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Abstract

We characterize the second order subexponentiality of an infinitely divisible distribution on the real line
under an exponential moment assumption. We investigate the asymptotic behaviour of the difference
between the tails of an infinitely divisible distribution and its Lévy measure. Moreover, we study the
second order asymptotic behaviour of the tail of the tth convolution power of an infinitely divisible
distribution. The density version for a self-decomposable distribution on the real line without an
exponential moment assumption is also given. Finally, the regularly varying case for a self-decomposable
distribution on the half line is discussed.
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1. Introduction and results

The subexponentiality of infinitely divisible distributions on the half line was
characterized by Embrechts et al. [6] and on the real line by Pakes [16]. The
subexponentiality of an infinitely divisible distribution implies the asymptotic
equivalence between the tails of the distribution and its Lévy measure. In this paper, we
characterize the second order subexponentiality of an infinitely divisible distribution
on the real line in terms of its Lévy measure under an exponential moment assumption.
The second order subexponentiality yields a higher asymptotic relation than the usual
subexponentiality between the tails of an infinitely divisible distribution and its Lévy
measure.

In what follows, we denote by R the real line and by R, the half line [0, c0). Denote
by N the totality of positive integers. The symbol 6,(dx) stands for the delta measure at
a € R. Letnp and p be probability distributions on R. We denote by 7 * p the convolution
of n and p and by p"* the nth convolution power of p with the understanding that
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p%(dx) = 6o(dx). The characteristic function of p is denoted by p(z), namely, for z € R,

p(2) == f e~ p(dx).

(o)

For a measure & on R, we denote by £(x) the tail &((x, o)) for x > 0. For positive
functions f(x) and g(x) on [a, co) for some a € R, we define the relation f(x) ~ g(x) by
lim,_, f(x)/g(x) = 1. We say that f(x,A) ~ cf(x) as x = oo and then A — oo if

f}im lim f(x,A)/f(x)=c>0.
We say that f(x,A) = o(f(x)) as x — oo and then A — oo if
lim sup lim sup | f(x, A)|/ f(x) = 0.

A—o0 xX—00

DEermNiTION 1.1.

(1) A nonnegative measurable function g(x) on R belongs to the class L if g(x + a) ~
g(x) for every a € R.

(i) Let A :=(0,c] with ¢ > 0. A distribution p on R belongs to the class L, if
p((x,x + c]) e L. A distribution p on R belongs to the class Lo if p € La for
each A := (0, c] with ¢ > 0.

(iii) Let A := (0, c] with ¢ > 0. A distribution p on R belongs to the class Sy if p € L
and p*((x, x + c]) ~ 2p((x, x + c]). A distribution p on R belongs to the class
Sioc if p € Sp for each A := (0, ¢] with ¢ > 0.

If a distribution p on R belongs to the class L., then, for ¢ > 0,
p(x, x + c]) ~ cp((x, x + 1]),

and, for every 6 >0, e*p((x,x + 1]) = o0 as x — co. See (2.6) in the proof of
Theorem 2.1 of Watanabe and Yamamuro [23] and Lemma 2.17 of Foss et al. [7]. A
distribution p on R belongs to the class S if p(x) € L and p?*(x) ~ 2p(x). Distributions
in the classes & and Sy are called subexponential and locally subexponential,
respectively.

DeriniTion 1.2. A distribution p on R belongs to the class 3120C if the following three
conditions hold.

(1) P oeo Sloc-
2 [ Ixlp(dx) < oo.
(3) We have

P2(x) = 2p(x) + 2m(p)p((x, x + 11) + o(p((x, x + 11)) (1-1)

as x — oo. Here we denote by m(p) the mean of p, namely,

m(p) = f xp(dx).

00

It is different from the absolute mean of p in the two-sided case.
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The subclasses Sa, Sioc, and SlzOC of the class S were respectively introduced by
Asmussen et al. [1], Watanabe and Yamamuro [23], and Lin [13]. Lin [13] treated
the one-sided case and used the symbol S, for the class Slzoc. Distributions in the
class 3120C are called second order subexponential. Infinitely divisible distributions
on R in the classes Sy and S, are found in Watanabe and Yamamuro [22, 23] and
Shimura and Watanabe [18]. Lin [13] gave some sufficient conditions in order that a
distribution on R, belongs to the class Slzoc. See [13, Proposition 2.4 and Corollary
2.1]. He showed that the lognormal distribution, Weibull distribution with parameter
B € (0, 1), and Pareto distribution with parameter @ > 1 belong to the class Slzoc. Geluk
and Pakes [9] and Geluk [8] treated another second order subexponentiality. Let u
be an infinitely divisible distribution on R. Then its characteristic function u(z) is
represented as

0 izx

- — izx _ 1 _ Z ) t _1 2)
u(z) exp(‘[oo (e 1 T2 v(dx) + iyz >4 )

where y € R, a > 0, and v is a measure on R satisfying v({0}) = 0 and

00 x2
f m V(dX) < 00.

The measure v is called the Lévy measure of u. See Sato [17]. Throughout the paper,
we assume that the tail ¥(c) is positive for all ¢ > 0. For ¢ > 0, define a normalized
distribution v, as

d
v(c)(dx) = 1(0,00)()6)%.

Here the symbol 1. .)(x) stands for the indicator function of the set (c, c0). Denote by
1™ the rth convolution power of u for ¢ > 0. Note that u™ is the distribution of X; for a
certain Lévy process {X;}.

