)2p+(M?’21 1>2p):| < K.

n t<T

Proof. Replacing f and g with 1 in (3.9) and (3.10), by Doob’s inequality one can check
that

E[sup(u?*ﬂ, 1)? } <Ki +Ki ZE [IM}! ()] +K1E[sup A™ 1<z>|21’]
i~ i=1

=K +K; Z E[(M>-')] + K1E|:su? |A™] (z)|2p} (3.20)
i=1 =
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and similarly

3
E[sup(u;’ﬂ, 1)2”} <Ki+Ki Y B[]+ KllE[sup |A"’1<r>|ﬂ,

1<T — t<T
i=1

where K is a constant depending on p. By 3.7, we have

E[sup |A"’1(r>|21’]

t<T
L#/h] Bl X L7/h] X
sE[sup 3o PR A = e = Y (gt 0t ) ) e — eh)
=T y— =0
L7/h] L#/h] 1 2p
1,h h
+ Z i O A @ =)+ 37 = 5 ™) }
£=0 k~€h
L7/h] Buitnl L L7/h] L
n, n, )
sE[sup Yo T A = o) = (gt 0 s i) A (= eh))
1=T| 2o =0
L7/h] Lt/hJ L o
+ Z it 1) O A (e — £h)?) + Z S E[ N T | Fn
k~/éh
Lt/hJ 2p
1 — 1, —
+ Z > (D = BP0 | Fa)) ]
k~(h
where T,’:’}@’}fl/\“_zm( f) is expressed as the sum of two parts. The upper bound of the first part

is given by (3.8). The second part can be treated in the same way as other martingales. Recall
that A, 1/n— A1 and B, 1 — P1 as n — oo; n is bounded and the step size & is sufficiently
small. Moreover,

LT/h]
> (ulit 1) (¢ — ehy)

£=0
is bounded by
T
/ sup(/L;"]l, 1)ds.
0 <s
By Holder’s inequality, there is a constant K> depending on p and T such that
T
E|:sup |A"’1(t)|2p] <K / E[sup(,uf’l, l>2pj| ds.
t<T 0 1<s
The other terms of (3.20) can be treated in the same way. Then we have

T T
E[S“P(M?’]l7 1>ﬂ =Ki+K; / E[S“D(M?’I, 1)p] ds + K> / E[sup(ﬂ?’l, 1)2”} ds
0 0

t<T t<s t<s

T
<(Ki + Ka2T) + K> /0 E[supwﬂ, 1)2”} ds,

t<s
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where the last inequality follows from x < x2+1 for any x> 0. Let K3 = K| + K»T, which
depends on p and T. Similarly, by (3.14), (3.18)—(3.20), one can see that

T
E[sup(uf’z, 1)2p:| <K; +K2/ E[sup(( n2 1)2;7 +(u?’1 )2]))} ds.
t<T 0 t<s
As a consequence, we obtain
T
Ekmx<”H,Q”+wu??1fﬁ}gng+2K2/ E[mp@ﬁﬂ,wm+042,nbﬂd&
t<T 0 I<s

The result follows from Gronwall’s inequality. O

Lemma 3.2. Under the condition of Lemma 3.1, for any 0 <s<t<T, f,g¢€ CI%(R), and i =
1, 2, 3, we have

B[, — (M), -+ ), — (01 7] = Kl =P
Proof. We start with the case of i = 2. It follows from (3.16) and Holder’s inequality that
E[|(M2"7), — (M), "]

e

2

=FE an,21l>)»,L]1((|_s/hJ+1)h_s)
n

X 1 Br1\ An1
+ > ugy S ( n;) ¢h))
O=|s/h]+1
L#/h] 1 p
+ > ki 1)OWh A (= )+ (1) OW(Ls/h) + Dh = )?)

t=[s/h]+1
t p
< K]E|:/ sup <uu 1)dr ]
s S<u=<r
P
§K|t—s|pE[<sup ,ur ) i|
S<r<t
2p1/2
§K|t—s|P|:IE|:( sup /L”]l 1) ]i|
S<r=<t

:K|t—s|p|:E|: sup /ﬂ 1 1 2p]i|
S<r<t
<Klt—sl,

where the last inequality follows from Lemma 3.1. As above, a similar estimation can be
carried out for (M;’g)z, which implies the result for i = 2. For i = 1, 3 we can derive the results
analogously. U

By the same approach as for Lemma 3.2, the following lemmas are presented without proof.

