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Abstract

We investigate the density of square-free values of polynomials with large coefficients
over the rational function field IF,[7]. Some interesting questions answered as special cases
of our results include the density of square-free polynomials in short intervals, and an asymp-
totic for the number of representations of a large polynomial N as a sum of a k-th power of
a small polynomial and a square-free polynomial.
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(Secondary)

1. Overview

In this paper we establish function field analogues to certain classical open problems in
analytic number theory, such as the representation of large integers by a sum of a square-free
integer and a k-th power. We replace large integers, by way of analogy, with polynomials of
large degree over a fixed finite field IF,,. In Section 2, we describe these problems in the con-
text of function fields, previously known results on special cases, and state the new theorems
we prove and their applications. In Section 3 we describe the classical problems over the
integers which motivated our analogues, and review the partial or conditional results known
about these problems. The proofs of our new theorems are detailed in Sections 4 and 5.

2. Function field theorems
2-1. Questions about square-frees in function fields

Fix a prime power ¢, let IF, be the finite field with g elements, and let A =IF,[¢] be
the ring of polynomials over IF,. A polynomial a(t) € A is called square-free if it is not
divisible by the square of any non-constant polynomial in [F,[#]. It is well known that the
“probability” of a “random” element of IF,[#] to be square-free is approximately 1/£,(2) =
1 — 1/q (where g, is the Zeta function associated to the rational function field F,(¢)). More
precisely, out of the ¢”" polynomials of degree less than n, exactly ¢" —¢" ' 4+g — 1=
q"(1—1/g+ (¢ —1)/q") are square-free, for n > 2. Many more questions can be asked
about square-frees. Of particular interest to us are the following:
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Question 1. Let f(t,x) €F,[t][x] be a polynomial of degree k (in x). For any
a=a(t) eF,[t], denote f(a)= f(t,a(t)) € F,[t]. Are there infinitely many polynomials
a € F,[t] such that f(a) € F,[f] is square-free? If so, how often is f(a) square-free, e.g.
when a ranges over all polynomials of degree less than m?

Question 2. Let N(t) € IF,[t] be a polynomial of degree n, and let k > 2 be an integer. Can
N always be expressed as a sum N = x* + r, where x € I, [z] is of degree less than 7, and r
is square-free, for sufficiently large n? If so, in how many ways?

Question 3. Let m, n be positive integers, N(t) € F,[t] of degree n. Define the interval
around N of length H = ¢" to be

I(N,m)={N+a:aeclF,[t], dega < m}.

The number of square-frees in I/ (N, m), when averaged over all N of degree n, is H/{,(2).
How small can we take m, as a function of n, so that for every choice of N, I (N, m) will
contain the expected amount of square-frees, approximately?

One can formulate all of the above as questions about the number of square-free val-
ues attained by certain polynomials on restricted inputs. For Question 2, the polynomial is
fvi(t, x) = N(t) — x*, and we are interested in the number of square-free values of f(a) as
a € IF,[t] ranges over polynomials of degree less than n/k. For Question 3, the polynomial
is fy(t, x) = N(t) 4+ x, and the range is over polynomials of degree less than m.

Question 1 has been answered fully by Poonen, as will be described in Section 2-2. Note
that this question deals only with polynomials that are kept fixed as the size of the range
is increased. In this paper we extend this result to apply to varying families of polynomi-
als, with coefficients of large degrees, which can grow rapidly with the size of the range,
allowing us to answer Questions 2 and 3. These new theorems and corollaries are detailed
in Section 2-3.

2-2. Square-free values of polynomials

Consider Question 1 for f (¢, x) € F,[#][x]. There are two obvious obstructions to f being
square-free infinitely often. If f is divisible by the square of some polynomial g € F,[¢][x]
which is non-constant (in x), then clearly f(a) can only be square-free when g(a) € IFqX,
which occurs for only finitely many a — this is a global obstruction. On the other hand, if
for some prime P € A (i.e. an irreducible, monic polynomial), f(a) is divisible by P? for
every a € A, then clearly f(a) is never square-free. These are the local obstructions, as they
depend only on the behaviour of f modulo prime powers.

Define for any non-constant D € A,

p(D):=#amod D: f(a)=0 (mod D)},
||D|| := #{a mod D} = g*&?.
For primes P of low degree, the probability that f(a) is not divisible by P? is exactly

1 — p(P?)/||P||*>. Heuristically, one expects these events to be nearly independent, hence
the probability that f (a) is indivisible by P? for all primes P should be approximately

2
P l_[ 1 p(P~)
- - )
! P11
PeP
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where P is the set of all primes in A. Note that not being divisible by any P? is equivalent
to being square-free. And indeed, this is true:

THEOREM 2-1. Let f € F,[t][x] be a square-free polynomial, and define c; as above.
Then

#a eF,[t]:deg,(a) <m, f(a) is square-free} = crq™ + 0(q™),

as m tends to 00.

Note that if there is a local obstruction at a prime P, then p(P?) = || P||* and thus cp=0.
Otherwise, it is easily seen that p (P?) < k for P sufficiently large: Indeed, as will be detailed
further in section 4-1, for all but finitely many P, we have p(P) <k since IF,[¢t]/(P) is a
field, and p(P?) = p(P), by Hensel’s lemma. Thus the infinite product converges, and ¢ £ s
positive.

Theorem 2-1 was first proved by Ramsay [9]; however, his proof was valid only for
polynomials f € [F,[x], rather than all f € F,[¢][x], i.e. only polynomials with constant
coefficients. Poonen [8] proved the theorem for f € F,[¢][x], and generalised it further to
multivariate polynomials in F,[¢][xy, ..., x,]. In 2014 Lando [7] gave a quantitative ver-
sion of Poonen’s work, and applied it to the problems of square-free and power-free values
at prime polynomials.