TueOREM 1.3. Let u be an infinitely divisible distribution on R with Lévy measure v.
Assume that there exists € > 0 such that f_ 0; exp(—ex)u(dx) < co. Then we have the
following results.

() peS&% ifandonlyifvgy €S>

loc loc*

(i) IfueS? , then

loc’

v(x) = a(x) — m(uu((x, x + 1]) + o(u((x, x + 1)) (1-2)
as x — oo, equivalently,
A(x) = v(x) + m(u)v((x, x + 1]) + o(v((x, x + 1])) (1-3)

as X — 00,

(iii) Conversely, if (1-2) with finite m(u), i € Sioc, and
(@(x))* = o(u((x, x + 1]))

2

as x — oo hold, then u € Sloc.
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Remark 1.4. An exponential moment assumption in the above theorem is necessary for
the restriction of the class Sy, in the two-sided case. See Jiang et al. [10] for a detailed
account. The one-sided compound Poisson case in the above theorem is already known
by Lin [13, Theorem 2.1]. Omey and Willekens [15] studied an infinitely divisible
distribution on R, with the density of the normalized Lévy measure in the class Sﬁ. For
the definition of the class Sf,, see Section 4. It is the density version of the class SIZOC.
However, they could not characterize the density of an infinitely divisible distribution
on R, with its density in the class Sfl because they did not know Lemmas 2.1 and 4.3
below.

CoroLLARY 1.5. Let u be an infinitely divisible distribution on R with Lévy measure v.
Assume that there exists € > 0 such that f_ O:o exp(—ex)u(dx) < co. Then we have the
following results.

(i) wueS? ifandonly if u"* € S?

loc loc

(i) IfueS? , then, forallt>O0,

loc’

for some t > 0, equivalently, for all t > 0.

p(x) = tax) + (2 = Hm(p((x, x + 17) + o(u((x, x + 11)) (1-4)
as x — 00,

Remark 1.6. Let y be an infinitely divisible distribution on R, with Lévy measure v.
If u € Sipe, m(u) < oo, and p satisfies (1-4) for ¢ = 1y, to + 1 with some £y > 0, then
ues?

loc*

An infinitely divisible distribution u on R is called self-decomposable if, for every
b € (0, 1), there is a distribution p, on R such that

(z) = u(b2)pp(2).

An infinitely divisible distribution y on R is self-decomposable if and only if v(dx) =
k(x)/|x| dx with k(x) being nonnegative and increasing on (—oo, 0) and nonnegative and
decreasing on (0, o). An infinitely divisible distribution ¢ on R is called nondegenerate
if it is not a delta measure. Every nondegenerate self-decomposable distribution ¢ on
R is absolutely continuous and unimodal. Many important statistical distributions are
known to be self-decomposable. However, their Lévy measures and the ¢th convolution
powers are often not explicitly known. See Sato [17]. In Section 4, we shall prove the
following result (the classes S; and Sfl are defined in Definitions 4.1 and 4.2 below).

THeEOREM 1.7. Let u(dx) = p(x) dx be a self-decomposable distribution on R with Lévy
measure v(dx) = k(x)/|x| dx. Assume that L 0; |x|u(dx) < oo. Then the following hold.

i px)e Sfl if and only if v(1y € 8% , equivalently,

loc’
1

7D 1(1.00)(0k(x)/x € S3.
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(i) If p(x) € S2, then
v(x) = fi(x) — m(p)p(x) + o(p(x)) (1-5)

as x — oo, equivalently,
A(x) = v(x) + m(pk(x)/x + o(k(x)/x) (1-6)

as x — oo,
(iii) Conversely, if (1-5) with finite m(u), p(x) € Sy, and (i(x))* = o(p(x)) as x — oo
hold, then p(x) € Sﬁ.

CororLARY 1.8. Let pu(dx) = p(x)dx be a self-decomposable distribution on R with
Lévy measure v. Let p'(x) be the density of u™(dx) for t > 0. Then the following hold.

i pxe Sfl if and only if p'(x) € S‘ZJ for some t > 0, equivalently, for all t > 0.
(i) If p(x) € 82, then, forall t > 0,
(%) = () + (= Hm(p)p(x) + o(p(x))
as x — oo,

In Section 6, we shall discuss self-decomposable distributions on R, with regularly
varying densities as follows.

ProposiTioN 1.9. Let p(dx) = p(x) dx be a self-decomposable distribution on R,
with Lévy measure v. Assume that p(x) ~ x " 'I(x) for 0 < a < 1 with I(x) being
slowly varying as x — oo. Define slowly varying functions I*(x) and 1.(x) as [*(x) =
flx l(u)/udu and l.(x) = fxm l[(w)/udu for x > 1. Then we have the following results.

(i) LetO<a <1 anddefine K(a) as
~ Qa-DHIad - @))?