Lemma 3.3. Under the conditions of Lemma 3.1, for any 0 <s<t<T, f,g¢€ Cﬁ(R), we
have

E[|(M3", M5°€), — (M5, b5 ) 7] < Kl = 1P
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Lemma 3.4. Under the conditions of Lemma 3.1, for any 0 <s<t<T, f,g¢€ CZ(R), we
have

E[IA™ (1) = A™ ()7 + A1) — A™S(5)| 7] < K|t — 5|

Theorem 3.1. Assume that

sup E[(ug’l, I)ZP —+ (Mg’z, 1)2p] <00 forsomep>1.
n

The sequence
{(ur, “?’Q)ze[o,ﬂ tn> 1}

is tight in D([0, T1, MF(R)z). Furthermore, the limit (/L;l, ,u?)t>0 is a solution to the MP
(1.3, 1.4) with by = B1r1, ba = Pzha, y1 =0iA1, and y2 = 03hs.

Proof. Suppose that {h, : n> 1} is a sequence in (0, +o0) satisfying lim,_, + » h, = 0. For
simplicity, we use Mi"’f and M."® to denote the martingales defined by (3.4)—(3.6) and (3.11)—
(3.13) with respect to & = h,,. In fact, by Jakubowski’s criterion (see e.g. Dawson [2, Theorem
3.6.4]), the tightness of

1 ,2 .
{("" pf )ico.r 12 1
in D([0, T, M, F(R)z) is obtained by the tightness of

(e 1) 2 &) oy :n = 1)

in D([0, T], R?) for any f, g € C(R).
Denote

3 3
MY ="M@ and 0= M),

i=1 i=1
Then

3 3
(M) =Y M, S, =y (M), and (MM RS = (M5 B,

1
=1 i=1
For any 0 <s <t <T and p > 1, by Holder’s inequality and Lemmas 3.2 and 3.4, we have
,1 i 2
E[|[(ur" f) = (et 7]
< KE[|A™ (1) — A" (5)]P] + KE[|(M"/); — (M"Y )]
< KE[|A™ (1) — A" (5)|] + KE[|(Ma™); — (Ma™)[P]
+ KE[[(M"™), — (M"Y )P ] + KE[[(M5™ ), — (M3 )]

<K|t—s]P + K|t —s|*.

On the other hand, it follows that

2
E[l(u)=, g) — (™2, g)|*P] <Kt — sIP + K|t — 5| .
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Combining with Lemma 3.3, the tightness of

1 2 AN,
((ur ’f))te[O,T]’ ({ur=, g))te[oﬂ, A O)eio.r,  A™E())rero.17,
AM™ ) eto.r, (M"E))iero.r) and (M, M™8) )eqo. 1)

follows from [9, Theorem VI.4.1], which implies that (y,l"’]l, ,u?’Q) | is tight. Thus there is

tel0,T
a subsequence (,u',”"]l, ,u;lk’E)te[O’T] converging in law as k — 0o. Suppose that (/L;l, ,u?)

is the weak limit. For any f, g € Cﬁ(R), we have

te[0,T]

((M"k»]l’f%A”kvf’ <Mnkvf>, (M'lkﬂ’ g>7Ank»g, (Mnk,g% <M"k»f’ M’lksg))
— (). A (M), (P, ), A%, (M%), (M, %))

weakly as k — oo, where

1 t t t
Vo =3 [t ryasson [fudos)as— [ fubontoub u?y) o

. I ! ’
Ag(,)=§/0(Mg,g”)ds+b2/0(u§,g)ds+/o O )i (g 13 ds
with by = B141, bz = BzAz. For any f, g € Ci(R) and € [0, T1, we see that
(M B8, = (M B, 0 ask— 00

by Proposition 3.3. Moreover, (M), - 0 and (M?k’g),—> 0 with i=1,3 as k— oo by

(3.15), (3.17), (3.18), and (3.20). We can pass to the limit to conclude that M/ () and Mg(t)
are martingales with quadratic variations

t

t
MY =n /0 (ul.f?)ds and (M8), =y /0 (n2, g% ds,

where y1 = 031 and y2 = 03)9. Letting T — oo, it implies that (1}, /L?)t>0 is a solution to
the MP (1.3, 1.4). The result follows. - O