2-3. New results

Our main goal in this paper is to extend Theorem 2-1 to polynomials f with varying, large
coefficients. Our methods include carefully applying Poonen’s and Lando’s techniques, as
well as replacing some naive sieving arguments with the more sophisticated Brun sieve.
Specifically, we show:

THEOREM 2-2. Let g = p° be a fixed prime power, let k > 0 be a fixed integer, and define
Ci,g =9k In g — a constant depending only on k and q. Let m, n be varying positive integers
withm > Cy , logq n logq logq nandm — oo.' Let f € F,[t1[x] be a square-free polynomial
with deg, f <k, deg, f <n. Let c; be defined as before. Then

#Ha eF,lt]:dega <m, f(a) is square-free} = cpq™ (1 + o(1)).
Which we can immediately apply to answer Question 2:

COROLLARY 2:3. Let g = p® be a fixed prime power, let k > 0 be a fixed integer, and
let N e F,[t] be of sufficiently large degree n. Additionally, suppose that either k is co-
prime to p, or N is not a p-th power. Then N has cyq"*1(1 + 0(1)) representations
as N =x"+r, withx,re IF,[¢] such that r is square-free and deg x < n/k, where cy x =
[Tpep (I = pn ik (PH/IIPII?) and py (D) =#{amod D :a* =N (mod D)}.

Indeed, the number of such representations is exactly the number of square-free values
of f(x) =N — x*, which is square-free’ and has deg, f =k, deg, f =n, where x ranges

INote that if 7 is bounded, Theorem 2.2 is equivalent to Theorem 2-1. We would therefore be interested
mostly in the case n — 00, and m — oo would follow from the bound m > Cy 4 - log, n log, log, n.

2Note that if N(7) is a p-th power and p | k, then f(z, x) is a p-th power as well, hence not square-free. It
is easy to see that in all other cases f (¢, x) is square-free, by considering either its derivative by x (if p tk)
or by ¢ (if N is not a p-th power), both of which are co-prime to f whenever they are non-zero.
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over polynomials of degree less than m = [n/k], which clearly satisfies the assumptions of
Theorem 2-2 as n — oo.

One could also apply Theorem 2-2 to get an answer to Question 3, on the number of
square-frees in a short interval 7 (N, m), by applying it for the polynomial f(x) =N + x,
with deg, f =1 and deg, f =n. It is immediate to see that f is square-free, and further-
more ¢; =1/¢,(2) =1 — 1/q holds independently of N, since p(P?) =1 for any N. Thus
Theorem 2-2 would imply that the expected asymptotic

m

q
(2

holds, under the assumption that m > C, , log, n log, log, n as m, n — oo.

It can be illuminating to consider this relation it terms of the length of the interval, H =
q", and the size of its elements, X = ¢”, for which we get that our assumption is that H >
(log, X)©re '8 % 18 X However, it turns out that Theorem 2-2 is very wasteful in this case.
We can get the same result for much smaller values of m by using the following variant of
the theorem, which takes advantage of special properties of this family of f (¢, x):

#{a € (N, m) : a is square-free} = (1 4+ o(1))

THEOREM 2-4. Let q = p°® be a fixed prime power, and g € F,[t][x] a fixed square-
Jfree polynomial with deg, ¢ = k. Let n, m be varying positive integers with m — p(log, n —
logq logq n) — 0o, and let N(t) € IF,[t] be of degree n. Then

#a e I (N, m): g(a) is square-free} = c,q™ (1 + o(1)).

The asymptotic for short intervals is then immediately obtained by applying Theorem 2-4
to g(#, x) = x. Note that in terms of H and X, the relationm — p(log, n —log, log, n) — 0o
translates to H > C (logq X /log, log, X)p for sufficiently large X, for every value of C,
i.e. a polylogarithmic relation. We remark further that one can find intervals with H >
log, X/log, log, X that contain no square-free polynomials at all, by a straight-forward
application of the Chinese Remainder Theorem; so this result is nearly sharp.

The appearance of the characteristic p as the exponent in the bound H >
C (logq X /log, log, X )p seems peculiar and surprising, considering that it does not appear
in the bound H > log, X /log, log, X for longest intervals with no square-frees. This expo-
nent may well be only an artefact of our method of proof, rather than an intrinsic property
of IF,[t]. Closing the gap between these two bounds, whether by eliminating the dependence
on p from one or introducing it in the other, could be of considerable interest — especially as
it might lead to better conjectures for the analogous problem over the integers.

The proofs of the two theorems are very similar — they both involve essentially the same
computations, but the different settings lead to different error terms being dominant, hence
different lower bounds on m. In fact, these two dominant error terms are almost independent
of each other, and thus we may view the two theorems as special cases of a unified theorem:

THEOREM 2-5. Let g = p° be a fixed prime power, k > 0 a fixed integer, and m, ny, n,
be varying positive integers with both m > Cy 4 log, n log, log, ny and m — p(log, n, —
logq logq n, + 2k logq7 logq ny) — oo. Let g €T [t][x] be a square-free polynomial with
deg, g <k, deg, g <n,, and let N(t) € F,[t] be of degree n,. Then

#a e I (N, m):g(a) is square-free} = c,q" (1 + o(1)).
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Indeed, note that if n, is fixed and m > n,, then the interval degenerates to I (N, m) =
{a €F,[t]:dega < m}, and Theorem 2.5 becomes equivalent to Theorem 2-2. Similarly, if
instead n; is fixed, then g may be one of only finitely many polynomials, and Theorem 2-5
becomes equivalent to Theorem 2-4. The more general statement of Theorem 2-5 allows for
both ny, n, to go to infinity together, as long as m grows sufficiently fast as well.

3. Classical problems over the integers

The questions discussed above are all motivated by similar, classical questions over the
integers, which remain mostly open. For completeness, we review these questions and the
progress that has been made on them.