K@) = = re -2
Then
¥(x) = p(x)(1 — K(@)x *I(x) + o(x""l(x))) (1-7)
as x — oo, and, fort > 0,
1 (x) = a1 + (1 — DK(@)x *1(x) + o(x~1(x))) (1-8)
as x — oo,
(1) Let a = 1. Assume that I*(0) = co. Then
o I"(x) I"(x)
v(x) = ,u(x)(l - + 0( o )) (1-9)
as x — oo, and, for t > 0,
7 (x) = tﬂ(x)(l re-niW 0(1*(x) )) (1-10)
x x

as X — 00,
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(iii) Let a = 1. Assume that I*(c0) < co. Then

(%) :,a(x)(l - @ + 0(%)) (1-11)
as x — oo, and, fort > (),
7 (x) = tﬂ(x)(l PP L o(l)) (1-12)
X X

as x — 00,

(iv) Leta=0. Then

L.(x)
2

7(x) = ﬂ(x)(l TS o(l*(x))) (1-13)

as x — oo, and,for t>0,

L.(x)
2

The organization of this paper is as follows. In Section 2, we give preliminaries for
the proof of Theorem 1.3 and its corollary. In Section 3, we prove Theorem 1.3 and
its corollary. In Section 4, we treat the self-decomposable case and prove Theorem 1.7
and its corollary. In Section 5, three examples of the results are given. In Section 6,
we give some remarks on the regularly varying case and prove Proposition 1.9.

1 (x) = tﬁ(x)(l -y o(z*(x»). (1-14)

2. Preliminaries

Watanabe and Yamamuro [23] used the main results of Watanabe [20] on the
convolution equivalence of infinitely divisible distributions on R to prove the following
two lemmas.

Lemma 2.1 [23, Corollary 2.1]. Let u be an infinitely divisible distribution on R with
Lévy measure v. Assume that there exists € > O such that f_ o; exp(—ex)u(dx) < co. Then
the following are equivalent.

(D) u€ S
(2)  vay € Sige.
3)  vay € Lioec and p((x, x + c]) ~ v((x, x + c]) for all ¢ > 0.

RemMark 2.2. Since Sjoc C S, we see that if condition (1) holds in the above lemma,
then
a(x) ~ v(x) € L.

Lemma 2.3 [23, Corollary 3.1]. Let u be an infinitely divisible distribution on R with
Lévy measure v. Assume that there exists € > 0 such that f_ O:o exp(—ex)u(dx) < co. If
U € S for some t > 0, then u™ € Sioc for all t > 0 and

P x + 1) ~ tu((x, x + c])
forall t > 0 and for all ¢ > 0.
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Lin [13] proved the following three lemmas.

Lemma 2.4 [13, Theorem 2.1]. Let p be a distribution on R,. Let {p,}°, be
a nonnegative sequence with p, >0 for some n>2 and )" p, =1 satisfying
Yoo Pn(1 + €1)" < oo for some € > 0. Define a distribution n on R, as

n(dx) = )" pap™ (dx).
n=0

Then we have the following results.

() Ifpe 82, then we havene 82 _and

loc’ loc

i) = (i npa ) + (i 01 = Dpa (Do, x4 11 + op((x, x-+ 11)
n=1 n=2
@-1)

as x — 00,

(i) Conversely, if (2-1) with finite m(p), p € Sioc, and
B(x))* = o(p((x, x + 1]))

2

as x — oo hold, then p € Sloc.

Remark 2.5. We can see from the proof of Theorem 2.1 of [13] that even in the
case of p, <0 for some n > 0, assertion (i) of the above lemma is still true if
Yo |pal(1 + €1)" < oo for some € > 0.

Lemma 2.6 [13, Proposition 2.3]. Let p and n be distributions on R,. If p € 8120C and
there are K > 0 and c € R such that

lim 1) = Kp()
im ————— =
x—o0 p((x, x + 1])

’

2
loc*

thenne S

LemMma 2.7 [13, Lemma 3.4]. Let p be a distribution on R. Assume that m(p) < oo,
p € Lioe, and (p(x))> = o(p(x, x + 1]) as x — oo. Then the relation (1-1) implies that

P € Sioc-
Let ¢ := ¥(c) for ¢ > 0. Define a compound Poisson distribution y; and a distribution
oonR, as
s\
=l ) )" (2-2)
n=0
and
6_6 N " n*
o= m Z H(V(c)) . (2-3)
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Lemma 2.8. We can choose a sufficiently large ¢ > 0 such that 0 < ¢’ — 1 < 1 and
1 (1-e)
g=—-——=) ——o™". 2-4
Vo = =5 ; P (2-4)

Proor. Under the assumption that 0 < ¢ — 1 < 1, we define a signed measure 7 as

_loa=éey .
ni=-3 nzz; panml
Let p be a signed measure on R.. Denote by L,(¢) for r > 0 the Laplace transform of
p. thatis, Ly(1) := [~ e™*p(dx). We have
1 © 6)11
L,(1) = —5 — (L))"

= (l—slog(l — (1 = L, (1)).
We see from (2-3) that
Lo(1) = (" - 1)’l(eXp(<5Lv((,,)(t)) = D.

Thus,
L) = log(GXP(éLv(()(t)))
- LV(C) (t)
and hence we have n = v, that is, (2-4). O

3. Proof of Theorem 1.3 and its corollary

Proor oF THEOREM 1.3. Let u be an infinitely divisible distribution on R with Lévy
measure v. We define an infinitely divisible distribution up by p = py * pup.  As
in Lemma 2.8, we choose a sufficiently large ¢ > 0 such that 0 < e’ — 1 < 1 and
foo_o yup(dy) > 0. Assume that there exists € > 0 such that f_ o; exp(—ex)u(dx) < co. Note
that the Lévy measure v, of ps is 1(—co(x)v(dx) and hence f_ : exp(—ex)va(dx) < oo
and, for every b > 0, flw exp(bx)vy(dx) < co. Then we see from Theorem 25.17 of
Sato [17] that [ exp(—ex)u>(dx) < oo and, for every b > 0, [ exp(bx)ua(dx) < oo.
Hence, for every b > 0, 1i2(x) = o(e™*) as x — co. We find from Lemma 2.1 that 1 €
Sioc if and only if u; € Sjoc. Since f:o exp(—ex)u(dx) < oo, we have f_o; |x|u(dx) < oo
if and only if [~ |x|ui(dx) < co. Suppose that y € Sioc and [~ |x|u(dx) < oo, that is,
U1 € Sjoc and f_D; |x|uq(dx) < co. We have

f(x) = i (x) = py * @a(x) — fiy(x)
00 0—
=f0 i ((x =y, x])uz(dy)—f H1((x, x = yDua(dy)
= Il - 12. (3'1)
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Note that if f_(: [ylu2(dy) = 0, then I, = 0. We find that
I =1 + Iy + 13,
where, for A > 0,