4. Uniqueness of the solution to the martingale problem

In this section we first derive the SPDEs satisfied by the distribution function-valued
processes of the mutually interacting superprocesses with migration, and then establish its
equivalence with the MP (1.3, 1.4). Moreover, the pathwise uniqueness of the SPDEs is proved
by an extended Yamada—Watanabe argument.

4.1. A related system of SPDEs

For any y € R, we write

U () = i (—00,y]) and w7 () = i ((—00, y)) 4.1)
as the distribution function-valued processes for the mutually interacting superprocesses with
migration (/L,IL ,u?) For any x,y e RU {£o0}, vi, v e Mp(R), and n(., -, ) € CZ'(]R X
MF(R)), let

>0

v
nQ, vi, v2) =/ n(x, vi, v2)vi(dx).

—00
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Let Wi(dsda) be independent space—time white noise random measures on R, x R with
intensity ds da and 1 € {1, 2}. We consider the following SPDEs: for any >0 and y € R,

t usn(y) t A
W) =ub ) + V71 /0 /0 W (ds da) + fo (3u3<y>+b1u3(y)> ds
t
—/0 (v, wl, u?)ds,

4.2)
tpuR(y) trA
u?(y):u%(y)+¢y_2/() /0 Wz(dsda)—i—/o (Eusz(y)+b2ug(y)> ds

t
+x) /O 0 (400, py, 1) ds,

where x is the distribution function of x, i.e. x(y) = x ((—o0, y]).

Definition 4.1. We say that the SPDEs (4.2) have a weak solution if there exists a Cb,m(R)z—
valued process (u}, u?) on a stochastic basis such that for any f, g € C(%(]R) and 1> 0, the
following holds:

t>0

t o0
(uﬁlvfh:(u(])l,f)ﬁ\/y_n/() /o /uaaf(y)ﬁ{asu‘ll(y)}dywl(ds‘l“)
/A
o [ [ +out o, b ] o
t oo
(7 8), =g, g), + V72 /0 ./0 /Rg(Y)]I{asu%<y>}dyW2(ds da)

/A
+/O <Eu? g>l +bafu?. g), + (X g) i (+o0, 1y /‘?)j| ds.

is a weak solution to the system of SPDEs (4.2).
is a solution to the MP (1.3,

Proposition 4.1. Suppose that (u}, u?) _,

Then the corresponding measure-valued process (/Lt]l, ,u?)
1.4).

>0

Proof. For a non-decreasing continuous function /# on R, the inverse function is defined as
hYa) = inf{x : h(x) > a}. Then, for any f, g € CS(]R), we have

<'U“tl’f> = _(ut vf/)l
t [ee]
’f/)l - MA /0 _/Rf/()’)ll{agug(y)}dle(ds da)

_ <éu]l f’>1 +ba{ul f), = (. my lus?)’f/)l) ds

1
s

i)+ [ () @)W asda

+/ ( nl, %f”>+b1(u§1,f)—(uf, n(-,Mil»M?)ﬁ) ds
0
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and
< 2

(i’ g) =~ &)

=—{u5.8), - V72 fo t /0 N fR £ =2y YW (ds da)
—/t(<§u?,g/> +ba(u?, g), + (%, &) i+, u?u?)) ds
%gﬂﬁ// ) (@) Whds da)
+/0 (<MS,%g >+b2(us,g)+(x,g>ﬁ(+oo, M}sﬂsﬁ)) ds.

Thus M{ and Mf are martingales with quadratic variation processes

(M) t—)’]l/ / (a))dsda

=n//ﬁ@wwm»
0 JR

t
=y /0 (wl, %) ds

and

Mgz—m/f )" (@) ds da
=m//ﬁ@ww&m
0 JR

t
=J/2/0 (s, &%) ds.