3-1. Square-free values of polynomials

For a square-free polynomial f(x) € Z[x], define as before

p(d)=#amodd: f(a)=0 (mod d)}, c;=]] (1 -

peP

p(p2)>
p> )’

where P is the set of prime numbers. As before, it is natural to expect that ¢, should be the
probability of f(a) being square-free for random a, or more rigorously, to conjecture:

CONJECTURE 3-1. Let f € Z[x] be a square-free polynomial of degree k. The set {n
N: f(n) is square-free} is conjectured to have density c .

For k = 1, the conjecture is equivalent to the regular density of the square-frees in N. The
conjecture has been proved for k = 2 by Ricci in the 1930’s [10], and for £ = 3 by Hooley in
1968 [5]. Unconditionally, the conjecture remains completely open for all £ > 4. However,
in [4], Granville proved the conjecture in full generality, assuming the ABC conjecture.

3-2. Sums of powers and square-frees

Question 2 is analogous to the question of representing an integer N as N = x* 4 r, where
both x and r are positive integers and r is square-free: Can it be done for all sufficiently large
N, and in how many ways? In the case k =2 the expected asymptotic has been proved by
Estermann in [2]. The case k = 3 was stated by Hooley [6, section 4-6, theorem 4], in the
form that any sufficiently large number is the sum of a cube and a square-free integer, with no
claim on the asymptotic number of such representations. All cases with k > 4 are still open.

3.3. Square-frees in short intervals

The short intervals over the integers are sets of the form I (X, H)={neZ:X <n <
X + H}. Question 3 is analogous to the question of how low can H be, as a function of X,
such that 7 (X, H) will necessarily contain approximately H/{(2) square-free integers, for
all sufficiently large X. A slightly weaker variant of the question asks only that the interval
I (X, H) will contain some square-frees.

It is conjectured that we may allow H to be as low as X¢:

CONIJECTURE 3-2. Let € > 0 be fixed, let X be large, and let H > X¢. Then
H

#{n e I(X, H) :n is square-free} = (1 + 0(1))((2).
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Again, this conjecture follows from the ABC conjecture by Granville’s method — see the
Appendix for more details.

Unconditionally, the best known result is due to Tolev [11], who proved the asymptotic
for any H = H(X) such that H/(X'/log(X)) — oo, building on results of Filaseta and
Trifonov [3].

Note that our results on Question 3 in the function field setting, whether using Theorem
2-2 or 2-4, go beyond Conjecture 3-2 and allow for H much smaller than X¢.

4. Proof of main theorem

We will begin by working in the setting of Theorem 2-2, for simplicity, but most of our
computations will be immediately applicable to the other theorems as well. For brevity, let
us denote for any set of polynomials A and any degree d, A<? ={a € A:dega < d}, and
similarly define A=¢, A=,

Let us write N ={a € F,[t]=" : f(a) square-free}. The first step towards estimating #N
is to bound it from below and above by terms more closely related to the contributions of
certain primes. We define

N' ={a eF,[t]7":VP € P~™, P*{ f(a)} 4-1)
N'={a eF,[t]7" :3P e P NP, P*| f(a)} (4-2)
N"={a eF,[1]™" :3P e P>, P*| f(a)}, “3)

where m( and m, are appropriately chosen thresholds. Specifically, we take m; = [m /2],
and m, will be chosen later.

Clearly NS N CNUN"UN", hence #N' —#N" —#N" <#N <#N’. We would
therefore like to show that #N' = c ;g™ (1 4+ o0(1)) and #N", #N"" = o(cyq™). Before we pro-
ceed to prove these estimates, we need to establish bounds on certain sums and products
related to f.

4-1. Bounds on the singular sum

We define the singular sum of the polynomial f as S=3",_p p(P?)/||P||>. We also
denote the tail of this series by S(mg) =Y pcp=n, £ (P?)/||P||>. Our goal in this section is
to prove the following bounds on S, S(m) and c:

LEMMA 4-1. Let q be a fixed prime power, k >0 a fixed integer, and n, my vary-
ing integers with n — 0o. Let f € F,[t][x] be a square-free polynomial with deg, f <k
and deg, f <n. Define p(D), S, S(mg), cy as above. We have the following asymptotic

inequalities:
S <klInlog,n+ O(1)= O(Inlnn), (4-4)
S(me) =0 ( . ) , (4-5)
mog™o
s> (log, n) . (4-6)

Write f (¢, x) = f;(t, x) f;(¢t, x) where f;(¢, x) is the product of all irreducible factors
of f(t, x) which are inseparable in x, and f;(¢, x) has no x-inseparable factors. Note that
irreducible polynomials which are inseparable in x are in fact polynomials in x?, thus their
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product f; is in IF, [¢][x”] as well. From the fact that f (¢, x) is square-free, we immediately
see that f;, f; are co-prime and square-free, and furthermore f; is co-prime to df;/d¢ and
fs 1s co-prime to df;/dx: Indeed, if P(t, x) is an irreducible common divisor of f; and
df,/0x, it is easy to see that either P?| f,, which contradicts f; being square-free, or else
P | d P /dx, which then implies that P is inseparable in x — contradicting the fact that f; has
no inseparable factors. Similarly, if P (¢, x) is an irreducible common divisor of f;, df;/dt,
then again either P?| fi» which leads to contradiction, or P is inseparable in . Since both
fi, 0f; /0t are in IF, [¢][x”], either P? must also be a common divisor, contradicting square-
freedom, or P is also in IF,[¢][x”]. But since it is also inseparable in ¢, it follows that P €
IF,[¢7, x?], which means that P is a p-th power, contradicting its irreducibility.

Now, define R(z) =Res.(f;, df /0t) Res,(f, 0f /0x) € [F,[t], where Res, is the resul-
tant in the x-variable. Note that R(¢) is non-zero: Indeed, by the above claims, df /0t =
fs0f; /0t + f;0f;/0t is co-prime to f;, and df /0x = f;df;/0x + f;df;/dx is co-prime to f;.
Note that the x- and 7-degrees of the polynomials f;, f; and their derivatives are all at most
k and n, respectively. Therefore, both resultants can be given as polynomials of degree at
most 2k in the IF,[¢]-coefficients of their arguments, each of which is of degree at most n.
Therefore deg R < 4kn = O(n). In particular R has at most 4kn/m, prime factors of degree
at least m.