A+
I ::f M1 ((x =y, xDua(dy),

O_
x/2+
Iy = f 1 ((x =y, xDua(dy),
A+

and

I3 := f/z 11 ((x =y, xDua(dy).

We have by p; € Sjoc C Lo that

A+
Iy ~ i ((x, x + 1) yuo(dy)

~u1((x,x+1])fo yua(dy)

375

as x — oo and then A — oo. For any € € (0, 1), there is C; = Cy(€;) > 0 such that, for

0 <y < x/2 and for sufficiently large x > 0,
mG =y oy
mi((x, x + 1)

Thus,

x/2+

Ly < i ((x, x + 1)DCy f e ua(dy)
A+

= o(u1((x, x + 1))
as x — oo and then A — co. We have
I3 < fia(x/2) = o(e™) = o(u; ((x, x + 1]))

as x — oo, Thus,

f ~M1(()€,)€+1])f0 yp2(dy).

(3-2)

Since p; € Sjqc, for any e € (0, €), there is C; = C(e;) > 0 such that, for y < 0 and for

sufficiently large x > 0,
H1((x, x = yl) < CpeM,
i ((x, x + 11)

Thus, by the dominated convergence theorem, we see that I, = 0 or

0—
L~ p((x, x + 1])f [lua(dy).
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Hence, we find from (3-1)—(3-3) that
A(x) = g (x) = muz)p (e, x + 1) + o(u ((x, x + 11)) (3-4)
as x — oo. By an argument analogous to the above equation,
K200 = 2 (x) = mGB W (O, x + 11) + oGt (x, x + 11)
as x — oo. Since ,u%*((x, x+1]) ~ 2u;((x, x + 1]) and m(y%*) =2m(uyp),
125 (0) = 127 () = dm(u)pn (5, x + 11) + 0 (x, x + 1)
as x — oo. Thus, we see from (3-4) that
p () = 2u(x)
= p3(x) = 21 (%) + 2m(uo)pr (6, x + 1) + oi ((x, x + 1)) (3-5)
as x — oo, Since m(u) = m(uy) + m(uy) and we find from Lemma 2.1 that
p((x, x + 1]) ~ v((x, x + 1) ~ i ((x, x + 1]), (3-6)
we have by (3-5) that
w2 (x) = 2(x) + 2m(uu((x, x + 1) + o(u((x, x + 11))
as x — oo if and only if
My () = 201 (x) + 2m(uy)p ((x, x + 11) + o(ui ((x, x + 11))
as x — oo. Hence, u € % if and only if 1y € S, . Since, for x > 0,

ar(x)

1 ~ 5 = 0,
we see from Lemma 2.6 that o € S if and only if 4y € S}, . We find from (2-3),
Lemma 2.8, and Remark 2.5 that if o € Slzoc, then v € 8120C for sufficiently large

¢>0. We see from (2-2) and Lemma 2.4 that if v, € S? , then y; € S? . Thus,

loc? loc*®

for sufficiently large ¢ > 0, u € 812OC if and only if v € Slzoc. Since, for sufficiently
large x > 0,

— ()

V(e)(X) = 70 V(1)(x),

we obtain from Lemma 2.6 that v(;) € SlzoC if and only if vy € 8120 . for sufficiently large
¢ > 0. Thus, we have u € 312OC if and only if v(;y € 8120 .- We have proved assertion (i).

Next we prove assertion (ii). Assume that u € SIZOC, equivalently, v € 3120C for ¢ > 0.

Note that m(u;) = 6m(v()). We see from Lemma 2.4 that

(o] 6"
) =e? Y — 55
HZ:; (n—1)!

te?’ Z (n— 2)ym(y(£))v(c)((x, x+ 1] + o(v ((x, x + 1]))
n=2 :

=v(x) + m(u)v((x, x + 1]) + o(v((x, x + 1])) (3-7)
as x — oo. Thus, we obtain (1-2) and (1-3) from (3-4) and (3-6).
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Next we prove assertion (iii). We see from (3-4) that the assumption that (1-2) with
finite m(u), pt € Sioe, and (f1(x))? = o(u((x, x + 1])) as x — oo is equivalent to that (3-7)
with finite m(v(¢)), V(¢) € Sioc, and (%(x))2 = o(v(¢)((x, x + 1])) as x — oo. This implies
from Lemma 2.4 that v, € S? , equivalently, u € S?

loc? loc*®

Proor oF CoroLLARY 1.5. We see from Theorem 1.3 that u'* € SIZOC for some ¢ > 0,

equivalently, for all £ > 0 if and only if v, € Slzoc. Hence, assertion (i) is true.