The independence of w1l and W2 leads to (M, M# )+ = 0. Therefore (,u}l, u?) 1~ 18 a solution

to the MP (1.3, 1.4). This completes the proof. U

is a solution to the MP (1.3, 1.4) and n(-, vi, vp) €
defined by (4.1) is a weak

Proposition 4.2. Suppose that (,u,t]l, u%) 120

CO(R) for any vy, vy € Mp(R). Then the random field (u, ) U; )
solution to the SPDEs (4.2).

>0

Proof. Letf, g € C%(]R) and set

ﬂwf/fww,gw=/ (.
y y
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Then we have

Note that

(wh, (o s w) )y = ' Coonds w2 =l s ),
i (g 13) )y = (s n e gy nd)f),

/' w com' (x, el u?)dx,f> —ug s n (- gy 1)),

1

Il
/\/\

([ n(x. 1y M?)duil(x)vf>

= (n(wﬂsfus) -

Therefore we continue to have

1 ! /!
(ko =t + 5 [ s
+b1/0(u3,f>1ds—/0(ﬁ(»u?,u}),f>lds+M{- 4.3)

1

Similarly, we will have
t

1 t
<M?js 8)1 = (ng, 8)1 + E /0 (M%, g")lds + ba /0 <u?, g)lds
t ~
+ (X, &h f 0(+00, py, wi) ds + M. 4.4)
0
Let S'(R) be the space of Schwarz distributions and define the S'(R)-valued processes N; and

N, by N(f) =M and Ny(g) =1 for any f, g e C®(R). Then N, and A, are S'(R)-valued
continuous square-integrable martingales with

N = (M),

! ~
=" / / P dy) ds
0 Jr
t poo i )
2/0/0 (V7D ()~ @)dads
t poo ,
:/0 /0 (M/R Tazut o) (y)dy) dads

https://doi.org/10.1017/jpr.2021.98 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.98

Mutually interacting superprocesses with migration 923

and
(N(g)): = (M?),

t
— 12 / / F2oudy) ds
0 JR

B /ot /OOO(W_?)ZE’Z((M?)‘(a))da ds

t oo 2
:/(; ‘/(‘) (,/]/Q/;Q]I{a<u?(y)}g(y)dy> da ds.

Moreover, one can see that (N(f), N(g)) i = (Mf , M3 )+ =0. By Theorem III-7 and Corollary
III-8 of [10], on some extension of the probability space, one can define two independent
Gaussian white noises W'(dsda), 1 =1, 2 on Ry x R with intensity ds da such that

t poo
Nt(f)z./o fo /R\/)/_]lll{afu}(x)}f(x)dxwl(ds da)

and

t o0
Ni(g) = /O /0 /R V2 W20 )XW (ds da).

Plugging back into (4.3) and (4.4), one can see that (ut]l u?) is a solution to (4.2). O

>0

4.2. Uniqueness for SPDEs

This subsection is devoted to proving the pathwise uniqueness of the solution to the system
of SPDEs (4.2). By Propositions 4.1 and 4.2, the uniqueness of the solution to the MP (1.3,
1.4) is then a direct consequence. We apply the approach of an extended Yamada—Watanabe
argument to smooth functions. This is an adaptation to the argument of Proposition 3.1 of [19].

Before going deep into the uniqueness theorem, we introduce some notation. Let ® €
CSO(R)+ such that supp(®) € (—1, 1) and the total integral is 1. Define ®,,(x) =m®(mx).
Notice that ®,, — §o weakly in the sense that for all f € Cp(R),

lim. /R O () ()dx = fR S0(x)f (¥)dx = £(0).