For any prime P € P such that P { R, the residue f mod P € (F,[t]/(P))[x] is non-trivial
(as every prime dividing the content’ of f also divides R). The residue also has degree
< k, which then implies p(P) < k. Let a € F,[t] represent a residue class in p(P), i.e. sat-
isfy f(a) =0 (mod P). If furthermore df (a)/dx %0 (mod P), then by Hensel’s lemma
there is a unique lifting of a to a residue @ mod P? satisfying @ =a (mod P), f(a)=0
(mod P?).

If, on the other hand, df (a)/dx =0 (mod P), then P does not divide f;(a): Otherwise,
a is a common root of f; and df /dx modulo P, which then implies P | Res,(f;, df/dx),
contradicting P { R. From P | f(a) = f;(a) fi(a) it then follows that P | f;(a), and by the
same argument as above, we must then have df (a)/dt #0 (mod P), and thus

df(.a@) of af da of

& @t @p=@#0 (mod P).

In particular, it follows that P (¢)? 1 f(t, a(t)), for any such a. Therefore no residue @ mod P?
witha =a (mod P) satisfies f(@) =0 (mod P?).

We have shown that for every residue @ mod P € p(P), there is at most one lifting modulo
P? which is in p(P?), assuming P { R. Therefore for such primes, p(P?) < p(P) < k.

The contribution of these primes to S is thus at most

> ﬁ;ﬁ;_znpnz P

PeP:P{R d=1 pep=d 4q

L= —_—— ),
=2 g~ g

3The content of a polynomial is the greatest common divisor of its coefficients. In our case, for f € Fqlt1lx]
considered as a polynomial in x, the content is an element of F,[¢]. In particular, P € F[¢] divides the
content of f in [F,[7] if and only if P divides f in Fy[¢][x].
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and similarly their contribution to the tail S(m) is at most

o(P?) 1 ( 1 )
<k =0 .
Z ||P||2 - Z dq moqmg

PeP="0: PR

On the other hand, for any prime P | R, we have p(P?) < k|| P||. Indeed, if P divides the
content of f, then f/P e (F,[t]/(P))[x] is non-trivial, as f is square-free and in particular

P2t f. Thus
p(P?) =#{amod P?: f(a)=0 (mod P?)}
=#{amodP2:MEO (mod P)}
=#{amod P : & =0 (mod P)}-||P|| <kl||P]l,

while for primes P | R that do not divide the content, we simply have p (P) < k and therefore
p(P?) <||P|lp(P) <k||P|.}
Therefore the contribution of the primes P | R to the sum S(m) is at most

p(P?) KIPI o ko
2 GEE S X EES 2 A

PeP="0 PeP="0 Pep=ro
P|R P|R P|R
k 4kn k n
< E —_—<—_— =0 .
- my — m my m mo
PeP="0 q 09 0q
PIR

In order to obtain a bound on their contribution to S, denote for all d > 0, u; =#{P €
P=4: P | R}, and let x; = du,. The contribution to S is

p(P?) o Uy o~ Xy

Hd _ N 2

ZHPHZ_ |P|| dz d ;dd
B

"Wk

Note that for all d > 0, du, <dn,(d) < g“, and 220:1 duy < deg R < 4kn. We will bound
the expression W =377 x,/ (dg?), which can be seen as a weighted sum of the x;, by
finding its maximum under the constraints 0 < x; < ¢¢, ZZ‘;I x4 < 4kn. Observe that since
the weights 1/(dq?) are positive, W always grows when any x, is increased, so we will
have Y 77 | x; = 4kn; and, since, the weights 1/dq“ are strictly decreasing, W always grows
when any x, is increased at the expense of x, for d < d’. Thus, to maximize W, we should
have the first terms of (x,) be as large as possible, until the bound on the sum Zzozl Xy
is exhausted, with latter terms being 0. In other words, we will have x;, = ¢ for all d <
no, Xn, =4kn — ZZO 11 q“, and x; =0 for all d > n(, where the threshold ng is uniquely
determined by the constraint 0 < x,, < g"°. These (x,) would not necessarily correspond to
any actual R, but will serve for obtaining an upper bound. It follows that g™~ < 4kn, hence
ny < log, (4kgn) =log,(n) + O(1). Thus

‘A sharper argument shows that for primes P | R that do not divide the content, we in fact have p(PH) <
k||P||/2, as any root of f modulo P that lifts to || P|| roots modulo P2 must be a double root modulo P,
and there can be only k/2 distinct double roots modulo P. This could allow us to slightly improve the lower
bound on ¢ for content-free polynomials, but not in general.
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5 o) Ski _kZ = k(In(ng) + 0 (1))
= 1IPIP dq‘
PIR

= O(Inlnn).

It is quite clear that for both §, S (), the bounds for the contributions of P | R dominate
those of P 1 R, and yield the bounds (4-4), (4-5).

We now derive the lower bound ¢y > (log, n)~*=°M using the upper bound on S. Let
€ > 0, and split the summands of § into those greater and lesser than €. As each term is
at most k/|| P||, it follows that only boundedly many are greater than €, and the polyno-
mials appearing in these terms are of bounded degree, thus the contribution of these terms
to the product ¢y =[[,» ( — p(P?)/||P| |2) would be bounded from below by some pos-
itive constant C; = C; . > 0 independent of n (assuming no local obstructions exist, so
that 1 — ,0(P2)/||P||2 g 1/||P||2 for all P). On the other hand, for summands such that
x = p(P?)/||P||*> < €, we have the inequality In(1 — x) > —x/(1 — €), and hence the con-
tributions of these terms to the product c; is bounded from below by exp (—&) Sig
(log, n)~*/(1=9)_ Taking the two terms together then yields c; > , C. (log, n)**?©. As C!
is independent of n, letting ¢ — 0 sufficiently slowly as n — oo would allow us to replace
the bound by the aforementioned ¢ >> (log, n)~*~°". However, the exact exponent will
have negligible relevance to our computations, and the bound (4-6) obtained by choosing
€ = 1/2 suffices for most purposes.