Next we prove assertion (ii). Suppose that u € SIZOC. Then we find from (i) that
u* e 812OC for all # > 0. We see from (1-2) that

7 (x) = t97(x) + m(u ) (e, x + 10) + o(u™ ((x, x + 11))
as x — oo. Note that m(u™) = rm(u) and from Lemma 2.3 that

M x + 1) ~ tu((x, x + 1),
Thus, we have by (1-2) that

p(x) = t7(x) + m(u((x, x + 11) + o(u((x, x + 1]))
= tfa(x) + (I — ym(u((x, x + 11) + o(u((x, x + 11))

as x — co. We have proved (1-4). O

ProOF OF REMARK 1.6. Assume that u € Sjoe, m(u) < oo, and u satisfies (1-4) for
t =1y, 1y + 1 with some 7y > 0. Then

PO+ (x) = (9 + DE(X) = 101> (x) — 2(x)

= fo 0% (x = )u(dy) + i(x) = (o + D(x)

—1 fo A(x = y)u(dy) — top(x) + 2tou(x)

X+
— (Lo (x —y) — tou(x — y))u(dy)
0_
=L +5L+1, >-8)
where, for 0 < 2A < x,
A+
0_
(=A)+
L= f (o (x — y) — to(x — y)u(dy),
A+
and
X+ _
L= (o (x — ) — tou(x — y)u(dy).
(x=A)+
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We divide the proof into three cases: #) > 1; fp = 1; and 0 < 7y < 1. Let fy > 1. By the
assumption,

A+
I ~ to(to — 1)m(p) u((x =y, x—y+ 1Du(dy)

~ to(to = Dm(up((x, x + 1]) (3-9)

as x — oo and then A — oco. We find from u € Sy, that there is € > 0 such that

(x—A)+
2] < (1 + €)to(to — 1)m(p) fA u((x =y, x =y + 1Du(dy)

+

= o(u((x, x + 1])) (3-10)

as x — oo and then A — co. By using integration by parts,

A+
Iy = ; (@(x — y) — p(x)u" (dy)
A+
1 A (a(x = y) = g(x)u(dy)

+ (U (A) — to(A))(@(x — A) — u(x))
=K - K, +Kj.

As x — oo and then A — oo,

Ky~ m(u)p((x, x + 11) = tom(pp((x, x + 11)

and
K> ~ tom(up((x, x + 1]).

Note from m(u) < oo that ;W(A)A — 0 and u(A)A — 0 as A — co. Thus,

|K3]

lim sup lim sup —————— < lim sup(;W(A) + 1oii(A))A = 0.
A—oo x—00 ,u((x,x + 1]) A—o0
Thus,
I3 = o(u((x, x + 1])) (3-11)
as x — oo and then A — co. Thus, from (3-8)—(3-11) and the assumption, we obtain
that

(to + Ditom(pp((x, x + 11) = to(u>*(x) — 20(x))
= 1o(to — Dm(u)p((x, x + 11) + o(u((x, x + 11)) (3-12)

as x — oo. Hence,

(2 (x) = 27(x) + 2m(up((x, x + 11) + ou((x, x + 11)) (3-13)
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2
loc*

as x — oco. Thatis, u € 81200' Next let o = 1. Then we have (3-13) and hence u € S
Finally, let O < 7y < 1. In the same way, we see that, as x — oo and then A — oo,

=I ~ 1o(1 = to))m(p)u((x, x + 1]),
L = o(u((x, x + 1)),

and

I3 = o(u((x, x + 1])).
Thus, we have (3-12) and (3-13) and hence u € S? O

loc*

4. Self-decomposable case

Let f(x) and g(x) be probability density functions on R. We denote by f ® g(x)
the convolution of f(x) and g(x) and by f"®(x) the nth convolution power of f(x) for
neN.,

DEermNiTION 4.1.

(i) A probability density function g(x) on R belongs to the class L if g(x) € L.
(i) A probability density function g(x) on R belongs to the class S, if g(x) € L, and
g2%(x) ~ 28(x).

DEriNITION 4.2. A probability density function g(x) on R belongs to the class S? if the
following three conditions hold.

(D g(;c) €S,
2 [ Ixg(x)dx < o0,
(3) For p(dx) := g(x)dx,

P> (x) = 25(x) + 2m(p)g(x) + 0(g(x))
as x — 00,

The classes S; and Slzi were introduced by Chover er al. [5] and Omey and
Willekens [15], respectively. Densities in the classes S; and Sfl are called
subexponential and second order subexponential, respectively. See also Foss et al. [7]
and Kliippelberg [12] for the class S;. An infinitely divisible distribution on R, with
its density in the class S, is found in Watanabe [21].

Let u(dx) = p(x) dx be a nondegenerate self-decomposable distribution on R. We
assume that k(x) is positive for all x > 0. We define self-decomposable distributions

&1(dx) = p1(x)dx and &,(dx) = pa(x)dx as u = & * & and
Tf\l(Z) = exp(f (eizx _ 1)k(x vV d) dx)
0 X

for d > 0. We choose sufficiently large d > 0 such that fooo y&,(dy) > 0. Watanabe and
Yamamuro [23] proved the following two lemmas.
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Lemva 4.3 (Theorem 1.3 of [23] and its proof). Let u(dx) = p(x)dx be a self-
decomposable distribution on R with v(dx) = k(x)/|x|dx. The following are equivalent.

(1) M E Sloc'

(2)  px) € Sa

(3)  pi(x) € Sa.

@) A/ ey (0)k(x)/x € S

(5) k(x) e Land p(x) ~ p1(x) ~ k(x)/x.