Let {ax} be a decreasing sequence defined recursively by ap =1 and faik’l 7 'dz=k for
k>1. Let ¥ be non-negative functions in Cg°(R) such that supp(y) C (ak, ax—1) and
faik‘] Vi(z)dz =1 and Y(z) < 2(kz)~! for all z € R. Let

Izl )
dr(2) 2/ dy f} Yr()dx forallzeR.
0 0
Then ¢ (z) 1 Izl [¢(z)] < 1 and |z]¢} (2) < 2k, Let

J(x) = f e Mo(x — y)dy,
R
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where o is the mollifier given by o(x) = C exp{—1/(1 — x2)}lI{|x‘<1}, and C is a constant such
that fR o(x)dx = 1. Then, for any m € Z, there are positive constants c¢,; and C, such that

cne M <P < Cpe™ forallxeR. (4.5)

2

Suppose that (u[]l u;') ~0 and (ﬁ,]l ﬁ?) >0 are two weak solutions to the system of SPDEs

(4.2) with the same initial values; (,ut]l, u?) -0 and (,Ect]l, ;1,2) 1~ Stand for their correspond-
ing measure-valued processes, namely uf(y) = /,L;I(—OO, y] and ﬁ}i(y) = ﬂ?(—oo, ylfori=1, 2.
Let
Vi) =) — () and  Gi@, y) = Tjueyipy — Diasiion)-
Moreover, we denote

] ! . .
=38 [ 0% @nta =)0k 3,000 = ) S|

. t . .
B =] [ [ 0% @utr— ), @ntr = s | 46)

. t .
e T N Gy

Proposition 4.3. For i =1, 2 we have

2

f G (d, )P — y)dy
R

daJ(x)dx ds].
]E|: /R o (Vi @l — ), )J(x)dx] =170 bt %1’3"”""1 IR

where I'I"’k’ﬁ, Ig"’k’ﬁ, and Ig"’k’ﬁ are given by (4.6),

t
et —E[ /0 /R /R D((v5> Pl = )y Pl = VE )y (W ds] “n

and

1
2 = E[/O /R@/c(("sg’ Dy (x =), ) (k> Pmlx = 1)), E5(00) (1)dx ds:|’ (4.8)

with gv() = 7}(, /LSIL, /-’LSQ) - 77(9 /2.11’ /1.92)
Proof. It follows from (4.2) that

t o0 t
vio) =1 fo fo G (a, y)yW'(dsda) + /0 (%v}(y)+bw}<y)—§s(y)) ds
and
t o0 t AV . _
Vo) =72 /0 /0 G2(a, yyW*(ds da) + /O (7v3@>+b2v3(y)+X@)gs<oo)) ds.
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Consequently we have

t
(k. Dux— ), =71 /0 fR . /R GL(a, y)®Pu(x — y)dyW! (ds da)
t t
by [ 0h = fds— [ [ o= yEoayas
0 0 JR
1
+ = / (ve, Ay®p(x— 1)), ds 4.9)
2 Jo
and
t
(7, Pux =), = vz f fR X /R G (a,y)®m(x — y)dyW?(ds da)
t t
+l/< s Ay Dy (x — ))ds—i—bz/(s,fbmx—.))lds
2 Jo 0
t
+/0 (X, @mlx — ))1&5(00) ds. (4.10)

Applying It6’s formula to (4.9) and (4.10), we can easily get
oc((vr's P —)y)
= V7L / f $i(vs + Pmx—-),) /R Gy (a, y)Pm(x — y)dyW' (ds da)

# [ 0il0h, ntr— )| 508 Autr— )+ a0t ) e

Y1 ! (.1 g
e N A MEEDN dads
t
—/0 /R@Q«V},<I>mx—-))1)<1>m(x—y)§s(y)dyds

i GL(a, y)®pm(x — y)dy

and
¢k((vt2a Dyp(x — ))
=72 / / o (V7 Pl —),) /R G2(a, y)®p(x — y)dyW?(ds da)

[ o0 onte— ) 32 8,0t =)+ bab? 00—, s
2
2] o ene—))

da ds
/ ¢>k(( ; mx—~))1)()'(,q’mx—-))lgs(oo)d&

A GZ(a, y)Pm(x — y)dy

Taking the expectations of (¢ ((vi, @ (x — 9);) J(x0), with i =1, 2, we obtain the desired
results. U
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Lemma 4.1. Fori=1, 2 we have

. t .
20 < E[/O A&(Ivil, Dyl — ), 17" (x)]dx ds].