4.2. Bounding N": medium primes
The bound on the medium primes is the easiest of the three, and follows immediately

from a simple union bound. Indeed, m, is chosen such that for any prime P € P=""' we have
deg(P?) <m and thus #{a € F,[1]=" : P*| f(a)} = p(P?)q™ /|| P||*. Therefore

#N" =#{a eF,[t]™" :IP e P=" NP, P?| f(a)}
— <m . p2
- # UPE’PEWOQ'PQ”I {a € ]Fq [t] * P | f(a)}
<m . 2
= Zpepzulgmp<ml #{a € F‘I [t] P | f(a)}

i Z ,O(Pz) m
= Pe,pzmomfpdnl ||P||2 q

m p(Pz)

rep=m P2

<q =q" S(mo).

It now suffices to choose m large enough so that S(m¢) =o(cy). By (4-5), (4-6), we see
that we may take any mg such that mog™ /(n(log, n)*) — oo, which is clearly satisfied
when e.g. mo —log, n — 2k log, log, n — oo. For simplicity, we shall either weaken this
condition to mg > 1.01log, n as n — o0, or just assume mo — o0 if n is bounded.

4.3. Bounding N': small primes

We write P(mg) = [[pcp-m P. We evaluate the size of N’ by inclusion-exclusion:

#N'= > u(D)#a €F [t]™": D*| f(a)}.
D|P(mg)
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For any square-free polynomial D € I, [¢], let v(D) be the number of its prime factors. For
a non-negative integer j, define

nj= Y #aeF,[t]"":D*| f(a))

D|P(mg)
v(D)=j

so that #N' =Y~ (—1)/n;. Brun’s sieve is essentially the observation that the partial sums
N, =3""_y(=1)/n; alternate around the limit #N’, i.e. #N' < N, for all even r, and #N' >
N, for all odd r [1, chapter 6]. It will therefore suffice to prove that N, =c ;g™ (1 + o(1)) for
some values of 7 in a range that includes both even and odd numbers, which will then result
in both upper and lower bounds on #N'.

Suppose my, r satisfy 2myr < m. It follows that for any D | P (m) with v(D) < r we have
deg(D?) < 2mor <m. Such D then satisfies

#la eF, [t]1™": D*| f(a)} = p(D*)g"2%eP,

m—2deg D

Therefore for all j <r, wehave n; =735 po.0) v0)=; p(D*)q , hence

m p(D?) m
N,=q E w(D) IDIP =:q"U(r, my).
DI P (my)
v(D)<r

We now wish to estimate U (r, mg). Note that

p(D?) < p(P2)>
U R = D = 1—
Comy= ) wDypm=[1 e

D|P(my) PeP=<mo

p(PH\ !
=c; [] (1_|IPIIZ) =c;(14 0(S(mp)) =c;(1+0(1)),

where in the last step we assume m is chosen such that S(mg) =o(cy), as was already
required for bounding #N”, so in particular S(mg) = o(1).

It will thus suffice to bound U (oo, my) — U (r, mg). Let us denote for any non-negative
integer j, U =Y puoy.u(oy=; £ (P*)/IIDI*. Note that v; is the jth elementary symmetric
polynomial of the finite multiset { p(P?)/||P||*:Pe 73<’"°}, whose elements are positive

real numbers. It follows that v; < l;—{, (e.g. by expanding the power v,j ). Furthermore, v,
is a partial sum of the singular sum S, hence v; <A, where A =k In logq n+ O(1) is the
right-hand side of (4-4). Suppose r = oA for some « > 2. Then

U (o0, mo) = U(r,me)l = Y (=D)v;| < Z vj < Z

j=r+1 j=r+l j=r+1
© N i A A er\” e\
< E —ao' < —< =|—) = (—)
Pl r! rl (r/e) r o

=0 ((logq n)—a ln(oz/e)k) )
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Now if o In(at/e) is sufficiently large’, then by (4-6),

|U (00, mg) — U (r, mg)| < (log, n) "9 = o(cy).

We have thus shown that if our choice of r satisfies both » > 4.4X and r — oo, then N, =
q"cy(1+o0(1)), hence also #N' = c ;g™ (1 4 0(1)), as claimed.

For the proofs of the bounds on N’, N” to be valid simultaneously, we must be able to
choose my, r sufficiently large satisfying 2mor < m. This is the source of our conditions m >
Cy.4 log, nlog, log, n and m — oo in Theorem 2-2. Indeed, in the unbounded case n — oo
we may take mo = [1.01log, n and r € {ro, ro + 1}, where ro = [4.45k In g - log, log, nl >
4.4)., which would satisfy all assumptions for sufficiently large n; whereas for bounded n,
we may take for example my =ro = [/m/2] — oo.

4.4, Bounding N large primes

The large primes require the most sophistication to estimate, though they contribute
the smallest error. To do so, we apply Poonen’s technique of replacing our target polyno-
mial by an equivalent multivariate polynomial with a simpler ¢-derivative, and carefully
retrace Lando’s bounds on the corresponding contributions to N, noting the size of our
coefficients.

Given the polynomial f(x)e€F,[t][x], define a new polynomial F by
F(yOa'--ayp—l):f(yg+ty]p+"'+tp71y§_1)€Fq[t][y5’ y]pv"'ayg_l]- Note  that
deg, (f) <k,deg,(f) <n together imply a bound on F’s coefficients and degrees:
deg,(F) <n+ pk=0O(n), deg, (F) < pk.