Remark 4.4. Let u(dx) = p(x) dx be a self-decomposable distribution on R with Lévy
measure v(dx) = k(x)/|x| dx. We see from Lemma 4.3 that u € 312OC if and only if

p(x) € 87 and that v(;y € S if and only if (1/7(1))1 1,00 (x)k(x)/x € S.

loc

Lemma 4.5 [23, Theorem 1.4]. Let u(dx) = p(x)dx be a self-decomposable distribution
on R. Let p'(x) be the density of u"*(dx) for t > 0. If p'(x) € S, for some t > 0, then
p'(x) € S, forallt >0 and

p'(x) ~ tp(x)

forallt>0.

ProrosiTion 4.6. Let u(dx) = p(x)dx be a self-decomposable distribution on R,. If
(E())* = o(u((x, x + 11)) as x — oo, m(p) < oo, and

124(x) = 2(x) + 2m(up((x, x + 11) + o(u((x, x + 11)
as x — oo, then p(x) € S[ZJ.

Proor. Assume that ((x))?> = o(u((x, x + 1])) as x — oo, m(u) < oo, and

P2 (x) = 201(x) + 2m(pop((x, x + 11) + o(u((x, x + 11))

as x — oo. Note that

12 (6) - 200 + (A(0)? = fo (@x — y) - ().

Thus, by the assumption,

fo (a(x = y) = p()u(dy) ~ 2m(upu((x, x + 1]).

We shall prove that, for every m € N,
lim u(x—m,x —m+1]) _
X0 H((x, x +1])

1. (4-1)

Since p is unimodal, we see that, for every m € N,

Jiminf A= x=m+ 1D

> 1.
o (6 x+ 1)
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Suppose that there are some ¢ > 1, my € N, and a increasing sequence {x,}

lim,,—,« X, = oo such that

. ,u((xn — My, X, —mo + 1]) _
m =

1
n—>oo H((xp, Xn + 1)
We have o
. (f(xn, —y) = p(x)uldy) = I + b + I,
where
I = ; (f(xn = y) — p(xn))u(dy),
(Xn—m)+
L := f (fCx, = y) — plxn))u(dy),
and

I = f T @ ) — ACo)u(dy).

(X, —m)+
By unimodality, we have for 0 <y < my
liminf ﬂ((xn - xn]) >
n—eo (X, X, + 11)
and for y > my
lim inf /’l((xn - y’ xn])
n—oo (X, X, + 1])
Thus, we have, by Fatou’s lemma,

lim inf lim inf #
moco oo (X, % + 1])

ot N((xn_y’xn])
= fo e G + 1M

M+ _
+ lim inf f liminf A& = 2D
o Jys o (o X+ 1)

2> C(y—m0)+m0.

1o+ 1+
2= f yu(dy) + lim inf f (c(y = mo) + mo)u(dy)
0— m—co

my+

= fo yu(dy) + (c(y = mo) + mo)u(dy) > m(p).

my+
Clearly,
I
liminf ——2——— > 0.
n—oo 1((Xy, X, + 1])

By using integration by parts, we see that, for sufficiently large 7,

13 = Il + (p(xn - m) - ﬁ(xn))(p(m) - ,a(-xn)) 2> Il .
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Thus, we obtain from (4-2) that

L
liminf liminf —————— > m(u). (4-4)
oo oo (G ke + 1)

Hence, we have by (4-2), (4-3), and (4-4) that

lllggg}f m f ((x, —y) = p(x))p(dy) > 2m(p).

This is a contradiction. Thus, we have proved (4-1). By unimodality, it implies that
p(x) € Ly. Thus, by Lemma 2.7, we have proved that 4 € S? _and hence p(x) € Sfl. O

loc

Proor or TaeorEM 1.7. Since the support of the Lévy measure of & has an upper
bound, we find from Sato [17, Theorem 25.17] that, for every b > 0, fom e’”‘fz(dx) < 0

and hence ‘_*;Tg(x) = o(e ") as x — co. We have
f(x) = £1(x) = & * E,(x) = £1(%)

00 0
- fo £1((x -y, XDEx(dy) ~ f £1(C x — YDEdY)
-1 - D

Note that if f_ 000 [ylé2(dy) = 0, then I, = 0. Suppose that p(x) € Sy, equivalently by
Lemma 4.3, pi(x) € S4. Recall that p;(x) € L and &; is unimodal. Thus, there are
C > 0 and € > 0 such that, for 0 <y < x/2 and for sufficiently large x > 0,

&1((x =y, x]) < Ce“ py(x).
Note that fom e“é(dy) < oo and
fx : E1((x =y, XDéx(dy) < E2(x/2) = o(e™) = o(p1(x))
as x — oo. Thus, by the dominated convergence theorem,
I ~ pi(x) j:o y&2(dy).
Since £ is unimodal, we have, for y < 0 and for sufficiently large x > 0,

E1((x, x =y < pr(lyl.