Proof. Note that

s [ [ohoss it - ]

Since Ay®,,(x —y) = Ay Dy(x — y), we have
mkﬂ_E[f/¢k vE, ®p(x — ), ) AxlVE, m(x—))](x)dxds]
= ( VO >>)¢;z<<, s =), (0 s |

=]

I
[
==l e

where the inequality follows from the fact that ¢ '(z) = ¥ (|z]) > 0. Use ¢ (z) < |z] to get

VL e — ) (0 m<x—~>>1)f<x>dxds]

I,
f vE, p(x — ), dp (W, m(x—-))l)J'(x)dxdsi|
L
[t

a_ L @l —),))J (0)dx ds}
(5

By — 1)), 1 (0)dx ds},

A (Vs Pl —),) < [Vh Pl =)y [ < (W], Pl =),
This implies the result. (]

Lemma 4.2. Fori=1, 2 we have

ek <4]EU /¢> L @ — ) ) (V] lx — .))IJ(x)dxds}.
Proof. 1t is easy to see that
. t . _.
[k §E[ / / S (v, D — 1)) f (Gi(a. )’ ®u(x — y)dy daJ(x)dx ds]
0 JR JRT R
t . .
5411«:[ /0 /H% B ([, D —)),) /R |v§<y>|d>m<x—y>dyf<x>dxds]

The result follows. O

Theorem 4.1. Assume that there exists a constant K such that

1€ (x, v1, v2) —&(x, Uy, V)| < K[p(vy, V1) + p(v2, 12)]
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for any x e RU {£o0} and v;, v; € Mp(R) with i =1, 2. Then pathwise uniqueness holds for
the SPDEs (4.2), namely, if (4.2) has two weak solutions defined on the same stochastic basis
with the same initial values, then the solutions coincide almost surely.

1

Proof. Suppose (1}, u? are two weak solutions on the same stochastic

)IZO >0
basis with the same initial values. It is sufficient to show that (u}, u?) = (i}, #?) for all t > 0
m,k,i

almost surely. Recall that vi(y) = ul(y) — i} (y). We subsequently estimate the values of 1"
with£=1,2,3,4and 1= 1, 2. Since

and (i}, i)

IT}me<v§, ®p(x =), =vi(x) and ’ )me(|v§|, Dp(x — ), = V)]

for Lebesgue-a.e. x and any s > 0 almost surely, by Lemma 4.1 and the dominated convergence
theorem, we have

. t .
lim sup 21’171’,"11 < E[/ / Vi) - |J”(x)|dxds:|.
0 JR

k,m— o0

By (4.5), there exists a constant K such that

. t .
lim sup 21;"’]“1 < KIE[/ / [Vi(x)] - |J(x)|dxds}. 4.11)
k,m— 00 0 JR
Using |¢;(z)| < 1 and the dominated convergence theorem, we can easily get
. t .
lim sup|1£"’k’n| < E[/ / EREIE |J(x)|dxdsi|. 4.12)
k,m— o0 0 JR
Recall that ¢/ (z)|z| < 2k~ 1. By Lemma 4.2 one can prove that
lim suplg"’k’jl SKE[f f ¢ “(x) |v (x)|J(x)dxds} O™h. (4.13)
m— o0

Recall that yx is a finite measure on R and |¢k(z)| <1.By (4.7), (4.8) we have

. t —_ —_—
lim sup [174] < E[ /0 /R [IE,0] + E4(00)] - () ldx ds}

k,m— o0

t
51(/0 Elp(uy, ig) + p(u3, i7)] ds

t
sKE[/ /(|v§1(x)|+|v3(x)|)1(x)dxds] (4.14)
0 JR

By Proposition 4.3 and putting (4.11)—(4.14) together, one can see that

IE[/R(M )] + |v7 (x)|)](x)dxi|<K]E|:// |v1(x)|+|v2(x)|)J(x)dxds:|

Then Gronwall’s inequality implies that

E[ fR (VA + (x)|)J<x)dx]

for any ¢ > 0. Therefore |v, )| = |vt (x)] =0 for any > 0 and x € R almost surely. Pathwise
uniqueness follows. U
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