Poonen’s lemmas show that f being square-free implies F is, also [8, lemma 7-2]; which
in turn implies that F and G = d F /9t are coprime [8, lemma 7-3]°. On the other hand, for
any y € (IF,[t])7, P?| F(y) if and only if P | F(y) and P | G(y). This is due to the fact that,
as the y;-s appear in F only with exponents divisible by p, G(y) =d(F(y))/dt for all y.
Finally observe that deg, G < deg, F = O(n), deg, (G) <deg (F) < pk.

Let m, = [m/p] < [m/2] =m,, and for any positive integer [, let B, = (F,[t]="7)!*!.
Note that when we let the p-tuple y range over all B, ,, a=yj +ty/ +---+1""'y) |
ranges over all IF, []=7"», which contains I, [¢]=". Thus

#N" =#{a € F,[t]7" : 3P € P=", P?| f(a)}
<#{ye B, :IP P> P*| f(y{ +1y{ +---+1""y)_D}
=#yeB, :IP P, P*|F(y)}
=#{yeB, :AP P P|F(y)and P|G(»)}

N+ oy, n+m
=0, 15k < g? p) =0p | —a—4" |, 47
nm; mqp p

SIn the case n — oo it suffices to choose o In(« /e) > 2, which holds for « > 4.32. If n is bounded, take
o — 0.

%Poonen in fact shows only that they are coprime in Fy (¢)[yo, ..., yp—1], whereas we need them to be
coprime in Fy [][yo, . .., yp—1]. This is easy to verify — it is enough to check that they have no common irre-
ducible factor P € IF;[]. Such a factor will necessarily divide the contents of both F (yp, 0, ...,0) = f (yg )

and G(yp,0,...,0)=(af/d1)( yg ). This in turn implies that P2 divides f, contradicting our assumption
that it is square-free.
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where the bound in the final line follows from the following proposition, analogous to [7,
proposition 5]:

PROPOSITION 4-2. Let k, 1, n, m,, m be positive integers with m; >m,, and let F, G €
F,[t1lyo, - . ., Y11 be coprime polynomials in | + 1 variables with deg, (F), deg, (G) <k
and deg,(F), deg,(G) < n. Denote B, = (F,[t]1="7)'™" as above, and define

N(F,G)=#{ye B :3P € P P | F(y)and P|G(y)}.

Then

n+my ;.
Ni(F, G)=0,,k< - L' )

1

Thus, from (4-7) and (4-6), it follows that #N” =o(cyq™) when e.g. m — p(log, n+
2k log, log, n) — oo, which is certainly the case under the assumptions of Theorem 2-2.

Before we prove proposition 4-2, we first need a simpler bound, slightly generalising [7,
proposition 6] and giving exact bounds.

PROPOSITION 4-3. Let k,l,n, m,, F, B, be as in Proposition 4-2, and suppose F is not
identically 0. Then

#Hye B : F(y)=0} <k(l + )g".

Proof. If 1 =0, then F () is a non-vanishing polynomial of degree at most k in y,. Hence
it has at most k roots in all of I, [¢], and in particular #{y € B, : F(y) =0} <k, as claimed.

We proceed by induction on /. Consider F as a polynomial in y;, of degree at most k,
with coefficients in F, [¢][yo, . . ., yi—1]. We write it as F(y’, y;), where y' = (yo, ..., Yi—1).
Let Fy € Fy[t]1yo, ..., yi—1] be its leading coefficient. Clearly, Fy also satisfies the degree
requirements of Proposition 4-3, hence by induction,

#{y' € Bi_y: Fo(y') =0} <klg"'~"m. (4-8)

On the other hand, for any y" € B;_; with Fy(y) # 0, there are at most deg,, (F) <k values
of y; in all IF,[#] for which F(y’, y;) =0. Thus

#(y', y) € By Fo(y) #0, F(y', y) =0} <k#Bi_; =kq"". 4-9)
Using both (4-8), (4-9), we finally obtain

#H(y,y)eB: F(Y', y)=0}
<#{(, y) € B Fo(¥) =0} +#{()', y) € B, : Fo(y) #0, F(y', y;) =0}
=q"#y € Bl : Fo()") =0} +#{(Y', y1) € B, : Fo(y') #0, F(y', y1) =0}
<q"rklg"=""r 4 kg™ = k(U + 1)g"™r.

Using exactly the same arguments, one can also show the following similar proposition:

PROPOSITION 4-4. Let k,l,n,m,, m, F, B, be as in Proposition 4-2, let P € P="" be a
large prime and suppose F is not identically O modulo P. Then

Ni(F, P)=#{yeB,: P|F(y)} <k(+ 1)g".
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Note that we rely strongly on m; > m,, which implies that each residue class modulo P
has at most a single representative in I, [#]="». We omit the rest of the proof, which is just a
repetition of the proof of Proposition 4-3.

Proof of Proposition 4-2. Again, we induct on /. To avoid repetition, our induction base will
be I =—1, where F, G € F[t], and B_; ={()} is a singleton containing only the empty
tuple. The claim then immediately follows from F, G being coprime in F,[7], i.e. AP € P
such that P | F and P | G, and in particular {y € B_; :3P € P="™, P | F(y) and P | G(y)}
is empty. Hence N;(F, G) =0= Oy ((n +m)qg ™" /m,).

We denote A; =T, [f][yo, . .., yi—1]. Consider F', G € A;[y,] as single variable polynomi-
als in y; with coefficients in the polynomial ring A;, and let Fo, G¢ € A, be their respective
contents. We may then write F' = FcF;, G = GG, where F;, G; € A;[y;] are indivisible
by any non-scalar polynomial in A,. Clearly Fc, F; are coprime to G¢, G;, and all four
polynomials have y;-degrees at most k and ¢-degrees at most n. We also have

N(F, G) = Ni(F1, G1) + Ni(Fp, Ge) + Ni(Gy, Feo) + Ni(Fe, Ge).

Therefore it is enough to show that each of the four summands on the right hand side is
bounded by O, ((n +m)q" /m)).