Since f_ooo [ylu(dy) < oo, we see from Sato [17, Theorem 25.3] that f_o; [yl&2(dy) < 0.
Thus, by the dominated convergence theorem, I, = 0 or

0
< f ().
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Note from Lemma 4.3 that p;(x) ~ p(x). Hence,

A(x) = &(x) + m(&)p1(x) + o(p1(x))
= &1(x) + m(&)p(x) + o(p(x)) (4-5)

as x — oo, Note that p?®(x) ~ 2p(x) and m(&57) = 2m(&>). In the same way,

127 (x) = £ (x) + m(E)p**(x) + 0(p™(x)
= £ (x) + 4m(E)p(x) + o(p(x)

as x — oo. Hence, we obtain from (4-5) that

2 (x) — 271(x)
= £ (x) — 2&1(x) + 2m(&)p(x) + o(p(x))

as x — oo. Since f_O; [yl€2(dy) < oo, we see from Sato [17, Theorem 25.3] that
[ Ix|u(dx) < oo if and only if 0 < m(&;) < oo. Thus,

12*(x) = 20(x) + 2m(u)p(x) + o(p(x))

as x — oo if and only if
£ (x) = 28,(x) + 2m(E)p1(x) + o(p1 (x))

as x — co. Thus, under the assumption of f_ 000 [ylu(dy) < oo, we have p(x) € Sﬁ if and
only if pi(x) € 83, equivalently, & € S, . We find from Theorem 1.3 that & € S

loc
if and only if vy € Sf .. That is, p(x) € S5 if and only if v, € S, equivalently,

(1/V(1)) 1 (1,00)/(0)k(x)/ x € S5
Next we prove assertion (ii). If p(x) € 82, then va) €S
Theorem 1.3,

2
loc

and hence, by

E1(0) = (x) + mE((x, x + 1) + o(((x, x + 11))
= ¥(x) + m(&)p(x) + o(p(x))
= v(x) + m(&)p1(x) + o(p1(x)) (4-6)

as x — oo. Thus, it follows from (4-5) that (1-5) and (1-6) hold.

Next we prove assertion (iii). The assumptions that (1-5) with finite m(u), p(x) €
Sy, and ((x))?> = o(p(x)) as x — oo imply that (4-6) with finite m(&)), & € Sioc, and
(&1(x))? = 0(&1((x, x + 1])) as x — oo hold. Thus, we see from (iii) of Theorem 1.3 that
& € Slzo .- thatis, p1(x) € Sf,. It follows from the proof of (i) that p(x) € 831' O
Proor or CororLary 1.8. By an argument analogous to the proof of Corollary 1.5, we
can easily prove the corollary from Theorem 1.7 and Lemma 4.5. O
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5. Examples

By using a method of Kliippelberg [11] and Baltrunas [2], Lin [13] proved that the
standard lognormal distribution, Weibull distribution with parameter § € (0, 1), and
Pareto distribution with parameter @ > 1 belong to the class '5120c' Those distributions
are all self-decomposable, so their densities also belong to the class Sfl. See Sato [17]
and Steutel and van Harn [19] for their self-decomposability. The following examples
are direct consequences of Theorem 1.3 and Corollary 1.5 and hence their proofs are
omitted.

ExawmprE 5.1. Let u be the standard lognormal distribution with Lévy measure v(dx) =
k(x)/xdx. Then we have the density

)

for x > 0. Embrechts et al. [6] showed that y is subexponential and that

p(x) =

X
v(x) ~ f(x) ~ l—p(X)
og x
and o
H(x) ~ ta(x).
Watanabe and Yamamuro [23] proved a conjecture of Bondesson [4]. That is,
k(x) ~ xp(x).
We have

P(x) = p(x)(1 - x/zlofx + o(loﬂ))

X

as x — oo, and, fort > 0,

o ol - 1B of)

as X — 09,

ExampLE 5.2. Let u be a Weibull distribution with Lévy measure v and parameter
B€(0,1). Then
fi(x) := exp(=x")

forx e R,,
¥(x) = f()(1 = TEHHF! +o(xFh)

as x — oo, and, forz > 0,
p*(x) = ()1 + (1 = DOBHRP + o(x#1))

as X — 00,
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ExawmpLE 5.3. Let u be a Pareto distribution with Lévy measure v and parameter a > 1.
Then

A0 = (1+x)7°

forx e R,,

() = (1 -

as x — oo, and, for ¢ > 0,

ad lx_l + o(x_l))

a

2 (x) = t,a(x)(l +- D=1 o(x*l))

a
as x — 0o,

6. Remarks on the regularly varying case

We cannot find from our results the relations of Example 5.3 for a Pareto distribution
with parameter 0 < o < 1 because it does not belong to the class Slzoc. However, we can
get the analogous relations by using the following lemma of Omey and Willekens [14].
Theorem 4.3 of [14] is a direct consequence from [14, Theorem 2.3] for a compound
Poisson distribution on R, but there is a mistake in the case of finite mean for an
infinitely divisible distribution on R,. So, we restore and prove it for an infinitely
divisible distribution on R,.

Lemma 6.1 [14, Theorem 4.3]. Let u be an infinitely divisible distribution on R,
with Lévy measure v. Assume that v(dx) has a density q(x) on (1, 00) such that
q(x) ~ x 7 (x) for 0 < a < 1 with I(x) being slowly varying as x — oo. Define a
constant C(a) for0 <a < 1 as

_ (1 -a)Qa - )T - a))?