Note that, as both F¢ and G¢ are independent of y;, and by the induction hypothesis, we
have

m m n+m “Dm
Ni(Fe, Ge) =q""Ni—1(Fc, Ge) =q" 011« <m—1q(1 ’ ”)

For both N;(G;, F¢), N;(F;, G¢), we have one polynomial in A; and the second indi-
visible by any polynomial in A;. We wish to bound N;(F;, G;) by a term of this form as
well. To do so, let H =Res,, (F;, G;) € A, be the resultant of F;, G;. By basic properties of
the resultant, for any choice of y € B;, P € P, wehave P | F;(y), P | G,;(y) = P | H(y).
Thus N;(F;, G;) < Ni(F;, H). Further note that from deg, (F;), deg, (G,) <k it follows
that H is given as a polynomial of degree <2k in the A; coefficients of F;, G;, hence
in particular deg, (H) < 2kn, degyi (H) <2k>. Also note that H is non-zero, as F;, G; are
co-prime.

We now claim that for any pair of polynomials F; € A;[y;], H € A; such that Fj is indi-
visible by non-scalar polynomials in A, and with deg, F; <n, deg, F; <k and deg, H <
2kn, deg,, H <2k*, we have Nj(F;, H) = Oy x((n 4 m)q"" /m;). These assumptions also
hold for the pairs (F;, G¢) and (G¢, Fy), yielding bounds on N;(F;, G¢), N;(G;, F¢) and
N (F;, G), finishing our induction step.

Let H=]] jes Hj be H’s decomposition into irreducible polynomials. We have
N(F;, H) < D ied N (F;, H;). Note that for each j, H; € A,, therefore H; { F; and F;, H;
are coprime. Let us partition J = J,; U J, U J3,where Ji ={j e J: H; ¢ F [t]}, h={je J:
HjeF,[t17™}, and Js={jeJ:H; eF,[t]"™}. As deg, H <2kn and the total degree of
H in all y-variables is at most 2k*/, we have #.J, < 2kn/m, = O, ;(n/m,) and #J, < 2k*l =
Op i (D).

For each j € J3, y € B;, we have H;(y) = H;, so clearly AP e P> with P | H;, hence
N(F,, H ;) =0. Similarly, for each j € J,, the conditions of proposition 4-4 are satisfied for
F =F;, P=H,. Hence N|(F;, H;) <k(l + 1)g"" = O, x(q"").
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Finally, for each j € Ji, let Fjy € A; be some coefficient of F; (as a polynomial in y;)
such that H; { F; as polynomials. Such a coefficient must exist as H; { F;. We now bound
N, (F;, H;), again by splitting into three trivially covering sets:

Ni(F;, Hj) =#{y € B;:3P e P="', P | F;(y) and P | H;(y)}
=#yeB :H;(y)=0}
+#{ye B, :3P € P="1, P | Fo(y) and P | H;(y)}
+#{y € B Hj(y) #0,3P € P="", P| H;(y), P | Fi(y) and P { Fy(y)}.

By Proposition 4-3, the first summand is clearly O, (g"»). The second summand, by
definition, is N (F,, H ;). As H; is irreducible, it follows that Fy, H; are coprime. We also
certainly have deg, (Fy), deg, (H;) < 2k? and deg, (Fp), deg,(H;) < 2kn. Therefore Fy, H;
satisfy the conditions of Proposition 4-2, but with smaller / (albeit larger degrees). Hence by
the induction hypothesis,

m m 2kn +m —1)m
Ni(Fo, H)) =q""N,_\(Fo, Hj)) =q"" 01— (—IC]U b ”)
— 0 <" +m1q1m,,> . (4-10)

To bound the third term, note that for each y=(y, y)€ B, x By=5B
such that H;(y)=H;(y') #0, we must have deg,(H;(y")) <2kn +2k*lm,. If we let
Py ={PeP=:P|H;(y), PtFy(y)}, it follows that #P, < (2kn +2k*Im,)/m; =
O, x((n4+my)/my). On the other hand, for each y" € B,_;, P € Py, F;(y', y;) is a polyno-
mial of degree <k in y;, which is non-vanishing modulo P. Since deg,(P) >m; >m,,, it
follows that #{y, € By : P | F;(y', y1)} < k. Therefore

#ly € B H;j(y) #0,3P € P=", P| H;(y), P | Fi(y) and P { Fo(y)}
= Y #yeBy:IP P, PIH;(y), P|Fi(y', y) and P { Fy(y"))

V'eB
H;(y)#0
< Y D> #yeBy:PIFO. i< Y Yk
y'eB_y PePy y'eB_y PePy
Hj(y")#0 H;(y)#0
n-—+m n+m;
= Z Ol,k( >=01,k( g™ ).
, m; nm;
Y'€B—y
H;(y)#0

Taking the three results together, we find N;(F;, H;j)=0,;((n +my)q"r /m,) for all
J € Ji. Now combining the different bounds for each J;, we finally obtain

Ni(Fy, H) <Y N (F Hp) + Y N (Fr Hy) + Y N(F;, Hy)

j€]1 jEJz jEJ3
_|_
=>" 0w (" - q"””) +) O (g™)+) 0
jes e jeh jels
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+ 2k

<2k*l- Oy (

as we wanted to show.

5. Proofs of Theorems 2-4, 2-5
5-1. Proof of Theorem 2-4

Define f(x)=g(t, N(t) +x) € IF,[¢][x]. Clearly deg, f =deg, g =k, and deg, f <
deg, g -deg, N +deg, g =kn + deg, g = O(n). Furthermore, as f is obtained from g sim-
ply by a fixed F,[¢] translation of the x variable, g being square-free implies that f
is square-free, and more importantly, p;(D) = p,(D) = p(D) for any polynomial D.
Therefore they also have the same singular sum and series, i.e. Sy (mg) = S, (my), as well as
S; =S, and ¢y = ¢, being constants independent of the choice of N(¢) or its degree n. Thus
taking any mo — 0o, r — 00, we have immediately S(my) =o0(1) =o(cy) and r/S — oo,
from which we obtain #N' = c;q" (1 4+ 0(1)) and #N” = o(c;q™) following the proofs in
Sections 4-3, 4-2. To be able to choose such r, mq satisfying 2mor <m, we only need
m — Q.

We are left only with the need to validate the bound on N, and here finally n does
come into play, as it still affects the relevant degrees. As ¢ is now a constant, (4-7) implies
that #N"” =o(1) =o(cy) when mq™'? /n — oo, which is equivalent to m — p(log, n —
log, log, n) — 0o, as we required in the theorem’s statement.

5-2. Proof of Theorem 2.5

Similarly to the above, we observe that when we move to f(x)=g(N(¢)+ x), the
expressions determined by the singular sum, S, S(m) and ¢, will depend only on g and
not on N. Thus the bounds (4-4)—(4-6) will all be valid with n replaced by n;, as will
the computations of Sections 4-2, 4-3, as long as we can choose r, my — oo with mg >
1.01 logq ny, r >4.45kIn logq ny and 2mor < m, which is possible due to the assumptions
m > Cy 4 log, nlog, log, ny and m — oo.

For the bound on #N", we observe that deg, f <kn, +n;. If n, <ny, then deg, f < n,
and we are basically in the case of Theorem 2.2, where the contribution of N is negligible.
Otherwise, ny <n,, so deg, f < n,. Thus (4-7) holds with the degree n replaced by n,.
Taken together with (4-6) with n replaced by n,, we see that #N" = o(c;q™) would follow
from mq™/? /(n,(log, n,)*) — oo, which is equivalent to

m — p(log, ny —log, log, ny + 2k log, log, ny) — oo

as we required.

Remark. We can in fact make a slight improvement here on the required condition: By using
c; > (log, n;) %M instead of (4-6), the constant coefficient 2k can be replaced with any
constant greater than &, or with some (specific) function of the type k + o(1).
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Appendix A. On the Number of Squarefree Integers in Short Intervals
By ALEXEI ENTIN

Abstract

Assuming the ABC conjecture we show that for any fixed € > 0 the number of squarefree
integers in the interval [x, x + H) is ~ 6 H /7? provided H > x©.

A-1. Introduction

We consider the problem of counting the number of squarefree integers in the interval
[x, x + H), where x and H are large positive real numbers. We are interested in the case that
H = x° for some fixed € > 0 while x — oo. It is an open problem to show that for any fixed
€ > 0 there exists even a single squarefree integer in the interval [x, x + H) with H = x*¢
for large enough x. The best known result in this direction is due to Filaseta and Trifonov
[3] who showed the existence of squarefree integers in [x, x + H) for H > x5 log x. It
was shown by Tolev [11] that when H/(x'/log(x)) — oo, the number of squarefrees in
the interval [x, x + H) is in fact asymptotic to (6/7%)H. It was shown by Granville [4]
that assuming the ABC conjecture for any fixed € > O there exists a squarefree integer in
[x, x 4+ x€) for x large enough. Our main result is the following:

THEOREM A-1. Assume the ABC conjecture. Let € >0 be fixed. Then the number of
squarefree integers in the interval [x, x + H) is ~ 6H /7* provided H > x¢.

We note that 6/% = ¢(2)~!, where ¢ (s) is the Riemann zeta-function. By essentially the
same argument it can be shown that assuming the ABC conjecture for any fixed k the number
of k-power-free integers in [x, x + H) is ~ ¢ (k) "' H provided H > x¢ for fixed € > 0.

A-2. Proof of Theorem A-1
PROPOSITION A-2. The number of integers in the interval [x,x + H) which are not
divisible by any square of a prime p < H is ~6H /7% as H — oc.

Proof. It is elementary to see that the number of integers in [x, x + H) not divisible by p?
for any p <log H/2is ~¢(2)"'H = 6 H /n? (this is seen by exact sieving over all primes
up to log H/2). The number of integers in [x, x + H) divisible by p? for some log H /2 <
p < H is bounded by

> P i)« —om
J— =0
p? log H '

%logH<p<H

which is asymptotically negligible.

We will need the following result due to Granville [4, theorem 6]:
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PROPOSITION A-3. Assume the ABC conjecture. Let F(X) € Z[x] be a fixed squarefree
polynomial and o > 0 a fixed constant. Let y be a natural number and assume that s*|F (y)
for some natural number s. Then for y large enough we have s < y'*¢.

PROPOSITION A-4. Assume the ABC conjecture. If H < x and H — 00 then the number of
integers in [x, x + H) divisible by the square of any prime p > x€ is o(H).

Proof. Let A > 0 be a constant. Assume that the number of integers in [x, x + H) divisible
by p? for some prime p > x¢ is > AH. We want to show that H must be bounded (for any
fixed 1). Denote N = [2/€], M = [2N /1] (these are both fixed constants for fixed €, A). The
interval [x, x + H) necessarily contains a subinterval [y, y + M) with at least AM /2> N
(if M divides H the 1/2 factor is unnecessary) elements divisible by some p? for some prime
p > x>y

Assuming by way of contradiction that H can be arbitrarily large, we see that there must
exist arbitrarily large y s.t. at least N integers in the interval [y, v+ M) are divisible by
a square of some prime p > y°. By the pigeonhole principle there must exist some fixed
distinct ay, ..., ay > 0 s.t. for infinitely many y each y +ay, ..., y + ay is divisible by the
square of some prime p > y€.

Denote F(X) = (X +ay)...(X +ay) € Z[x]. This is a squarefree polynomial. From the
above we see that for infinitely many y the value F(y) is divisible by the square of some
d=p;...pxy > yV > y2. But this contradicts Proposition A-3 (taking any o <1 in the
proposition).

Combining Proposition A-2 and Proposition A-4 we deduce Theorem A-1.
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