¢@: 2aT(2 - 2a)
(i) WehaveforO<a<l,
im PO VD o, (6-1)
5= g(x) [ 7(w) du
(i) Fora=1,if [ ¥u)du= oo, then
Alx) = ¥(x)
S . (6-2)
= g(x) [ V() du
(iii) Fora=1,if [ %(u)du < o, then
Ax) —v(x) _ (6-3)

oo gomu)
@iv) Fora =0, |
AW - 1 ]
e Y o9
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Proor. Let u be an infinitely divisible distribution on R, with Lévy measure v. Assume
that v(dx) has a density g(x) on (1, o) such that g(x) ~ x™*~'i(x) for 0 < @ < 1 with
[(x) being slowly varying as x — oco. Define a compound Poisson distribution
on R, as (2-2) for ¢ = 1. Define an infinitely divisible distribution y, on R, as
(= * up. Then we have by [14, Theorem 2.3], for O < @ < 1, that the lemma is
true by substituting y; for u. Thus, we can assume that uy(dx) # do(dx). We see
from Sato [17, Theorem 25.17] that, for every b > 0, foo_o exp(bx)u(dx) < oo and hence

1 (x) = o(e™"*) as x — co. We have
Ax) = i (x) = o po(x) — i (x)
= fo i ((x =y, xDp2(dy)

= I] + 12 + 13,
where
A+
I :=f H1((x =y, xDua(dy),
0—
x/2+
L= f H1((x =y, xDua(dy),
A+
and

I :=f 11 ((x =y, xDua(dy).

/2+
Since g(x) ~ x™*71(x), v(1) € Sioc and hence, by Lemma 2.1, 1 € Sjoc. Thus,

A+
Iy~ ((x, x + 1) yi2(dy)

~ pp((x, x + 1])f0 yua(dy)

as x — oo and then A — co. Since p; € Sjoc, there are C > 0 and € > 0 such that, for
0 <y < x/2 and for sufficiently large x > 0,

pi((x =y, x]) < Ce®pi((x, x + 1]).

Thus,

x/2+
b < (e, x + 1])[ Ce® pa(dy)

A+
= o(u1((x, x + 11))
as x — oo and then A — co. We have
I3 < fia(x/2) = o(e™) = o(u1 ((x, x + 1]))

as x — oo. Thus,

A(x) = iy (x) ~ m(ua)pr ((x, x + 1]). (6-5)
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Note from Lemma 4.3 that, for O < @ < 1 or @ = 1 with f]m V(i) du = oo,

m«mx+u>~«w=o@@{fkuw)
1
as x — oo. For @ = 0, we have by Lemma 4.3 that

p1((x, x + 17) ~ g(x) = o((7(x))*)

as x — oo. Thus, except for the case of & = 1 with finite m(y;), the lemma is true. In
the case of @ = 1 with finite m(u;), we see from (6-3) with substituting u; for y and
(6-5) that the lemma is true. O

ProoF oF ProposiTion 1.9. Assume that p(x) ~ x™*"!I(x) for 0 < a < 1 with I(x) being
slowly varying as x — co. First we prove (i). Let 0 < @ < 1. Since p(x) € S;, we have
by Lemma 4.3,

g(x) ~ x 7 (x).
By Karamata’s theorem (see [3, Theorem 1.5.11]),

X" %(x)

P(x) ~ i(x) ~

x_ xl—al(x)
fl‘ y(u)du ~ —a/(l et

and

Thus, we see from (6-1) of Lemma 6.1 that

m AX) =) _ K(@)
x—o0 x722(](x))? o4

Thus, we have (1-7). In the same way,

Hr@) =70 _ K@)

oo x2((x) @

Hence, we get (1-8) by (1-7). Next we prove (ii). Assume that p(x) ~ x"2I(x). Then,
by Karamata’s theorem, we have fi(x) ~ x~'I(x). We have by Lemma 4.3,

q(x) ~ x721(x).

We see from Karamata’s theorem that #(x) ~ x~'/(x) and
f v(u)du ~ I"(x)
1

and that flm V(u) du = co from [*(c0) = co. Thus, we see from (6-2) of Lemma 6.1 that

‘m A) = v(x) 1
x—00 x2](x)*(x)
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Thus, we have (1-9). In the same way,
HED) = 7)),
x—00 x 2[(x)I*(x)

Hence, we get (1-10) by (1-9). Next we prove (iii). As in (ii), we have g(x) ~ p(x) ~
x721(x), ¥(x) ~ ja(x) ~ x"I(x), and

fx y(u) du ~ I* (x).
1

We see that floo V(1) du < oo from [*(o0) < co. Thus, we find from (6-3) of Lemma 6.1
that

A -
m-——— =1
w0 x21(0)m(p)
Thus, we have (1-11). In the same way,
FE) = 9(x)
m-—————-=1".
y—o0 X 2(x)m(p)
Hence, we get (1-12) by (1-11). Next we prove (iv). Assume that p(x) ~ x~'I(x). Then
we see from Lemma 4.3 that g(x) ~ x'(x). Thus,
f(x) ~ (x) ~ L(x).
We find from (6-4) of Lemma 6.1 that
i B =) 1
oo LR 2
Thus, we have (1-13). In the same way,
L pr ) - () P
im —— = ——,
e (L(x)2 2
Hence, we get (1-14) by (1-13). O
Finally, we give the relations for a Pareto distribution with parameter 0 < @ < 1 as
an example of Proposition 1.9. They are different from the relations of Example 5.3.

ExampLE 6.2. Let u be a Pareto distribution with Lévy measure v and parameter
0 <a <1. Then

Ax) = (1 +x)7
for x e R,.
(i) LetO<a< 1. Then
v(x) = fi(x)(1 = aK(a@)x™ + o(x™*))
as x — oo, and, for 7 > 0,
1 (x) = ta(x)(1 + (t — DaK(@)x™® + o(x™®))

as X — 00,
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Let @ = 1. Then

=i -2

as x — oo, and, fort > 0,

[ (x) = rﬁ<x>(1 +(t- l)lofx " 0(10)% x))

as x — oo,
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